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Abstract

We derive an explicit representation for the transition law of a p-
tempered a-stable process of Ornstein-Uhlenbeck-type and use it to
develop a methodology for simulation. Our results apply in both the
univariate and multivariate cases. Special attention is given to the case
where p < «, which is more complicated and requires additional care.

Keywords: Tempered stable distributions, Ornstein-Uhlenbeck pro-
cesses, rejection sampling

1 Introduction

Tempered stable distributions are a rich and flexible class of models that
are obtained by modifying the tails of infinite variance stable distributions
to make them lighter. This leads to distributions that are more realistic for
a variety of application areas. We are particularly interested in the class
of p-tempered a-stable distributions with p > 0 and « € [0,2). This class
was introduced in [6] and was further studied in [7]. It contains most of the
best known and most heavily used families of tempered stable distributions
including the models studied in [I6] and [3], which, themselves, contain im-
portant subclasses such as gamma distributions, inverse Gaussian distribu-
tions, classical tempered stable distributions (CTS), and rapidly decreasing
tempered stable distributions (RDTS).

Associated with each p-tempered a-stable distribution is a non-Gaussian
process of Ornstein-Uhlenbeck-type (henceforth TSOU-process). These pro-
cesses are mean reverting and are useful for a variety of applications. We are
particularly motivated by applications to mathematical finance, where such
processes have been used to model stochastic volatility, stochastic interest
rates, and commodity prices, see [2] and the references in [12], [4], and [9].
In this paper, we derive an explicit representation for the transition law of
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a TSOU-process. We then use this representation to develop a methodology
for simulating increments from the process. Our results apply in both the
univariate and multivariate cases. Further, while they hold for all values of
«, we are particularly concerned with the case where p < «, as it requires
additional care. In the important case when p = 1, this corresponds to the
case of infinite variation.

For a < p, in the special cases of gamma, inverse Gaussian, CTS, and
RDTS distributions, similar results are given in [14], [22], [23], and [4]. For
details, see Remark [[|below. The general case with 0 < a < p was considered
in [9]. However, even for that case, our results often provide a simpler
methodology for simulation. To the best of our knowledge, the case a@ > p
has only been considered for CTS distributions, see [12].

The rest of this paper is organized as follows. In Section [2| we recall
the definition of p-tempered a-stable distributions and give some properties.
Then, in Section [3| we introduce the incomplete gamma distribution, which
is important for characterizing the transition laws of TSOU-processes. In
Section M| we formally define TSOU-processes and characterize their transi-
tion laws. In Section [5] we discuss how to use these results for simulation.
A small-scale simulation study is given in Section [6] Proofs are postponed
to Section [7

Before proceeding, we introduce some notation. Let R¢ be the space of
d-dimensional column vectors of real numbers equipped with the usual inner
product (-,-) and the usual norm | - |. Let S¥~! = {x € R?: |z| = 1} denote
the unit sphere in R%. Let B(R?) and B(S?"!) denote the Borel sets in R?
and S9!, respectively. For a Borel measure M on R? and s > 0, we write
sM to denote the Borel measure on R? given by (sM)(B) = sM(B) for
B € %(Rd). If a,b € R, we write a Vb and a A b to denote, respectively,
the maximum and the minimum of a and b. If y is a probability measure
on R? we write X ~ u to denote that X is an R%valued random variable

with distribution p and we write X1, Xo, ... id 1 to denote that X, Xo, ...
are independent and identically distributed R%valued random variables each

with distribution p. For two random variables X and Y, we write X Ly
to denote that X and Y have the same distribution. We write U(a,b) to
denote the uniform distribution on the interval (a,b), Pois(1) to denote the
Poisson distribution with a mean of 1, and J, to denote the point mass at
x. We write 14 to denote the indicator function on set A. For sums, we
interpret 22:1 as 0. If f and g are positive functions and a € [0, 0], we
write f(z) ~ g(x) as * — a to denote limy_,, f(z)/g(z) — 1. For x > 0, we
write [z to denote the integer part of x.



2 Tempered Stable Distributions

An infinitely divisible distribution y on R is a probability measure with a
characteristic function of the form fi(z) = exp{C,,(2)}, where, for z € R%,

Culz) = —%<Z,Az> Filb, 2) +/

[ (67— 1 =it () ) M(a).

Here, A is a symmetric nonnegative-definite d x d-dimensional matrix called
the Gaussian part, b € R? is called the shift, and M is a Borel measure,
called the Lévy measure, which satisfies

M({0}) = 0 and /Rd(yx\? A1)M(dz) < . (1)

The function b : R — R, which we call the h-function, can be any Borel
function satisfying

J.

For a fixed h-function, the parameters A, M, and b uniquely determine the
distribution p, and we write u = ID(A, M,b),. The choice of h does not
affect A and M, but different choices of h require different values for b, see
Section 8 in [I§].

Associated with every infinitely divisible distribution p = ID(A, M, b),
is a Lévy process, {X; : t > 0}, which is stochastically continuous and has
independent and stationary increments. The characteristic function of X; is
(i(2))". It follows that, for each t > 0, X; ~ ID(tA,tM,tb);,. For more on
infinitely divisible distributions and their associated Lévy processes see [1§].

A p-tempered a-stable distribution on R? is an infinitely divisible distri-
bution with no Gaussian part and a Lévy measure of the form

gilza) _q i<z,x>h(x)] M(dz) < oo for all z € R

LB = [ [T s g o). Ben@E),
si-1Jo
where p > 0, a € [0,2), o is a finite Borel measure on sé-1

4(€.u) = /(0 Q) (3)

and Q ={Q¢: € € S?11 is a measurable family of probability measures on
(0,00). When o = 0 we need the additional assumption that

/ q(&,v)utdu < oo for o-a.e. ¢
1

to ensure that L satisfies . The class of p-tempered a-stable distributions
was introduced in [6] and was further studied in the monograph [7]. The



case where p = 1 had previously been introduced in [16] and the case where
p = 2 had previously been introduced in [3]. The case where p = 1 and
a = 0 corresponds to a large subclass of Thorin’s class of generalized gamma
convolutions, see [I] and the references therein.

It is often convenient to work with a different representation of the Lévy
measure. Toward this end, define the Borel measures

aB)= [ [ 15600, BewE)
and
R(B) = /Rd 1p <|:z|19j‘1/1’> z|*/PQ(dx), B e B(RY). (4)

From R we can recover ) by

Q(B) = /Rd 1p <’x|f+p> 1z[*R(dz), B € B(RY).

It can be shown that the Lévy measure, as given by , can be written as

L(B) = / / Lp(uz)u e duR(dz), B € B(RY) (5)
Rd Jo
and the measure o can be written as

o(B) :/ 1p <x> |z|*R(dz), B e B(S4),
R |z|

see Chapter 3 in [7]. Further, for fixed @ € [0,2) and p > 0, the mea-

sure R uniquely determines the Lévy measure L. The measure R is called

the Rosinski measure of the distribution, after the author of [16]. A Borel

measure R on R? is the Rosiiiski measure of some p-tempered a-stable dis-

tribution if and only if R({0}) = 0 and

f]Rd |z|*R(dz) < oo if « € (0,2) )
Jia<a B(d2) + [,p5plog 2| R(dz) <00 ifa=0

For simplicity, when o = 1, we generally make the slightly stronger assump-
tion that

/|$<2 |z| R(dz) +/ |z|log |z| R(dz) < oo, 7)

|x|>2

which guarantees that the corresponding distribution has a finite mean.
When R satisfies @ (and, if « =1, @), we can use the h-function

0 ifael01)
ha(x) = 11 = { 1 ifa€ell,2)
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Definition 1. Fiz o € [0,2) and p > 0. Let R be a Borel measure on R?
with R({0}) = 0 such that (6)) holds. If o = 1, assume further that (7)) holds.
We write TSE (R, b) to denote the distribution ID(0, L, b),,, where L is of the
form and b € RY.

We note that one can define a more general class of distributions with
Lévy measures of the form , but where R does not satisfy @ In [7],
distributions where R satisfies @ are called “proper p-tempered a-stable
distributions.”

3 Incomplete Gamma Distribution

In this section we introduce the incomplete gamma distribution, which is
important for studying the transition laws of TSOU-processes and is needed
in Theorem [I] below. It may also be of independent interest. We begin by
recalling that the probability density function (pdf) of a gamma distribution

is of the form y
¢ W le—ul ’
INGD)

where v, ( > 0 are parameters. We denote this distribution by Ga(~, (). Let

u > 0,

Y u
Gyclu) = FC(’Y)/O 27 e dr
1 [«
= / e %dz, u>0
') Jo

be the cumulative distribution function (cdf) of this distribution. When ~
is a positive integer, then Lemmal[I]in Section [7] below gives

v—1
u Cnun
Goclu) =1—e7" Y > u>0. (8)
n=0 ’
Consider the new pdf defined by
1 P —1—
f/i%p,n(u) = K G%(n—l) (up) e pu ! '83 u >0
B:y,pm

where Kg. p,, > 0 is a normalizing constant and § € R, v > 0, p > 0,
n > 1 are parameters satisfying py > 8. Since G, ;,_1) is, essentially, an
incomplete gamma function, we refer to the distribution with pdf fg. ,, as
the incomplete gamma distribution and denote it by 1Ga(S3,~y,p,n). When
v is a positive integer, implies that

f ( ) 1 —uP —upn’yz_i (77 B 1)n np —-1-8 >0
BApn(t) = e —e —u U , U .
TR Ka~pn =0 n!
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Note that if X ~ IGa(8,v,p,n) and k > 8 — py, then

Kio»
E[XH] — (6 )7’77p17] .

Kﬂmp,n

We now give some facts about Kpg - 5.

Proposition 1. We have

L'y —B/p) /1 1, —1-8
K b R B R LA T

I'(y—5/p)

o ™ n—17asnl 1.
Byypn pF(’y+1)( )

and, as n — 0o
F(y=8/p)
Kgypn~9q pt log(n), B=0 -
p~'T(18l/p), B <0

Further, if v is a positive integer, then

Y

-1
_ L(y—p/p) < v—1 a1 — n—(np—ﬂ)/p
Kpypm = CEN 7;) n (1) =B

T by its limiting value of

where in the case np = B we interpret
p~tlnn.
We now develop an accept-reject algorithm to simulate from IGa(/3,~, p, ).

Toward this end, recall that the generalized gamma distribution has a pdf

of the form
pgv/p

L'(v/p)
where 7,p,( > 0 are parameters, see [I9]. We denote this distribution by
GGa(v,p, (). It is readily checked that

W e >0

if X ~ Ga(y/p,¢), then X'/P ~ GGa(y, p, C). (9)
Proposition 2. We have
farpn(w) < Vigi(u), u>0,
where g1 is the pdf of the GGa(py — B,p, 1) distribution and

(n—=1)"T(y—8/p)

i .
PR rpn Ty +1)
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Let 1(u) = f5pn(u/P)/(Vigi(u'/P))) and note that

L(v+1)
(n—1)
With this notation and taking @ into account, we get the following accept-
reject algorithm for simulating from 1Ga(5,~,p,n).

-7,

e1(u) (1) (W)

Algorithm 1.
Step 1. Independently simulate U ~ U(0,1) and Y ~ Ga(y — 5/p, 1).
Step 2. If U < ¢1(Y) return Y'/?, otherwise go back to step 1.

On a given iteration, the probability of acceptance is 1/V;. Note that,
by Proposition [1} 1/V; — 1 asn | 1 and 1/V; — 0 as n — co. Thus, this
algorithm tends to work better when 7 is close to 1. As we will see, this is
the regime that we are most interested in.

4 TSOU-Processes

In this section we formally define TSOU-processes and characterize their
transition laws. We begin by recalling the definition of a process of Ornstein-
Uhlenbeck-type (henceforth OU-process). Let Z = {Z; : ¢ > 0} be a Lévy
process with Z; ~ ID(A, M,b);, and define a process Y = {Y; : t > 0} by
the stochastic differential equation

dY; = —\Y;dt + dZ,,

where A > 0 is a parameter. This has a strong solution of the form
t
)/% — e*/\t}/b +/ e*)\(tfs)dZS.
0

In this case Y is called an OU-process with parameter A and Z is called
the background driving Lévy process (BDLP). The process Y is a Markov
process and so long as

/ log |z|M(dz) < oo
|| >2

it has a limiting distribution. This distribution is necessarily selfdecompos-
able. Further, every selfdecomposable distribution is the limiting distribution
of some OU-process. For details see [18] or [15].

Theorem 15.10 in [I8] implies that all p-tempered a-stable distributions
are selfdecomposable and, thus, that each is the limiting distribution of
some OU-process. We refer to these as p-tempered a-stable OU-processes or
TSOU-processes. We now characterize the BDLP of a TSOU-process.



Proposition 3. The BDLP of a TSOU-process with parameter A > 0 and
limiting distribution TSP (R, b) is the Lévy process {Zy : t > 0} with Zy ~
ID(0, AM, \b)p,.,, where for B € B(R?)

M(B) = /]Rd /Ooo 15 (uz) (a + puP) v~ " duR(dx).

For p = 1 this is given in [I6]. Some related results are given in [21].
We now give our main result, which is an explicit representation for the
transition function of a TSOU-process that can be used for simulation.

Theorem 1. Let Y = {Y; : t > 0} be a TSOU-process with parameter \ > 0
and limiting distribution TSP (R,b) with p > 0, a € [0,2) and R satisfying
@) (orif a =1, ([@)). Assume, in addition, that 0 < R(R?) < oo and set
v=1+4 |a/p|. If t > 0, then, given Y5 =y, we have

Vre £ e My + (1 — e Mb Zb +Xo+e” Atz:X +ZVWJ, (10)

where by, ..., by_1 € R? are constants and N, Xy, X1, ..., X1, Vi,Vo,. ..,
Wi, Wa, ... are independent random variables with:
1 Xo ~ TSE(Ry,0) with Ry(dz) = (1 — e ) R(dx),

2. if v > 2 then X,, ~ TSE_, (R,,0) with Ry(dz) = L(1 — e PX)"R(dx)
form=1,2,... (y—1),
3. vl,\@,...“d R1 where RY(dz) = R(dz)/R(RY),
4. Wi, W, ...~ IGa(a,’y,p, ePAt

5. N has a Poisson distribution with mean e_a)‘tR(]Rd)Kamp’epm,
0.

b e M [oa rR(A2) K (o_1) yperrt @ € [1,2)
7o ael0,1)

a—np

and if v > 2 then forn =1,2,...,(y—1)

n =

b e [pa Ry (dz)p~'T (#) l<a<ldnp
0 otherwise

We note that, in the case 0 < o < p, a version of this result is contained
in Theorem 2 of [9]. However, in that paper, the distribution of the product
V;W; is presented in a less intuitive way. In situations where it is easy to
simulate from R', the representation given in Theorem [1|leads to a method-
ology for simulation that is simpler than the one suggested by the results in

[9].

Remark 1. CTS distributions are one dimension distributions of the form

TSE(R,b), where p =1 and R(dx) = an®dy,(dx) for some a,n > 0. When



a = 0, which corresponds to the class of gamma distributions, a version
of Theorem [1| can be found in [T])] and when o = .5, which corresponds to
the class of inverse Gaussian distributions, it can be found in [22]. More
generally, for a € (0,1) it can be found in [23], and for o € (1,2) it can be
found in [12]. RDTS distributions are extensions of CTS distributions to the
case where p = 2. In this case the result can be found in [§l]. The result in
[12] is the only case with o > p that we have seen in the literature.

Remark 2. A wversion of Theorem |1 can be obtained when o = 1 and @
holds, but does not. In this case we use the h-function given by h(z) =
Ljzi<1]- Let R be a Rosiiski measure with 0 < [pq (|2] V1) R(dz) < oo
and let L be the Lévy measure given by with « = 1 and some p > 0.
Arguments similar to those in the proof of Proposition[3 imply that a TSOU-
process with parameter X > 0 and limiting distribution ID(0, L, b)y, has BDLP
Z ={Zy : t > 0} with Zy ~1D(0, AM, \c)p,, where M is as in Proposition@
and

c=b-— / i (1 +puP)u=2e " duR(dz) = b — / ze” 17" R(dx),
Re || Jjz)-1 R

where the last equality follows from below. In this case, holds, but

with Xo ~ ID(0, (1 — e M)L,0)p, b, = 0 for n > 0, and

bp = (1— M)/ ze” 17" R(dx)

|1>\t

=71 .
-l—e)‘t/ x/ (efup — e W p) u'duR(dz).
R4 0

The proof is similar to that of Theorem[1], but with additional care.

5 Simulation of TSOU-Processes

Theorem [I] gives a simple recipe for simulating an increment from a TSOU-
process. Its main ingredients are the ability to simulate from a Poisson distri-
bution, an incomplete gamma distribution, the TSE _ np(Rn, 0) distributions,
and distribution R'. Approaches for simulating from a Poisson distribution
are well known and an accept-reject algorithm for simulating from the in-
complete gamma distribution is given in Section [3|above. To simulate from
TS,y (R, 0) we can use the inverse transform method. Alternatively there
are shot noise representations given in [16] and [I7]. When n = v—1 we have
a—np < p and we can use the rejection sampling technique developed in [§].
Approaches for simulating from R' cannot be easily described since R' can



be, essentially, any probability measure on R%. In Section |§| we will give a
useful example, where simulation from R! is straightforward. On the other
hand, when simulation from R! is complicated, we can use a modification of
the approach given in [9] for the case o < p. We now extend that approach
to the case where we allow for any «, including a > p.

The idea is that, sometimes, instead of simulating from R!, it is easier to
simulate directly from the distribution of the product V;W;, where V; ~ R!
and W; ~ IGa(a,~,p,ePM). To do this, it is often easier to work with the
family of probability measures @ instead of the Rosinski measure R. We
begin by defining, for n =0,1,2,...,

1
ln(€ ) == a(ew‘t -1 /(0 )e*“”sang(ds), cestlu>o.

Note that £o(&,u) = (&, uP), where g(¢,u) is as in ([3). Next note that the
distribution of the product V,,W,, satisfies, for B € B(R%),

H(B) = /Rd /00 1B(Ux)fa7,y’p7ep)\t(u)duRl(de)

- % /Sd 1/ 1p(uf) (50 (& u) ZE (&, ueM) > w1 %duo (d€),
where, for simplicity, we write
K=K, ,onBRRY) =K, , o /R ) /( ) )sa/pQg(ds)a(df).

Next, we introduce, the quantities

1

Kg = , £€ Sd_l,
I3 (£0(€w) = 32028 al& ey ) ut=odu
the Borel measure on S%1
1
o1(d§) = /%70(@5)
and the family of Borel measures on (0, c0)
Fe(du) = fe(u)du, €€ s,

where

v—1

fe(u) = ke (ﬁo(& u) = Y (€ ue )u"p> wT u>0
n=0
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It is not difficult to check that oy is a probability measure on S¢~!, that F
is a probability measure on (0, 00) for each & € S¥~!, and that

H(dE, du) = Fg(du)oy(d€), u >0, £ € ST

Thus, we can simulate X from H by first simulating ¢ from o1, then simu-
lating X¢ from F¢, and finally taking

X = ¢Xe.

Note that, even though X is real-valued, the fact that £ € S%1 insures that

X is Ré-valued. We now have X < V;W;. It remains to describe approaches
for simulating from o1 and F.

Simulation from o is straightforward when o is a finite measure, as in
this case the problem reduces to simulating from a multinomial distribution.
This always holds in the important case where the dimension d = 1. For the
simulation of other distributions on the unit sphere, see the monograph [I1].
In particular, there has been much work focused on the case of a uniform
distribution, see, e.g. [20] and the references therein. While no method works
in general, one can often set up an approximate simulation method by first
approximating o1 by a distribution with a finite support, see Lemma 1 in
[5].

We now turn to the problem of simulation from F¢ for a fixed £ € Sé-1,
Toward this end we introduce the quantity

(7~ 1)

s7Q¢(ds).
7' /(O,oo) E( )

For the remainder of this section we assume that this quantity is finite. By
Lemma 7.1 in [9], C¢ , is finite for o-a.e. £ if and only if

Cfﬂ =

/ |z|*7 P R(dz) < oo.
R4

We next introduce a distribution with pdf

g(u) = a(l—a/p) (Up_a_11[0<u§1} + U_l_al[u>1])
a o a 1
= 5(]9 - a)up “ 11[0<u§1} + (1 - p> au™! al[u>1},

where p > a > 0 are parameters. This a type of log-Laplace distribution,
see e.g. [13] and the references therein. It is a mixture of a beta distribution
and a Pareto distribution and we will denote it by LL(«,p). It is readily

checked that, if Uy, Us i U(0,1) and

Y = Ull/(P—a) U2_1/0‘,

11



then Y ~ LL(«a,p). Alternatively, we can use just one random variable

Uy ~U(0,1) and take

_ (]1 1/(p70‘) 1 _ Ul *1/0(
Y = (O(/p) 1[U1§a/p] + m 1[U1>a/p]'
Proposition 4. We have

fe(u) < Vaga(u), u >0,

where gy is the pdf of the LL(«a, yp) distribution,

P /
Vo = ke———V5,
“a(yp—a) 2
and Ny
PAL _ 1)Y
V) = max {min {1,6_777(67‘)} ,Cgﬂ} .

Let (&, u) = fe(u)/(Vaga(u)) and note that

(€, u) — 32170 bn (€, ueMyum?
(WPlo<y<i + lys1) V4
Sy (€772 = o 2 20" ) Qe(ds)

(WPljocuct) + Lus1)) Vo

902(57 u) =

With this notation we get the following accept-reject algorithm for simulat-
ing from F¢ for a fixed &.

Algorithm 2.
Step 1. Independently simulate U ~ U(0,1) and Y ~ LL(«, yp).
Step 2. If U < ¢o(Y) return Y, otherwise go back to step 1.

On a given iteration of Algorithm 2, the probability of acceptance is 1/V5.
We are most interested in the case when ¢ is small. To better understand
the behavior of V5 for such ¢ we first note that, by Lemma [I] given in Section
[7 below,

~!

(P =107 [ Jlgo) €7 87 Qelds)urP— " du
V'p

(ePAt — 1)70(y — ao/ple= 1) [ s2/PQe(ds)

kg

From here it follows that

max {6_777, f(o,oo) S’YQg(dS)} yp?
limsup Vo < .
150 L(y = a/p) f(g00) 57 Qe(ds) alyp — )

12



Thus the probability of acceptance is bounded away from 0 when ¢ is small.

In some cases we can improve on Algorithm 2. An issue with the log-
Laplace distribution is that it has heavy tails, which can lead to many rejec-
tions when the tails of f¢ are lighter. When the support of Q¢ is lower
bounded, we can replace the log-Laplace distribution with a generalized
gamma distribution, which has lighter tails. The method is based on the
following result.

Proposition 5. Let ( =sup{c > 0: Q¢((0,c)) =0}. If ¢ > 0, then
fe(u) < Vags(u), u>0,

where g3 is the pdf of the GGa(py — a, p, () distribution and

&

IR —
Vs = Kﬁga/p—'y (/7 pa/p)c

Let p3(u) = fe(u/?)/(V3g3(u'/P)) and note that
Co&, u'?) = 370 bn (&, u!/PeX yur
ue e

fam - S 2 ) 0
ure " Cg '

p3(u) =

Combining this with @ leads to the following accept-reject algorithm for
simulating from F¢ for a fixed &.

Algorithm 3.
Step 1. Independently simulate U ~ U(0,1) and Y ~ Ga(y — a/p, ().
Step 2. If U < ¢3(Y) return Y'/P, otherwise go back to step 1.

It is not difficult to check that

2] > P relp,
Vs ~al(y —a/p+1)
1/(v—a/p) )
It follows that, Vo > V3 whenever ¢ > (%F('y —a/p+ 1)> . In this

case, Algorithm 3 will accept with a higher probability than Algorithm 2.
Example. A version of Algorithm 3 was derived in [12] for the case of CTS

limiting distributions with a € (1,2). Here p = 1 and R(dz) = a(“d; /¢(dx)
for some a,( > 0. This corresponds to o(d¢) = adi(d€) and

q1(u) = e U = / e " Q1(ds),
(0,00)
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where Q1(dr) = é¢(ds). It follows that v = 2 and

2 e*UC _ efueMC _ efue)‘tgcu(e)\t _ 1)
p3(u) = (eM — 1)2(2 u2e—uC ‘

In this case, our Algorithm 3 reduces to Algorithm 2 in [I2]. We note that
there appears to be a typo in that paper. The formula for what they call
v A should be as given by 3.

6 Simulation Study

In this section we perform a small-scale simulation study to see how well
our methodology works in practice. We focus on a family of one-dimensional
p-tempered a-stable distributions for which the transition law had not been
previously derived in the case a > p. This is the family of power tempered
stable distributions, which correspond to the case where p =1,

R(dz) = .5c(a+ 0)(a+ £+ 1)(1 + |z]) "2 tda,

and ¢, £ > 0 are parameters. When R is of this form, we denote the distri-
bution TSL(R,0) by PT4(¢,c). These models have a finite mean, but still
fairly heavy tails. In fact, if Y ~ PT, (¢, ¢), then, for g > 0,

E|Y|? < oo if and only if < 1+ a + £.

Thus, ¢ controls how heavy the tails of the distribution are.

Power tempered stable distributions were introduced in [7] and then fur-
ther studied in [8] and [9]. However, we use a sightly different parametriza-
tion because the one considered in [8] and [9] is not continuous at o = 1.
Methods to numerically evaluate the pdfs and related quantities of these
distributions are available in the SymTS package [10] for the statistical soft-
ware R. This package also allows for the simulation of random variables
from this distribution using the inverse transform method. For o € (0,1)
the transition laws for the corresponding TSOU-processes were studied in
[9]. However, the case with « € [1,2) has not been studied before.

We want to simulate a TSOU-process with parameter A > 0 and limiting
distribution PTy (4, ¢), with @ > 1, on a discrete grid. For simplicity, we
assume that the points are evenly spaced and thus that we want to simulate
the observations

%7K7Y2t7"‘7YTLt

for some ¢ > 0. Tt is readily checked that R(RY) = c(a + £) < oo and thus
that we can use Theorem [1, When « € [1,2), we have v = 2. Note that, by
symmetry, [ #R(dz) =0 and thus that b, = 0 for n = 0, 1. It follows that,
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if we have simulated Y;(;_1) =y, then we can take

N
Yie = efkty + Xo+ efAtXl + Z V]‘Wj,
j=1

where Xo ~ PTo (¢, (1—e=M)¢), X1 ~ PTo_1(0+1, (1—e)c), Vi, Va, ... S
RY, Wi, W, ... i IGa(a,2,1,eM), and N ~ Poisson(z)) are independent

random variables. Here, by Proposition

v = (a+ E)ce_a’\tKa72717ext
(a+ 6)0287:‘)8 (emM —1+a(l—eM) ae(l,2)
(L4 O)ce ™ (eM —1— At) a=1

To simulate from R', note that
RY(dz) = 5+ £+ 1)(1 + |z|) "2 *du,

which is a variant of the Pareto distribution. It is not difficult to check that
if Uy ~U(—1,1) and
V= ﬂ (|U ’—1/(1+a+é) o 1) (11>
- 1 )
U1
then V ~ R

For our simulations, we simulate Xg and X7 using the inverse transform
method as implemented in the SymTS package, we simulate the V;’s using
, and we simulate the W;’s using Algorithm 1. For simplicity, we take
A=1,¢c=10,and t = 0.1. We start each path by simulating an observation
from the limiting distribution. We then simulate the process at 1000 time
steps. Since the time increment is ¢ = 0.1, this leads to a simulation of the
process up to time T° = 100. Plots of these processes for several choices of
« and £ are given in Figure 1. Further, to check whether we are simulating
from the correct limiting distribution, we simulate the process for 50000
time steps and then plot the kernel density estimator (KDE) based on these
observations. Figure 2 gives this plot for each choice of the parameters. The
plots are overlaid with the true pdf of the limiting distribution. Since we
begin each process in the limiting distribution, we do not need a burn-in
period.

We conclude this section by noting that the result in Theorem [1f also
holds for power tempered stable distributions with « € [0,1) and can be
used for simulation in this case. When « € (0, 1) a different methodology for
simulating such TSOU-processes was given in [9]. However, that approach
does not use the fact that, in this case, it is easy to simulate from R!. Instead,
it uses a more complicated methodology based on a version of our Algorithm
2. For this reason, we recommend using the methodology suggested by the
current paper in this case.
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Figure 1: Simulated TSOU-processes for several choices of the parameters.

In all cases the simulated increments are of length ¢ = 0.1.
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Figure 2: For each choice of the parameters, we simulate a TSOU-process
for 50000 time steps in increments of ¢ = 0.1. For each process, we plot
the KDE (solid line) overlaid with the true pdf of the limiting distribution
(dashed line).
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7 Proofs

We begin with a technical lemma.

Lemma 1. 1. For anyt > 0 and any integer k > 1

k—1 m 1 t
—t E _ —x, k-1
(1_6 n!>_(k_1)!/oe vodr

k-1 n —a b—a

—a —b (b B a’) € / —x _k—1

e ?—e = e " dx
T;) n! (k=1 J
and -

—-b - n a

e k o b (b—a) e k

I (b—a)'<e®—e E o S (b—a)".

Proof. The first part follows by integration by parts and induction on k. The
second follows immediately from the first. O

Proof of Proposition [l First note that

Kpg = L /OO /“(77—1) e T U gy 1 B/Pqy
R pI'(v) Jo Jo
1 0o pun
= — / / e V(v — u)W_ldvu_l_ﬁ/pdu
pF 7) 0 u

1 /oo v /U y-1,—-1-8/p
= — e V—Uu U dudv
pr(ﬂ)/) 0 v/n( )

1 / —v, y—1 /U -1, —-1-8/
= — e Y7 1—wu/v)"""u Pdudv
pP(V) 0 v/n< / )

_ L'(y—B/p) ! R I e ]
= 0 /1/n(1 a du

where the first, second, and fifth lines follow by change of variables. The
asymptotic formulas follow by L’Hoépital’s rule, except in the case when  —
oo and 8 < 0. In this case, they follow by basic properties of the beta
function. The last part of the proposition follows by applying the Binomial
Theorem. ]

Proof of Proposition[4 Note that

1 uP(n—1) e wr 1o
farpm(u) < F('Y),B/o 27 dre ™ u
7’y7p7"7

— (77 - 1)7 efupup'yfﬁfl.
Ly +1)Kpypn

From here the result is immediate. O
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Proof of Proposition[3 Theorem 2.17 in [I5] gives the formula for the shift
(after taking into account the fact that we are using a different parametriza-
tion) and implies that

uw) = [ [T (<) duag
- /S /OOO / "1 () (spu? + @) w0 duQe(ds)o (d)

- /R/ 13( :c|> (Jelpu? + ) u™ '~ duQ(dz)

= /]Rd/ < |1+1/p> (pu? + «) U*lfae—updum’a/pQ(dx)_

Now applying gives the result. O

Lemma 2. In the context of Theorem[1, Y is a Markov process with tempo-
rally homogenous transition function Py(y,dx) having characteristic function

Joa €% Pi(y, dz) = exp{Ci(y, 2)}, where
Ci(y,z) = e_“)‘tR(Rd)KampﬁMp// wo(z,ux)fm%p’emp(u)duRl(da:)
re Jo

+/ / wa(zyUx)u_l_ae_upduRo(dx)

R4 Jo
y—1 00

+ Z/ / 1/1a—np(ze_)‘t, uz)e " u TP qy R, (dx)
n=1 R J0

y—1

+ie My, 2) +1i (1 - e’)‘t) (b, z) — Z i(z, by)

n=0

and

Yoz, ) = elzm) 1 — {2, )1 [a>1]-

Proof. Proposition 2.13 in [I5] implies that

Cily, 2) = ie My, z) +i (1 - e_)‘t> (b, z) + )\/t Yo (e 2, 2) M (dx)ds,
0 JRd

where M is as in Proposition Now using the fact that v, (az,x) =
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Ya(z,ax) for any a € R
t
/ ?/)a( —Asy ,x)M(dz)ds
=A /R ) / / ha(z, zue™ ) (o + puP)u~' e " dsduR(dz)

/ / / (z,zv)(a + puP)u e v~ dvduR(dz)
R4 ue~

At

:/ / ¢a(z,:mj)/ (o + puP)u= "% " duv~'dvR(dx)

R4 JO v

:/ / Va (2, 20) (e_”p — e_a)‘te_”pew> v~ *dvR(dx)
R Jo

o0
= <1 — e_>‘m>/ / Valz, uz)u "% " duR(dz)
R4 JO
—l—ea)‘t/ / Yoz, ux) (efup - efupextp) u " duR(dz),
R4 JO

where the fifth line follows by the fact that

d —a_—uP P\, —l—a _—uP
- = . 12
U e (o + puP)u e (12)

From here we just need to put the last line into the appropriate form. This
line can be written as

-1

et [ ) R, (42)
R% JO

n=1
o0 71 At n
—aAt —uP —uPertP (ep _1> np -1«
+e /Rd/o Yoz, ux) (e —e E o uu duR(dx)

n=0

71 s
= Z / / Ya(z, e Muz)e "y =@ qyu R, (dx)
n=1 R4 JO

LMK / / Va2, u) fo y porew () duR(de)

y—1
= Z/ / Va—np(e Mz, uz)e™ Wyt quR,, (da) —Zz’(z,bn>
Rd

n=0

=2

+€7a)\tR(Rd)Kay,y’p’e)\tp / / Yo(z, UCC)fa,V,p’eAtp (u)duR1 (dx),
R J0O
which completes the proof. ]

Proof of Theorem[]} The result follows by noting that that the character-
istic function of the random variable given by is [pa oY) Py (y,dx) =
exp {Cy(y, z) }, where Cy(y, z) is of the form required by Lemma O
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Proof of Proposition[f} Lemma [I]implies that

v—1
¢ 1
f{(u) = K¢ /(O ) (eul’s o efupelﬁ\ s Z ﬁ(ep/\t . 1)n8nunp> Qg(ds)’uiail
,O0 n=0 ’

PAL _ 1)Y
< ’fg(e.)u_a_l/ e (suP) Qe (ds).
v (0,00)
It follows that
PAL _ 1)Y
felw < ot [ e g(as) < meCoqune.
gk (0,00)

and similarly, since e™*x7 < e7 747 for x > 0 and Q¢ is a probability measure,
we have p
Je(u) < e_%ﬂ—f(e”)‘t — 1) u L,
~!

On the other hand, since 0 < ¢y(&,u) < 1 and Zg;é O (€, uer)u™ > 0 it
follows that for any u > 0

v—1
fe(u) = ke (fo(g,u) - an(f,ue’\t)u”p> u Y < geu T
n=0
Combining these three bounds gives the result. O

Proof of Proposition[5 Lemma [I]implies that

=1 oot 1)n
few) = re /K )(_z< . )u> Qc(ds)u1=
OO n=0 ’

PAL _ 1)y
(6 ) efupss'yQé(dS)up'yfafl
" Jieeo

< /fgCgﬁe*“pCum*l*a.

< Re

From here the result follows. O
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