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INTERPRETABLE GROUPS IN MANN PAIRS
HAYDAR GORAL

ABSTRACT. In this paper, we study an algebraically closed field 2 expanded by two unary
predicates denoting an algebraically closed proper subfield k& and a multiplicative subgroup I'.
This will be a proper expansion of algebraically closed field with a group satisfying the Mann
property, and also pairs of algebraically closed fields. We first characterize the independence in
the triple (2, k,T). This enables us to characterize the interpretable groups when I' is divisible.
Every interpretable group H in (€, k,T") is, up to isogeny, an extension of a direct sum of k-
rational points of an algebraic group defined over k£ and an interpretable abelian group in I" by
an interpretable group N, which is the quotient of an algebraic group by a subgroup N7, which
in turn is isogenous to a cartesian product of k-rational points of an algebraic group defined
over k and an interpretable abelian group in T'.

1. INTRODUCTION

Let € be an algebraically closed ambient field, the field k£ be a proper subfield of 2 and I' be
a multiplicative subgroup of 2*. We begin by defining a uniform version of the Mann property

which was introduced in [5]. First, we recall the Mann property. Consider an equation

(1) a1ry+ -+ apzr, =1

with n > 1 and a; € k*. A solution (g, ..., g,) of this equation is called non-degenerate if for
every non-empty subset I of {1,2,...,n}, the sum ) ., a;g; is not zero. We say that I' has
the Mann property over k if every such equation (1) has only finitely many non-degenerate
solutions in I'. It was proved by L. van den Dries and A. Giinaydin [4, Proposition 5.6] that
the Mann property is global, which means if we choose a; to be in € in (1) then this still gives
finitely many non-degenerate solutions in I'. We say that (k,I') is a Mann pair if for all n there
is a finite subset I'(n) of I' such that for all ay, ..., a, in k£ all non-degenerate solutions of (1)
in I lie in I'(n). This is a uniform version of the Mann property and the finiteness condition
does not depend on the given parameters aq, ..., a,. In particular, the group I' has the Mann
property if (k,T") is a Mann pair. Given ay,...,a, in k%, let Nd(aq,...,a,) be the set of all
non-degenerate solutions of the equation (1) lying in I'. Therefore, the group I" has the Mann
property if and only if for each tuple (ay,...,a,) the set Nd(ay, ..., a,) is finite, and (k,T’) is a
Mann pair if and only if for each n > 1 the whole union
U Nd(ay, ..., a,)
(a1,...,an)€kX

is finite.

1991 Mathematics Subject Classification. 03C45.

Key words and phrases. model theory, stability, mann pairs.

Partially supported by ValCoMo (ANR-13-BS01-0006) and MALOA (PITN-GA-2009-238381).
1



2 HAYDAR GORAL

Observe that if (k,I') is a Mann pair then taking n = 1 in the definition we see that the
intersection k£ NI is finite, thus the intersection is a finite subset of the group of roots of unity
in Q. Therefore, if (k,I') is a Mann pair and if T" is infinite, then most of the elements in T’
are transcendental over the field k. In [15], H. Mann showed that the set of complex roots of
unity p has the Mann property and moreover the pair (Q,u) is a Mann pair. His proof is
effective. Later on, H. Mann’s result was generalized in the 1980’s and it was proved that any
multiplicative group of finite rank (x has rank 0) in any field of characteristic zero has the Mann
property; see [7]. To illustrate, every finitely generated multiplicative subgroup of C* has the
Mann property, such as 223%. The pair (Q, exp(Q)) is a Mann pair by Lindemann’s theorem.
Note that the group exp(Q) is of infinite rank. In [5, Theorem 1.1], L. van den Dries and A.
Giinaydin proved that when k is algebraically closed, if the intersection kN1 is trivial and if T"
is of finite rank then (k,T") is a Mann pair. This provides substantial examples of Mann pairs,

such as (C, %) where ¢ is an indeterminate.

Now fix an algebraically closed field 3. Moreover, we also fix an algebraically closed proper
subfield kg of 25 and an infinite multiplicative subgroup I'y of Q¢ where (ko, I'y) is a Mann pair.
By the triple (Q, ko, I'9) we actually mean the structure (o, ko, Lo, +, —, -, 0, 1). Thus, our lan-
guage is {+, —,-,0,1, P, P»} where P, and P, are unary predicates whose interpretations in g
are ko and T’y respectively. The model theory of the triple (g, ko, T'9) was studied in [5, 6] by
L. van den Dries and A. Giinaydin, where they proved that the theory T'h({q, ko, ) is stable
and it is w-stable if I'y is divisible [5, Proposition 8.3]. To study definable groups in the triple,
we need to add the constants ko U Iy as they did in [5] to have certain subsets of k™ x I'™
definable with parameters from ko and I'g; see Theorem (2.1). So our language L; throughout
this article is {+, —,-,0,1, Py, P»} together with the constants for each element of ky U T. Let
T; be the complete theory of (g, ko, T'¢) in the language L;. Therefore, if (Q, k,T") is a model
of T}, then k and I' are elementary extensions of ky and I'y respectively. Note also that, if
2 is an algebraically closed field containing €y then (2, ko, y) is an elementary extension of
(Qo, ko, I'g) by [6, 4.4] as they have the same k and I' parts. Thus, L. van den Dries and A.
Giinaydin proved that kU is small in Q [5, Lemma 8.2], which means that by changing the
model (the triple) we may assume that € is |k U I'|T-saturated as a field. We also assume the
triple is k-saturated and strongly homogeneous for some uncountable cardinal x. Throughout
the paper, we will be working in this sufficiently saturated model (€2, k, ') where the base field
2 is also |k UT'|*-saturated as a field.

The model theory of the pair (2, T") was analyzed by the author in [9, 10] in terms of stability.
The model theory and definable groups in (£2, k) were studied in [20, 1] and [2]. In this paper,
our concern will be the triple (€2, k,T") in the stability framework, and this corresponds to the
third chapter of the author’s PhD thesis [9]. We also investigate the connection between the
triple (€2, k,T') and the pairs (2, k) and (£2,T"). The triple (2, k,T") is a proper expansion of
(Q, k) (a pair of algebraically closed fields) and also (2,I") (an algebraically closed field with
a distinguished group having the Mann property). We first focus on algebraic closure and

forking in the triple. This allows us to characterize definable groups in the triple in terms
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of definable and interpretable groups in €2, k£ and I". Moreover, we characterize interpretable
groups following the approach of [2] and applying the group configuration theorem [11] from
geometric stability theory. Note that the group configuration theorem also holds for *-definable
groups [13]. More precisely, we prove the following result (see Theorem (5.13)):

Theorem A. (Definable Groups) Let Q be an algebraically closed field, the field k be a proper
subfield of Q0 which is also algebraically closed and T be a multiplicative subgroup of Q0™ such
that (k,T) is a Mann pair. Any type-definable group in (2, k,T") is isogenous to a subgroup of
an algebraic group. Moreover, any type-definable group H is, up to isogeny, an extension by an
algebraic group V' of the direct sum of the k-rational points of an algebraic group Vi over k and

a type-interpretable abelian group Hy in I':

0—V(Q) — H— Vi(k) x Hi(I') — 0.

When T' is divisible, the characterization of definable groups in the triple enables us to

characterize interpretable groups. In particular, we conclude (see Theorem (6.12)):

Theorem B. (Interpretable Groups) Let Q be an algebraically closed field, the field k be a proper
subfield of 2 which is also algebraically closed and ' be a divisible multiplicative subgroup of €2
such that (k,T") is a Mann pair. FEvery interpretable group H in (Q, k,T') is, up to isogeny, an
extension of a direct sum of k-rational points of an algebraic group Vi over k and an interpretable
abelian group Hy in I' by an interpretable group N, which is a quotient of an algebraic group
W by a subgroup N1 which in turn is isogenous to a cartesian product of k-rational points of

an algebraic group Vo over k and an interpretable abelian group Hy in T :

0—N—H—Vi(k)x H(T) — 0
with
0 — Va(k) x Hy(T') — W — N — 0.

2. PRELIMINARIES AND NOTATIONS

Now we introduce more notations. For a substructure A in the sense of the triple, we denote
ks = ANk (the k-part of A) and 'y = ANT (the I-part of A). By acl(A), we mean the

algebraic closure of A in the field sense and acl;(A) indicates the algebraic closure of A in the

t

triple (2, k,T"). By | we mean the algebraic independence in the pure field 2 and | signifies
Py

the independence in the triple (Q,k,T"). Similarly, | denotes the independence in the pair

(Q, k) and ji indicates the independence in the pair (2, ). If A is a subset of ', the algebraic
closure of A in I' will be represented by aclp(A). Let a be a tuple in 2 and B be a set of
parameters. Unless otherwise stated, the type tp(a/B) denotes the type of a over B in the
pure field sense. By tp’(a/B) we mean the type of a over B in the sense of the triple. We use

similar notations for tp, and tpp to indicate the types in k and I' respectively.
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Let E, F and L be three fields where L C E N F. We say that F is linearly disjoint from F

Id
over L, denoted by E | F, if each tuple (ay, ..., a,,) in E™ which is linearly independent over
L

1d
L is also linearly independent over F. The field extension E|L is called regular if E | acl(L).

L
Now we list some basic properties of linear disjointness which we will use frequently in the rest
of the paper. For the details, we refer the reader to [8, Chapter 2] and [14, Chapter 8].

1d ld
e (Symmetry) We have E' | F'if and only if ' | F.
L L

i 1d
e (Transitivity) For a subfield S of F' containing L, we have ' | F'if and only if ES | F
L S

1d
and £ | S.
L
i
e If £ | F then we have the algebraic independence E | F.
L L

1d
e If L is an algebraically closed field, then the independence E | F also implies £ | F.
L L

Adding the constants for each element of kg and I'y will be significant to control the param-
eters for definability, since we need algebraically closed structures to contain enough elements.
The following theorem is in [5] and it states that k& and I" are orthogonal in the model-theoretic

sense.

Theorem 2.1. [5, Theorem 1.2 and Remark in 8.3] For all m,n > 1, every definable subset
of k™ x I'™ definable in (Q, k,T') is a finite union of sets X x Y with X C k™ definable in the
field k and Y C T definable in the group I'. In other words, the induced structure on (k,I') is
itself. In particular, the set

Zn = {(k17 "'7kn7gla 7971) : k191 +---+ kngn = 0} g Kt x IT™

1$ a finite union of sets X x'Y with X C k™ definable in the field k with parameters from kg
and Y C I'™ definable in the group I' with parameters from U'g. That is to say, the set 3, is
(-definable in the language L.

Using the theorem above, the following lemma follows immediately.

Lemma 2.2. Let f and g be automorphisms in Aut(k/ky) and Aut(I'/Ty) respectively. Then
there is an automorphism of k(I') in the pure field sense which extends both f and g.

Proof. Define ¥, = {(k1, ..., kn, Y1, Wn) * k171 + -+ -+ kpyn = 0} C k™ x I'™. By Theorem
(2.1), the set %, is a finite union of sets X x Y with X C k definable in the field & with
parameters from ko and Y C I' definable in the group I' with parameters from I'y. Therefore

<k17 "'7kn7/717 7771) S En if and Only if (f(k1)7 7f(kn)7g(71)7 79(771)) € Zn This Ylelds a
well-defined ring automorphism h of the ring &[] given by

h(kry + - 4 k) = fRO)g(n) + -+ F(Ra)g (1)
which further extends to the field k(T") . O
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The following lemma (see [3]) will be crucial in order to characterize algebraic closure in the

triple.

Lemma 2.3. [3, Lemma 2.1] Let Ty C Ty be stable theories in the languages Ly and Ly respec-
tively where L1 C Lo. Suppose that T eliminates imaginaries. Let M be a model of Ty and a, b

T T
be tuples in M. If C is an algebraically closed set in the sense of Ty, then a i b implies a Ji b.
c c

Remark 2.4. Applying lemma (2.3), one sees that if C' is algebraically closed in the triple

t
(Q,k,T') and a,b € Q, then the independence a | b implies the algebraic independence a | b.
C c

3. CHARACTERIZATION OF ALGEBRAIC CLOSURE

In this section, we give the characterization of algebraically closed structures in the triple
which will be a key tool for all other proofs throughout the paper. In order to characterize
algebraic closure, we depend upon the stability of the triple (2, k,T") which we know by [5,
Proposition 8.3]. We begin with a definition.

Definition 3.1. We say that a substructure A of the triple (2, k,T") is (k,I')-independent if

Aok,

ka(Ta)

1d
Similarly A is k-independent if A | k and A is [-independent if
ka

AT
Ta
Note that if A is algebraically closed in the sense of the triple, then it is k-independent by
[1, Remark 7.2].

Mann pairs over a subfield: We follow the notations of [5, Section 4, Page 7-8]. Let a =
(ay, ..., a,) be a tuple from Q. Define ¥"4(a, k, T') as the set of all tuples (b,7) = (b1, ..., bn, V1, ..., Tn)
where b; is in k*, the element ~; is in T' and (v,...,7,) is a non-degenerate solution of
ab1wy + - -+ apbyr, = 0. We let ¥"4(a, k,T';5) be the set of all tuples b € (k*)" such
that (b, ) € ¥"%(a, k,T'). Let F be a subfield of Q. We say that (k,I") is a Mann pair over F
if for every tuple 7 = (ry, ...,r,) from F*, n > 2, there is a finite subset I'(7) of I' such that

ok T) = | Sk, T59) x Ty,
YEL(r)
One can see that (k,I') is a Mann pair over k as it is a Mann pair. In [5, Proposition 4.7}, it

was proved that (k,I") is a Mann pair over €.

Lemma 3.2. Let A be algebraically closed in the sense of the triple (2, k,I'). Then A is
(k,T")-independent.
Proof. Since A is also algebraically closed in the sense of (£2,k), this yields that A is k-

Id Id
independent, so A | k and therefore we have A | k(I'4). By transitivity, it is enough to
ka ka(T'a)
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prove that
1d
A | k(D).
k(I'4)
Suppose that a, ..., a,, belong to A and they are linearly dependent over k(I'). So there are

elements ¢y, ..., ¢, from k(I") (not all zero) such that
(2) g+ -+ QG = 0.

As each ¢; is of the form ¥ where w;,v; € k[I'], by multiplying the equation (2) with the

K3

denominators, we see that aj, ..., a,, are linearly dependent over k[I']. Thus there are t1, ..., ,,
from k[I'] such that

(3) arty + -+ apty, =0,

Note that each ¢; is of the form k;;g;1 + - - - + kirgir for some r. Therefore by equation (3), we
get that there are elements ay, ..., a, from A* (not necessarily distinct), &y, ..., k, from k&> and

g1, ---, g from I" such that
<4) alklgl + -+ ankngn =0.

Without loss of generality, we may suppose that (gi,...,¢,) is a non-degenerate solution of
arkixy + - - - + a,k,x, = 0, because otherwise we split the equation into proper subsums such
that all of them have the non-degeneracy condition for some subtuples of (g1, ..., g,). In other
words, we may assume that there is no non-trivial subsum of (4) which is zero. From (4), we
see that

5 I+ —=—==4... 4 =22 =0.
(5) ar k1 g1 ar k1 g1
Thus the tuple (1, ;%, ey Z_T) is a non-degenerate solution of

a9 k?g Ay, kn

6 22 ceep g =0,

(6) I1+a1klxz+ —i—alklx

hence it is in IT" - F(l “2 “—") by [5, Proposition 4.7]. So there are v € I and (71, ...,7,) €

,a,..., a
F(l 2 ,‘;—’1‘) such that
g2 9n
<17 Ea 7E> = (’7’717777”)

7a7
(19_9_) _ (111)
g1 g1 Y1 Y1

AsT(1, 2 %) js finite, we see that the equation (6) has only finitely many non-degenerate

9 al’ ceey a1

This yields that

solutions in I', whose first coordinate is 1. Since A is algebraically closed in the triple, we see
that the tuple (1, g—f, e 2’—’1’) is in A. Now we finish the proof by dividing the equation (4) (or
(3)) by g1. 0
Remark 3.3. The proof of lemma (3.2) also shows that if A is algebraically closed in the sense
of the triple, then it is I'-independent. This can also be proved directly by applying the Mann

property, see [9, Lemma 2.4].

Next, we give the characterization of algebraic closure in the triple.
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Proposition 3.4. (Algebraic closure) Let A C § be a substructure in the sense of the triple.
Then A is algebraically closed in the sense of the triple if and only if A and k4 are algebraically
closed fields, the group T 4 is algebraically closed in T and A is (k,T')-independent.

Proof. If A is algebraically closed in the sense of the triple then A and k, are algebraically
closed fields and I'4 is algebraically closed in I'. Moreover, by lemma (3.2) the structure A
is (k,I')-independent. Now we prove the converse. Let o be in 2\ A. Note that any field
automorphism of € fixing k£ and I' is an automorphism of the triple.

Case 1: If a € I'. Then since I'4 is algebraically closed, we know that o has infinitely many
conjugates in I'. Choose a conjugate 5 € T" of a. Then there is an automorphism f € Aut(I'/T 4)
sending « to . Since I'4 contains I'g, by lemma (2.2) there is an automorphism h of k(T
which is identity on k and f on I'. Since A is (k,T')-independent, by linear disjointness the
former automorphism extends to a field automorphism of A(k,T") over A and this extends to
an automorphism of {2 over A which is actually an automorphism of the triple (€2, k£, T") over A.
Thus « is not in acly(A). In particular, we have I'ya,4) = I'a.

Case 2: If a € k. As k4 is an algebraically closed field, we know that « has infinitely many
conjugates in k. Choose a conjugate 5 € k of a. Similar to the first case and by lemma (2.2)
again, we construct an automorphism of the triple which sends « to 8. Thus « is not in acl;(A).
This also indicates that kuc,a) = ka.

Case 3: If o € acl(A4,k,T) \ A. Then there exist ki,...,k, € k and g1, ...,g, € T such that
a € acl(A, ky, ..., kn, g1, -, gn) \ A. So for a rational polynomial

7’(5[}0,5171, vy Ty Y1, 7yn)

with coefficients from A, we have that

T(Oé, kla sy kna g1, - gn) = 0.

Moreover, we may assume that ki, ..., k,, g1, ..., g, are algebraically independent over A. By the
first two cases, we know that k; and g; are not in acl;(A) for 1 < ¢ < n. Thus the type

P = tpt(kla teey kn7gl7 7gn/ aC1t<A))

is non-algebraic. Now take my, ..., m,, hq, ..., h, such that

(ml, vy My, hl, ceey h’n) ): P
and

t
my, ..., My, hl; vy h'n l/ kl, ...,kn,gl, ceey On -
acl(A)

By remark (2.4), we obtain the algebraic independence

my, ..., My, hl, ceey hn \L k?l, ...,k’n,gl, cees On -
acle(A)

We know that acl,(A) is (k,I')-independent by lemma (3.2). As Kael,(a) = ka and Tag,a) = T'a
from Case 1 and Case 2, by transitivity we get that

my, ...,mn,hl, ceey hn J/ k’l, ceey kﬁn,gl, cees On-
A
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Since there is a triple automorphism over A sending (ky, ..., kn, g1, .-, gn) to the tuple
(M, ceey My, hay ooy ),
this gives a conjugate 8 of a with § € acl(A, my, ..., my, hq, ..., hy,) by the polynomial equation
r = 0. Observe that  is different from «a as we have

My, ey My, hh 7hn \I/ kla "'7knagla -~y 9n
A

and « is not in A. Choosing other independent elements, as a result, we conclude that o has
infinitely many conjugates over A and hence « is not in acl;(A).

Case 4: The element « is not in acl(A, k,T"). Since any field automorphism of Q fixing k and
' is an automorphism of the triple, we deduce that acl(A, k,T") = acl,(A, k,T"). This indicates

that « is not in acl;(A). Hence we are done. O
Now we give several immediate corollaries of the previous proposition.

Corollary 3.5. For any subset D in €2,
aclt(D) = acl(D, kaclt(D)a Faclt(D))-

If B = acly(ka,l'a) where A is algebraically closed in the sense of the triple, then B =
acl(kA,FA).

Proof. We put E = acl(D, Kaci,(p), Lact,(p))- As
DU kaclt(D) U Fauclt(D) CEC aClt(D)y

observe that kg = kaa,(p) and I'y = L'aa,(p). Since acly (D) is (k, I')-independent by lemma (3.2),
we see that E is also (k,I')-independent. We obtain by (3.4) that E is algebraically closed in
the sense of the triple. As E contains D, we conclude that £ = acl;(D). For the second case,
similarly B = acl;(k4,T'4) € A is (k,I')-independent and so we have that F' = acl(ks,['4) and
k(T") are linearly disjoint over k4(I"4). In the proof of proposition (3.4), namely Case 1 and
Case 2, we observe that kr = k4 and I'r = I'4. We finish the proof by proposition (3.4) again
and hence B = F\. U

Corollary 3.6. Let B be algebraically closed in the sense of the triple. Then I'p = I'ya,(B.k)
and kp = Kac,r)- In particular, we have B(k) N\T' =T'p and B(I') Nk = kp.

Proof. As B is (k,I')-independent by lemma (3.2), we obtain that

BE) | k() and BIT) | k(D).

k(T'g) kp(T')

Therefore by proposition (3.4), we see that I's = aa, (k) and kp = Kaci,(,r)- In particular, we
obtain that B(k) NI =T'p and B(I') Nk = kp. O

Elementary substructure: We follow the notations of [6, Page 2]. Let L be a subfield of
(2, the integer n > 2 and ay, ..., a, belong to L*. A solution (sq, ..., s,) € ()" of

(7) ary+ -+ apx, =0
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is called primitive over L if it is linearly independent over L for every non-empty proper subset
I of {1,...,n}. Note that a primitive solution of (7) is also a non-degenerate solution of (7).
For a subfield k; of k& and a subgroup I'y of I, let T';(k1,n)P" be the set of all (g4, ...,9,) € I'1
such that g, = 1 and (g1, ..., gn) is a primitive solution of (7) over k; for some tuple (ay, ..., a,)
from k;*. The following theorem is [6, Corollary 4.4] and the condition (i) below is automatic

as we assume that k is a proper subfield of 2.

Theorem 3.7. [6, 4.4] Suppose that (B, kg, I'g) C (2, k,I') is a substructure with [B : kg| >
2. Then (B,kp,T'g) is an elementary substructure of the triple if and only if the following
conditions hold:
(i) [Q: k] > 2,
(ii) D(k,n)"" =Tg(kg,n)P" for every n > 2,
(i) kg Rk and'p =T,
(iv) B | k().
kp(T'p)
Using the previous result, we obtain the following corollary, which will also be used in section
6. Recall that a subgroup I'; of I is called pure if for every ¢ € I'y, the solvability of the equation

2" = ¢ in ' implies the solvability of the equation 2" = ¢ in I'y, where n > 1.

Corollary 3.8. Let k1 O ko and I'y D T'y be algebraically closed substructures of k and T’
respectively. Then B = acl(ky,T'1) is an algebraically closed substructure of Q0 in the sense of
the triple. Moreover, if kv and I'y are elementary substructures of k and I" respectively, then

B = acl(ky,T'1) is an elementary substructure of ) in the sense of the triple.

Proof. Let k1 D kg and I'y D I'y be algebraically closed substructures of £ and I' respectively and
set B = acl(ky,I'1). Observe that I'y is a pure subgroup of I'. As we have I'(k, n)?" = I'o(ko, n)P"
for every n > 2 and k and ko(I") are linearly disjoint over kg, we see that I'(k, n)P" = I'y(ky, n)P"
for every n > 2. Therefore, the field extension k(I')|ky(I'y) is regular by [6, Lemma 4.1]. In

other words,

®) B | kD).

ki1(T1)

By proposition (3.4) and (8), we deduce that B is algebraically closed in the sense of the triple.
If &y and T'y are elementary substructures of k£ and I' respectively, then similar to the argument
above, we conclude by Theorem (3.7) that B is an elementary substructure of €2 in the sense

of the triple, as most of the elements of ['y are transcendental over k. O

4. CHARACTERIZATION OF FORKING

In this section, we characterize forking in the triple. First, we need two lemmas. The following
lemma states when two algebraically closed structures in the sense of the triple have the same

type over a common substructure.

Lemma 4.1. Let By,By and C C By N By be three algebraically closed structures in the sense
of the triple. Then tp'(B1/C) = tp'(By/C) if and only if there is a field automorphism over C
sending By to By with sending kp, to kp, and sending I'p, to I'p,.
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Proof. Suppose that there is a field automorphism ¢ over C' sending B; to By with sending
kg, to kp, and sending I'p, to I'g,. In particular, we have tp,(kp,/kc) = tpi(ks,/kc) and
tpr(I's, /T'c) = tpr(I's,/T'c). Thus, there is an automorphism f € Aut(k/kc) sending kp,
to kg, and there is an automorphism g € Aut(I'/T'¢) sending I'p, to I'p,. As ke contains ko
and I'c contains Iy, by lemma (2.2) there is an automorphism h of k(I') over kc(I'¢) sending
kg, (I'p,) to kp,(I'p,). Since C'is (k,T")-independent by lemma (3.2), we have

Id
¢ L kD),
kc(Tc)

and the map h further extends to an automorphism of C'(k,I") over C. Moreover, since each B;
is (k,I')-independent by lemma (3.2), we have that

1d
B, | k().
k:Bi(FBi)
Thus we get that
1d
(9) B L CkT).
C(kp, ;)

By the maps ¢ and h, and the linear disjointness (9), we obtain an isomorphism 7 between
By (k,I') and By(k,T") over C'. As 7 extends to a field automorphism of (2 fixing k£ and I setwise,
we conclude that tp'(B;/C) = tp'(By/C). The other direction is clear. O

Now we prove another lemma before characterizing the independence in (£2,k,T") and the

idea partially comes from [2, Lemma 1.2].

Lemma 4.2. Let C C AN B be three algebraically closed structures in the sense of the triple

and suppose that A | B,k,I'. Then acly(A, B) = acl(A, B). Moreover, we have ka,4,8) =
C,k,l
acl(k;A, ]{ZB) and Faclt(A,B) = aCh"(FA, FB).

Proof. Since A is algebraically closed, lemma (3.2) and transitivity yield that

A | BT
Cka,la
and so A | k,T'. As B is algebraically closed, similarly we have that B | k,I" and thus
B,kA,FA kB:FB

B L k,T.
acl(ka,kp)(T'al'p)
By transitivity, we obtain that
A, B L k,T.
acl(ka,kp)(T'al'p)
Note that H = aclp(I'4,I'g) C acl(A, B). Thus we have
AB | kI
acl(k a,kp)(H)
By corollary (3.8), we see that acly(ka, kg, H) = acl(ka, kg, H) and in particular it is (k,I')-
independent by lemma (3.2). By transitivity and in terms of linear disjointness we deduce
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that y
acl(A, B) L k(T).
acl(ka,kp)(H)
Hence by proposition (3.4), we conclude that acl;(A, B) = acl(A, B) and also that Kuc,(a,p) =
acl(ka, k) and I'ya,a,8) = aclp(I'a, T'p). O

Now we are ready to give the characterization of forking in the triple by applying proposition
(3.4) and lemmas (4.1), (4.2). It turns out that independence in the triple is given by the
algebraic independence in 2 and k; see (iv) below. The proof of the following theorem is
motivated from [1, 7.3].

Theorem 4.3. (Characterization of Forking)
Let C'= AN B and all of them be algebraically closed in the sense of the triple T;,. Then the

following are equivalent:

(i AJ/B

)
(i) A \L Bk, T andAJ/B
Oyl
(iii) A | Bk, T and kA,FA L ks, T's
Ok, ke,To
(iv) A | B,k,T and ky | kp.
Okl ke

t
Proof. First suppose that A | B. By remark (2.4), we have that A | B. In particular, we
c

c
obtain

ka,T'a | kg, T'p.
C

Moreover, since C' is algebraically closed it is (k,I')-independent, thus we have that C | k,T

ke, l'c
and in particular C' | kg, I's. These two independence relations
kc,I'c
]{?A,FA J/ k’B,FB and C J_/ kB,FB
ke,To
give us that k4, I'4 | kg, ['p by transitivity. Similarly, the independence A | B yields that
ke, Lo c

ka | kp. Moreover, as C is algebraically closed in the pair (€, k) it is k-independent. Thus we
c
have C' | k and so C' | kp. By transitivity we deduce that k4 | kp.

ko ko ko
Now we prove that A | B, k,T". Suppose for a contradiction that

C.k,D

A [ B,kT.
Ck,T

Let ¢ = tp(B/CUkpUT'p) and A > w;. As B is algebraically closed and contains C, by lemma
(3.2) we get that

(10) B | CkT.

Ckp,I'p
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Thus by saturation, there exists (B;);<x with B = By such that B; = ¢ and (B;)i<y is inde-

pendent over C'U k UT in the field sense, and also B; | C,k,I' by (10). By the choice of
Ckp,Tp
(Bi)i<x, we get that kg C kp, and I'g C I'p, for all 7. On the other hand, by the independence

B, | C,k,T" we have that kp,,I'p, C acl(C,kp,I's) C B. Thus we obtain the equalities
Ckp,Tp
kp = kp, and 'y = I'p, for all i. As acl(C,kp,I'p) C B, this yields that kg = Kaci(c k1) and

I'p = Laci(Ckp.rp)- Since B is (k,I')-independent by lemma (3.2), in particular we see that

acl(C, l{B,FB> jc_l/ k(F)

kg(Tp)

As B; | Kk, T, by transitivity and in terms of linear disjointness, we obtain that
Cikp,I'p

1d
B, | k().
ks(I'm)
Therefore by proposition (3.4), we deduce that B; is algebraically closed in the sense of the triple
for all 4. Then, lemma (4.1) yields that tp’(B;/C) = tp'(B/C) for all i. By Erdés-Rado Theo-

rem, we may assume that (B;);<) is C-indiscernible in the sense of T;. Let p; be the pullback

t
of the type tp'(A/B) under B; — B. Since A | B, we know that {J;, pi(z, B;) is consistent.

c
So there exists A; such that tp'(A1B;) = tp'(AB) for all i. Now (B;);<) is independent over
CUEUT and A; J B; for each B;. This contradicts the stability of the field Q. Hence we
Cye,T
proved that (i) implies (i), (zi¢) and (iv).

Now we prove that (i), (i4¢) and (iv) are equivalent. We already proved that (iz) implies (i7)
and (iv) in the beginning. First, we make the following observation. Since A is algebraically
closed in the sense of the triple, it is (k, I')-independent by lemma (3.2). In particular, one has
A | C,k,T. Thus if we have A | B, this yields by transitivity that

Ckala C.k,T
(11) A | B

Cka,l'a

Suppose that we have (7i7) and we will show that (i¢) holds. Note that as A is (k,I')-independent
we also have that C(ka,I'4) is (k,I')-independent and in particular

C(ka,Ta) | kg, Is.

ka,l'a

As we also have
kAarA J/ kBurB7

ke, T
by transitivity we obtain that C(ka,14) j Z‘B, I'p and hence ka,'4a | kp,I's. As B is
(k,T')-independent, we deduce the indepenggflrcce ka,Ta | Bby transitivity.c From the previous
independence and by (11), we conclude that A | B by trgnsitivity again. Thus (i27) implies (77).
Now assume that we have (iv) and we show (25 As A is algebraically closed in the pair (€2, k),
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it is k-independent. In particular, we have C, ks | kp. By ka | kp and transitivity, we obtain

ka ke
that k4 | kp. As B is also k-independent, we see that B | k4. By the previous independence
c kp
and ka | kp, we deduce that B | k4 by transitivity. Next, we prove that B | T'4. So let
C C Cika

bi,...,b, be in B, the elements kq, ..., k, be in k4 and ¢, ..., g, be in I'4 such that

We may suppose that no proper subsum of this equation is zero. Since I' has the Mann property
over (), we obtain that % € acly(B, k4) and so % € I'p for all 7 by lemma (3.6). As % el'y
also, we obtain that € I'c for all ¢. Thus we have B | I'a. By B | I'a and B | ka, we
obtain that B | ka,T'4. The previous independence ancciv’k(/il) give agaicff ?:hat A| B C
c c

Lastly, we prove that (i7) implies (7). Our strategy for the proof of non-forking is to show
consistency of conjugates of types along a Morley sequence; see [21, Proposition 7.2.14]. So let
A be an uncountable cardinal and (B;);<) be a Morley sequence over C' in the sense of the triple
where By = B. Note that (B;, kp,,'p,)i<x is also a Morley sequence over C' in the sense of the
triple but for simplicity we write (B;); instead. Next we may assume the sequence (B;); is a
Morley sequence over C'k4I"4 in the field sense, as it can be seen from the following argument:
We observe by remark (2.4) that (B;); is C-independent in the field sense. By (ii) we also have

that

(12) kaTs | B.
C

By stability, we cannot have that
ka,Ta { B
c

for many 4, as (B;); is C-independent in the field sense. So we may assume that

(13) ka,Ta | B;
C

for all 7. Since C'is an algebraically closed field and types over algebraically closed subfields are
stationary in the pure field 2, by (12) and (13) we deduce that tp(B;/Ckal'4) = tp(B/Ckal'4)
for all i. Now by Erdds-Rado Theorem, we may assume that (B;); is Ckal s4-indiscernible in
the sense of the pure field Q2. By [21, Lemma 7.2.19], we get that

kA,FA \L{Bz 1 < /\}
C

By transitivity and as (B;); is C-independent, we conclude that (B;); is a Morley sequence over
Ck4l'4 in the field sense.

Since A | B, we also have
c
A | B,kaTa

Cka,Ta
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Let p(z) = tp(A/B U ks UT'4) and p;(z) be the copy over B; U ky UT' 4. Thus there exists a
long tuple D such that D = J, pi(z). Moreover as all B;, k and I' are small in ©, by taking a
non-forking extension we may assume that

(14) D | {Bi:i<\kT.

B,ka,l'a

As A | B, ka,T'a, by transitivity we see that
Czk/hFA

(15) D | BukT

Cykala
for all 7. Observe that kp = k4 and I'p = 'y as D and A has the same type over Bk,I'4
and by (15). Moreover, there is a field automorphism f; of ©Q over CkaI'4 sending ABkgI'p to
DB;kp,T'p,. Since A is (k,T")-independent and C' C A, we also see that

acl(C, ]{‘A, FA) jci /{E(F)

kA(FA)

Since also we have D | k,T', by transitivity and in terms of linear disjointness, we deduce
Cika,l'a
that

D jci k(T).
ka(Ta)
Therefore by proposition (3.4), we conclude that D is algebraically closed in the sense of the
triple. By lemma (4.2), we see that acl,(A, B) = acl(4, B), and also kac,(4,5) = acl(ka, k) and
Lact,(a,8) = aclp(I'4, I'p). Hence, we have

ld

(16) acl(A, B) L k(T).
acl(ka,kp)(aclr(I"4,I'B))

By the choice of D and by lemma (4.2) again, we also have that

(17) acl(D, B;) 1 k(T).
acl(ka,kp;)(aclr (I'a,I's;))

As (B;); = (B;, kg,,I'p,) is a Morley sequence over CksI'4 in the field sense, there is a partial
field isomorphism o; of €2 over C'ksI'4 sending B to B;, with kg to kp, and I'g to I'p,. In
particular, there is a partial field isomorphism g; sending kp to kp, over k4, and there is a
partial group isomorphism h; sending I's to I'g, over I' 4. By strong homogeneity and (2.2), there
is a field automorphism ¢; of k(I') (obtained by g¢; and h;) sending acl(ka, kg)(aclp(I'4,'s))
to acl(ka, kp,)(aclp(I'a, I',)). Now by the two linear disjointness (16) and (17), we obtain a
partial field isomorphism 7; preserving k,T' and sending acl(AB) to acl(DB;). As 7; extends
to an automorphism of €2, which is indeed an automorphism of the triple, we conclude that
tp'(DB;kal' 4) = tp'(ABk 4l 4) for all i. Hence we have (7). O

Remark 4.4. The proof of Theorem (4.3) above indicates the characterization of independence
in pairs (€2, k) and (£2,I"). More precisely, let C' = AN B and all of them be algebraically closed

in the pair (2, k). Then A and B are independent over C' in (€2, k) if and only if A | B,k and
Ck
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ka | kp. If C = AN B and all are algebraically closed in the pair (Q2,I"), then A and B are
ko
independent over C'in (,T") if and only if A | B,T. For the details, see [1, 9, 10].
ar

Corollary 4.5. For every a € €2, we have that

t
a L k,T.

kaclt (a) 7Faclt (a)

t
Moreover, we also have the independence a | T.

Faclt (a)

Proof. Since acly(a) is (k,I')-independent, we have that
acly(a) L acl(k,T)
ad(kaclt(a)7raclt(a))

and acly(a) Nacl(k,T") = acl(Kacl,(a)s L'acl,(a))- By corollary (3.5), we see that

aCl(kaclt(a)y Fach(a)) = adt(kaclt(a)a Faclt(a))
and also that acly(k,I") = acl(k,I"). Therefore, we deduce that
acly(a) L acly(k,T).
aClt(kaclt(a)aFaclt(a))

Applying Theorem (4.3), we obtain the first part. For the second part, we have acl,(I") =
acl(I', ko) and acly(Iacl,(a)) = acl(Tac,(a), ko), and also that kaa,ry = ko by corollary (3.8). As
acli(a) is I'-independent by remark (3.3), we conclude by Theorem (4.3) similar to the first
part. [

The next lemma states that the independence in the triple implies the independence in I" as
a pure group.
Lemma 4.6. Let C = AN B and all of them be algebmzcally closed in the sense of the triple

and A J/ B. Then we have the independence I'4 L I'p in the abelian group I.
c o

t t
Proof. As A | B, we have I'y | I'p. Corollary (4.5) and the transitivity of the independence

c c
t r
yield that I'y | I'p . Hence we conclude that T'y | I'p. O
I'c le

4.1. Independence over Models and Reducts. In this subsection we study the indepen-

dence over models. Then we investigate the relation between the independence in the triple

and the independence in (€2, k) and (2, T).
Proposition 4.7. Let M = ANB whe're A, B are algebmzcally closed in the sense of the triple
T, and M is a model of T;. Then A J/ B if and only if A L B(k,T) and ka | kp.

M(kA FA) kar

Proof. By Theorem (4.3)(iv), it is enough to prove that A J/ B implies A \|/ B(k,T"). Now
M(k AL a)
let ay,...,a, be in A (not necessarily distinct), the elements bi,...,b, be in B, the elements
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ki,...,k, bein k and g1, ..., g, be in I' such that
arbikigy + - - + apnbrkng, = 0.
Suppose that f(Z, 9, z,t) is the formula z1y; 21t1 + - + Ty 2nt, = 0. Let ¢(Z, ) be the formula
dze P, 3te P f(7,7,2,1).
Then a = ¢(Z,b). As A L B, by stability the type tp‘(A/B) is an heir extension of tp'(A/M).

So there is m € M such that a = ¢(x,m). We finish the proof by transitivity as A is (k,I')-
independent. 0

Proposition 4.8. Let C' = AN B and all of them be algebraically closed in the sense of the
t P P

triple Ty. If A | B then we have A i B and A j B in the sense of the pairs (2, k) and (2,T)
c c c

respectively.

t
Proof. Suppose that A | B. By Theorem (4.3)(iv), we know that A | B,k,I" and k4 | kp.

c C\k,T ke
As Ais (k,T')-independent by lemma (3.2), transitivity yields that A | B, k,I". Thus by
CiaT 4
remark (4.4), it is enough to show that A | B,k and A | B,T'. Note that by corollary (3.6),
Ck c,r
we have that I'ye, gk = I'p and k,q,(5,r) = kp. In order to show A | B, k, by transitivity it is
C.k
Id
enough to show that B(k) | C(k,I'4). So let by,...,b, be in B, the elements ki, ..., k,, be in k
C(k)

and gy, ..., g, be in I'4 such that
b1k191 I bnkngn =0.

We may suppose that no proper subsum of this equation is zero. Since I' has the Mann property
over ), we obtain that % € acly(B, k) and so % € I'p for all i. As % € I'4 also, we obtain
that % € I'c for all i. Thus we have what we desired. Similarly, to prove A | B,T', we need to

cr
show that B(I') | ka. Since kaa,(r) = kg and acly(B,I") is k-independent, in particular we
c(T)
obtain that B(I') | ka. As we also have kg | ka, we conclude by transitivity. Hence we have
kp kC
the proposition. O

Now we give more equivalences for the characterization of forking in the triple:

Corollary 4.9. Let C' = AN B and all of them be algebraically closed in the sense of the triple

T;. Then the following are equivalent:

(i A\LB

)
(i) A \|/ Bk, T andA\LB
C,k,T
(i) A | Bk, T and kA,FA L ks, s,
C,k,T ko,
(iv) A | B,k,I' and ka | kp.
Okl ko
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(v) A | B,k,T'and A | B,T.
C.k,I’ cr

Proof. By Theorem (4.3) and proposition (4.8) we know that (), (i7), (i74) and (iv) are equiv-
alent and (7) implies (v). Now we show that (v) implies (i¢). If we have A | B, T, then lemma

or
(2.3) and remark (4.4) yield the desired independence A | B since the independence A | B,T
c ar
Py
implies A | B. O
c

Remark 4.10. Note that in corollary (4.9)(v), we cannot replace A | B,I' by A | B,k since
or C.k

the latter independence does not imply the independence A | B.
c

5. DEFINABLE GROUPS

In this section, we characterize definable groups in the triple (2, k,I") up to isogeny. It
emerges that definable groups in the triple are given by definable and interpretable groups in

2, k and I'. The following lemma is from [19]:

Lemma 5.1. [19, 5.4] Suppose that G is a stable group. Every formula ¢(x,y) can be associated
with a natural number n = n(y) such that, if A is a generic subset of G defined by a formula

o(x,a), then G is covered by n translates of A.

The next lemma affirms when a type-definable group in the triple is actually an algebraic

group and our method is similar to the result [2, Lemma 2.1].

Lemma 5.2. Let H be a connected T;-type-definable subgroup of an algebraic group V', all
definable over an algebraically closed set A in the sense of the triple. Let a be the generic
over A which lies in some translate of H which is also definable over A. If kac,(a,4) = ka and

Lacli(a,a) = T'a, then H is an algebraic group. In particular H is definable.

Proof. First we may assume that a € H: Suppose that a € bH. Let a’ be such that tp’(a’/A) =
t

¢ ¢
tp'(a/A) and o’ | a. Put a; = a 'a’. Then we have a; | a and a; € H is generic. Since a’ | a,
A A A

t
we have that a’, A | a, A. So by lemma (4.2) and Theorem (4.3), we see that
A

kaclt(al,A) - kaclz(a’,a,A) - aCl(kaclt(a’,A)a kaclt(a,A))'

Since Kacly(ar,4) = Kacly(a,4) = ka, we deduce that kae,(a,,4) = Kacl,(4). Similarly we obtain that
Lacli(ar,4) = T'a. Thus we may assume that @ € H by changing a with a;. Put p = tp’(a/A)
and pg its T-reduct where T is the theory of the field €2. Let Hy be the smallest algebraic
group containing H which exists by the assumption and the w-stability of 2. Note that
H = stab(p) C stabr(pg). So Hy C stabr(pg). On the other hand, since po(z) implies that
x € Hy, we get that staby(pg) € Hy. Thus we have the equality and moreover Hy is T-connected.
To prove the lemma it is enough to show that p is the unique generic of Hy in the sense of the
triple, as this implies that Hy = stab,(p) = H. Let h be a generic of Hy over A in the sense of
the triple and put ¢ = tp’(h/A). Note that h is in particular a generic in the sense of the field
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so it has the same field type over A

Claim: We have h | k,T.

A
Proof of the Claim: First note that a € Hy. As the algebraic closure acli(a, A) is (k,T')-
independent by lemma (3.2) and by the assumptions ke, (a,4) = k4 and 'y, (a,4) = ['a, we have

that a, A | k,I" and so a | k,I'. As a consequence, we see that a is a generic of Hy over
ka,l'a A
AUEUT in the sense of the field Q. Now if A J k,T', then there exists a formula ¢(xz, m,7) €
A
tp(h/A, k,T') which is not generic in Hy, with parameters from A, where m € k and v € I'. Put

n =n(y) as in lemma (5.1) and
0(y, z) = Ihy..3h, € Hy(Vx € Ho \[ o(hi 'z, by "'y, hi™'2))
i<n
and ¢(z,y,2) = =0(y, z) A p(z,y, z). Observe that for all tuples (b, ¢), the formula ¢(z, b, c) is
not generic in Hy. However the formula

Y(x)=Jy e P, 3z € P, ¢(x,y, 2)

whose parameters are from A, is realized by h and so it is generic in H,. Therefore finite number
of translates of ¢ () cover Hy, say Hy = (J;<;, @itb(z). Take ¢ such that tp*(c/A) = tp’(a/A) and

t t
¢ | oq,...ag. Thus for a certain element o € Hy, we may suppose that a € ay)(z) and a | «.
A A

So a € ap(x,m',v') for some m' € k and v € I". By the characterization of the independence

(4.3), we have that @ | « and by transitivity we get a | «, k,T". This is a contradiction since
Akl A
the formula ag(x, m’,;~") is not generic in Hy. So we have the claim. O

Now since A is (k,I')-independent by lemma (3.2), by transitivity of the independence we

see that h, A | k,T". As acly(ka,T'4) = acl(ka,'4) by corollary (3.5), it is (k,I') independent.
ka,l'a
Therefore, by transitivity and in terms of linear disjointness, we obtain that

acl(h, A) ﬁ k(T).
ka(Ta)
Thus by proposition (3.4), we conclude that acli(h, A) = acl(h, A), and also that kac,n,a) = ka
and I'ye1,(n,4) = 4. Since there is a field automorphism over A sending a to h, linear disjointness
yields a field automorphism over AUk UT sending a to h. Hence we obtain that ¢ = p and we
conclude that H = H,. ]

Remark 5.3. Observe that none of the groups £* and I satisfy the conclusion of lemma (5.2)

as they are not algebraic groups in €.

Definition 5.4. (Isogeny) Let G and H be two type-definable groups in a stable theory. We
say that G and H are isogenous (or there is an isogeny between them) if there is a type-definable
subgroup S of G x H such that

e The projection of S to G, denoted by Gg, has bounded index (the index is less than the

saturation cardinal k) in G,
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e The projection of S to H, denoted by Hg, has bounded index in H,
e The kernel ker(S) = {g € G : (g,1) € S} and the co-kernel coker(S) = {h € H :
(1,h) € S} are finite.

Note that if G and H are isogenous, then there is an isomorphism between Gg/ker(S) and
Hg/coker(S). In other words, isogeny is an isomorphism up to a bounded index and finite

kernel.

Remark 5.5. Note that the isogeny relation is an equivalence relation. Every group is isogenous
to its connected component and every isogeny of the connected component gives rise to an

isogeny of the group.
The following lemma is in [2] and it enables us to construct an isogeny between two groups.

Lemma 5.6. [2, 2.4 and 2.5] Let G; and Go be two groups type-definable (type-interpretable)
in a stable theory. If there exist parameters C' = acl®d(C) and elements a1,b; of G1 and as,bs

of Gy such that

(1) a1 and as, by and be, a1by and asby are C-interalgebraic

(2) ai, by and a1by are pairwise independent over C,
then the element ay (respectively ay) is generic in a unique translate of a connected subgroup
Hy of Gy (respectively Hy of Gs), all definable over C and there is an isogeny between Hy and
Hy given by the stabilizer of the type tp(ai,as/C). In the condition (1), if we just have ay is
algebraic over C,ay (respectively for by and asbs), then there is a type-interpretable projection

from Hy to a quotient of Hy by a finite subgroup.

Remark 5.7. The above results can be generalized to the case when both groups G and Gs
are #-interpretable. In the previous lemma (5.6), suppose that G is a type-definable connected
group and (55 is a connected *-interpretable group. If the kernel of the projection N is definable,
by stability there is a projection with the same kernel from G to a connected type-interpretable
subgroup D of (G5 whose generic is C-interalgebraic with the generic of 5. This follows from
compactness as G1/N is a type-interpretable group whose generic is a finite tuple and it is

C-interalgebraic with the generic of G5 which is an infinite tuple.
Next we state and prove the Shelah lemma.

Lemma 5.8. (Shelah lemma) Let T be a stable theory. If the type tp(A/C) is stationary and
B Lc A, giwven two C-elementary maps f: A — Ay and g : B — By such that Ay J/C By, then
fUg is also C-elementary.

Proof. Since g is C-elementary, we have that g(A) \LC By and g(A) =¢ A =¢ A;. By station-
arity there is an automorphism h fixing By and sending g(A) to A;. Now one can see that hog
restricted to AU B is fUg. O

Lemma 5.9. Let v and h be generics over a small model M of T; of an algebraic group V

defined over k and a type-definable group H in I respectively. Then we have the independence
t

v | h. If V and H are connected, then so is V x H.
M
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Proof. Suppose that there is a formula ¢(z, h) over M such that = ¢(v,h) and the formula
o(x,h) forks over M. Let ¢(x,y) = ¢(x,y) A (x € Pi) A (y € P). Then by Theorem (2.1),
we know that ¢(z,y) = U, ; ¢i(z) A ¢;(y), where ¢;(z) is a formula defined in k and ¢;(y) is
a formula defined in I'. Thus for some i or j, we obtain that ¢;(z) or ¢;(y) fork. However, a
generic over M does not fork over M, a contradiction. If V' and H are connected, lemma (5.8)
yields that the tuple (v,h) is the unique generic of V' x H over M and hence the product is

also connected. O

Remark 5.10. In stable theories, every type-definable group is an intersection of definable

groups in this theory.
The following result was proved by E. Hrushovski and A. Pillay [12]:

Theorem 5.11. [12] Let A be an interpretable group in a one-based stable theory. Then the

connected component of A is abelian.

Now we are ready to characterize definable groups in the triple (€2, k,T") in terms of definable
and interpretable groups in each sort. We use the group configuration theorem [11] together with
lemma (5.6), Theorem (4.3), lemma (4.6), lemma (5.2) and lemma (5.9). Before characterizing

definable groups in the triple, we give some examples.

Example 5.12. (Some definable groups in the triple) Algebraic groups over €, algebraic groups
over k, the group I' and its powers, the product €2 x k x I' and

SL(z,k,r,Q):{(a Z) :ad—bcekX}x{(a Z) :ad—bcef}
C C

are all definable in the triple. One can see that each of them satisfy the conclusion of the
following Theorem (5.13). The following theorem and its proof are based directly on the result
[2, Proposition 2.6].

Theorem 5.13. (Definable Groups) Let ) be an algebraically closed field, the field k be a proper
subfield of Q0 which is also algebraically closed and T be a multiplicative subgroup of 2 such
that (k,T') is a Mann pair. Any type-definable group in (Q, k,T") is isogenous to a subgroup of
an algebraic group. Moreover, any type-definable group H is, up to isogeny, an extension by an
algebraic group V' of the direct sum of the k-rational points of an algebraic group Vi over k and

a type-interpretable abelian group Hy in I':

0—V(Q) — H— Vi(k) x Hi(T') — 0.

Proof. Let H be a type-definable group in (2, k,I') over some parameters. By remark (5.5),
we may suppose that H is connected. We will work over a model containing the parameters
defining H which we will omit. Let T" be the theory of {2 in the sense of the field. Given two
independent generics a and b of H, we write @, b and «a - b instead of their algebraic closures in
the sense of the triple respectively. Observe that by lemma (4.2) and the characterization of
the independence (4.3), the tuple a - b is T-algebraic over @ U b since @, b are two independent
algebraically closed subsets. With the help of the third generic ¢ which is independent from a

and b, we obtain the following diagram:
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a-b

Then by remark (2.4), we have a T-group configuration. So by the group configuration theo-
rem [11] and lemma (5.6), there exists a x-interpretable group in the pure field 2 whose generic
is interalgebraic with the generic of H. As the generic of H is a finite tuple, we conclude that
there is an algebraic group in §2 which H embeds in up to isogeny. Thus up to isogeny, we may

assume that H is a subgroup of an algebraic group.

By lemma (4.2) and Theorem (4.3), the set k_; is k-algebraic over kg U k;. Similarly, the set
I' - is '-algebraic over I'z U I';. Applying the characterization of independence Theorem (4.3)

and lemma (4.6), we have the following diagrams:
ka

I'ow

So by the group configuration theorem [11], we obtain a connected *-interpretable group V; in
k and a connected *-interpretable group H; in I'. Moreover, a generic v of V] is k-interalgebraic
with kz. Similarly, a generic h of H; is I'-interalgebraic with I'z. Now lemma (5.6) yields a
projection m; from H to a Vj and a projection my from H to H;. Furthermore the generic v of
V7 is Ty-interalgebraic with k; and the generic h of H; is Tj-interalgebraic with I';. By lemma
(5.9), the tuple (v, h) is a generic of Vi x H; which is Tj-interalgebraic with (kgz,I'z). Since V;
and H; are connected, the lemma (5.9) also yields that the tuple (v, h) is the only generic of
V1 x H; and this product is also connected. Thus by lemma (5.6) again, we have a projection
7 from H to Vi x Hy in k x T’ which is given by the stabilizer of the type tp’(a, v, h). Finally

we show that the connected component N of the kernel ker(w) is an algebraic group by lemma
¢ t
(5.2). Let n be a generic of N over a in the sense of the triple. So we haven | aandn-a | a.

Observe that n-a € Na is also a generic. As the tuple (n,1,1) is in the stabilizer of tp’(a, v, h),
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we have that the tuples (n - a,v,h) and (a,v, h) have the same t-type. Thus in particular, we
have kg = kg and I'zz = I'z. Moreover, by lemma (4.2) and Theorem (4.3) we obtain that
kraa is in the k-algebraic closure of krz and kg. Therefore we see that kpag = kg and similarly
I'aa = I'z. Now the type tpf(n - a/a) satisfies the hypothesis of lemma (5.2) and we conclude
that N is an algebraic group. By elimination of imaginaries in k& and by remark (5.7), we can
take V] to be an algebraic group and H; to be type-interpretable. Note also that H; is abelian
by (5.11) and remark (5.10), as pure abelian groups are one-based. O

6. IMAGINARIES AND INTERPRETABLE GROUPS

Our goal in this section is to characterize interpretable groups in the triple (2, k, I'). Through-
out the section, we assume that I' is divisible. As (k,T") is a Mann pair, taking n = 1 in the
equation (1), we see that kN T is finite, thus the intersection is a finite subset of the group of
roots of unity in €. In this case, the group I' is torsion-free and hence it is strongly minimal
by [16, Corollary 3.1.11]. For every algebraically closed subset A in the triple, its I-part ['4
contains I'g and so I'4 is an elementary substructure of I'. By [5, Proposition 8.3|, the triple
is w-stable with infinite Morley rank. In this section, we will give a description of imaginar-
ies in the triple in terms of real elements and the motivation comes from [17]. This enables
us to characterize interpretable groups in (€, k,T"). Observe that (£, k,T') does not eliminate
imaginaries. Our description of imaginaries will be by means of canonical bases as studied in

17].

Lemma 6.1. Let B be an elementary substructure of (2, k,I'). Suppose that
d = Cb(tp(a/ acl(B, k,T))).

t
Then a | B,k,T.
d

Proof. As () eliminates imaginaries as a pure field, we might assume that d is contained in €.
First of all, note that acl,(B,k,I") = acl(B,k,I') and a | B,k,I" as d is the canonical base.
d

The independence a | B, k,T" yields that
d

(18) acl(a, d) L k,T.

dvkaclt (d) 7Faclt (d)

Note that by corollary (3.5), we see that

( 19) acly (d) = aCl(dv kaclt (d)» I-‘a,clt (d) )
and
(20) aJClt‘ (kaclt (d)> I‘aclt (d) ) = acl ( kaclt (d)» Faclt (d) ) .

In particular, they are (k,I')-independent by lemma (3.2). Since
d | kT

kaclt(d)vraclt(d)
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by lemma (3.2) again, from (18), (19) and transitivity we obtain that
acl(a, d, kac,(a); Lacl,(a)) L k. T.
kaclt (d) 9Faclt (d)

Combining (20), lemma (3.2) and transitivity, in terms of linear disjointness we see that

ld
aCl(a'a da kaclt(d)a Faclt(d)) J,, k(r)
kaclt (d) (Faclt (d))
as the k-part of acl(Kacl, (a); L'acli(d)) 18 Kaci, (@) and the I'-part of acl(Kkacl, ), I'acty(@)) 18 Tact, (@) Thus
by proposition (3.4), we deduce that

aclt(a, d, kaclt(d)a 11acl,g(d)) = GCZ(CL7 d; kaclt(d)a Faclt(d));

and also that K.c,(a,0) = Kacl,(¢) and Dacly(a,d) = Lact,(@)- Now as a | B,k,T', we have that
d

acl(a, d, Kact,(a); Lacty(a)) L acl(B, k,T)

ad(dvkaclt (d) 7Faclt (d))

and this yields by corollary (3.5) that

acly(a,d) | acly(B,k,T).

acly(d)

We finish the proof by the characterization of the independence Theorem (4.3). O

The idea of the next corollary is due to [1, Proposition 7.5].

Corollary 6.2. Let B be an elementary substructure of (2, k,T') and let a be a finite tuple
from Q. Put d = Cb(tp(a/acl(B, k,T))). Then Cb(tp'(a/B)) is interalgebraic in (2, k,T') with
Ch(tp'(d/B)).

Proof. Set p = tp'(a/B) and ¢ = tp'’(d/B). Let e; = Cb(p) and es = Cb(q ) Note that 61 and
ey are in B*4. By lemma (6.1), Weknowthata\LB k,T. Soa\LB danda\LB d. Asd\LB

ea,d e
t
by transitivity we conclude that a | B. This gives that e; is algebraic over ey in the sense of

€2

the triple.

Now we show that e, is algebraic over e; in the sense of the triple. Take B; such that
t

tp'(By/e1) = tp'(B/e1) and By | B. Let pg, and ¢p, be the corresponding types. Choose an

€1

t
element a; = ppUpp, such that a; | B, By. Put d; = Cb(tp(a,/acl(B, By, k,T"))), the element

€1

t
dy = Cb(tp(ay/ acl(B, k,T"))) and d3 = Cb(tp(a;/ acl(By, k,I"))). The independence a; | B, By

€1

t
yields that a; | B and by the characterization of the independence Theorem (4.3), we obtain

B
that

(21) ay J/ Bl-
Bk’
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Similarly we have

(22) aq \I'/ B.

Bkl
Thus by (21) and (22), the types tp(a;/ acl(B, k,I")) and tp(a;/ acl(By, k,I")) have a common
non-forking extension tp(a;/acl(B, By, k,I')), in other words they are parallel types. Hence
we conclude that d; = dy = d3, as a canonical base is the minimal base over which the
type does not fork. By the choice of the element a;, we have that d; = ¢ U ¢p,. Note
that any triple automorphism fixes k& and I' setwise. Thus any automorphism which fixes
a; and B also fixes the type tp(a;/acl(B,k,T")) setwise. This yields that the element d; is
in acly(a1, B) N acly(ay, By) as it 1s the canonical base of the types tp(al/acl(B k,T')) and

tp(ai/ acl(By, k,T")). Now, from ay \|/ B and d; € acly(ay, By), we obtain that d; J/ B. By the
B1 Bl

t t

independence B; | B and transitivity, we get that d; | B. Hence e, is algebraic over e; in the
el €1

sense of the triple. O

Definition 6.3. Let T" be a stable theory. Let a be a tuple and A be set of parameters (possibly

containing imaginary elements), and D be a definable subset. We say that the type tp(a/A) is

almost D-internal if there exists a set of parameters B such that a | B and a € acl(A4, B, D).
A

We say that a type in the triple (€, k,T") is almost (k, I')-internal if it is almost kUT-internal.
The next lemma asserts that, up to interalgebraicity, an imaginary element in the triple is a
canonical base of a type over itself and this type is almost (k,I')-internal. The proof of the

following lemma is based on [17, Lemma 2.2].

Lemma 6.4. Let e € (2, k, 1) be an imaginary element. There is e € (0, k,T")° interalge-
braic with e, such that for some finite tuple d' from Q we have ¢’ = Cb(tp'(d'/e’)) and tp*(d'/e’)

is almost (k,T")-internal.

Proof. Let a be a tuple in 2 such that e = f(a) for some (-definable function in (9, k, ")
t
Set e; = Cb(tp’(a/acl;*!(e))). Observe that e; is algebraic over e. As e = f(a) and a | e,

€1
t
we obtain that e | e and hence e and e; are interalgebraic. Now let B be an elementary

€1

t
substructure of (€2, k,I") such that e; € B and a | B. Let d = Cb(tp(a/acl(B,k,I"))). We

el
may assume d’ to be a finite tuple in €2 due to the w-stability and elimination of imaginaries. Put
t

¢/ = Cb(tp'(d'/B)). Then by corollary (6.2) and a | B, we see that e; and ¢’ are interalgebraic,

el
and hence e and ¢’ are interalgebraic. Note that the type tp’(d'/B) is almost (k,I')-internal.
t
Thus, the type tp'(d'/e’) is also almost (k, T')-internal since d’ | B. O

e/

The next lemma is motivated from [17, Lemma 1.8].

Lemma 6.5. Let e € (Q,k, 1) and B = acly(e) N (kUT). Let ¢ be a tuple from kUT. Then
tp'(c/B, e) is finitely satisfiable in B.
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Proof. By corollary (4.5), we see that
t

(23) acly(e) | k,T.
B

Note that K, () is an elementary substructure of k& and TI'yq,(e) is an elementary substructure
of I'. By corollary (3.8), we see that acl(B) = acl(Kaci,(e), Lac,(¢)) 15 an elementary substructure
of €2 in the sense of the triple and

(24) acl(B) N (kUT) = kae,(¢) U Tact,(e) = B.

Now by equation (23) and [21, Corollary 8.3.7], we have that the type tp’(c/ acl(B), e) is finitely
satisfiable in acl(B). On the other hand, if ¢ is in £ UT and acl(B), then it is in B by (24).
Hence we can say that any ¢ € acl(B) which satisfies a finite part of tp’(¢/B, e) has to be in B

as well. ]

Now we recall a theorem which ensures the definability of Morley rank.

Theorem 6.6. [22, Chapter 4, 4.7.10] Let T be an w-stable theory. Suppose that there exist
strongly minimal formulas ¢, ..., ¢ such that any type is non-orthogonal to a certain ¢;. Then
T has finite Morley rank and Morley rank is definable, that is to say for every formula 6(x,y)
and every natural number n < w the set {a : MR(6(z,a)) = n} is definable.

For the following definition, we follow [4]. Given sets X and Y, we write
f: X —=>5Y

to indicate that f is a map from X to the power set of Y such that |f(z)| < n for all z € X.
For such a map f, its graph Graph(f) is the set

{(z,y) e X x Y :y € fz)},

and for a subset Z of X, we set f(Z) = J,c, f(x). If X and Y are definable in a structure,
then such an f is called definable if Graph(f) is, and for short we say that f is n-definable.

Clearly, 1- definable functions are ordinary definable functions.

The following lemma and its proof are directly based on [17, 2.4 and 2.5].

Lemma 6.7. Let e € (Q,k,1)% be an imaginary element. There is a tuple d from Q, an
Li-definable function f(x) over 0, an Li-formula ¥ (y) over e and an L;-n-definable function

h(y, z1, z2) over e for some n such that

(i) f(d) =e,

(i) ¥(y) € tp(d/e),

(iil) (Vy, )W (y) A(Y) = FznTFn(Pi(a) A Pa(22) Ay € by, 21, 22)))
(iv) Moreover d is Ty-independent from kUL over e.

Proof. For (i), (i4) and (iii) we refer the reader to [17, 2.4], as the verbatim proof of [18, Lemma
7.4.2] (see also [23, Proposition 3.4.9]) yields the function h if we replace dcl by acl. Without
loss of generality, we may assume that h is an ordinary definable function. Now we prove (iv).
Let (f, 1, h) be fixed as in the lemma. Choose d such that MR(tp‘(d/e)) is minimized and also
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(i)-(7i7) are satisfied with respect to (f,%,h). By lemma (6.4) we can assume that the type
q = tp'(d/e) is almost (k,T')-internal. We will show that d is independent from k,T" over e.
Suppose not and choose b = (by,by) € k x ' such that d forks with b over e. Note that by
almost internality and as k and I" are strongly minimal, we deduce that MR(tp*(d/e)) is finite.
Let m = MR(tp’(d/e, b)) < MR(tp'(d/e)). By almost internality again, there is a formula ¢(x)
in ¢ whose all realisations are almost (k,I')-internal. Now consider the induced structure on
@UkUT with two strongly minimal formulas k& and I". We apply Theorem (6.6) to this induced
structure. Thus by Theorem (6.6), there is a formula y(y, 21, 22) in ¢ such that x(d, by, b3) holds,
MR(x(y, b1,b2)) = m and a formula 6(zy, z2) satisfied by (b1, be) such that for any ¢ = (c1, ¢2)
we have MR(x(y, ¢1,¢2)) = m if and only if 6(c1, o) holds. In other words, we can say that
MR(x(y, c1,c2)) = m if and only if x(y, ¢1, ¢2) is consistent. Let A(zy, 22) be the formula

Fy(f(y) = e ANp(y) A Yy, y2) (W () Ad(yz) =

(h(y1, 21, 22) = y2 A Pi(21) A Pa(22)).
Observe that A(by, be) holds. Let B = acl;(e)N(kUT). By lemma (6.5), there is r = (ry,r2) € B
such that A(ry,ry) holds. Then we find d; satisfying (i), (i) and (iii) of the lemma with
x(d1,71,72) holds. Since r is algebraic over e, we have that MR(tp'(d;/e)) < m, contradicting
the choice of d. O

Combining lemmas (6.4) and (6.7), we obtain the following theorem which is a description

of imaginaries in terms of real elements:

Theorem 6.8. Let e € (2, k,[')°1 be an imaginary element. There is a finite real tuple d such
that e is algebraic over d, the type tp'(d/e) is almost (k,T')-internal and d is independent from
kUT over e in the sense of the triple.

Next, we characterize interpretable groups in the triple. We start with a lemma from [2]:

Lemma 6.9. [2, Lemma 3.1] Let H be a connected interpretable group in a stable theory. Let
a, B and vy be three independent generics of H and ag be a real element such that « is algebraic

over ag. Then there exist real tuples a,b,c,d,e and f such that

(CL,OJ) = (b7 B) = (Cv /7) = (d7 aﬁ) = (6,"}/06) = (f? 7045) = (CLO,Oé)

and
a \|,/ ba C, da €, f
and the same for the other tuples. Moreover in the following diagram
a
b c
d €

all non-linear triples are independent and each point is independent from each line which does

not contain it.
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We need two more lemmas for interpretable groups.

Lemma 6.10. If tp'(a/A) is almost (k,T')-internal over a real set of parameters A, then a €
acl(A, k,T).

¢
Proof. Take B = acly(B) containing A such that @ | B and a € acly(B,k,I') = acl(B, k,T).

A

The characterization of the independence (4.3) yields that a | B and therefore we obtain
Ak,T

that a € acl(A, k,T). O

Lemma 6.11. Let H be a definable group in the sense of the triple. If a generic of H is almost
(k,T')-internal then H is isogenous to a cartesian product of k-rational points of an algebraic

group defined over k and an interpretable group in I'.

Proof. By almost internality, we deduce that H is of finite Morley rank. By [4, 6.4], the pair
(Q,T") is w-stable and MR(2,I') = w. Thus infinite algebraic groups have infinite Morley rank
in the triple as

MR(Q, k,T) > w.

We conclude by Theorem (5.13) and w-stability. O

Now we are ready to characterize interpretable groups in the triple and it demands all the
tools we have proved so far. The following theorem and its proof are directly based on [2,
Theorem 3.5].

Theorem 6.12. (Interpretable groups) Let Q be an algebraically closed field, the field k be
a proper subfield of Q0 which is also algebraically closed and T' be a divisible multiplicative
subgroup of Q% such that (k,T") is a Mann pair. Every interpretable group H in (Q, k,T') is,
up to isogeny, an extension of a direct sum of k-rational points of an algebraic group Vi over
k and an interpretable abelian group Hy in I by an interpretable group N, which is a quotient
of an algebraic group W by a subgroup Ny which in turn is isogenous to a cartesian product of

k-rational points of an algebraic group Vo over k and an interpretable abelian group Hy in T :

0—N—H —Vi(k)x H(I') — 0
with
0 — Vo(k) x Ho(I') — W — N — 0.

Proof. Let H be an interpretable group in (92, k,I'). By remark (5.5), we may suppose that
H is connected. Again we work over a small model that we omit. Let «, § and v be three
independent generics of H in the sense of the triple. By Theorem (6.8), the generic « is algebraic
over a real tuple ag which is Ti-independent from &, T" over v and the type tp’(ag/a) is almost
(k,T')-internal. Then by lemma (6.9), there are real tuples a,b, ¢, d,e and f such that

(CL, a)Et<b7 B)Et(c’ V)Et(da Q- B)Et<€7 v a>Et(f> Voo 5)Et(a07 CK)

and if we put @ = acly(a) and the same for the others, we have the following diagram:
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e

such that each non-colinear triples of them are T;-independent and each set is T;-independent
t

from the lines which do not contain it. Since a | k,T', we see that kg C acl;(a) C @. Therefore,

we obtain that kz = acl;(«) N k. Moreover, byalemma (4.2) and Theorem (4.3), we have that
Kaci@p) = acl(ka, kp). Since kg = acly(a - 8) Nk C kg, @5, We get that kg C acl(kg, kg). This
is true for all other tuples and by Theorem (4.3), the set kg is independent in the field sense
from acl(ky, kz) and the same for the others. We have the same thing for the group I' by lemma
(4.6). So we have the following diagrams:

ka

I'z

and by the group configuration theorem [11], there is a connected *-interpretable group V; (k) in
k whose generic v is k-interalgebraic with kz. By w-stability, lemma (5.6) and since k eliminates
imaginaries, we may assume that V) is an algebraic group and its generic v is interalgebraic
with kg in the sense of the triple. Similarly, there exists a connected interpretable group H;(I")
in ' whose generic h is interalgebraic with I'; in T;. Furthermore, by (5.11), the group H; is
abelian. By lemmas (5.9), the tuple (v, h) is the generic of Vi x H; which is Ti-interalgebraic
with (kg, I'z). Moreover, by lemma (5.6), we have a projection 7 from H to the connected group

Vi X Hy in k x T which is given by the stabilizer of the type tp(a, v, h).

Next we show that the points @, b, ¢, d, €, f give a T-group configuration with the help of the
parameter set k,[". We know that all three non-colinear of them are independent in the sense
of the triple. As [ is algebraic over b and «f3 is algebraic over d, we have that « is algebraic
over b, d. Moreover by lemma (4.2), we know that acl(b,d) = acl;(b, d). Since the type tp(a/a)
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is almost (k,T')-internal and « is algebraic over b, d, we observe that the type tp’(a/acl(b,d))
is also almost (k,T')-internal. Thus by lemma (6.10) we obtain that a € acl(k,T,b,d). The
same holds for the other tuples. Therefore, we obtain a connected x-interpretable group V
over acl(k,I') in the field sense and two independent generics aq,b; of V' such that a; is field
interalgebraic with @ over k,T', the element b; is field interalgebraic with b and a; - b; is field
interalgebraic with d. Since the tuples o, 5 and v (they are finite tuples) are algebraic over some
finite subtuples of aq,b; and a; - b; respectively and as V is a connected pro-algebraic group,
there exists a connected algebraic group W over acl(k,T") and two independent generics as, by
such that « is algebraic over ay and the same for the others. Note that as is field algebraic over

k,T', @ and the same for the others. Moreover, since @, b and d are pairwise Tj-independent over

t
k,T, then so are ag, by and as - by. As « is algebraic over a and a | k,T" by corollary (4.5),
kﬁvri

t
we see that @ | k,I'. Now let NV be the connected component of ker(w). Then « is generic in
ka,ra
Na over acly(v, h) = acly(kz,'z), so « is also generic over k UT.

Now we apply the lemma (5.6) to the tuples (ag, ) and (bs, 3). So this gives us a surjection
¢ from W to N, up to isogeny. Lastly, we show that the connected component N; of ker(¢) is
isogenous to a cartesian product of k-rational points of an algebraic group defined over k and
an interpretable group in I'. Let ny be a generic of N over k,I" and ay. Then the point (ny, 1x)
is in the stabilizer of the type tp'(ag, / acl®d(k,T)) and so tp'(n; - az/a) = tp'(as/a). Since
tp'(as /) is almost (k, I')-internal and as as is algebraic over k, I', a then the type tp'(n; - as/a)

is also almost (k,T')-internal. As « is algebraic over k, T, as, the type tp!(ni/k,T',as) is almost
t

(k,T')-internal. Owing to the independence ny | as, we conclude that tp’(n;/k, T') is also almost
k,T
(k,T')-internal. Then by lemma (6.12) we have that NV; is isogenous to a cartesian product of

k-rational points of an algebraic group defined over k and an interpretable group in I" which is
abelian by (5.11). O
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