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Abstract

It is true in the Solovay model that every countable ordinal-definable
set of sets of reals contains only ordinal-definable elements.

1 Introduction

It is known that the existence of a non-empty OD (ordinal-definable) set of reals
X with no OD element is consistent with ZFC; the set of all non-constructible
reals gives a transparent example in many generic models.

Can such a set X be countable?

This question was initiated and discussed at the Mathoverflow website and at
FOMH . In particular Ali Enayat (Footnote [2]) conjectured that the problem can
be solved by the finite-support countable product P<“ (see [2]) of the Jensen
“minimal 7} real singleton forcing” P defined in [4] (see also Section 28A of
[3]). We proved in [5] that indeed, in a P<“-generic extension of L, the set of all
reals P-generic over L is a countable 1} set with no OD elements. Moreover
there is a modification P’ of P such that it is true in a P’-generic extension of
L that there is a H21 Eg-equivalence class containing no OD reals, [7].

On the other hand, one may ask do countable non-empty OD sets without
OD elements exist in such a more typical generic extension as the Solovay model?
We partially answer this question in the negative.
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Theorem 1.1. [t is true in the Solovay model that every non-empty OD count-
able or finite set Z of sets of reals necessarily contains an OD element, and
hence, in fact, consists of OD elements.

The Solovay model here is a model of ZFC defined in [8] in which all pro-
jective (and generally all ROD, real-ordinal definable) sets of reals are Lebesgue
measurable. The case, when £ is a (non-empty OD countable) set of reals
in this theorem, is well known and is implicitly contained in the proof of the
perfect set property by Solovay [8]. Hovever the proofs known for this particular
case of sets of reals (as, e.g., in [9] or [6]) do not work even for sets 2~ C Z(w®)
(as in the theorem). In this paper, we present the proof of Theorem [l

2 Notation

We consider the constructible universe L as the ground model by default. Sup-
pose that €2 is an inaccessible cardinal.

Blanket assumption 2.1. By a generic set we’ll always mean a filter, that is,
both pairwise compatible in itself and containing all weaker conditions.

Definition 2.2. We represent the Levy — Solovay forcing associated with € is
the set LS of all partial maps p : domp — € such that domp C ) xw is a finite set
and p(a,n) < a whenever (a,n) € domp. Let |p| = {a:3In ({a,n) € domp)}.
If v <Q then LS, = {p € LS: |p| C v}; in particular LS = LS.
If p € LS and o < Q2 then the a-component p, of p is a map defined on
the set domp, = {n: (a,n) € domp} C w by pa(n) = pla,n). O

If G C LS is an LS-generic set over L then L[G] is the Solovay model, to
which Theorem [LLT] refers. The next lemma will be important below.

Lemma 2.3 (reduction to ROD). It is true in the Solovay model that if 2~ is
a non-empty OD countable set and X € Z is ROD then X is OD.

Thus somewhat surprisingly, it turns out that it suffices to prove the exis-
tence of a ROD (real-ordinal definable) element X € 2" in Theorem [I1]

Proof. Arguing in the Solovay model, assume that

X=X, ={z:0(x,p0)},

where ¢ is a formula with a real parameter py € w* and hidden ordinal pa-
rameters. The set P = {p e w*: X, € 2} is OD and contains pg, and the
equivalence relation, p E ¢ iff X}, = X, on P, is OD as well, and E has at most



countably many equivalence classes in P. However it is known that, in the Solo-
vay model, if an OD equivalence relation on w® has at most countably many
equivalence classes then all its equivalence classes are OD, [0, [9]. In particular
[po]e is OD, and hence the set X = X,,; = {z:3p € [pole p(x,po)} is OD. O

Definition 2.4 (ramified names). We’ll use the ordinary ramified system of
LS-names for differens sets in L[G], so that U[G] will be the G-interpretation
of a name U (basically, any set) defined by €-rank induction by

UIG] = {ulG]:3p € G ({p,u) €U)}.
Then, if G C LS is generic over L then L[G] = {U[G]:U € L}. O

Each set « € L has a canonical LS-name & € L, such that #[G] = = for any
generic set G C LS. Yet following common practice we shall identify & with z
itself whenever possible.

Definition 2.5 (simple names). To somewhat simplify notation, we’ll make use
of a simpler system of names particularly for subsets of LS. Let N = (LS x
LS), and if t € N and G C LS then t[G] = {q¢:3dp € G ({p,q) € t)} C LS.
Thus N consists of all LS-names for subsets of LS.
If v < Q then let N, = Z((LS,) x (LS,)), so that any t € N, is a LS,-
name for a subset of LS, . O

The name G = {(p,p) : p € LS} belongs to N, and G[G] = G.

3 Double names

In many cases below, we’ll consider pairs of LS-generic sets G, G’ C LS over L,
such that L[G] = L[G']; note that this is not a (LS x LS)-generic pair! Similar
pairs will be considered for the forcing notions LS, (v < §2) instead of LS. The
next definition introduces a useful tool related to such pairs.

Definition 3.1. In L, if v < Q then any pair a = (t{s,f;,) of names

tles: trig € Ny will be called a double—name Let DN, consist of all double-

names a = (q¢, 17;) such that tf,; # I, t3;, # I, and

rig
(1) if p € domt{,; then p LS,-forces: (a) t{.¢[G] is LS,-generic, and
b) G = t71,[t1et [G]];
a)
b)

(2) if p € domtg;, then p LS,-forces: iglG] is LS,-generic, and

(
(
(a) 124

( Q 1ef[ rig [QH .



Define DN = (J, . DN ; this is different from DNg. It follows from or
that for any a € DN there is a unique v = |a| < Q such that a € DN, . O

Note that all sets N, and DN, belong to L.
Lemma 3.2. Assume that v < Q and a € DN,,. Then:

(i) if Gies CLS, is an LS, -generic set and GieeNdomtl ;s # & then Grig =
t9et[G1es] is LS, -generic, Grig Ndomtd; # @, and Gies = tﬁig[Grig];

rig
(ii) if Grig € LSy is LS,-generic and Grig N dom1%;, %+ @& then Gies =
triglGrigl is LS,-generic, Gies Ndomties # I, Grig = t1e¢[G1es] - O

Thus each a € DN, induces a bijection between all LS,-generic sets G C LS,
satisfying G'Ndomi7,e # & and those satisfying G Ndomiy;, # .
Corollary 3.3. If v <, a € DN,, (q,p) € t;,, and ¢ C ¢’ € LS, then there

is a condition p' € LS, compatible with p and such that (p',q’) € t3.¢.

Proof. Let Grig C LS, be a generic set containing ¢’, hence containing ¢ as
well. Then Gier = tﬁig[Grig] is a LS,-generic set containing p, and Grig =
t9.¢[Gres] by Lemmaio. As ¢’ € Gyig, there is a condition p’ € Gies such that
(p',q') € t9es. As p also belongs to Giet, p,p’ are compatible. O

4 Full, regular, equivalent names

Recall that a set D C LS, is dense if for any p € LS, there is ¢ € D with
pCq,andis open if (pe DApCqelS,) = qe D.

Definition 4.1. Let v < Q. A name t € N, is full if the set dom? is dense in
LS,. A double-name a € DN, is full if such are the names t{,; and 13;,.

A name t € N, is regular, if the following holds: if p,q € LS, and p LS,-
forces q € t[G] then (p,q) € t. In particular, in this case, if (p,q) € ¢ and
p Cp € LS, then (p/,q) €t, too. A double-name a € DN, is regular, if so are

both components t7,; and t;,. Define the regular hull
"t = {(p,q) € LS, x LS, : p LS,-forces ¢ € t[G] }.

of any t € N,. If a € DN, then let Ma = (Mg, M2

rig

). O

Lemma 4.2. Assume that v < Q and a € DN, s full. Then rant{, =
rantl;, = LS., and if G C LS, is LS,-generic then so are t{4+[G] and t1;,[G].

rig



Proof. To prove the genericity claim note that if say domt{.; is dense then any
generic set G C LS., intersects domt{,¢, then use Lemma[3.2l To prove the first
claim, let ¢ € LS,. Consider a generic set Griz C LS, containing q. Then
G Ndomty;, # I, see above. It follows that Gier = ty;4[Grig| is generic and

Grig = t{es[Gres] by Lemma B2l But ¢ € Grig, hence g € rantf,;. O

Definition 4.3. Names s,t € N, are equivalent if s[G] = t[G] for any generic set
G C LS., or equivalently, if any p € LS, LS,-forces s[G] = t[G]. Double-names

a,b € DN, are equivalent if thos, tllZig are equivalent to resp. t7q¢, i3, O

Lemma 4.4. Assume that v <. Then:

(i) if t € N, then ™t is reqular and equivalent to t;

(ii) if a € DN, then the € DN, , a < "ha, and Ma is equivalent to a —
therefore the set DN7°8 = {b € DN, : b is regular} is dense in DN, ;

(iii) if a,b € DN, then a is equivalent to b iff thg = ™p.

Proof. To establish the equivalence, assume that G' C LS, is generic and
q € ™[G]. Then there is p € G such that (p,q) € Mt. By definition p LS,-
forces q € t[G]. But then ¢ € t[G], as required. To establish the regularity,
assume that p,q € LS., and p LS,-forces ¢ € "¢[G] — therefore p LS., -forces
q € t[G] by the equivalence already proved. Then by definition (p,q) € ™t.
follows from The direction <= in immediately follows from
To prove the opposite direction, it suffices to show that if names s,t € N,
are equivalent then ™Ms = ™. Assume that (p,q) € Ms. By definition p LS,-
forces ¢ € s[G]. Then, as s,t are equivalent, p also forces ¢ € t[G]. It follows
that (p,q) € ™t, as required. O

Example 4.5. If v < Q then let ¢, = {(p,q):p,q¢ € LS, Agq C p} and

id[y] = (ty,t5). Then id[y] € DN, is a full regular double-name and til(l[;/] G] =

tilde[g] [G] = G for any LS,-generic set G C LS, : the identity name. O

5 Double-name representation theorem

The next theorem shows that the double-name tool adequately represents the
case of a pair of LS-generic sets G, G’ C LS such that L[G] = L|G].

Theorem 5.1. Assume that v < Q, Gies, Grig € LS, are LS,-generic sets

over L, and L[Giet] = L[Grig|. Then there is a full regular double-name
¢ € DNy such that Grig = t{e¢[Gret], Gres = t{14[Grigl, and i = 155,.



Proof. If Giesr = Grig then it suffices to define ¢ by tf; = tg;, = id[y].
Therefore assume that Gies # Grig. Then there exist conditions pies € Gies
and prig € Grig incompatible in LS, . By a basic forcing theorem, there exist
names Sies,Srig € N, such that Griz = 51e£[Giet], Giesr = Srig[Grig), and
every condition p € dom s1e¢ satisfies pres C p while every condition ¢ € dom sy,
satisfies prig C ¢. It is not true immediately that (sie¢, Srig) € DN, ; we need
to somewhat modify the names by shrinking.

We can wlog assume that sief and srjg are regular; as otherwise we can
replace them by resp. the, s and rhsrig and use Lemma M@
Define a = ({4, tyi,) , Where t{,; consists of all pairs (p, g) € s1er such that

p LS,-forces that sic¢[G] is LS,-generic and G = syig[s1e£[G]],

and tg;, consists of all pairs (¢,p) € srig such that

q LS,-forces that s;ig[G] is LS,-generic and G = s1e¢[srig[G]];

then @ # t{.¢ C s1er and @ # 13, C sr4.

rig =

We claim that a € DN, and still Grig = t{.¢[G1es] and Gies = t?ig[Grig].
Lemma 5.2. If Hies is an LS,-generic set and Hies N domtl,. # & then
19t [Hies] = Siet[Hiee]. Similarly if Hrig is an LS,-generic set and Hyig N
dom tgig 75 o then t?ig[Hrig] = Slef [Hrig] .
Proof (lemma). By construction t{.¢[Hies] C= S1ef[Hiet]. Consider any ¢ €
S1ef[H1et], s0 that there is p € Hyer with (p,q) € s1ef. On the other hand, as
Hier Ndomtl, # @, there is a condition p’ € Hyer with p C p’ which LS,-
forces that siet[G] is LS,-generic and G = syig[s1e¢[G]]. Then (p/,q) € t{.¢ by
the regularity assumption, and we have q € t§ ¢[H1et]- O (Lemma)

Now to check for a let Hyes be an LS,-generic set and Hyes N
domt{,; # @. Then t{.;[Hies] = Siet[Hies] by the lemma. Therefore Hyi; =
t9es[H1es] is LS,-generic and Hies = srig[Hrig| by the definition of ¢{,;. Thus
Srig|Hrig| is generic and syef(srig[Hrig)] = Hrig by construction. This is forced
by some q € Hyig. On the other hand, as Hies = Srig|Hrig] # @, there exists
some ¢’ € HyjgNdomsyig. We can assume that ¢’ C ¢. Then ¢ € dom sy4, to0,
by the regularity assumption, and hence g € domiy;,, and HyigMNdomiy;, # &.
We conclude that t;‘ig[Hrig] = Srig|Hrig) = Hier, by the lemma. Finally
tigltiet [H1es]] = Hier; this ends the verification of for a.

Thus a € DN, . In addition, by the choice of s1er and srig, some p € Gies
forces that “sie¢[G] is generic and G = srig[s1e¢[G]]”. Then p € domsies,
p € domtfes, Gres Ndomitfys # &, and t{y[Gres| = S1e£[Gres] = Grig, as above.

Similarly we have Gier = t;‘ig[Grig].



To fix the regularity condition of the theorem, let b = ™a; then still b € DN,
Grig = 18 ¢ [G1et], Gres = trlg[Gng] and b is regular, by Lemma 4.1

It is not necessarily true, of course, that sets dom#}_; and dom tng are dense.
To fix this shortcoming, we define

={p€LS,:VYqedontl,; Udomt’,, (p is incompatible with ¢)}

rig (
and let ¢ = < ief?tgig> where tlef - trlg tlef Utlzi1gu {<p7 Q> ‘peE W/\q - p} .

The set domif = domiz;, = domt},; U domtrlg U W is dense in LS, by
construction. We claim that ¢ € DN,. Indeed let Hie; € LS, be an LS,-
generic set. Then Hyer Ndomt,; # @. But domt$,; = dom#}.; Udom tlr’ig Uw.

Case 1: Higs N domt:Lef # @. Then Hies Ndomtd, = @ since if p' €

rig

domt}.; and ¢’ € dom#}.; then p/,q are incompatible by the original choice of
Plet;Prig- We also have Hiee N W = @ by obvious reasons. It follows that
tSee [Hiot] = t0os[Hret], and hence Hyig = t§.¢[Hie] is an LS, -generic set and
Hier = rlg[Hrig]7 because b € DN,,. In particular Hyig Ndomt},; # @, so that

tﬁlg[Hng] tlr’ig[Hrig] as above.

Case 2: Hier Ndom trlg # @, similar.

Case 3: Hies "W # &. Then Hier N domt:Lef = Hies N domtr1g = O as
above. It follows that #{e¢[Hier] = tgig[Hies] = Hiet -

Thus indeed ¢ € DN, ¢ = t7;,, the set domi{, = domiz;, is open dense

in LS., and the arguments above (Case 1) also imply that Grig = t{.¢[G1et],
Ghes = tng[Grig]. Moreover, ¢ inherits the regularity of b. O

6 Extensions

Definition 6.1 (extension). Suppose that a,b are double-names. We say that
b extends a, in symbol a < b, if just t§,; C t5.¢ and trig © 2, O

rig-

Lemma 6.2 (in L). If §<v<Q and a € DNg, then there is a double-name
b € DN, which extends a.

Proof. Let t0.; consist of all pairs (pUr,qU7r), where (p,q) € td,; and r is a
condition in LS, satisfying |r| C v\ f; let trlg be defined the same way.

This can be explained as follows. Suppose that Gie¢ € LS, is a LS, -generic
set containing pies. Then the factors Gles = Gier NLSg and GYys = Gres N
LS, s are resp. LSg-generic and LS. g-generic, and Gies can be identified
with Gl X GY¢ by the product forcing theorem. Then by definition the set

Grig = tg)_ef[Glef] has the form Gy, x Gy;,, where Gi;, = t{5¢[Ghe¢] while
simply GY;, = GYes- The genericity of Grig easﬂy follows. O



Definition 6.3 (restriction). Let o < 8 < Q. If t € LSg then define t[a =
tN(LSy x LS,); tfa € No. If a € DNg, then let ala = (t{sl ot [a)y. O

rig
It is not asserted that always ala € DN, !
Lemma 6.4. If, in L, a <3 <Q, a € DN,, b € DNg, and a < b, then

(i) if Gres € LSp is an LSg-generic set then (a) Hier = Gies NLS, is LS,-
generic, and (b) if HyegNdomt{ys # @ then t$es[Hies] = t5es[Gres] LSy ;

(ii) if Grig C LSg is an LSg-generic set then (a) Hyig = Grig N LS, is LS,-
generic, and (b) if GrigNdomtd;, # @ then t¢;,[Hyig] = tb [Grig) LS, ;

rig rig rig

(iii)) ¢ =bl« belongs to DN, and a < c<b.

Proof. (a) That Hyes is generic holds by the product forcing theorem.

(DI(b) If Hyer Ndomtd; # @ then Grer Ndomtd.; # &, and hence the sets
Grig = t% s [G1e] and Hyig = t{.¢[Hiet] are generic sets in resp. LSg and LS,
by Lemma B.2] and Hrig C Grig since a < b. Therefore Hyjz C Héig =
Grig N LS,. However H;ig is LS,-generic by the product forcing. Thus both
H:ig C Hl’dg are generic sets, hence easily Hyjz = Héig as required.

(iii)] To check B[(1)|(a) for some p € domt{.¢, consider any LS,-generic set
Hyes C LS, containing p and extend it to a LSg-generic set Gier C LS, so
that Hies = Gires NLS,. The (generic by Lemma [3.2]) sets Hyig = {5 [H1es]
and Gyrig = tlief [G1et] satisfy Hrijg = Grig N LSS by On the other hand
Hyig C 1. [Hies] € Grig NLSg, hence t§ ¢ [Hiee] = Hrig is generic, as required.
The verification of BI1)|(b) also is very simple. O

Lemma 6.5. In L, assume that o < g <. Then:
(i) if s€N,, t €Ng, and s Ct, then ™s C™t;
(i) therefore if a € DN,, b€ DNg, and a < b, then Ma < ™b;

(iii) if b € DNg is reqular and a = b[ o € DN, then a is regqular, too.

Proof. Suppose that (p,q) € Ms, i.e., p',q € LS, and there is a condition
p € p/ which LS,-forces that ¢ € t[G]. Prove that p also LSg-forces ¢ € ¢[G].
Let a set Ges € LSg be a set LSg-generic over L and containing p; prove that
q € Grig = t[Gres]. The set Hies = Gree[ LS, is LS,-generic by Lemma
and still p € Hiee, hence q € s[Hyes] C t[Gres] = Grig, as required.

Assume that p,q,p’ € LS,, p C p/ and p LS,-forces ¢ € t.+[G];
we have to prove that (p',q) € t{.s. As a = bla, it suffices to show that
(p',q) € t4s. The same argument based on Lemma shows that p also LSg-
forces q € t$,:[G]. Therefore (p',q) € t3.; since b is regular. O



7 Increasing sequences

Suppose that a set I' € DN is pairwise <-compatible. Then define the double-
A A
name A = \/ I' by t1e¢ = Uael" et trlg Uael" ?ig'

Lemma 7.1 (in L). (i) If A < Q is a limit ordinal and {a¢}ecr is a <-
increasing sequence in DN then A =\/{a¢:{ < A} belongs to DN ;

(ii) therefore the set DN = J, o DNy is Q-closed in the sense of <;

(ili) if {a¢}e<q is a strictly <-increasing sequence in DN then the double-
name A= \/{a¢:§{ < A} belongs to DNg.

Proof. Suppose that {7e¢}e<n is a strictly increasing sequence of ordinals
7e < Q, and double-names ag = (gt §1g> € DN%3 form a strictly <-increasing
sequence' if 5 <n < A then tief C t].s and t8,, C 1" . Let = Ug<a tief,

rig rig-

= Ue<n n , and 7 = Supg.y Ve We claim that A = (e, r1g> € DN,
Let S Verlfy Assume that Gier C LSV is a generic set contalmng
some p € domtil.: we have to prove that Grig = ti4¢[G1ef] is LS,-generic and
Ghes = tfig[Grig]. Note first of all that each set Gief = Grer NLS,,, £ <A, s
LS, -generic by the product forcing theorem, and p belongs to some dom t‘llf;:f,
¢ < Q. We can assume that ( = 0 (otherwise simply cut all double-names ag,

€< (). Then p € dom tlef, therefore p € dom tlef for all £ < Q. It follows that

each set Gng t5.:[GS.] C LS, is LS, -generic, Gng N domtf,lg # &, and
GS,s = tng[Gflg] by Lemma[3.2l And as Grig = Ug.y fig, we conclude that

at least Grig is a filter in LS, and Gier = tfig[Grig], that is, (b)

To continue with a), we prove the LS, -genericity of Grig.

Let D C LS, be a dense subset of LS., in L. Assume towards the contrary
that Grig N D = &. Then there is a condition p € G1er which LS, -forces that
s [G] ND = @. Then p € Glef for some £ < A, and there is a condition
q € Grlg which puts p in Glef = rlg[Gflg] in the sense that (q,p) € tfig. As
D is dense, there is some ¢' € D with ¢ C ¢’. Then ¢’ belongs to some LS, ,
& < n < A. By Corollary B:{L there is a condition p’ € LS%, compatible with
p and such that (p',¢') € t],;. Then p’ LS,-forces ¢’ € t].;[G] N D, while p, a
compatible condition, forces the opposite, Wthh is a contradiction.

Pretty similar argument. U

Corollary 7.2 (in L). Assume that ¢ € DNq. Then
(i) the set E={y < Q:cly€DN,} is a club in Q;
(i) if c is full (Definition A1) then = = {y € Z:cl~ is full} is a club;



(ii) of 2" ={y € E:c|v is regular} is unbounded in Q2 then =" =Z.

Proof. That = is closed follows from Lemma Iﬂ@ To prove that = is
unbounded, let @ < Q and find a larger ordinal g € Z.

Recall that to decide a sentence ® means to force ® or to force = ®.

By basic forcing theorems, if p € LS then the set

D, = {p € LS : p decides q € t{,:[G] and decides ¢ € t¢;,[G]}

rig
is dense in LS, therefore by the ccc property of LS there is an ordinal (3,
a < <€, such that D, is dense in LSz for all p € LSg. Then 8 € E.

easily follows from To prove apply Lemma O

8 Superpositions

Assume that v < and a,c € DN,,. Define

tlst = {{,q) € LS, x LS, :3p € LS, ({(p,p) € t{er N (0, Q) € 5er) },
the = g p) €LS, xLS,:3p € LS, ((q,p) € tys5 N (D, D) € t5sg)}
and a - = (155, 195,

Lemma 8.1. If v <Q, a,c € DN, and G C LS, then t$$[G] = t{.¢[t{c¢[G]]
and t%5 ]G] =t 14, [G]] .

rig rig
Proof. Assume that ¢ € t{.$[G]. Then there is a pair (p', q) € t{.5 with p’ € G.
By definition there is a condition p such that (p/,p) € t§.; and (p,q) € t{qs-
Then p € t§.¢[G] and hence q € t{.¢[t{.¢[G]]. To prove the converse assume that
q € t9.¢[t96¢[G]]. Then there is a pair (p,q) € t{.¢ with p € t{.¢[G], and further
there is a pair (p/,p) € t§,; with p’ € G. Then p witnesses that (p/,q) € .5,
and hence ¢ € t{$[G]. O

rig[

Corollary 8.2. Assume that v < Q and a,b,c € LS,. If a,b are equivalent
(in the sense of Definition[{.3) then so are a-c and b-c. O

Lemma 8.3. If v+ < and a,c € DN, then the following are equivalent:

(1) ranties Ndomtf,s # &, (2) ranty;, Ndomty;, # F, (3) a-c€ DN,.

rig

Proof. Let rant{,; Ndomt{,; # &. To prove (3) consider an LS,-generic set

G' CLS,, and let p' € G’ Ndomtd. Then p’ € domtf,,, hence G = t4.[G'] is

an LS, -generic set by Lemma[3.21 As p’ € dom 3t GNdomtd; # @. It follows

that H = t{.¢[G] is an LS,-generic set. Finally H = t{;$[G’'] by Lemma &1l
This argument also proves that G’ = t3iG[H]. Thus (1) = (3).

That (3) = (1) is obvious. O

10



Corollary 8.4. If v <, a,c € DN, and c is full (in the sense of Defini-
tion [{.1]) then a-c € DN,.

Proof. By Lemma[d2] rantf,; = rant;;, = LS,. Now use Lemma 8.3 O

Thus if ¢ € DN, is a full double-name then a + a - ¢ is a map DN, —
DN,. In this case, consider the inverse double-name c¢~! = (trig:ties), let
a € DN,, and compare a with ¢’ = a-c- c¢~'. On the one hand, we have
19 [G] = 19, [t5.¢ [tSos [G]]] for any LS,-generic set G by Lemma [l It follows
that 19, [G] = t8er [t5es [t [G]]] = 8ot [G] since the successive action of t§,; and

rig
tgig is the identity by Lemma[3.2l Similarly t% [G] = t%_[G]. Therefore a and
by Lemma [£4] but generally speaking

rig rig
a' are equivalent, and hence Ma = Ma/
we cannot assert that straightforwardly a = a’.
To fix this problem, define the modified action a x ¢ = M(a - c).
Lemma 8.5. Let v < Q and let ¢ € DN, be a full double-name. If a € DN,

is reqular (that is, a = Ma ) then b= axc € DN, , b is regular, and a = bxc™1.

Proof. That b € DN, follows from Corollary 8.4l The regularity holds by
Lemma 4l To prove a = b* ¢!, note that both @ and b* ¢~ are regular
double-names, and hence it suffices, by Lemma 4] to prove that a and b* ¢!
are equivalent. However, still by Lemma 4] bxc™! is equivalent to b-c¢~!, and
b= axc is equivalent to a-c, hence overall b* ¢! is equivalent to a-c-c¢~ ! by
Corollary Finally @ is equivalent to a - c-c~!, see above. O

Lemma 8.6. Assume that v < 6 < Q, ¢ € DN, and d € DN; are full
double-names, ¢ =d[v, and a € DN,, b € DNs. Then

(i) if a<b then a-c<b-d;
(ii) if a,b are reqular then a <b iff axc<bxd.
Proof. is clear since a - ¢ is monotone on both a and c¢. As for the

implication = holds by and Lemma while to prove the inverse make
use of Lemma O

9 Generic double-names and product forcing

By Lemma [Z.T] we can consider the set DN = UV <o DN, ordered by < as an
Q-closed forcing notion in L (<-bigger double-names are stronger conditions).
Suppose that I' € DN is a DN-generic set over L. Then a double-name A =
VT € L[I'| can be defined as in Section [7} we call such double-names A =\/T'
generic over L (together with the background generic sets I').

Let I and A be canonical DN-names of resp. I' and A =\/T.

11



Remark 9.1. As L is our default ground model unless otherwise specified, the
sets I' and A =\/T do not belong to L, however all reals and generally all sets
x Cv < Q in L[] belong to L by Lemma [Tl It follows that the definition of
DN, (v < Q) in L is absolute for L[I']. That is, if « € DN, in L then it is
true in L[I'] that a € DN,. And conversely, if a € L[I'| and it is true in L[I]
that a € DN, then a € L and it is true in L that a € DN, . ]

Corollary 9.2. Assume that T’ is DN-generic over L and A =\/T. Then

(i) 4t holds in L[| that A belongs to DNg;

(ii) if Grer is LS-generic over L[T|, and Gies Ndomtil, # @, then Grig 15
LS-generic over L[I'] and Gies = t2,[Grigl;

rig

(ili) if a € DN, a C A, and v = |a| then Ay € DN, NI and a < AJy < A.

Proof. Remark allows simply to refer to Lemma [Tl

Make use of Lemma

(iii)] To prove that a’ = A]y € DN, and a < a’ < A refer to Lemma [6.4]iii)]
To prove that @’ € T’ note that by Lemma [Tl there is some ¢ € I" which decides
each b € LS, to belong or not to belong to I'; then a’ C c. O

10 The first ingredient

Generic double-names and forcing with LS x DN enable us to carry out the first
main step towards Theorem [I11

In L, let HQ be the set of all sets = such that the transitive closure TC(x)
has cardinality card(TC(x)) < €2 strictly.

Blanket assumption 10.1. Thus suppose that Gy C LS is a LS-generic set
over L, let 2" € L[Go], and it is true in L[Gp] that 2 is a countable OD
non-empty set of sets of reals. There is a formula (-, 7) with some 7 € Ord
as the only parameter, such that it is true in L[G¢] that 2 is the only set x
satisfying o(z, 7).

There is a sequence u = {U, }pew € L of names U,, € L, such that 2" =
u[Go] := {U,[Go] : n € w}. Each U, can be assumed to be an LS-name of a
set of reals, that is, in L, U, C LS x T, where T is the set of all LS-names for
reals. Furthermore, according to the -cc property of the forcing LS, each LS-
name for a real can be assumed to be a set in Hf). Therefore we shall wlog
assume that U,, C H2 for all n.

Anyway there is a condition p € Gy which LS-forces over L that “u[G] is
the only set x satisfying o(z,7), and u[G] is a set of sets of reals”. Let 7 < Q
be the least ordinal satisfying p € LS5 . O

12



Let a p-pair be any pair (p,a) € LS x DN such that p C p € domt{.; and p
LS,-forces that p € t{.¢[G], where v = |a].

Remark 10.2. Let a = id[y]. Then (p,a) is a p-pair; p LSs-forces that
7gef [Q] = Q O

Lemma 10.3. Let (p,a) € LS x DN be a p-pair, ¢ € LS, b € DN, p C ¢,
a < b. There is a double-name ¢ € DN such that b < ¢ and {(q,c) is a p-pair.

Proof. If ¢ € LS,, where v = |b|, then to define ¢ add to t%,; all pairs
(q,r) such that already (p,r) € b. We claim that (g,c) is a p-pair. Indeed if
Gret C LS, is generic then easily (*) #§,¢[G1es] = t30¢[Gret], hence ¢ € DN, .
Further p € p C ¢ € domtf, by construction. Finally ¢ LS,-forces that
D € t{.¢[G] because so does p, and we can replace t.; by t{ss since a Cb C c.

If ¢ ¢ LS, then still ¢ € LS; for some §, v < § < Q. Use Lemma[6.2 to get
a double-name b’ € DNy with b < V', and argue as in the first case. O

Theorem 10.4. Suppose that Giesr X I' is a LS x DN-generic set over L,
A=\/T, and (p,a) € Gret X T is a p-pair. Then

(i) p,p € Gret, D € Grig = t{‘ef [G1et], and Gyig is LS-generic over L[I'];

(i) u[Gret] = u[Grig] — in other words, any p-pair (p,a) (LS x DN)-forces
ulG] = cu[[tléef [G]] over L.

Proof. [(i)| To prove the genericity apply Corollary
To prove suppose otherwise. Then there is a pair (g, b) in LS x DN with
p C q, a <b, which (LS x DN)-forces u[G] # tu[[tléef [G]], that is

(1) if Gies X T is a (LS x DN)-generic set over L containing (q,b), A =\/ T,
and Grig = t{‘ef [G1et), then u[Gres] # u[Grig]-

Let £ € L be an elementary submodel of a large model, such that HS) C L,
2 and 7 belong to £, card(£) = Q in L, and £ is an elementary submodel
of L v.r.t. all X, formulas. Let £ € L be the Mostowski collapse of L;
still card(L£’) = Q in L. Note that £’ is a transitive model of Zermelo with

onto

choice, and the collapse map ¢ : £L — L' is the identity on HS2, hence even
on Z(HQN) N L. In particular, ¢(Q2) = 2, ¢(u) = u, ¢(U,) = U, for all n,
#(LS) = LS, $(DN) = DN, HQ C £/, and even 2(HQ) N L C L.

By the elementary submodel property, (g,b) still (LS x DN)-forces over L'
that u[G] # u[ti,[G]] — that is

(1) if Gres XTI is a (LS x DN)-generic set over £’ containing (¢,b), A=\ T,
and Grig = t{‘ef [G1et], then u[Gres] # u[Grig]-

13



To infer a contradiction, note that since card(£’) = Q in L, by Lemmal[7.I] there
exists a set I' € L, DN-generic over £’ and containing b, hence containing a
as well. We underline that I" € L, and then A = \/T belongs to L, too. Let
G1esr C LS be a set LS-generic over L, hence over L'[I'] as well, and containing
q, and then containing p. Then the set Grig = tfef [G1et] is LS-generic over L
and over £'[I'] by Lemma 3.2} and in addition, u[Giet] # u[Grig] by
Recall that (p,a) also belongs to Gies X A. Therefore p € Gies N Grig
by Thus Gies and Grig are LS-generic sets over L and both contain p,
u[Gret] is the only set z satisfying ¢(z,7) in L[Gie] while u[Grig] is the
only set x satisfying ¢(z,m) in L[Grig]. However L[G1ee] = L{Grig] (because
Grig = tihe[Giet], Gres = tfig[Grig], and A € L), while on the other hand
U[Gret] # u[Grig], which is a contradiction. O

11 Stabilizing pairs and second ingredient

Let a stabilizing p-pair be any p-pair (p,a) € LS x DN which, for some n,
(LS x DN)-forces Up[G] = Un[[t%af [G]] over L.

Corollary 11.1. If Gies is an LS-generic set over L containing p, then there
is a stabilizing p-pair (p,a) € LS x DN with p € Gies -

Proof. Let a = id[7}], see Remark Let I' € DN be a set DN-generic over
L[G1e¢] and containing a, so that Gyer X I' is (LS x DN)-generic. Let A =\/T.
Then the set Grig = t’f‘ef [G1et] satisfies u[Gres] = u[Grig] by Theorem 0.4l
Therefore there is a number n € w such that Up[Gies] = Up[Grig]. Then there
is a stronger pair (p,a) € Gresr X I' (p € p and a < @) which (LS x DN)-forces
Uo[G] = Un[[tﬁf [G]]. We can assume that (p,a) is a p-pair, by Lemma[l0.3l O

Proposition 11.2. Let (p,a) € LS x DN be a stabilizing p-pair. Assume that
Gret X', Gigs X T are sets (LS x DN)-generic over L and containing (p,a),
A= V r, A= V F/’ and tlAef [Glef] = tlAef [Gg.ef] . Then UO[[Glef]] = UO[[Gg.ef]] .

Proof. By definition, Up[Gres] = Un[tid;[Gres]] and Ug[Ghes] = Unltiie [Glesll
for one and the same n. O

The second ingredient in the proof of Theorem [T will be the following:

Theorem 11.3. Assume that (p,a) € LS x DN is a stabilizing p-pair, 5 < €,
a € DN5, p € LS;, Gies,Ghes € LS are LS-generic sets over L containing p,
Glef N LSQ{ = Gg.ef N LS:W and L[Glef] = L[G/lef] . Then UO[[G]_ef]] = UO[[G/lef]] .

Let’s show how this implies Theorem [Tl The proof of Theorem [IT.3] itself
will follow in the next sections.

14



Proof (Theorem [LT] from Theorem I1.3]). We argue in the assumptions and
notation of 0.1l Let Gier = Go, so that p € G1e¢ by [0Il Then by Corol-
lary [1.1] there is a stabilizing p-pair (p,a) € LS x DN such that p € Gyes. Pick
4 < Q such that & € DN; and p € LS;. Consider, in L[G1e¢], the set & of
all sets G C LS, LS-generic over L and satisfying L[G] = L[G1e¢], p € G, and
G NLS; = Grer NLS5. In particular Gies € ¢. The only essential parameter
of the definition of ¢ which is not immediately OD — is Gies N LS;. However
Gier N LS5 itself, as basically any subset of any LS., v < €, is ROD in the
Solovay model. We conclude that ¢ is ROD in L[G1et].

On the other hand, suppose that G € 4. Then Uy[Giet] = Uo[G] by
Theorem [[T.3l Therefore the set Uy[Gret] can be defined as Up[G] for some /
every G € 4. This witnesses that Uy[G1et] is ROD in L[Giet], because so is ¥
by the above. Thus the set 2" = u[G1et] contains a ROD element. It follows
that £  contains an OD element, by Lemma 23] as required.

O (Thm 1 mod Thm I1.3)

12 Final

Here we prove Theorem [IT.3] and finally prove Theorem [[L.T1 We argue in the
assumptions and notation of Theorem [I1.3l That is,

(1) (p,a) € LS x DN is a stabilizing p-pair, ¥ < Q, @ € DN, p € LS5, the
sets Gies, Gles C LS are LS-generic over L and both contain p, and in
addition Glef N LS,Q/ = G{Lef N LS»Ay, L[Glef] = L[ {I.ef] .

In this assumption, we have to prove that Up[Gret] = Up[Gles]. Working
towards this goal, our plan will be to find:

(%) sets I, TV C DN, DN-generic over L[Gief] = L[G}¢], containing a, and
satisfying t{L;[Glee] = t1¢[Glos], where A =\/T and A’ = \/I";

then the products Gier x I' and G x IV will be (LS x DN)-generic over L
and containing (p, a), so that Up[Giet] = Up[Gles] follows by Proposition I1.2]
accomplishing the proof of Theorem [IT.3

By Theorem [B.1] there is a double-name C' € DNgq in L, such that

(2) C is full, 5, = tfig, Gror = 16 [Gles], and Gl =t [Gres].

rig
As Gier NLS; = G N LS5, we can further assume that

(3) the restricted double-name C'[4 coincides with id[9] of Example [4.5] so
that C4 € LS; is full and regular, and 101G =576 = G for all G.

rig
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Let T' be any set I' C DN with a € I', DN-generic over L[G1ef]. Then
A =\/T € DNq in L[I'] by Corollary [0.2] and p C p € dom A since a € I.

Corollary 12.1. (i) The set X ={y <Q:A[v€DN,} € LI is a club in
Q, and if v € X then Al~ is regular;

(ii) the set Y ={y<Q:C[y € DN, and Cl~ is full} € L is a club in Q;
(iii) therefore Z ={y € X NY :4 <~} is a club, and in addition 5 € Z .

Proof. To prove |(i)| and [(ii)| apply Corollary [7.2} the unboundedness condition
in follows from the genericity of I' and the density of the set of all regular
double-names a € DN by Lemma AL4[ii)]

Claim 4 € Z in follows from |(3)| O

Now suppose that v € Y, hence C'[y € DN, is full. Let a € DN, be
regular. Define a x C' = a* (C[v) (see Section ).

Lemma 12.2. The map a — a * C is a <-preserving bijection of the set
DNY = {a € DN:a is regular A |a| € Y} onto itself, satisfying axC *C = a.

reg
Proof. If a € DNfeg and v = |a| then a* C =ax (C[v) belongs to DN, and
is regular by Lemma [8.5] hence a xC € DNfeg. If § > ~ is a bigger ordinal still

inY,and b€ DNY__, 6 = |b|, then a < b iff axC < bxC by Lemma B.0i(ii)]

reg’

Finally a * C' * C' = a holds still by Lemma B35 because C~! = C (that is,
75?ef = tglg) by D

In particular, if v € Z then Al~vy € DNZeg, and hence (Alv)xC € DNZeg is
a regular double-name. Thus {(A[v)*C} ez € L[I'] is a <-increasing sequence

of regular double-names. The following is a key fact.

Lemma 12.3. The sequence {(Alv) * C},cz is DN-generic over L[Gief] =
L[GY¢], in the sense that if a set D' C DN, D' € L[G1et], is open dense in
DN then there is an ordinal v € Z such that (A]v)+C € D'.

Proof. The set A’ = D' N DN};eg belongs to L[G1e¢] and still is dense in DN
by Lemma, Therefore its C-image A = {a*C:a € A’} still belongs to
L[G1et] and is dense in DN by Lemma It follows by the genericity of T’
that Ay € A for some v € Z. Then a = (A7)« C € A/, since axC = Al~y
by Lemma O

Corollary 12.4. The set I' = {a € DN:3vy € Z(a < (A]vy) *C)} is DN-
generic over L[Gies] = L[Glq¢]- O
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Let us check the other intended properties of I” as in

To see that a € I, recall that @ € I' " DN5. It follows by Corollary
that ¢ < a = A[4. However 4 € Z by Corollary We conclude that
axC €T'. Finally a* C = ax (C[4) = a since C'4 = id[4] by [(3)} Thus
a € I, as required.

Finally prove that L [Gres] = t{i¢[Gles], where A = \/T and A’ = \/T".
It suffices to show that if v € Z then

A A’
tchf’y [Glef N LS’Y] = tlef[’y[ ?I.ef N LS’Y] : (5)

However by construction A'[y = (A[vy)*C = (A]~)*(C|+), and on the other
hand tg’:fM)*(CM) G] = tfep (t517G)] for all G by Lemma RI] therefore (5) is
equivalent to

ter [Gree L8] = 1 [ [Glos NLS, ],

which obviously follows from
Gres N LS, = tloe[f’y[ ?I.ef N LS’Y] )

and this is a corollary of the equality Gret = t$.¢[Ghe¢] in[(2)|by LemmaBAD)|(b).
O (Theorem [TT.3))

This also completes the proof of Theorem [I] (see the end of Section [IT]).
O (Theorem L)

13 Conclusive remarks

Question 13.1. Is Theorem [LL1] true for arbitrary sets 2 , not necessarily
sets of reals? In this general case, the proof given above fails in the proof of
Theorem [I0.4] since it is not true anymore that U, C HQ and ¢(U,) =U,,. O

It follows from Theorem [[T] that, in the Solovay model, any OD set 2~ of
sets of reals containing non-OD elements is uncountable. If moreover Z is a
set of reals then in fact 2~ contains a perfect subset and hence has cardinality
¢ by a profound theorem in [8]. Does this stronger result reasonably generalize
to sets of sets of reals and more complex sets?

Conjecture 13.2. It is true in the Solovay model that if 2" is an OD set then

(I) if 2" contains only OD elements then it is OD-wellorderable;

(IT) if 2" contains only ROD elements, among them at leat one non-OD ele-
ment, then 2" includes a ROD-image of the continuum 2% ;
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(III) if 2 contains a non-ROD element then 2" has cardinality > 2°.

The set of all LS-generic sets over L is a less trivial example of a set of type

(I11)| in the Solovay model. O

A proof of would be an alternative (and perhaps simpler) proof of
Theorem [I.T] of this paper.

It remains to note that Caicedo and Ketchersid [I] obtained a somewhat
similar trichotomy result in in a strong determinacy assumption.
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