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Abstract — A code which is closed under m-times
cyclic shift, is called m-quasicyclic code. DFT domain
characterization of all linear quasicyclic codes over F,
of length relatively prime to g is obtained.

I. PRELIMINARIES

Let r be the smallest integer such that n|(¢" — 1) and a €
Fyr is of order n. Then the DFT of a = (ag,a1, - -,an—1) €
Fg is defined to be A = (Ao, A1, -+, An_1) € F-, where

n—1
A=Y ol forj=01n-1 (1)
=0

For Any j € [0,n — 1], the g-cyclotomic coset modulo n
of j, denoted by [j]., is defined as [j]» = {i € [0,n —1]|j =
ig* mod n for some nonnegative integer t}. Similarly, on the
same set [0,n — 1], we define g-cyclotomic coset modulo
& of j, denoted by [j]l=, as [jl= = {i € [0,n - 1]} =
iq* mod - for some nonnegative integer t}. Cardinality of
[j]n is denoted as r;. Clearly, [j]= is union of some g¢-
cyclotomic cosets modulo n and cardinality of [j]z is mrm;.

Any two different transform components in same q-
cyclotomic coset modulo n are related by conjugacy con-
straint: A;j, = AJ. The main result in this paper is that,
in case of quasicyclic codes the transform components can
take values from certain proper subspaces of F,r; and com-
ponents in different cyclotomic cosets modulo n can be re-
lated as long as they are in same cyclotomic coset modulo
& If A = DFT(a), b € Fy such that b; = a;-1, and
B = DFT (b), then B; = o’ Aj;.

For any code C and S C Fyr, {a € C|A; € S} is called the
subcode obtained by restricting A; in S. If L C [0,n — 1],
then the code obtained by restricting {A;|j € L} to zero is
denoted as Cr, and is called the L-subcode of C.

For every s € Fj» (= Fy \ {0}), an Fy-subspace V of
Fyr is called an s-invariant subspace if it is closed under
multiplication by s. An s-invariant subspace is said to be
minimal if it does not have any proper s-invariant subspace.

Let Ii,I3,---,I; be some disjoint subsets of [0,n — 1]
and suppose R; = {(Ai)ieh IaGC} for I = 1,2,---,¢.
The classes of transform components {A;|i € I}, {A:]i €
L}, - ,{A;]i € I} are called mutually unrelated if
{((Ai)ie11 s (Ai),'ezz [ (Ai)iejt) la € C} =Ry xRy %%
R;,. An m-quasicycli code is said to be minimal if it has no
proper m-quasicyclic subcode.
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II. QuasicycrLic CODES IN TRANSFORM DOMAIN

From the definition and the cyclic shift property of DFT,
we have
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Theorem 1 The set of j-th transform component of all the
codewords of a linear m-quasicyclic code is an o™ -invariant
subspace of Fyr; .

The following theorem identifies the relations between trans-
form components of different cyclotomic cosets modulo n that
give minimal m-quasicyclic codes.

Theorem 2 In an n-length minimal linear m-quasicyclic
code, transform components in only one cyclotomic coset mod-
ulo %, say [j]%, is nonzero and any two nonzero transform
components Aj and Aj,, where ji1,j2 € [jlz and [j1]ln #

l2]n, are related by an isomorphism o with f,(X) = cX?'
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t
te., Aj, = cAgv1 for some ¢ € Fyr, where t is such that
j2 = jlqt mod %

For a quasicyclic code, if each transform component A;
takes values from a minimal o™ -invariant subspace, then
there is a subset L C [0,n — 1], such that {4;|j € L} are
unrelated and other transform components are determined by
them. So, the code can be decomposed as direct sum of |L}
minimal codes, each obtained by restricting all but one of
{A;]j € L} to zero. Now, by restricting transform components
to different minimal invariant subspaces, any quasicyclic code
can be decomposed as sum of subcodes, in each of which any
nonzero transformm component takes values from minimal in-
variant subspace. So, any quasicyclic code can be decomposed
as direct sum of minimal quasicyclic codes.

Since in a minimal quasicyclic code, transform components
of different g-cyclotomic cosets mod n are unrelated, the same
is true for any quasicyclic code. So, any quasicyclic code C can
be written uniquely as C = EBE:lCL,-,.]l, where [ji]% are the
distinct g-cyclotomic cosets modulo % These subcodes are
actually the primary components(2] or irreducible com-
ponents [1] of the code C. However, these component codes
can not be decomposed uniquely into direct sum of minimal
quasicyclic codes. Suppose, k; is the number of minimal qua-
sicyclic codes, whose direct sum is Cf;;),, - Then, the minimal

number of generators for the code is Eiven by maxj<i<iti.
Moreover, the dimension of the code is given by Zle tiTmj; -

Suppose k = th.modulo 2. IfA; eV = @L;IOV;L, where
Vi, are minimal o™ -invariant subspaces, and if Ay, is related
to A; by homomorphism, then, the relation is given by A, =

-1 hrmptt .
Zh=0 chA‘; ™ for some unique constants cs.
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