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Selfextensional logics with a distributive near-
lattice term

Luciano J. Gonzalez

Abstract. We define when a ternary term m of an algebraic language £
is called a distributive nearlattice term (DN-term) of a sentential logic S.
Distributive nearlattices are ternary algebras generalising Tarski alge-
bras and distributive lattices. We characterise the selfextensional logics
with a DN-term through the interpretation of the DN-term in the al-
gebras of the algebraic counterpart of the logics. We prove that the
canonical class of algebras (under the point of view of Abstract Alge-
braic Logic) associated with a selfextensional logic with a DN-term is a
variety, and we obtain that the logic is in fact fully selfextensional.
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1. Introduction

This paper is motivated by the results and ideas given in [33] and [34]. In [33],
selfextensional finitary logics with a binary term — satisfying the deduction-
detachment theorem are studied. There, these logics are characterised as
logics S for which there is a class of algebras K such that the equations
defining Hilbert algebras (also called positive implication algebras) hold for
— and the following condition is satisfied:

©0,---,pn—1 Fs ¢ <= (VA € K)(Vh € Hom(Fm, A))
h(po = (= (a1 ¢)...)) = L.

Similar results are obtained in [34]. There, selfextensional finitary logics with
a conjunction term A are characterised as logics S for which there is a class
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of algebras K such that the semilattice equations are satisfied for A and the
following condition holds:

©0,- - pn—1 Fs v < (VA € K)(Vh € Hom(Fm, A))
h(po) A -+ A h(pn-1) < h(e).

As we can notice from the definitions above, the two kinds of sentential
logic are characterised through the behaviour of the interpretation of the
implication — and the conjunction A in the corresponding classes of algebras
K.

The notion of distributive nearlattice can be presented in two different
and equivalent ways. They can be defined as join-semilattices with some extra
properties and can be defined as algebras with only one ternary operation
satisfying some identities. The two different ways to consider distributive
nearlattices are useful for various purposes. After the formal definition of
distributive nearlattice (Definition 2.5), we will see (Remark 2.10) that the
variety of distributive nearlattices is a natural generalisation of both the
variety of Tarski algebras (also called implication algebras) and the variety
of distributive lattices.

The primary aim of this paper is to propose a definition of when a
ternary term m of an algebraic language £ can be considered a distributive
nearlattice term (DN-term for short) for a sentential logic S. We present
some syntactical properties (Section 3) on a sentential logic S concerning
a ternary term m such that, when m is interpreted in every algebra A of
the algebraic counterpart of the logic S, the {m}-reduct (A, m*) will be a
distributive nearlattice.

We show that selfextensional logics with a distributive nearlattice term
m can be characterised as logics S for which there exists a class of algebras K
such that the {m}-reducts of the algebras of K are distributive nearlattices
and the consequence relation of & can be defined using the partial order
induced by the term m on the algebras of K (Section 3).

In Section 5, given a selfextensional logic S with a DN-term (and with
theorems), we consider two sentential logics associated with the canonical
class of algebras of S; namely, the logic preserving degrees of truth and
the truth-preserving logic. We show some properties of these logics, and we
present some sufficient conditions for these logics to coincide with the original
logic S.

2. Preliminaries

In this section, we introduce some basic concepts and results of Abstract
Algebraic Logic (AAL) needed for what follows in the paper and we present
the algebraic theory of nearlattices. Our main references for AAL are [17, 26,
27, 23] and for the theory of nearlattice are [10, 32, 13].
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2.1. Abstract Algebraic Logic

Let £ be an algebraic language (or algebraic similarity type). We denote by
Fm(L) the absolutely free algebra of type £ with a denumerable set Var of
propositional variables as the set of generators. The algebra F'm(L) is called
the algebra of formulas of type £ and its elements are called formulas. When
there is no danger of confusion, we write F'm instead of F'm/(L).

A sentential logic (also called deductive system in AAL) of type L is
a pair S = (F'm,Fgs) where F'm is the algebra of formulas of type £ and
Fs CP(Fm) x Fm is a relation satisfying the following properties: for all
I''A C Fm and ¢ € F'm (as usual we write I' -5 ¢ for (I, p)€ 5),
(S1) if p €T, then I' k5 ¢;
(S2) f TFs ¢ and T C A, then A k5 ¢;
(S3) if ' s ¢ and for every v € T, A b5 v, then A Fg ¢;
(S4) if I' ks ¢, then there is a finite I'y C I" such that T'g ks ¢;
(S5) if I' ks ¢, then o[I'] Fs o(p) for all substitution o € Hom(Fm, F'm).

The relation Fg is called the consequence relation of S. A set I' C Fm is
called a theory of S (S-theory, for short) if is closed under the consequence
relation of S, that is, for every formula ¢ € F'm, if ' s ¢, then ¢ € T'. Let us
denote by Th(S) the collection of all S-theories. It is easy to see that Th(S) is
an algebraic closure system on F'm and the closure operator associated with
Th(S), which is denoted by Cgs, is defined as:

(,OECS(F) <— Fl—ggo

for all T’ U {p} C Fm. Moreover, it is clear that Cg is finitary.

Let S be a sentential logic. The Frege relation of S, in symbols A(S), is
the interderivability relation, that is, (p, %) € A(S) if and only if ¢ s 9 and
¥ ks . The Frege relation of a sentential logic is an equivalence relation but
it is not necessarily a congruence on F'm. A sentential logic S is said to be
selfextensional (or S has the congruence property) if the Frege relation A(S)
is a congruence on F'm.

Let A be an algebra of the same similarity type as S. A subset F' C A
is said to be an S-filter of A if and only if for any ' U {9} € F'm and any
interpretation h € Hom(Fm, A),

if I'Fs ¢ and A['] C F, then h(p) € F.

The set of all S-filters on a given algebra A is denoted by Fis(A); this set is
an algebraic closure system. The associated closure operator will be denoted
by Fig.

Let L be a fixed but arbitrary algebraic language. A generalized matriz,
g-matriz for short, of similarity type £ is a pair (A,C) where A is an algebra
of type £ and C is an algebraic closure system on A. We denote by C the
closure operator associated with C and we will often identify the g-matrix
(A, C) with the pair (A, C). Notice that the closure operator C is finitary, i.e.,
for all X U{a} C A, a € C(X) implies that there is a finite Xy C X such
that a € C(X)).
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The reader should keep in mind that all logics and g-matrices considered
in this paper are finitary and thus some general results of AAL are restricted
to this assumptions.

One of the most interesting aspects of g-matrices is that they can be
used in a completely natural way both as models of sentential logics and as
models of Gentzen systems. This double function of g-matrices allows relating
the algebraic theory of sentential logics to the Gentzen systems. We address
the interested reader on these topics to [26] and [27].

An important example of g-matrix is given by a sentential logic S. If S
is a sentential logic, then (F'm, Th(S)) is a g-matrix.

Definition 2.1. A g-matrix (A, C) is said to be a g-model of a sentential
logic § when for all I' U {¢} C Fm, if T’ ks ¢ then h(p) € C(h[I]) for all
h € Hom(Fm, A). Let us denote the class of all g-models of a sentential logic
S by GMod(S).

The logical concept of Frege relation is transferred to the setting of
g-matrices. The Frege relation of a g-matrix (A, C) is defined by:

(a,b) € Ax(C) <= C(a) = C(b)

for every a,b € A. The Tarski congruence of a g-matrix (A, C) is the largest
congruence below the Frege relation of the g-matrix. We denote the Tarski
congruence of (A, C) by Q4(C). A g-matrix is said to be reduced when its
Tarski congruence is the identity relation. Let us denote by GMod*(S) the
class of all reduced g-models of a sentential logic S.

We can now introduce the class of algebras that is considered in AAL
as the natural algebraic counterpart of a sentential logic, see [27, 18].

Definition 2.2. The canonical class of algebras associated with a sentential
logic S (it is also called the algebraic counterpart of S) is the class of the
algebraic reducts of the reduced g-models of S; it is denoted by Alg(S). That
is,
Alg(S) : = Alg(GMod*(S))
={A: (4,C) € GMod*(S) for some finitary closure operator C}.

Moreover, another important class of algebras associated with a senten-
tial logic S is Ks := V(Fm/Q(S)), the variety generated by the algebra
Fm/Q(S). This variety is called the intrinsic variety of S.

Lemma 2.3 ([26, Proposition 2.26]). Let S be a sentential logic. Then, the
intrinsic variety of S is the variety generated by the class Alg(S) and hence
we have Alg(S) C V(Alg(S)) = Ks.

Definition 2.4. A sentential logic S is said to be fully selfextensional (or
congruential) if for every A € Alg(S), the Frege relation of the g-matrix
(A, Fis(A)) is the identity relation.
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2.2. Distributive nearlattices

Nearlattices and distributive nearlattices were studied by several authors [32,
13, 10, 3, 11, 12, 8, 9, 30, 31].

Definition 2.5 ([3]). An algebra (A, m) of type (3) is called a nearlattice if
the following identities hold:

(P1) m(z,y,z) =z,

(P2) m(m(x7 y’ Z)’ m(y’ m(u) x’ Z)’ Z)’ w) = m(w’ w) m(y’ m(x7 u) Z)’ Z))'

Theorem 2.6 ([13]). Let (A,m) be an algebra of type (3) and let V be the
binary operation on A defined by VvV y = m(z,z,y). Then, (A,m) is a
nearlattice if and only if (A,V) is a join-semilattice where for every a € A,
the principal upset [a) = {x € A: a <z} is a lattice with respect to the order
< induced by V. Moreover, for all x,y,a € A, m(z,y,a) = (xVa) A (yV a)
where N, denotes the meet in [a).

Let (A,m) be a nearlattice. Notice that the partial order < on A is
determined by V, i.e., x <y if and only if y = z Vy = m(x, z,y). Moreover,
for every element a € A we have

T Aoy =m(z,y,a)
for all z,y € [a). It should be noted that the meet x Ay exists in A if and only
if {x,y} has a lower bound in A. Thus, the meet of z and y in [a) coincides
with their meet in A for all z,y € [a), i.e., z A, y = x A y; for instance, we
have
m(a,b,c) =(aVe)Ae (bVe)=(aVe)A V),

for all a,b,c € A. This should be kept in mind since we will use it without
mention.

Definition 2.7. A nearlattice (A, m) is said to be distributive if and only if it
satisfies either of the following two equivalent identities:

(P3) m(z,m(y,y, z),w) =m(m(z,y,w), m(z,y,w), m(z, z,w));

(P4) m(z,z,m(y, z,w)) = m(m(x,z,y), m(z, z,z),w).

Let us denote by DN the variety of distributive nearlattices.

Proposition 2.8 ([13, Theorem 4]). A nearlattice (A, m) is distributive if and
only if for every a € A, the lattice ([a), Nqo, V) is distributive.

Example 2.9. In Figure 1, it is shown a distributive nearlattice. For instance,
we have
m(u,w,y) = (uVy) Ay (wVy) =y and mu,w,b) = (uVb) Ay (wVD) =y.

That is, m(u, w,y) = u Ay w =uAw=uAp, w =m(u,w,b).

Remark 2.10. Recall that a Tarski algebra (also called implication algebra)
[2, 1] can be defined as a binary algebra (A, —) satisfying some identities and,
equivalently, it can be defined as a join-semilattice (4, V) such that for every
a € A, the upset [a) is a Boolean algebra with respect to the order induced
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FIGURE 1. A distributive nearlattice

by V. Thus, we can noticed that the concept of distributive nearlattice is a
natural generalisation of the notion of Tarski algebra.

Definition 2.11. Let (A, m) be a distributive nearlattice. A nonempty subset
F C A is said to be a filter of A if (i) z € F and = < y implies y € F, and
(i) if z,y € F and © Ay exists in A, then z Ay € F.

Let us denote by Fi(A) the collection of all filters of a distributive near-
lattice A. It is easy to check that for every distributive nearlattice A the
intersection of any collection of filters is either a filter or an empty set. So,
for every nonempty X C A, there exists the least filter containing X; it
is denoted by Fis(X). If X = {ay,...,a,}, then we write Fig(ay,...,an)
instead Fig({a1,...,a,}); moreover, it is easy to check that Fig(a) = [a).
There is a useful characterisation of the generated filter Fig(X). Let X C A
be nonempty. Then,

Fig(X)={a€ A:a=0b; A--- Aby for some by,...,b, € [X)}.
where [X) ={a € A:a >z for some z € X}, see [15].

Proposition 2.12 ([30]). Let A be a nearlattice and F' C A be nonempty. Then,
the following conditions are equivalent:

(1) F e Fi(A);

(2) ifa,b € F, then m(a,b,c) € F for all c € A.

Now we introduce the following definition that will be useful for what
follows.

Definition 2.13. Let (A, m) be an algebra of type (3). For each integer n > 0,
we define inductively, for all ag,...,a,,b € A, an element m™(ag, ..., an,b)
as follows:

e m%(ag,b) := m(ag, ap,b) and

e for n > 1, m"™(aog,...,an,b) := m(m"(

ag,...,an-1, b); A, b)

In particular, for distributive nearlattice A, we get m®(ag,b) = ap V b
and m*(ag,ar,b) = m(ag,ar,b). Indeed,

ml(ao, ai,b) = m(mo(aoa b),a1,b) = m(ao V b,ay,b)



Selfextensional logics with a DN-term 7

= (ap VbV D) Ny (a1 VD) = (ap VD) Ay (a1 V b) = m(ag,a1,b).
The proofs of the following two propositions can be found in [30].

Proposition 2.14. Let (A,m4) and (B,mp) be algebras of type (3) and h €
Hom(A, B). Then, we have h(m’(ao, - - ., an, b)) = mE(h(ag), ..., h(an), h(D))
for all ag, ... ,a,,b€ A.

Proposition 2.15. Let (A, m) be a distributive nearlattice and ag, . . ., an, Gni1,
a,be A. Then:

(1) m™(ag,-..,an,b) = (ag V) Ap -+ Ap (an V b);

(2) b <m™(ag,...,an,b);

(3) ifa<a; for all i€{0,1,...,n}, then a <m™(ag,...,an,b);

(4) m" Y (ag,...,ant1,b) <m (ao, ey, b);

(5) m"™(ao, ..., an,b) = M™(ax(0); - - -, o(n), ), for every permutation o of

{0,1,...,n};
(6) if a € Fia(ag,...,an), then a € Fig(m"(ag,...,an,a));
(7) a € Fig(ao,...,an) if and only if a = m"(ag, ..., an,a).

3. Logics with a distributive nearlatice term

For a ternary term m of an algebraic language £, we will consider the binary
term V defined by z Vy := m(z,z,y). We also define, for every integer n > 0
and variables xo, ..., Z,, z, the formula m™(xg, ..., x,, ) as follows:

o m%(zg, ) := m(xo, z0,T)

o for n>1, m"(zo,...,Tn,z) :=m(m" Yxg,...,Tn_1,2), Tn,T).

Definition 3.1. Let S be a sentential logic over an algebraic language £. A
ternary term m of £ is said to be a distributive nearlattice term (DN-term)
of § if and only if S satisfies the following properties:

(Al) pVYFg xif and only if ¢ Fs x and ¢ Fs x;

(A2) m(p,,x) Fs ¢V x and m(p, ¥, x) Fs ¥V x;

(A3) @V x, ¥V x s m(e,,x);

(A4) if @g,...,pn s @, then m™(po, ..., ¢on, p) Fs .

Property (Al) is known in the literature as the weak proof by cases
property [39, 14]. Moreover, (A1) implies that the following properties hold:
pVoFsp, obs oV, Vs Vepand (pVYP)VxEs eV (¥VX).
Then, the binary term V is a (weak) disjunction for the logic S, and thus S
is a (weak) disjunctive logic, see [17, 39, 26, 14].

Proposition 3.2. If m is a DN-term of a sentential logic S, then the following
properties hold:

(1) m™(@o,---on, ) Fs @i V1, for alli € {0,1,...,n};
(2) YoV, on Vb Es m™(@o,- - pn,b);

(3) if m™(wo,...,0n,9) Fs @, then vo,...,on Fs ©;

(4) s m™(@o, .- ¢n ).
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Proof. Properties (1) and (2) can be proved by induction on n using property
(A1), and from properties (A2) and (A3), respectively. Properties (3) and (4)
are consequences of (A1) and (2). O

Proposition 3.3. Let S be a sentential logic. If m and m’ are DN-terms of S,
then m(p, 1, x) s m’ (0,4, x), for all ¢,v,x € F'm.

Proof. Let p,,x € Fm. Since ¢ Fs ¢ V' ¢ and ¢ Fs ¢ V' 1, it follows
by (A1) that ¢ V¢ Fs ¢ V' 9. Similarly, we have ¢ V' ¢ Fs ¢ V 1. Hence
eV dks ¢ V' . Now, from this and by (A2) and (A3), we obtain

m(e, 1, x) s {oVx, vV x} Hs {eV x, 0V x} ds m/ (0,9, x). O

Definition 3.4. A class of algebras K of a given similarity type L is called
distributive nearlattice-based (DN-based for short) if there is a ternary term
m of £ such that the distributive nearlattice equations (P1)-(P3) (Definitions
2.5 and 2.7) hold in K. In this case, we will also say that K is a DN-class
relative to m and when there is not danger of confusion, we simply say that
K is a DN-class.

Notice that if K is a DN-class relative to m, then for every algebra
A € K the {m}-reduct (A,m?) is a distributive nearlattice. Moreover, we
have that the variety V(K) generated by a DN-class K is also a DN-class.

Definition 3.5. A sentential logic S of type L is said to be distributive nearla-
ttice-based (DN-based for short) if and only if there is a ternary term m and
a DN-class K of algebras of type £ such that the following condition holds
for every n > 0 and for all formulas ¢y, ..., ¢n, ¢:

©0,---,n Fs ¢ <= (VA € K)(Vh € Hom(Fm, A))
m"(h(go), - - ., h(en), h(¢)) < h(p).
We will say that S is DN-based relative to m and K.

(3.1)

It should be noted, by property (5) of Proposition 2.15, that condition
(3.1) is independent of the order in which the formulas ¢y, . .., @, are taken.

Let S be a DN-based logic relative to m and K. It is easy to check that
for every formulas ¢ and 1,

phs < (VA € K)(Vh € Hom(F'm, A))(h(p) < h(v)).
Then, we obtain that for all p,¢ € F'm
pdsy —= KEpxy < VK) Ep=. (3.2)

Noticed that (3.2) is independent of the term m.
From (3.1) and by property (2) of Proposition 2.15, we have

©0,---,¢n Fs ¢ < (VA € K)(Vh € Hom(Fm, A)
m” (h(go), -, h(en), () = h(y)
= KEm"(po,...,on,0) = ¢
<= V(K) Em" (o, ¢n,¢) = ¢.
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Hence, S is also DN-based relative to the variety V(K) generated by K.
Moreover, by (3.2), we can see that the variety to which S is DN-based is
unique. So, let us denote the only variety relative to which & is DN-based by
V(S).

Proposition 3.6. Let S be a DN-based logic relative to m. Then, m is a DN-
term of S.

Proof. We have that S is DN-based relative to V(S) and the ternary term m.
Property (A1) is a consequence of the fact that for every A € V(S), the {V}-
reduct (A,Vv4) is a join-semilattice. Property (A2) holds because for every
A€ V(S)and all a,b,c € A, we have m?(a,b,c) = (aVe)A(bVe) < aVe,bVe.
In order to prove (A3), let ¢, 1, x € F'm.Let A € V(S) and h € Hom(Fm, A).
Assume that h(p) = a, h(y)) = b and h(x) = c¢. So, we need to show that
m(aVec,bVce,m(a,b,c)) <m(a,b,c). Now, by condition (P4), we have

m(aVe,bVe,m(a,b,c)) =cVm(a,bm(a,b,c)) =m(a,b,ma,b,c))
= (aVm(a,b,c)) A(bVm(a,b,c))=(aVe)A(bVce)=ma,b,c).

Hence (A3) holds. Lastly, property (A4) is an immediate consequence by
(3.1). O

By the previous proposition and from (3.2), we obtain that if S is a
DN-based logic relative to ternary terms m and m/’, then for every A € V(S),
we have that the ternary operations m4 and m’4 coincide. Hence, we can
say simply that a logic S is DN-based.

Proposition 3.7. Let S be a DN-based logic. Then S is selfextensional and
V(S) = Ks.

Proof. By definition of the Frege relation and from (3.2), we have (¢,v) €
A(S) = V(S) = ¢ = 4. Hence, we obtain that A(S) is a congruence on
F'm. Therefore S is selfextensional. Now, since S selfextensional, it follows
that ¢ s v <= Ks E ¢ = 1. Then, by (3.2) again, we obtain that
V&) Eprv < p-tsy < Ks E ¢ ~ 1. Therefore V(S) = Ks. O

Now we are ready to show one of the main results of this paper.

Theorem 3.8. Let S be a sentential logic. Then, S is a selfextensional logic
with a DN-term m if and only if S is a DN-based logic relative to m.

Proof. The implication from right to left is a consequence from Propositions
3.6 and 3.7. Now we assume that S is selfextensional and m is a DN-term
of §. First, since S is selfextensional, it follows that A(S) is a congruence
on F'm and hence, we can consider the quotient algebra F'm* := Fm/A(S).
Let us show that (F'm*, m*), with m*(%,v, %) := m(p, v, x) (% denotes the
equivalent class of ¢ in Fm/A(S)), is a distributive nearlattice. By (A1), S
satisfies the following properties: ¢ Vo Fs ¢, o Fs oV, p VU Fs ¥ V@
and o V (¢ V x) T+s (¢ V) V x. Thus, it is easy to check that (F'm*, V*),
with B V* ¢ := m*(%,P,v), is a join-semilattice. Let x € F'm. We prove
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that [X) = {® € Fm* : X < @} = {g € Fm* : x bs ¢} is a distributive
lattice. In order to prove that [Y) is a lattice, we need only to show that
there exists the meet in [Y). Let B,¢ € [X). So x Fs ©,v. Let us prove
that m*(%,,X) is the meet of B and v in [Y). By (A1) and (A2) we have
m(p, ¥, x) Fs oV x Fs ¢ and m(p, ¥, x) Fs ¥V x Fs ¥. Thus m*(@,¢,%) <

D,1. Let 7 € [X) be such that ¥ < @,4¢. So x ks v and v ks ¢,%. Then
v ks oV x,¥V x. By (A3) we obtain that v Fs m(p, 1, x), that is, ¥ <
m*(,v,X). Hence m*(3,1,%) = pAx . Then, by Theorem 2.6, we conclude
that (Fm*, m*) is a nearlattice. Now we show that condition (P4) holds in
(Fm*,m*). Let p,¢,v,x € Fm. Since (Fm*, m*) is a nearlattice, it follows
that 3 V* m*(¥,7%,%) < m*(@ V* 9, % V* 7,%). In order to prove the inverse
inequality, we need to show that m(eV, V7, x) Fs ovm(w, v, x). By (Al),
we have ¢,y Fs ¥V x,vVx, and from (A3) we obtain that 1,y Fs m(1,~, x).
Thus ¥,y Fs ¢ Vm(y,~, x). By (A4), it follows that

m(, v, Vm(,v,x)) Fs ¢ Vm(, v, x). (3.3)

By (A1) and (A3), we can deduce ¢ V9V x Fs ¢ V¥V m(y,v,x) and
eVyVxFkspVyVm(,v,x). Then, by (Al)-(A3) and (3.3), we have

m(e Ve, pVy,X)Fs VYV, o VyVx
Fs oV vm,y,x), ¢V Vm¥,,x)
Fs oV Vmy,y,x), vV eVm,y,x)
Fs m(¥, v,V m(,7, x))
ks oV m(¥, 7, x)-
Hence, we have proved that (F'm*, m*) is a distributive nearlattice. Finally,
we prove that S is DN-based relative to {Fm*} and m. Let o, ..., pn, ¢ €

Fm. From property (A4), (3) of Proposition 3.2, (2) of Proposition 2.15 and
since S is selfextensional, it follows that

©0y---son Fs o <= m"(¢o,...,¢0n,¢) Fs ¢
= m(Po,. -5 o0, ) P = m™ (@0, Pn,p) =P
= Fm"Em"(¢o,...,¢n, ) = ¢
<= (Vh € Hom(Fm, Fm™*))(m" (hpo, - - . , hpn, he) = ho)
<= (Vh € Hom(Fm, Fm*))(m" (hpo, ..., heon, hp) < hp).

This completes the proof. O

Our next aim is to prove that every selfextensional logic & with a DN-
term is fully selfextensional and the class Alg(S) is a variety. Notice, by the
previous theorem and Proposition 3.7, that for every selfextensional logic S
with a DN-term m the m-reducts of the algebras of its intrinsic variety Kg
are distributive nearlattices and S is DN-based relative to Kg.
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Proposition 3.9. Let S be a DN-based logic relative to m. Then, for every
algebra A € Kg, the nonempty S-filters of A are exactly the filters of the
{m}-reduct distributive nearlattice (A, m?), i.e., Fis(A)\ {0} = Fi(A).

Proof. Let A € Ks. Let F' € Fi(A). Let ¢o,...,9n,© € Fm be such that
©0,---,¢n Fs ¢ and let h € Hom(Fm, A) be such that h(p;) € F for all
i=0,1,...,n. By (3.1), we have m™(h(po), . .., h(vn), h(¢)) < h(p). Since F
is a filter of the nearlattice A and h(yy), ..., h(pn) € F, it follows by Propo-
sition 2.12 that m™(h(vo),...,h(en), h(¢)) € F. Then h(p) € F. Hence
F € Fig(A). Conversely, let now F' € Fis(A) be nonempty. Let a,b € F
and ¢ € A. By (Al) and (A3) we have, for variables z, y and z, that
x,y Fs {x VvV z,yV z} Fs m(z,y, z). By taking h € Hom(Fm, A) such that
h(z) = a, h(y) = b and h(z) = ¢, we obtain that h(z),h(y) € F and hence
h(m(z,y,z)) € F, i.e., m(a,b,c) € F. Therefore, F' € Fi(A). O

Theorem 3.10. Let S be a DN-based logic. Then:
(1) Alg(S) = Ks;
(2) Alg(S) is a variety;
(3) S is DN-based relative to Alg(S).

Proof. (1) We know by Lemma 2.3 that Alg(S) C Ks. Let A € Kgs. From
Proposition 3.9 we can easily deduce that the g-matrix (A, Fis(A4)) is a re-
duced g-model of S. Hence A € Alg(S). Properties (2) and (3) are immediate
consequences of (1). O

Corollary 3.11. If S is a DN-based logic, then S is fully selfextensional.

Proof. Recall the definition of fully selfextenisonality, see Definition 2.4. Let
A € Alg(S). So A € Ks. Then, by Proposition 3.9, it is easy check that
A4(Fis(A)) =Id4. Hence S is fully-selfextensional. O

We have characterised selfextensional logics with a DN-term as those
logics that are DN-based concerning their canonical class of algebras. As
happens in the setting of selfextensional logics with a conjunction [34], two
different sentential logics S and &’ can be DN-based relative to the same
DN-based variety K. The unique possible case for this is when one of them
has theorems and the other has not. Now we will see under what conditions
the uniqueness can be obtained.

Let K be a DN-based variety relative to a ternary term m. Let us define

the sentential logic Sk = (F'm,Fk) as follows: let ¢q, ..., ¢n, p € F'm,
©0,---,on Fk o <= (VA € K)(Vh € Hom(Fm, A)) (3.4
m" (hpo, ..., hn, hp) < he '

and
D Fk o < (VA € K)(Vh € Hom(Fm, A))

(Va € A)(a < hyp).

Now, for every I' C F'm, I" Fk ¢ if and only if there is a finite I'g C I" such
that 'y Fk ¢. Notice that if Sk has a theorem, then for every algebra A € K

(3.5)
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the {m}-reduct nearlattice (A, m“) has a greatest element. Moreover, since
K is a variety, it follows that K is the unique DN-based variety to which Sk
is DN-based and hence, by Theorem 3.10, we have Kg, = Alg(Sk) = K.

A sentential logic S is said to be non-pseudo aziomatic ([36]) if for
every formula ¢, ¢ is a theorem if and only if ¢ is derivable from every
formula (¢ Fs ¢ for all formula 1), or equivalently if the intersection of all
its nonempty theories is the set of theorems. Notice that every sentential
logic with theorems is non-pseudo axiomatic. The following proposition is an
immediate consequence from (3.4) and (3.5), and thus we omit its proof.

Proposition 3.12. Let £ be an algebraic language and m a ternary term of L.
If K is a DN-based variety relative to m, then Sk is the unique non-pseudo
axiomatic sentential logic which is DN-based relative to K and m; moreover
Ksy =K. If S is a DN-based and non-pseudo axiomatic logic relative to m,
then Skg = S.

Hence, under the condition of non-pseudo axiomatic, we obtain the fol-
lowing kind of uniqueness for DN-based logics: different non-pseudo axiomatic
logics must be DN-based relative to different DN-based varieties.

Now, we show a bijective correspondence between the class of DN-based
and non-pseudo axiomatic logics and the class of subvarieties of the variety
axiomatized by equations (P1)-(P3).

A sentential logic &' is said to be an extension of a sentential logic S if
and only if for every T U {p} C Fm, I' ks ¢ implies T' kg .

Lemma 3.13. Let S and S’ be DN-based and non-pseudo aziomatic logics.
Then, A(S) C A(S') if and only if S" is an extension of S.

Proof. 1t is immediate that if S’ is an extension of S, then A(S) C A(S').
So, we need to prove the implication from left to right. Assume that A(S) C
A(S’). By property (A4) and properties (3) and (4) of Proposition 3.2, it
follows that

©0,---spnbs @ = m"(po,...,0n,¢) Fs o =
m”™ (o, ..., n, ) ts o = m"(@o,....on, ) s o =
m"™ (Po, .-, n, ) Fsr o = @o,...,0n ks @
Now, if @ ks ¢, then 9 ks ¢ for every formula 1. By the above, we obtain

that 1 s/ ¢ for every formula 1. Now, since &’ is non-pseudo axiomatic, it
follows that ) s/ . Hence, we have proved that &’ is an extension of S. O

Let £ be an algebraic language and m a ternary term of £. We set
e S, (L) :={S : S is a non-pseudo-axiomatic logic over £ and DN-based
relative to m} and
o K, (L) :={K: K is a subvariety of the variety over £ axiomatized
by the equations (P1)-(P3) with regard to m}.
We consider S,,(£) ordered by the extension order, i.e., § < &’ if and only if
S’ is an extension of § and K,,(£) ordered by the inclusion order. Now, we
are in a position to establish and prove the announced result above.



Selfextensional logics with a DN-term 13

Theorem 3.14. Let L be an algebraic language and m a ternary term of L.
Then, the map F: S;,, (L) — K, (L) defined by F(S) = Ks, is a dual order
isomorphism.

Proof. By Proposition 3.7, we have that F is well defined, and by Proposition
3.12 we obtain that F is an onto map. Let S,S8’ € S,,,(£). Then, by Lemma
3.13 and using that S and &’ are selfextensional, we have

S§<8 = A(S) CAS)

— (Vo e Fm)(Ks For9y = Ks Epr1)
— Kgsr C Ks.

Therefore, F is a dual order isomorphism. O

4. Two examples

4.1. The logic of distributive nearlattices

In [30], it is defined a sentential logic Sg,, through a Gentzen calculus, which
can be considered as naturally associated with the variety of distributive
nearlattices. There, the logic Sy, is denoted by Spy, but here Spy has a
specific definition, see (3.4) and (3.5). Let us show that Sy, is the unique
non-pseudo axiomatic DN-based logic relative to the variety of distributive
nearlattices DN. To this end, we need to introduce some basic notions of
Gentzen calculus; we refer the reader to [26] and [30] for more information.

Let F'm be the algebra of formulas of a given algebraic similarity type
L. For our purpose, we will consider a sequent of type L to be a pair (T, )
where T is a (possible empty) finite set of formulas and ¢ is a formula. As
usual, we write I'> ¢ instead of (I, ¢). Let us denote by Seq(L) the collection
of all sequents. A Gentzen-style rule is a pair (X, I'>>¢) where X is a (possible
empty) finite set of sequents and I > ¢ is a sequent. As usual, we shall use
the standard fraction notation for Gentzen-style rules:

FoD(po,...,Pn,1 > ©n—1
I'>e

(4.1)

A substitution instance of a Gentzen-style rule (X,T' > ¢) is a Gentzen-style
rule of the form (o[X], o[I']>0(yp)) for some substitution o € Hom(Fm, F'm).
A Gentzen calculus is a set of Gentzen-style rules. Given a Gentzen calculus
G, the notion of a formal proof can be defined as usual. That is, a proof
in the Gentzen calculus G from a set of sequents X is a finite sequence of
sequents each one of whose elements is a substitution instance of a rule of G
or a sequent in X or is obtained by applying a substitution instance of a rule
of G to previous elements in the sequence. A sequent I' > ¢ is derivable in G
from a set of sequents X if there is a proof in G from X whose last sequent
in the proof is I' > . We express this writing X I > .

Definition 4.1. A Gentzen system is a pair G = (F'm, ;) where py; is a
finitary closure operator on the set Seq(£) that is substitution-invariant and
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which satisfies the following structural rules: for every I' U {¢, ¥} C Fm,

. ' I's e o>
Weak _ Cut
ST (Weakening) RS (Cut) T 0
We say that a Gentzen system G = (F'm, ;) satisfies a Gentzen-style rule
of type (4.1) or (4.1) is a Gentzen-style rule of G if To > ¢o,...,Tn_1 >
On—1 Fng‘ > ¢ and we say that a sequent I' > ¢ is a derivable sequent of G
when () b, T' > .

(Axiom)

Let G be a Gentzen calculus with the structural rules of (Axiom),
(Weakening) and (Cut). Hence, G defines in a standard way the Gentzen
system Gg = (F'm, p~;) (see [26, 38]).

Now let £ = {m} with m a ternary connective.

Definition 4.2 ([30, Definition 4.2]). Let Gpn = (F'm, pqy) be the Gentzen
system defined by the following Gentzen-style rules: the structural rules (Ax-
iom), (Weakening) and (Cut) and the following rules

Y x > x o I'>op
V) s« GV Tesove Toove
(m )

m(e, Y, x) >V x m(e,,x) >V x

I'soevVv 'syv R I
(> m) VX YV x (m" 1) nsm on B>
I'>m(p, 9, x) m™ (90, - Pn, @) > @

Now, the sentential Sg,, = (F'm,F4y) is defined as follows: for all T'U {¢} C
Fm,

I' Fgn ¢ <= there is a finte g C T" such that o > .

It follows directly that the connective m is a DN-term of Sg,,. Indeed,
property (A1) follows from rules (V >) and (> V); (A2) follows from (m >);
property (A3) is a consequence of (> m); and lastly, (A4) follows from the
rule (m™ ).

Theorem 4.3 ([30, Theorem 4.15]). The sentential logic Say, has the following
properties:
(1) Alg(S4n) = DN;
(2) for all po,...,pn, 0 € Fm,
00y -y Pn Fan @ <= DN Em"(¢o,...,¢n,p) = @.
(3) for every A € Alg(Sun), Fis,, (A) = Fi(A) U {0};
(4) San is fully selfextensional.

Therefore, by condition (2) of the previous theorem, we have that the
logic Sgy, is DN-based relative to the variety DN. Moreover, since Sy, is non-
pseudo axiomatic, it follows by Proposition 3.12 that Sy, = Spn.



Selfextensional logics with a DN-term 15

4.2. Modal distributive nearlattices

In [7], a modal operator is defined on distributive nearlattices. There, the
main tool to treat these operators was a topological duality for the category
of distributive nearlattices.

Let us consider the algebraic language £ = {m,, T} of type (3,1,0).

Definition 4.4. An algebra (4, m,[0,1) is said to be a O-modal distributive
nearlattice if (A, m,1) is a distributive nearlattice with a greatest element 1,
and the following conditions hold:

(1) O1=1;

(2) for all a,b € A such that a A b there exists, O(a A b) = Oa A Ob.

We denote by [IDN the collection of all [J-modal distributive nearlat-
tices. Let us show that CODN is a variety.

Proposition 4.5. Let (A,m,,1) be an algebra such that (A, m,1) is a dis-
tributive nearlattice with a greatest element 1 and 01 = 1. Then, (A,m,,1) €
ODN if and only if the following identity holds in (A, m,00,1):

Om(z,y,2) =m((z Vv 2),0(y V 2), 0z). (M)
Therefore, JDN is the variety defined by identities of distributive nearlattices
with a greatest element, and the identities O1 =1 and (M).

Proof. First assume that (4, m,, 1) € ODN. Let a, b, c € A. Since the oper-
ator [J is order-preserving, it follows that Cec < O(a V ¢) and Oc < OB V ¢).
Then, we have

Om(a,b,c) =0[(aVe)A(bVe)]=0@Ve) AODBVc)
=(aVe)vOc)A @b Ve)vOe) =m0 Ve),3(0bVc),Oc).
Hence, identity (M) holds in A. Now, conversely, suppose that (M) holds in
A. We need to check that condition (2) in Definition 4.4 is satisfied. First,

we show that O is order-preserving. Let a,b € A be such that a < b. So
b=0bVa=m(b,b,a). Then, we have

0b =0m(b,b,a) =m(O(bV a),0(bVa),0a) = m(0db,0b,0a) = Ob Vv La.
Thus we obtain that (a < [0b. Now let a,b € A be such that a A b there
exists. Since [ is order-preserving, we have O(a A b) < Oa, 0b. Hence
O(a A b) =0Om(a,b,a Ab) =m(0Oa,0b,0(a A D))
= (HaVvO(aAb))A(ObVO(aAb)) =0aADOb.

Therefore (A, m,, 1) is a O-modal distributive nearlattice. O

Consider the DN-based logic Sgpy on the algebraic language £ = {m,d, T}
defined by (3.4) and (3.5). We already know that Sopy satisfies properties

(A1)-(A4). Moreover, it is straightforward to show directly that the following
conditions hold:

(N) Fsgyy ¢ implies s Oe;
(Om) Om(e, v, x) Fspy, m(O(e V x),B(¥ V x), Bx);
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(mO) m(O(e Vv x), 0 V x),0x) Fsgy, Om(p, b, x)-

Moreover, notice that Ks. , = Alg(Sppy) = DN (see on page 12). Now let
us show that Sopy is the weakest selfextensional non-pseudo axiomatic logic
satisfying conditions (A1)-(A4), (N), (Om) and (mO).

Proposition 4.6. Let S be a selfextensional non-pseudo axiomatic logic satis-
fying conditions (B1)-(A4), (N), (Om) and (mO). Then, S is an extension
of Stpn-

Proof. Let S be a selfextensional non-pseudo axiomatic logic satisfying con-
ditions (A1)-(A4), (N), (Om) and (mO). Then, by Theorems 3.8 and 3.10, we
have that S is DN-based relative to Alg(S) = Ks. Since S satisfies conditions
(N), (Om) and (m0O), it is straightforward to show that Ks C OJDN. Hence,
since Ks C DN = Ks ., we obtain by Theorem 3.14 that Sppy < S. O

5. The truth-preserving logic and the logic preserving degrees
of truth

Let S be a selfextensional logic with a DN-term m. We know that the canon-
ical class of algebras Alg(S) associated with S is a DN-based variety, that
is, Alg(S) is a variety and for every A € Alg(S), the {m}-reduct (4, m?) is
a distributive nearlattice. Hence, every algebra A in Alg(S) has associated a
partial order. Thus, a sentential logic can be defined by this class of algebras:
a formula ¢ is a logical consequence from some premises if and only if for
every algebra and every interpretation, whenever the interpretation of the
premises have a common lower bound, the interpretation of the formula ¢
also has the same lower bound; the so-called the logic that preserves degrees
of truth.

Let now S be a selfextensional logic with a DN-term m and with theo-
rems. Thus, for every A € Alg(S), the distributive nearlattice (A, m*) has a
greatest element hy, where ¢ is any theorem of S and h is any interpretation
on A. We denote this element, for every algebra A, by 14. If for every alge-
bra A we consider that 14 is the only truth value (the truth), then it can be
defined a logic as follows: a formula ¢ follows logically from some premises
if and only if for every algebra and every interpretation, whenever the inter-
pretation of the premises are true, then the interpretation of the formula ¢
is true. This logic is known in the literature as the truth-preserving logic (or
as the assertional logic) associated with Alg(S).

In this section, given a selfextensional logic S with a DN-term (and with
theorems), we study the connections between this logic S and both the logic
that preserves degrees of truth and the truth-preserving logic associated with
the class of algebras Alg(S).

5.1. The logic preserving degrees of truth

Logics preserving degrees of truth associated with some particular ordered
algebraic structures are studied and discussed in several articles, for instance
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see [20, 24, 37, 21]. In particular, [20] is an interesting contribution to the
discussion on the role of degrees of truth in many-valued logics from the point
of view of Abstract Algebraic Logic.

Let K be a class of algebras such that every algebra A € K has a partial
order < associated with its universe. Thus, the logic preserving degrees of
truth with respect to K is defined as follows: let ¢1,..., ¢, 0 € Fm,

D1,y On I—IS( p <= (VA € K)(Vh € Hom(Fm, A))
(Va € A)(if a < hp; Vi=1,...,n, then a < hyp)
(5.1)
and

PFs o <= (VA € K)(Vh € Hom(Fm, A))(Va € A)(a < h). (5.2)
For an arbitrary I' C F'm,

r I—% ¢ <= there is a finite I'y C I" such that I'y I—I§< ®. (5.3)

Definition 5.1. Let K be a DN-based class of algebras. The logic preserving
degrees of truth with respect to K, S5 = (Fm,3), is defined by (5.1)-(5.3).

Proposition 5.2. The logic SI% is an extension of the logic Sx. Moreover, Sk
and SI% have the same theorems, that is, Fx o if and only if I—I% ®.

Let K be a DN-based class. From (5.1), it is clear that for all ¢, € Fm,
o < (VA€ K)(Vh € Hom(Fm, A))(hg < hy)).

Thus, the following proposition is straightforward. Recall that for a logic S,
Ks denotes the intrinsic variety of S.
Proposition 5.3. Let K be a DN-based class. Then,

(1) the logic SE is selfextensional;

(2) V(K) = Kg<;

K
(3) Sg satisfies properties (A1)-(A3).

Example 5.4. The logic SE does not satisfy property (A4), and thus the logics
SE and Sk are different. Consider the language £ := {m, L1, Lo, T} of type
(3,0,0,0). Let A be the distributive nearlattice given in Figure 2, and such
that J_‘14 =a, 14 = band T4 = 1. Let = be an arbitrary variable. Then,
we have L1, 1o |_§1 x but m(Ly, La, x) Jz‘i x. Hence, SI% does not satisfy
property (A4).

Proposition 5.5. Let K be a DN-based class. If the logic SI% satisfies property
(A4), then Sk = Sg.

Proof. We need only prove that SI% < Sk. Let ¢q, ..., 0n,p € Fm. Assume
that ©q, ..., ©n l—% . Thus, by (A4), m™(vo, .., n, P) I—I% . Then, it is
straightforward to check that m™ (o, ..., ¥n, ¢) Fk ¢. Now, by condition (3)
of Proposition 3.2, it follows that ¢, ..., v, Fk . Therefore, by Proposition
5.2, we obtain that SI% = Sk. (]
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F1GURE 2. The distributive nearlattice of Example 5.4.

Proposition 5.6. If K is a DN-based variety, then
KSI% =K = KSK = Alg(SK)

Proof. Tt follows from Propositions 5.3 and 3.12, and Theorem 3.10. O

For the next results, we need the following concepts. Let P be a partially
ordered set. Let X C P. Weset X‘:={a€ P:a <z, forallz € X} and
X*:={a€P:a>uz forallz € X}. A subset F C P is said to be a Frink
filter ([28]) if for every finite X C F, we have X C F. We denote by Fig(P)
the collection of all Frink filters of P. It is easy to check that Fig(P) is an
algebraic closure system on P.

Then, condition (5.1) can be written as

Q1,0 PR @ == (VA € K)(Vh € Hom(Fm, A))
he € {hp1,. .., hon
The next lemma is straightforward, and thus we omit its proof.

Lemma 5.7. For every DN-class K and every algebra A € K, Fig(A) C
Fig<(A).
K

Proposition 5.8. Let K be a DN-based variety. Then, we have

Alg(S7) = K = Alg(Sk).

Proof. By Lemma 2.3, we know that Alg(S%) C Kz« = K. Recall that
K

Ae Alg(SI%) if and only if there is an algebraic closure system C on A such
that (A,C) € GMod*(SI%). Let A € K. Since Fig(A) is an algebraic closure
system and Fig(A) C Fi$§ (A), it follows that (A, Fi(A)) € GMod(Sg).
Notice that the upsets [a) = {x € A : a < x} are Frink filters of A.
So, we have (a,b) € Aa(Fig(A)) if and only if a = b. Then, the Frege rela-
tion Aa(Fig(A)) of the g-model (A, Fig(A)) is the identity relation. Hence,
(A, Fir(A)) € GMod* (SE); and thus, A € Alg(SI%). Therefore, by Proposi-
tion 5.6, Alg(SI%) =K = Alg(Sk). O

The following corollary is a consequence of Lemma 5.7.

Corollary 5.9. Let K be a DN-based variety. Then, the logic SI% is fully self-
extensional.
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Let K be a DN-based class and A € K. Since Fig(A) is a closure systemn,
Fig(A) is a lattice. Let us show that the distributivity of the lattices Fig(A)
is a sufficient condition for logics Sk and SI% coincide.

Proposition 5.10. Let K be a DN-based variety. If for every A € K the lattice
Fig(A) is distributive, then Sk = SI%.

Proof. Assume that for each A € K, the lattice Fig(A) is distributive. Since

the logic SI% is an extension of the logic Sk, we have Fig<(A) C Fis, (A) for
K

every algebra A. Let now A € K. Since the lattice Fig(A) is distributive, it

follows that Fig(A) = Fi(A) (see [29, Proposition 4.3]). Then, by Proposition

3.9 and Lemma 5.7, it follows that

Fisi (A) \ {0} = Fi(A) = Fir(4) C Fig=(A).

Hence, since Sk and SI% have the same theorems, we obtain Fig, (4) =
Fig<(A) for all A € K. Now, notice that every sentential logic S is com-
K

plete with respect to the class of g-models {(4, Fis(A)) : A € Alg(S)}. Thus,
by Proposition 5.8, we obtain that Sk = SI%. (]

5.2. The truth-preserving logic

We will say that a class of algebras K is DN'-based if it is DN-based and
every algebra A in K has a greatest element, that is, there is 14 € A such
that @ < 14 for all @ € A. Notice that if S is a selfextensional logic with
a DN-term and with theorems, then Alg(S) is a DN'-based variety and for
every A € Alg(S), 14 = hy for any theorem ¢ and any interpretation h
on A. Moreover, since S has theorem, it follows by Proposition 3.12 that
S = Salg(s)- From now on, unless otherwise stated, K will denote a DNL
based variety.

Definition 5.11. The truth-preserving logic associated with K, S = (Fm,+k
), is defined as follows: let I' U {¢} C F'm be finite,

'tk ¢ <= (VA € K)(Vh € Hom(Fm, A))

5.4
(hp =14 for all p € T = hyp = 14). (5:4)

For an arbitrary I' C F'm, T' H ¢ if and only if there is a finite I'g C T such
that I'g i ¢.

Proposition 5.12. The logic S is an extension of SI%, and hence it is an

extension of the logic Sx. Moreover, logics Sk, SI% and Si; have the same
theorems.

Let A be an algebra and F' C A. The Leibniz congruence of F relative
to A, denoted by QF, is the greatest congruence of A compatible with F,
that is, it does not relate elements in F' with elements not in F. The mapping
F — QuF is called the Leibniz operator of the algebra A and it is denoted
by Q4. This operator is an essential tool in Abstract Algebraic Logic for
classifying sentential logics. The structure of this classification of sentential
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logics is called the Leibniz hierarchy. We address the reader to [17, 27, 23] for
more information on this hierarchy.

Proposition 5.13. If for every A € K and every nonempty and finite X C A
we have Fia(X) = {a € A: {(a,14) € Q4Fia(X)}, then Sk = Sk.

Proof. By Proposition 5.12; we only need to prove that for all g, ..., @,, @ €
Fm, ¢o,...,¢n Fk @ implies @o, . .., on Fk ¢. So, assume that ¢, . .., pn Fk
¢. Let A € K and h € Hom(Fm, A). We set F := Fia(hyo, ..., hp,). Since
K is a variety and Q4 F is a congruence on A, it follows that A/QaF € K.
By hypothesis, we have that F = 14/QF = 14/94F Let now hi=r1o
h: Fm — A/QaF, where m: A — A/Q4F is the natural map. Thus, ﬁapi =
hoi/QaF = 14 /QaF = 14/94F for all i = 0,1,...,n. Then, ﬁ(p = 14/0aF,
Hence hy € F = Fig(hyo,...,hp,). Thus, by Proposition 2.15, we obtain
that hp = m™(heo, . .., hon, he). Hence, ¢o, ..., on Fk ©. O

One of the most important and large classes of sentential logics under
the point of view of Abstract Algebraic Logic is the class of protoalgebraic
logics. This class of logics was introduced and studied by Blok and Pigozzi [4],
and independently it was considered by Czelakowski [16]. There are several
useful characterizations of the notion of protoalgebraibility. For our purposes,
we choose the following as the definition of protoalgebraic logic.

Definition 5.14. A sentential logic S is said to be protoalgebraic if there is a set
of formulas in two variables A(z,y) such that § Fs A(z,z) and z, A(z,y) bs
y. A set with these two properties will be called a set of protoimplication
formulas for S.

Algebraizable logics, finitely algebraizable logics and regularly algebraiz-
able logics are important classes of protoalgebraic logics, see for instance
[5, 17, 27, 23]. A sentential logic S is algebraizable if and only if (i) there is a
set of formulas in two variables A(z, y) such that for each algebra A and each
S-filter F of A, Q4 F = {{a,b) € A% : A%(a,b) C F}, and (ii) there is a set of
equations 7(x) in one variable such that for every algebra A and every S-filter
F of A with Q4F being the identity relation, F = {a € A : A E 7(2)[a]}.
The set A(z,y) is called a set of equivalence formulas for S. It follows that
every set of equivalence formulas is a set of protoimplication formulas.

A logic S is said to be finitely algebraizable when it is algebraizable
and the sets A(x,y) and 7(z) are finite. A logic S is said to be regularly
algebraizable if it is finitely algebraizable and for every set of equivalence
formulas A(z,y) the G-rule z,y Fs A(z,y) is satisfied.

A quasivariety K is said to be pointed if there is a term @(z1,...,z,)
with the property that ¢(x1,...,2,) = @(y1,...,yn) is valid in K for all
variables y1, ..., Y. Such a term is called a constant term since it behaves
like a constant. Once we fix a constant term, we will denote it by 1; we will
say that K is I-pointed and we will use 14 to refer the interpretation of the
constant term 1 in A, for each A € K. Notice that if S is a selfextensional
logic with a DN-term and with theorems, then the variety Alg(S) is 1-pointed,
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where the constant term is any theorem of S, and for each A € Alg(S), 14
is the greatest element of (A, m4).

A 1-pointed quasivariety K is said to be relatively point reqular when for
every A € K and every 6,0’ € Conk(A),if 14/0 = 14/0', then § = ¢'. If Kis a
variety, then we say simply that K is point regular, since Cong (A) = Con(A)
for every A € K.

Theorem 5.15 ([19]). A logic S is regularly algebraizable if and only if Alg(S)
is 1-pointed and relatively point reqular quasivariety and S = S}Mg(s).

Let (A,m) be a distributive nearlattice. Then, 6 is a congruence on
A if and only if (i) if (a,b),{(c,d) € 0, then (a V ¢,bV d) € 0, and (ii) if
(a,b),{c,d) € 8 and a Ac,bAdexist in A, then (a Ac,bAd) €0, see [32].
Theorem 5.16. Let S be a selfextensional logic with a DN-term and with
theorems. If the logic S is protoalgebraic, then S = S}\lg(S) if and only if S is
regularly algebraizable.

Proof. Let S be a selfextensional logic with a DN-term and with theorems,
and assume that S is protoalgebraic. Recall that § = Spj,(s), and by Propo-
sition 5.12 we have that S C S}&lg( S) If S is regularly algebraizable, then by
the previous theorem we have that S = S}Mg( S)-

Now, conversely, assume that S = S}Mg( S)- We already know that Alg(S)
is 1-pointed. To show that the logic S is regularly algebraizable we only need
to prove, by the previous theorem, that the variety Alg(S) is point regular.
Let A € Alg(S) and let 6,6’ € Con(A) be such that 14/0 = 14/¢'. As S
is finitary and protoalgebraic, let A(x,y) be a finite set of protoimplication
formulas for S. We set A(z,y) = {p1(z,y),...,pn(x,y)}. Let (a,b) € 0. So,

{{¢™(a,a), 9™ (a,b)) : p(z,y) € Alz,y)} C 0. (5.5)

Since s A(x,2), it follows that {(14,¢4(a,b)) : ¢(z,y) € A(z,y)} C 6.
Thus, {(14,0%(a,b) V b) : p(z,y) € A(z,y)} C 6. Then, by hypothesis,
{(14, o2 (a,b) Vb) : p(z,y) € A(z,y)} C 0. Tt follows that

(14, (0 (a, D) VD) A - -+ A (@2 (a,b) V b)) € 6.
Then, we obtain
(a Vb, (pMa, D) V) A--- A (p2(a, D) V) A (a Vb)) €d.

Notice that
(et (a,b) VY A--- A (92(a,b) VD) A (aV D) = m™ (i (a,b), ..., 02 (a,b), a,b).
Thus,

(aV b,m"(p(a,b),..., 0k a,b),a,b)) €d. (5.6)
Now, since z, A(z,y) Fs v, it follows by property (A4) that

mn((pl(xvy)’ EER @n(xa y)vxvy) Fs Y.
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Let h € Hom(F'm, A) be such that h(z) = a and h(y) = b. Then, we obtain
that

m”(ap‘f‘(a,b), ce gaﬁ(a,b),a,b) =b.

Thus, by (5.6), we have {a V b,b) € §’. With a similar argumentation we can
get (a V b,a) € 0. Hence, (a,b) € '. We have proved that ¢ C ¢’'. Similarly,
we have 0’ C 0. Then 6 = ¢’. Hence, Alg(S) is point regular. Therefore, since
Alg(S) is 1-pointed and point regular and since S = Sy, #(S)’ it follows by the
previous theorem that S is regularly algebraizable. (]

Conclusions

Given an algebraic language £ with a ternary term m, we have defined when
m is a distributive nearlattice term (DN-term) for a sentential logic S (see
Definition 3.1). The term m is a DN-term for S if it satisfies some syntactical
properties ((A1)-(A4)); roughly speaking, these properties (A1)-(A4) mean
that when m is interpreted in every algebra A of the algebraic counterpart
of S the {m}-reduct (A4, m4) is a distributive nearlattice.

Then, we characterised the selfextensional logics with a DN-term m as
those for which the consequence relation can be defined by the order induced
by the ternary term m interpreted in the algebras of the algebraic counterpart
of the logic (see Theorems 3.8 and 3.10).

Given a DN-based variety K, we define the logic Sk (see on page 11);
this logic is selfextensional with a DN-term, and K = Alg(Sk). Since the
algebras of K have associated a partial order, it can be defined the logic
preserving degrees of truth SI% (see Definition 5.1). We have shown some
properties of the logic SI%. We found some sufficient conditions for logics Sk
and SI% coincide (see Propositions 5.5 and 5.10).

If § is a selfextensional logic with a DN-term and with theorems, then
the algebraic counterpart Alg(S) of S is 1-pointed. Thus, we can define the
truth-preserving logic S}\lg(S) associated with Alg(S). We also have found
some sufficient conditions for logics S and S}Mg( S) coincide (see Proposition
5.13 and Theorem 5.16).

Selfextensional logics having a DN-term (or equivalently, DN-based log-
ics) include those sentential logics defined by varieties of distributive lattices.
More precisely, consider an algebraic language £ with two binary terms A
and V and let K be a variety of type £ such that for each 4 € K, (4, A4, vA4)
is a distributive lattice. Then, it is clear that K is, in particular, a DN-based
variety. On the one hand, since the algebras of K have a conjunction, it can be
defined in a natural way a logic Si as in [34, pp. 79] which is the semilattice-
based logic associated with K. On the other hand, since K is a DN-based
variety, we can consider the DN-based logic Sk associated with K (see (3.4)
and (3.5)). Then, it is straightforward to check that the two logics S and
Sk coincide.
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Let K be a DN'-based variety (see Subsection 5.2). Since distributive
nearlattices can be considered as generalisations both of Tarski algebras and
of distributive lattices, it will be important to carry out studies on the logics
Sk, SI% and Sk under the point of view of AAL. In particular, we will study
how these logics behave concerning the classifications in the hierarchy of
Leibniz and the hierarchy of Frege. These task will be pursued elsewhere. The
papers [35, 25, 6, 22] will be of great help to carry out these investigations.
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