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Abstract

In this paper, we will present several algorithms for computing with D-algebraic power
series. Such power series are specified by one or more algebraic differential equations
and a sufficient number of initial conditions. The emphasis is not on the efficient
computation of coefficients of such power series (various techniques are known for
that), but rather on the ability to decide whether expressions involving D-algebraic
power series are zero. We will both consider univariate and multivariate series and,
besides the usual ring operations and differentiation, we will also consider composi-
tion, implicitly determined power series and monomial transformations.

Keywords: D-algebraic power series, algorithm, zero test, implicit function
A.M.S. subject classification: 68W30, 34A09, 34A12

1 Introduction

General introduction

Let K be a field of characteristic zero. A power series f € K|[[z]] is said to be D-algebraic
if it satisfies a non-trivial differential equation P(f(z), f(2), ..., f7)(z)) =0, where P is
a polynomial with coefficients in K. The set of D-algebraic power series contains many
classical transcendental functions, such as exp z, log z, p(z), etc., and it is closed under
the ring operations, restricted division, differentiation and composition. This makes the
differential ring of D-algebraic power series suitable as a framework for exact computations
with mathematical expressions that involve transcendental functions.

The notion of D-algebraic power series admits a straightforward generalization to the
multivariate context. In this case, we require the satisfaction of a non-trivial algebraic
differential equation with respect to each of the partial derivatives. The multivariate con-
text allows for some additional operations, such as the resolution of implicit power series
equations and general monomial transformations with rational powers. Again, the set of
D-algebraic power series is stable under such operations.

There are two main aspects about computations with formal power series. On the one
hand, we need fast algorithms for the computation of coefficients. There is an important
literature on this subject and the asymptotically fastest methods either rely on Newton’s
method [2, 1, 9] or on relaxed power series evaluation [8, 6, 10].
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2 SECTION 1

On the other hand, there is the problem of deciding whether a given power series is
zero. This problem is hard in the sense that we need to check the cancellation of an infinite
number of coefficients. Therefore, a related question is how to represent power series in
such a way that we can design such zero tests. We also notice the asymmetric aspect of
the problem: given a non-zero series f, it is usually easy to prove that f #0: it suffices to
compute a non-zero coefficient. However, if f vanishes, then it is potentially difficult to
establish a formal proof of this fact.

In this paper, we will focus on the second aspect. We will consider various representa-
tions for D-algebraic power series, show how to perform common operations on power series
when using these representations, and also present several zero tests. All representations
are based on a combination of differential equations satisfied by the power series and
initial conditions. However, depending on additional properties of these equations, some
representations are more suitable for performing common operations and zero testing.

For global computations with algebraic differential equations, it is convenient to use the
classical framework of differential algebra [17, 14]. In addition, we need some technology in
order to deal with initial conditions. One key ingredient is the determination of the number
of initial conditions which are needed in order to guarantee that a power series solution of
a system of differential equations is unique. For this, we will use a similar technique as the
one introduced by Denef and Lipshitz in [4, 5], and develop this technique in further detail.

Structure of the paper and main results

Apart from a first section 2 with some reminders from differential algebra, the paper
is subdivided into three main parts. In section 3, we first focus on the univariate case
and the representation of a D-algebraic series f by a single differential polynomial that
annihilates f together with a sufficient number of initial conditions. In section 4, we
remain in the univariate setting, but switch to more flexible representations of D-algebraic
series as solutions to systems of algebraic differential equations with sufficiently many
initial conditions. In section 5, we generalize our results to the multivariate setting and
also consider the additional operations of solving implicit equations, composition, and
monomial transformations.

In section 3, we effectively represent D-algebraic power series by a pair (f, P), where
f € K[[z]] is a computable power series (meaning that the function n+ f, is computable)
and a non-zero differential polynomial P € K{F} such that P(f)=0. Specializing a more
general result from [4, 5], we will show how to compute a number o € IN (called a root
separation bound for P at f) with the property that the equation P(g)=0 admits no other
solutions g with v(g — f) > o (where v denotes the usual valuation in z). Moreover, if f
is a “non-degenerate root” of P (in the sense that Sp(f) # 0, where Sp is a simpler non-
zero differential polynomial, called the separant of P), then we actually obtain an explicit
recurrence relation for f, in terms of fo,..., fn—1 forn>o.

In section 3.3, we will exploit the existence of such a recurrence relation in the non-
degenerate case, by giving a first zero test for series in the differential field K (f) generated
by f. We will next strengthen the root separation bound by not only looking for other
solutions of P(g) =0 in K[[z]], but also in K[log z][[z]]. In section 3.4, this allows us to
simplify the zero test (along similar lines as in 7]) and also widen its scope to power series
that depend on a finite number of parameters (Remark 10). We finally consider the case
when f is ill specified as a degenerate root of P. In sections 3.5 and 3.6, we give algorithms
for computing root separation bounds in this case, as well as non-degenerate annihilators.
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In principle, annihilators of complex D-algebraic series (such as large expressions in
other D-algebraic series) can be computed using brute force (Proposition 14). However,
this technique is, in general, very inefficient. For this reason, we introduce the more flexible
framework of D-domains in section 4. In this framework, we express D-algebraic series
as rational functions in a finite number of D-algebraic series that satisfy a special kind of
system of algebraic differential equations with initial conditions. We show how to adopt
the major results from section 3 to this setting.

In section 5, we turn our attention to multivariate D-algebraic series. We will start by
showing how to interpret a multivariate D-algebraic series in K[[z1, ..., z,]] as a D-algebraic
series in z, whose coefficients are D-algebraic series in K[[z1, ..., zn—1]]. We next generalize
the notion of a D-domain and show that the above reduction to the univariate case can be
done at the level of D-domains. We conclude by giving some algorithms for some typical
multivariate operations: the resolution of implicit equations, composition, and monomial
transformations. In each of these cases, we will show how to avoid the computation of
differential annihilators as much as possible, by remaining in the framework of multivariate
D-domains.

Comparison with previous work

There are several approaches to the zero test problem for D-algebraic power series [16,
4, 5, 13, 18, 19, 15, 12| and we refer to [7]| for a brief discussion. From a logical point
of view, the most important decision problems for power series solutions to algebraic
differential equations with initial conditions were settled in [4, 5]. One essential tool in this
paper is the computation of a generalization of root separation bounds for more general
decision problems. In a sense, this paper merely consists of specializations of these results
to more specific problems. Nevertheless, we think that we introduced some noteworthy
improvements that we will point out now.

It should first be emphasized that the papers [4, 5| are based on a more general decision
procedure for testing whether systems of differential equations and inequations with initial
conditions admit solutions. Efficiency is not the major concern here. The authors also do
not attempt to state their results in terms of classical differential algebra, even though
they are aware of this possibility. From our point of view, one main contribution of this
paper is to isolate the part of the problem that can be dealt with using classical differential
algebra techniques from the part where initial conditions and root separation bounds come
in (notice that [15] provides an interesting alternative way to achieve this goal). This allows
us to explicitly state our zero test algorithms, which we also believe to be more efficient
than the ones from [4, 5].

Our approach also contains a few theoretical improvements. First of all, we mainly work
over a so called “effective power series domain” A C K[[z]] instead of the constant field K.
For instance, we may take A = K () N K[[z]], where

N~ (ED)"Bn
@_; n(n—1) &

is the differentially transcendental power series involved in the Euler-Maclaurin formula
for the I'-function. Similarly, the conditions on the constant field K are slightly weaker:
we merely require an effective constant field K with an algorithm for the computation of
all positive integer roots of univariate polynomials with coefficients in K. The improved
zero test from section 3.4 also allows for power series that depend on parameters.



4 SECTION 2

These theoretical improvements were actually introduced in [7], but the current presen-
tation is simpler and more systematic. In particular, we only need to consider logarithmic
power series instead of logarithmic transseries in the correctness proof of the improved zero
test from section 3.4. Furthermore, we included algorithms for the computation of non-
degenerate annihilators and root separation bounds in the degenerate case.

Section 4 contains no theoretical improvements, but we expect the more flexible frame-
work of D-domains to be most suitable for practical computations. It is interesting to see
that the root separation bounds and both zero tests from section 3 can be generalized to
this setting. In particular, for the computation of root separation bounds, we introduce
the dominant Hermite normal form, which seems interesting in its own right.

As we show in section 5, a multivariate D-algebraic series in K[[z1, ..., z]] can always
be regarded as a D-algebraic series in z, whose coefficients are D-algebraic series in
K{[[#1,...; Zn—1]]. From the logical point of view, decision problems for such series there-
fore reduce to their univariate counterparts. However, there are a few additional operations,
such as solving implicit equations, extraction of coefficients and monomial transforma-
tions. Not only do we present algorithms for carrying out such operations, but we also
discuss ways to make this efficient, in the framework of multivariate D-domains.

2 Reminders from differential algebra

2.1 Ritt reduction

Let us recall some standard notations from differential algebra. Let K be a field of charac-
teristic zero and let A be a differential K-algebra that is also an integral domain. We will
mainly work with respect to a single derivation §. Given a finite number of indeterminates
Fi, ..., Fy, we will denote by A{F1, ..., F.} or simply by A{F} the differential ring of
differential polynomials in F1, ..., Fy, and by A(F1, ..., Fi) or A(F') its fraction field.

We will assume an admissible ranking < on the set V = {67 F;:i € {1,...,k}, j € N}.
For instance, we may take 87 F; < 67" Fj whenever j < j’ or j=j' and i <i’. Given such
a ranking, the leader of a differential polynomial P € A{F} \ A is the highest variable
87 F; occurring in P when P is considered as a polynomial in V. We will denote by £p the
leader of P. Considering P as a polynomial in ¢p, the leading coeflicient Ip is called the
initial of P, Sp=0P /Olp the separant, and we will denote Hp= IpSp. If P has degree d
in {p, then the pair rank P = (¢p,d) is called the Ritt rank of P and such pairs are ordered
lexicographically. We will also denote £5= (% in that case.

Given P, Q1,..., Qi€ A{F}\ A, we say that P is reducible with respect to Q1, ..., Q; if
there exists an 4 such that ¢p € SN\{0} Lo, or {=Ip=1{g, and deg, P >deg,(Q;. The process
of Ritt reduction provides us with a relation of the form

I I SE SO P = ©1Q1++6,Qr+R,

l

where oy, ...,aq, 81, ..., BIEN, O, ...,0, € A{F }[d], R€ A{F} and where R is reduced with
respect to @1, ..., Q;. We will denote R=Prem Q= Prem (Q1, ..., Q).

Given Q1, ..., Qi€ A{F'}, we recall that [Q] =[Q1, ..., Qi) = A[0] Q1+ -+ + A[0] Q; stands
for the differential ideal generated by Q1, ..., Q. If Q1, ..., Qi € A{F}\ A, then we also
denote Hg= Hq, --- Hg, and recall that

[Q: HY = {PcA{F}:IncN,HjPc[Q]}
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forms a differential ideal. We say that @1, ..., Q; forms an autoreduced sequence if Q; Ritt
reduces to itself with respect to @1, ..., Qi—1, Q;, ..., @; for each 7. In that case the set of
differential polynomials that reduce to zero with respect to @1, ..., Q; coincides with the
differential ideal [Q]: HZ .

In section 5, we will also consider differential rings and differential polynomials with
respect to a finite number of pairwise commuting derivations 41, ..., d,. In that case, V has

to be replaced with the set of all expressions (5{1 (57{” F;withie{1,...,k} and j1,..., jn € N.
The notion of admissible rankings and Ritt reduction can be extended to this setting and
we refer to classical textbooks on differential algebra [17, 14] for more details.

2.2 Decompositions of differential polynomials

In order to explicitly write down a differential polynomial P € A{F'}, it is convenient to
use vector notation. We will index differential monomials by vectors ¢ = (i1, ..., i) where
each i; is itself a finite sequence ;= (i} o, ..., % ;) that may be padded with zeros whenever
necessary. We denote

0t F = ] (698",
p,q

after which we may write
P =Y PBF,
i

with P; € A. For a fixed degree d € N, it will be convenient to denote by Py the homogeneous
component of P of degree d:

P, = Z PS5t F
li|=d

i] = Zip,q-
P:q

The largest d with P;# 0 will be called the degree of P and we will denote it by deg P.
The smallest d with P;# 0 will be called the differential valuation of P and we denote it by
val P. It will also be convenient to denote Pcg=FPy+ -+ FPy—1 and P>q=FPyy1+ -+ Paegp-

2.3 Additive conjugation

Given a differential polynomial P € A{F} and a “point” f = (fi, ..., fr) € AF, it is often
convenient to consider the additive conjugate of P by f, which is defined to be the unique
differential polynomial Py ;e A{F} with

Pyy(e)=P(f +e¢)

for all € € A*. The coefficients P, f.i=(Pyy)i of P.; can be expressed directly by using
a Taylor series expansion:

Pyji = 7 PO(f)
ol p
I1,., (067 F))'ra

! = Hzp,q!.
p,q

In particular, we get P;=14!"! P()(0).

pPE —
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2.4 Differential polynomials with power series coefficients

Assume now that A C K[[z]] and §=2z 0/ 0z. Given f € A, we will denote by v(f) e NU{oco}
its valuation in z. This valuation naturally extends to differential polynomials in A{F'}
via the inclusion K[[z]]{F} C K{F'}[[z]]. Notice that v should not be confused with val.

Assume now that k=1 and let P € A[F,...,0" F|\ {0} be a homogeneous differential
polynomial in a single variable of degree d. Then we will denote by Jp € K[N] the poly-
nomial with

Jp(n) = Z (P;)y(pynl?!

2] = 414 2da+ -+ 7y
For any series f € K[[z]], we then have

P(fopyavsy = Je(v(f)) fip)

We will also denote by Zp the largest root of P in IN, while taking Zp = —1 if no such root
exists.

2.5 Logarithmic power series

For some purposes, we will occasionally consider logarithmic power series f € K[log z][[#]].
Such series can still be considered as power series f= fo+ f1 2+ - in z and we will still
denote by v( f) the valuation of f in z. The coefficients f; are polynomials in K[log z], and
we will write f; = fi deg s, (log z)degfi + -+ + fi,0. Notice that § maps K[log z] 2% into itself
for each .

Proposition 1. Consider a non-zero linear differential operator L € KI[§] and write
L=1L,6+ -+ Lg 6° with L, #+# 0 and Ls #+ 0. Then there exists a unique operator
L~ K[log z] — K[log z] (log 2)* with LL~' g= g for every g € K[log z].

Proof. Let us first prove the existence of L~!. If s=0, then we may write L = Lo(1 — R)
with R € K[0]J, and the equation L f = g admits the solution

f=(0+R+R*+)2

Lo’

since deg R(h) < deg h for every h € K[log z]. For general L, we may write L = L §° with
Lo#0 and take L™' g=6"°L~1 g with

58(; v (logz)i) - ; <z-+s>hff“2i+1> (log z)"*=.

This proves the existence of L™!. For any f € K[log z] of degree d > s in log z, we also
notice that (L f)g—s=d - (d— (s —1)) Ls f47 0. This implies the uniqueness of L=1. [

3 D-algebraic power series

3.1 Univariate D-algebraic power series

Let K be a field. Let A C K[[z]] be a differential K-subalgebra of K[[z]] for ¢ with the
property that for all f€ A and g€ A\ {0} such that f/ge K[[z]], we have f/gec A. We
will also call A a power series domain.
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A series f € K|[[z]] is said to be D-algebraic over A if it satisfies a non-trivial differential
equation P(f)=0 with P€ A{F}\ A. In positive characteristic p >0, any series f € K|[z]]
satisfies the linear differential equation

0(—1)- (6= (p—1)If) = 0,

whence any series is D-algebraic (indeed, § — i annihilates all series in z* K[[z"]]). From
now on, we will therefore assume that K has characteristic zero.

Proposition 2. The series f € K[[z]] is D-algebraic if and only if A{f} admits finite
transcendence degree over A.

Proof. Assuming that f € K[[z]] is D-algebraic over A, pick P € A{F'}\ A of minimal Ritt
rank (6" F,d) with P(f)=0. Then Sp(f)#0 and B=A[f,...,0" " f,Sp(f)~!] is stable
under the derivation 0, whence A{f} =~ B and trdega A{f} <r+ 1. Conversely, assume
that trdega A{f}=r. Then f,...,6") f satisfy a non-trivial algebraic relation, whence f
is D-algebraic. O

Proposition 3. The set A%e of D-algebraic series over A forms a power series domain.

Proof. Let f, g € A%8 Then A{f + g} C A{f} + A{g}, whence trdegq A{f + g} <
trdegq A{f} + trdegs A{g} < co and f + g € A%8, Similarly, A{fg} C A{f} A{g},
whence trdegs A{f g} < trdega A{f} + trdega A{g} < oo and f g € A8 Clearly,
A{SfYC A{f}, sotrdega A{6f} <trdega A{f} and § f € A%I8, Assume finally that f /g€
K]l Then A{f/ g} € (A{f} A{gD)[g~"), whence trdegs A{f/ g} < trdegs A{/} +
trdega A{g} +1< oo, so that f/g¢c Adale, O

Assume now that A is an effective power series domain. The most obvious way to
effectively represent a D-algebraic power series in A9%!8 is to represent it by a pair (f, P)
where f is a computable series and P € A{F'}\ A a non-trivial annihilator with P(f)=0.
We define the multiplicity of P as an annihilator of f to be val Py ;. We also say that the
annihilator P is non-degenerate if Sp(f) # 0, and notice that the multiplicity of a non-
degenerate annihilator is one. In order to make Proposition 3 effective, we will need a way
to compute a non-degenerate annihilator as a function of an arbitrary annihilator. This is
not completely immediate, and we will postpone the presentation of an algorithm for doing
so to the end of this section.

3.2 Root separation bounds

Let f € K[[z]] be D-algebraic over A with annihilator P € A{F} \ A. Assume that there
exists a number o € N such that for any f € K[[2]]\ {f} with P(f)=0 and v(f — f) >0,
we have f" # f. Then the smallest such number o will be denoted by op ¢ and we call it the
root separation of P at f. It corresponds to the number of initial conditions that should
be known in order to determine f in a unique way as a root of P. In fact op ; always
exists and, as we will see in the next section, we can give an algorithm to compute it under
suitable assumptions.

Proposition 4. Assume that f is D-algebraic over A with annihilator P € A{F}\ A. Then
the following root separation bound holds:

op,f S max (”(P+f7va1P+f)’ ZP+f,va1P+f) + 1. (1)
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Proof. Let d=val P, ; and pig=v(Py f.4). Given f = f +e¢€ K[[2]] with n=wv(¢) < 00, we
have

[P+f7d(5)]ud+dn = ‘]P+f,d(n) Egr (2)

Now assume that n > max (p4, Zp, , ;) +1. Then
v(Pif>a(€)) =2 (d+1)n > pa+dn,

whence
[P(Nlpgtdn = Jp,;a(n)et.
Since n > Zp, , ,, we get Jp,, ,(n)# 0, which entails P(f)+0. O
The following proposition also provides us with a partial converse.

Proposition 5. Let P € A{F} \ A and f € K[[z]]. Assume that Sp(f) # 0 and that
v(P(f)) > 2 o, with 0 > max (v(Pyf1), Zp,,,) + 1. Then there exists a unique root

feK|z]] of Pwithv(f—f)>o0.

Proof. Notice that Sp(f) # 0 implies that Py 1 # 0, so that max (v(Pyy 1), Zp,,,) is
finite. Let pu1 =v(P4r,1) <o. We have to show the existence of a unique series € € K[[z]]
with v(e) >0 and Py () =0. We may decompose

Py = H-A,
H = (P‘i’fvl)/l/l ZMI'
Extracting the coefficient of 217" in the relation H(e) = A(e) now yields
Ju(n)en = AE)u+n- (3)

For all n > o, we have Jy(n)#0 and A(e),, 4+ only depends on €y, ..., e, —1. In other words,
the relation (3) actually provides us with a recurrence relation for the computation of . O

3.3 A first effective zero test

We say that K is effective if its elements can be represented effectively and if all field
operations can be carried out by algorithms. We will call K an effective diophantine field
if all positive integer roots of polynomials over K can be determined by algorithm. In
particular, this means that K admits an effective zero test, i.e. there exists an algorithm
which takes an element x of K on input and which returns true if x =0 and false otherwise.

A power series f € K][[z]] is said to be computable, if there exists an algorithm for
computing f, as a function of n € N. The power series domain A will said to be effective,
if its elements are all effective power series and if the differential K-algebra operations can
be carried out by algorithms. We notice that the differential K-algebra K[[2]]°™ of all
computable series is effective, although it does not admit an effective zero test.

Assume now that we are given an effective power series domain A with an effective
zero test over an effective diophantine field K. Assume also that we are given an effective
D-algebraic power series f € K[[z]] and an annihilator P € A{F }\ A for f. Assume finally
that the annihilator P has multiplicity one, so that we may compute v(Pyf 1) and Zp, , ,
by expanding the power series coefficients of Py ;. In other words, the bound (1) from
Proposition 4 provides us with an effective upper bound for op ;.

Given a polynomial Q € A{F}, we will now give an algorithm ZeroTest (or
ZeroTestp f when we want to make the dependency on P and f explicit) for testing
whether Q(f) = 0. In particular, this shows that the A-algebra A(f) N K][z]] is again
an effective power series domain.
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Algorithm ZeroTest(Q)

INPUT: Q € A{F} )

OuUTPUT: the result of the test Q(f)=0

If Q € A then return the result of the test Q=0

If ZeroTest(/g) then return ZeroTest(Q — Ig ()

If ZeroTest(Sg) then return ZeroTest(() rem Sp)

If Prem @ #0 then return ZeroTest(P rem Q)

Let o= max (0(Py 1.1), Zp, ;1010 £)), 0(Sa(F)), 0(Q1.1)s Zasy) +1
Return the result of the test v(Q(f))>20

S Ul W N

Proof. We first notice that recursive calls only occur for differential polynomials of a strictly
smaller Ritt rank. This guarantees termination of the algorithm.

As to its correctness, we clearly have Q(f) =04 (Q —Ig{5H)(f) =0 at line 2 whenever
Io(f)=0.

Assume now that we reach line 3 with Sg(f) =0. Then the degree of @ in its leader
cannot be one, since this would imply Ig= S, and we know that Ig( f)#0. Consequently,
Is,, is a constant multiple of I, whence Ié Q=TS5g+ @ rem S for some 7 € N and
T e A{F}, and Q(f)=0< (QremSg)=0. ‘

Assume now that we reach line 4. We have Igg 5’5 P=UyQ+ +U,0"Q+ Prem (@
for some j, k € N and Uy, ..., U, € A{F}. Since Ig(f) # 0 and Sq(f) # 0, it follows that
Q(f) =0« (Prem Q)(f) =0.

Assume finally that we reach step 5. If v(Q(f)) <20, then we clearly have Q(f)#0,
so assume that v(Q(f)) > 2 0. Applying Proposition 5, we obtain a unique power series
f € K[[2]] with Q(f) =0 and v(f — f) > 0. Tt follows that v(P, ;) = v(Pi1) < o,

A
Zp, ;= Zp, ;. <0, v(Ig(f)) =v(Io(f)) <o and v(So(f)) = v(Sq(f)) < o. The relation

Igg S(lf? P=UyQ+--+U.6"Q therefm:e implies P(f) =0. Applying}’roposition 4 to f7 we
obtain the bound o, < 0. Since v(f — f)> o, we conclude that f= f. O

Remark 6. As a variant to the algorithm, we can also check whether Qi(f) = -+ =
Qn(f) =0 for more than one Q1, ..., Q, € A{F} at the same time. In that case, we keep
reducing until we find a @ € A{F'} with (IgSq)(f)#0 and such that ¥ rem @ =0 for all

Y € {Ql, ey Qn, P}

Remark 7. One drawback of the above zero test is that it does not apply to power series
that depend on a finite number of parameters A1, ..., A; in K. Indeed, this would require
a root separation bound that is uniform in these parameters. Unfortunately, the largest
integer root of a simple polynomial such as N — A\; can become arbitrarily large, so the
best uniform root separation bounds are usually +oo.

3.4 An improved zero test

In practical applications, the series f is often the solution of a classical initial value problem,
in which case Zp,_, , = —1. One disadvantage of the zero test from section 3.3 is that
Z@Q, s, still depends on @ in quite an unpredictable way. In particular, even for simple
(), this quantity might a priori become arbitrarily large. In this section, we will give
an improved version of our algorithm that does not have this drawback. The idea is
to not only consider ordinary power series solutions to our differential equations, but
also logarithmic power series solutions in K[log z][[z]], as introduced in section 2.5.
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Let f € K[[z]] be D-algebraic over A with annihilator P€ A{F }\ A. Assume that there

exists a number o € N such that for any feKlogz][[z]]\{f} with v(f — f) >0, we have
f# f. Then the smallest such number ¢ will be denoted by op ; and we call it the strong
root separation of P at f. Proposition 4 naturally strengthens to this setting:

Proposition 8. Assume that f is D-algebraic over A with annihilator P € A{F}\ A. Then
the following strong root separation bound holds:

ofs,f<max(v(P+f,va1P+f),ZPHWPH) +1. (4)

Proof. The proof is similar to the proof of Proposition 4 with the following change. Writing
en==¢n, (log 2)F 4+ g, 0 With €n.k # 0, we now have

[Pip,a(&)]paran = Jpypa(n)eq x (log 2)™ + O((log 2)%~1) (5)

instead of (2), and where O((log z)** 1) stands for a polynomial of degree at most d k — 1
in K[log z]. O

The consideration of logarithmic solutions leads to a better bound for the existence
part of Proposition 5.

Proposition 9. Let P € A{F}\ A and f € K[[z]]. Assume that Sp(f) # 0 and that
v(P(f))>20, with o >v(Pyy1)+ 1. Then there exists a root f € Kllog z|[[2]] of P with

o(f-f)>o.

Proof. The proof is analogous to the proof of Proposition 5, with the exception that (3)
should be replaced by

Ju(d+n)en = A(S)MH—W (6)

For all n > o, the right hand side A(e),,+r again only depends on ey, ..., €,—1, but the
constant term Lg of the differential operator L = Ly 6% + - 4+ Lo := Ju(6 +n) € K[§] may
vanish if Jyg(n) = 0. Yet, Proposition 1 still implies that the equation Le, = g admits
a solution in K[log z] for any g € K[log z], which is sufficient for the existence of a solution e
to the equation P(f+¢)=0. O

In the proof of the algorithm ZeroTest, we only needed the existence of the solution

feK|[[z] with Q(f)=0 and v(f — f) > 0. In view of what precedes, we may thus improve
the algorithm as follows:

Algorithm ZeroTest*(Q)

INPUT: Q € A{F} )

OuTPUT: the result of the test Q(f)=0

If Q € A then return the result of the test Q=0

If ZeroTest*(I) then return ZeroTest*(Q) — I ()

If ZeroTest*(Sg) then return ZeroTest*((Q) rem Sq)

If Prem @ #0 then return ZeroTest*(P rem Q)

Let o :=max (v(Py 1 1), Zp, ; 1, v(IQ(f)), v(Sq(f)), v(Q+r,1)) +1
Return the result of the test v(Q(f))>20

S O s W N
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Remark 10. Recall from Remark 7 that the zero test from the previous section does not
work if P or () depends on a finite number of parameters Ay, ..., A, in K. One interesting
aspect of the improved zero test is that we no longer require any root separation bounds
which depend on @, so the zero test still works if ) depends on parameters (when using
the technique of dynamic evaluation [3] for examining the finite number of branches that
can occur depending on algebraic conditions on the parameters). In fact, the original
equation P may also depend on parameters, as long as we have a uniform bound for Zp, , ,.

3.5 Effective root separation bounds

Assume that we are given an effective power series domain A with an effective zero test over
an effective diophantine field K. Assume also that we are given an effective D-algebraic
power series f € K[[z]] and an annihilator P € A{F'} \ A for f. Let us show how the zero
test algorithm from the previous section can be used in order to compute val Py ¢, thereby
providing an effective bound for op ¢ via Proposition 4.

Algorithm RootSeparationBound(P, f)
INPUT: a computable D-algebraic series f and P € A{F}\ A with P(f)=0
OUTPUT: an upper bound o for op ;.

1 Let % is an index with (P(i)(f))v(pH) #0

2 Repeat the following

3 Let d:=|i| and 0 :=max (v(Pyy 4), Zp ;4) +1
If d=1 then return o
5 Let j and k be indices with i =5 +k, |j|=d —1, |k|=1, and set Q:= P)
6  Let T::maX(U(QJrf’l),ZQ_Ff’l)—i_l
7 If v(Q(f))>2max (o, 7) then
8
9

Let f € K[[z]] be such that Q(f) =0 and v(f — f) >max (o, 7)
If ZeroTestg j(PY) for all I with |I| <d and P #£0, then return o

10 Let 4 be an index with (ng(f))v(p@’ﬂ) +0

Proof. We first notice that d strictly decreases at every iteration of the main loop, which
implies the termination of our algorithm. As a loop invariant, we also notice that P(i)( f)#0
(whence P4 47 0) whenever we are at line 3, which means that we indeed have an algo-
rithm for the computation of o € N. If d =1, then the correctness of line 4 follows from
Proposition 4. Otherwise, we construct @ such that Q®)(f)=P®(f)#0 and Q4 ;1 #0,
whence the computability of 7 at line 6. If v(Q(f)) >2max (o, 7) at line 7, then Propo-
sition 5 implies the existence and uniqueness of f at line 8, and the relation (3) actually
provides us with an algorithm to compute the coefficients of f. Moreover Q and f satisfy
the assumptions for applying the algorithm ZeroTest( 7to P and its derivatives at line 9.

Now if val P, = d, then in particular Q(f) =0 and f = f by the uniqueness of f.
Consequently, the zerotests ZeroTestg, f(P(l)) will indeed all succeed at line 9 and we
will return a correct bound o by Proposition 4. Conversely, if ZeroTest(), f(P(l)) holds
for all I with |I| < d and P®) +£ 0, then in particular P(f) = 0. Since v(f — f) > o, we
also have v(Pyfa) = v(Pyra) and Zp, ;, = Zp,, ,, whence f = f by Proposition 4 and
val Py y =val Py j=d. If val P y <d, then this means that we will reach line 10 and find
an index 4 with |¢| <d and P®(f) 0. O

Remark 11. In practice, it is better to replace line 9 by a simultaneous zero test as
outlined in Remark 6.
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3.6 Non-degenerate annihilators

Proposition 12. There exists an algorithm which, given a computable D-algebraic series f
and P € A{F} with P(f)=0, computes an annihilator P € A{F'} for f of multiplicity one.

Proof. We may use a variant of the algorithm RootSeparationBound. Indeed, it suffices
to return P instead of ¢ in step 4, and (@ instead of ¢ in step 9. OJ

Proposition 13. There exists an algorithm which, given a computable D-algebraic series f
and P € A{F'} with P(f)=0, computes a non-degenerate annihilator P € A{F'} for f.

Proof. Using the previous proposition, we may assume without loss of generality that
P has multiplicity one. In particular, we have a zero test for elements in A{f}. Now let
() := P and keep replacing @) := Sq as long as Sg(f)=0. Then we will end up with a Q
such that Q(f)=0 and Sq(f)#0. O

We are now in a position to make Proposition 3 effective. We first need a general
algorithm for computing algebraic dependencies.

Proposition 14. Let A be an effective integral domain with an effective zero test. There
exists an algorithm which takes r + 1 polynomials Py, ..., P, € A[G1, ..., Gy| on input, and
which produces a relation ® € A[Fy, ..., Fy| with ®(Fy, ..., P.)=0.

Proof. Let d = max; deg P;. Given n € N, the set of power products P, = {Pi: i€y}
with Z,, = {i € N"*1 45 + --- + 4, < n} and P'= P;°--- P." contains at most ("Lﬁrl) =
n"t1 elements. The degree of any polynomial in P, is bounded by n d, and the space

of polynomials in A[GY, ..., Gy] of degree <dr has rank ("dTJFT) =n" as a free A-module.

Taking n € N minimal such that (":;J{l) > (”d;rr)7 it follows that the set P, contains

a non-trivial A-linear dependency » ., A; P? = 0, which we may compute using linear
algebra. O

r

If f is a D-algebraic power series with non-degenerate annihilator P € A{F'} of order r,
then the A-algebra A{f} is contained in the A-algebra B=A[f,...,6" ! f,Sp(f)~!],which
is stable under §.

Proposition 15. The set A%e of D-algebraic series over A forms an effective power series
domain.

Proof. Let fi, fo € A%8 be represented by pairs (f1, P1) and (f2, P2) with Pi(f1) =
Py(f2) =0. Applying Proposition 13, we may assume without loss of generality that the
annihilators P; and P, are non-degenerate, of orders r1 and ry. Then

B = A[fh ceey ori—t f17 SPl(fl)_17 f27 "'75T2_1 f27 SPQ(fQ)_l]

is an effective A-algebra which is stable under 0. For g € { f1+ fa, f1 f2,df1} C B, we may
use Proposition 14 in order to compute an A-algebraic relation between g,dg,...,6" 7722 g.
Similarly, assuming that g= f1/ fo € B with fo#0, the algebra B[1/ fs] is stable under 9,
so we may compute an A-algebraic relation between g,dg, ...,6"1 1213 g, O

Of course, the algorithm from the proof of Proposition 14 uses brute force for for
finding algebraic relations, so any algorithm that relies on this method is deemed to be
quite inefficient. In the section 4 below, we will discuss algorithms that avoid relying on
Proposition 14 for the computation with D-algebraic series.



D-DOMAINS 13

4 D-domains

In the algorithms from the previous sections, we essentially represent D-algebraic power
series by elements of A(f)N K]|[z]], where f € K[[z]] is a computable root of a differential
polynomial P € A{F'}\ A. Since A(f) N K|[[z]] is itself an effective power series domain with
an effective zero test, we may also form towers A(f1)---( f;) and represent D-algebraic power
series by elements of such towers. This generalization is useful for representing expressions
involving z, the K-algebra operations, and other D-algebraic operations such as exp, log,
etc. Indeed, differential polynomials that annihilate such expression can quickly become
quite large. In this section, we will introduce an even more convenient representation based
on differential algebra, which generalizes the construction of towers and provides more
flexibility for representing solutions to implicit equations at the end of section 5.5.

4.1 Definition of a D-domain

An abstract D-domain over A is a differential algebra B over A of finite transcendence
degree r over A together with a differential A-algebra morphism p: B— K|[[z]] which we will
call the evaluation mapping. A second abstract D-domain B with evaluation mapping pis
said to be equivalent to B if p admits the same image as p. Assuming that A is an effective
power series domain with an effective zero test over an effective diophantine field K, we
say that p is effective if p is computable and p(P) is computable for each P; in that case,
we also say that B is an effective D-domain.
A D-domain is an abstract D-domain B of the form

B = A{F,...F}/I
I = [Py,...,P: (Hp, - Hp)™,

where Py, ..., P € A{F},..., F;,} are such that
p(Hp, - Hp,+1) # 0,

and where the leaders of P, ..., Py are "' F1,...,6"* F}, for certain r1, ..., € N. It will be
convenient to lift the evaluation mapping p to A{F1,..., Fi} using p(Q) = p(Q +1I). Then
p becomes simply the evaluation mapping at f = (p(F1), ..., p(Fk)). In particular, p is
effective as soon as f is a tuple of computable power series. We will call the D-domain B
unmized if P;€ A{F;} for each i. We will call the D-domain B Pfaffian if P; is of the form
P;=S;0F;— R; with S;, R; € A[F}, ..., F}] for all 1.

Proposition 16.

a) Given any D-domain B over A and P € B, the series p(P) is D-algebraic over A.
If B is effective, then we may effectively compute an annihilator for p(P).

b) Any D-algebraic series f over A is represented by an element of an unmized
D-domain B over A. If A is effective and f € A% then we may effectively com-
pute such a B.

Proof. Given a D-algebraic domain B over A and P € B, the sequence P,JP, 5% P, ...
contains non-trivial algebraic dependencies which can be computed using Proposition 14.
This proves a). Inversely, given f € A8 we may compute a non-degenerate annihilator
P e A{F} for f using Proposition 13. Then B=A{F}/([P]: Hp°) with p(F)= f defines
an unmixed D-domain in which F' represents f. O

Proposition 17. Any D-domain B is equivalent to an unmixed D-domain. If B is effective,
then this reduction is effective.
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Proof. Let fi,..., fr € B be generators of the A-algebra B and let r be the transcendence
degree of B over A. For each f;, we may compute a non-degenerate annihilator P; for f;
using Proposition 13. Then B= A{F\, ..., F.} / ([Py, ..., Pi): (Hp, --- Hp,)*>®) with p(F}) = f;
defines an unmixed D-domain that is equivalent to B. O

Proposition 18. Any D-domain B is equivalent to a Pfaffian D-domain. If B is effective,
then this reduction is effective.

Proof. Let us first show that B is equivalent to a D-domain with orders r; = 1. Modulo
the replacement of P; by §; P;, we may assume without loss of generality that r; > 1 and
degsrip, P; =1 for all i. Now consider formal variables F; ; with 1 <ié<k and 0 < j <r;.
Let F={09 Fri<k,j<m}, F={F, ji<k,j<ri} U{0F;,_1:i<k} and consider the
A-algebra morphism ¢: A[F] — A[F], with (87 F;) = F; j for j <r; and ¢(67¢ F;) =6 F; 1.
Consider the set P of all polynomials P; ; € A[]:"] with P; ;=0F; j — F; j4+1 if j <7; and
P,..,= ¢(P;). Let < be the ranking on V = {67 F;:i <k, j € N}. We define a ranking on
W= {5"3 F; ji<k,j<rikeN} by setting 5k F i< 5k’ F;/ ; whenever §Itk < 59"+ B,
or §tk [y = §3"+K" Fy and k < k’. Then the D-domain B = A{F} /I with I = [P]: HY is
equivalent to B.

Assuming that 7; = 1 and degsrip, P; = 1 for all 7, let us now show that B is equiva-
lent to a Pfaffian D-domain. We may assume that we ordered the variables F; such that
F) < --- < Fy. In particular, this implies that P, = Sy 6 F1 — Ry with Sy, Ry € A[FY, ..., Fy).
Let us prove by induction over i that we may replace P; by a differential polynomial of the
form P;=S;0F; — R; with S;, R; € A[F}, ..., Fi]. So assume that the induction hypothesis is
satisfied for all smaller i. We have P;=D 0 F;— N with N, D € A[F}, ..., Fx,0F1,....,0 F;_1].
Let d be the maximum of the degrees of D and N, and S<;=57 --- .S;—1. Then substitution
of R;/S; for each 6 F; with j <i in 52, D and S¢; N yields two polynomials S; and R; in
AlF1,..., Fi] such that S, p— (Si 0F;— R;) €[P1, ..., P;_1]. This means that we may replace
P; by S;0F; — R;. O

4.2 Dominant Hermite normal forms

Before we generalize the zero test algorithms from section 3, we will need a way to asymp-
totically normalize systems of linear differential equations with power series coefficients.
The normalization that we will use is an asymptotic variant of the Hermite normal form.

Let us first consider a square k x k matrix M € K[§]***. We say that M is in Hermite
normal form if M is upper triangular and there exist integers 1 < p; <--- < p; <k such that

e M; ;=0 whenever ¢ >1[ or j < p;.
o deg M, <degM; p, for all i’ <i<I.

If M has maximal rank k, then we must have p; =1 for each ¢. It can be shown that there
exists a unique unimodular matrix U € K[6]*** such that U M is in Hermite normal form.
Moreover, U~ € K[§]*** and there is an algorithm for the computation of U if K is an
effective field.

Let us now consider a matrix M € K[§][[2]]*** of rank k. Recall that P € K [§] commutes
with 2 following the law P(8) 2* = 2* P(6 + ). For each i we will denote by M; € K[[z]]*
the i-th row of M and by

D(MZ) = ((Z_v Mi71)0, e (Z_v Mi,k)o) S Kk
its “skew dominant coefficient”, where

v:=0v(M;):=min (v(M;1),...,v(M; k).

)
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If M;=0, then we understand that D(M;)=0. The matrix Dyow(M) with rows D(Mj), ...,
D(My,) will be called the row dominant matrix of M. We say that M is in dominant Her-
mite normal form if Dyow(M) is in Hermite normal form. Any matrix T € K[8][z, z~1]"**
with an inverse in K[6][z, 27 1]*** and such that 7'M is in dominant Hermite normal form
will be called a normalization matrix. We claim that such a matrix always exists. What
is more, if the entries of M are computable power series, then we may use the following
algorithm to compute 7'.

Algorithm NormalizationMatrix (M)
INPUT: a matrix M € K[0][[2]]*** with computable coefficients and rank k
OUTPUT: a normalization matrix in K[0][z, 2~} for M

1 Let D := Dyow(M)

2 Let T € K[0]*** be such that T'D is in Hermite normal form
3 Let U € K[0][z, 2~ Y]*** be such that U;_; :z”(MJ')TM 7~V (M)
4 If T has rank k then return U

5 Otherwise return NormalizationMatrix(U M) U

Proof. If rankU =k, then U is a normalization matrix of M by construction. If rank U < k,
and assuming that U’ is a normalization matrix of U M, then U’ U is a normalization
matrix of UM, since U is always invertible. This proves the correctness of the algorithm.

As to its termination, let r =rank U and let i1 < --- <7, be minimal such that the matrix
with rows D;,, ..., D;; has rank j for each j <r. We claim that r can only increase and that
the r-tuple (i1, ...,4,) can only decrease for the lexicographical ordering, once r stabilizes.

Indeed, let M'=U M, D'= Dyow(M’), 7' =rank M’ and let i} < --- <i,, be minimal such
that the matrix with rows Dz{i’ ey Dz{} has rank j for each j <r’. Then the rows Dj,,...,D;_

119
are precisely the first » rows of the Hermite normal form 7' D, and therefore form a matrix
of rank 7. This shows that rank M’ > r and z]' < i; for each j.

Having proved our claims, we may assume without loss of generality that r and (i1, ..., )
have stabilized. Since the degrees of the polynomials entries of D;,, ..., D; can only
decrease, we may also assume that D;,, ..., D; whence M;,, ..., M;, have stabilized. Further-
more, we may assume that our rows were ordered in such a way that i; = j for all j. Modulo
division of Mj, ..., M, by powers of z, we may finally assume that v(M;)=---=v(M,)=0.
Then U € K[é][z] and v(M]) > v(M;) for all j >r. This is repeatedly possible only if M;
lies in the K[d][[z]] module spanned by M, ..., M, for each j >r. Since M has rank k, this
means that we must have r =k, which completes the termination proof. O

4.3 Root separation bounds for D-domains

Given an abstract D-domain B, we claim that there exists a number o € N such that for
any alternative evaluation mapping p on B, we have p= p whenever v(p(P) — p(P)) > o for
all P € B. The minimal such number will be called the root separation for B and we denote
it by op. Our claim clearly holds when B = A{F'} /([P]: Hf°) is an unmixed D-domain.
Indeed, in this case, we have

op < Mmax (UPLP(Fl)’ B UPk,P(Fk))7

with the notations from above. The general case reduces to this particular case by applying
Proposition 17. However, since the computation of univariate differential polynomials that
annihilate given elements of B may be quite expensive, we would like to have a more direct
bound. We first need a few preliminaries.
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Consider k linear differential polynomials P, ..., P, € K[[z]|{F}, ..., Fr}1. Any such
polynomial can formally be viewed as an element of K[d][[z]] F1 & --- & K[d][[z]] Fk. Let
M € K[8][[2]]*** be the matrix with P, = M; 1 Fy + -~ + M;  Fy. Assuming that this
matrix has rank k over K[d][[2]], we may use the method from section 4.2 to compute
a normalization matrix T € K[§][z, 271]*** for M. We will call such a T a normalization
matrix for P, ..., Py. Applying T to the column vector with entries P, ..., P, we obtain
a new column vector with “dominant reduced” entries P, ..., P,. By construction, the
dominant coefficient ]51-71,( B, of P; is a polynomial of the form

P, ypy=0ii Fi+ - +0; 1 Fy

with ©; 4,...,0; 1 € K[0]. We will denote by Jp, € K[N] the polynomial with Jp,(5) F;=0; ;.
We also denote by Zp, the largest root of Jp, in N, or —1 if no such root exists.

Now consider a D-domain B = A{F'} /([P]: Hp°) with evaluation mapping p. Let
f=(f1,-, fu)=p(F)=(p(F1), ..., p(F)). Since Hp( f)+#0, each P; 4 ¢ 1 is non-zero and has
the same leader 6" F; as P;. In particular, the polynomials P; 4 ¢ 1 are linearly independent
over K (9)[[z]]. Consequently, there exists a normalization matrix 7' for P, ¢, whence
Jp,; ;. and Zp, . are well defined for all i.

Proposition 19. Let B = A{F}/([P]: Hp") be a D-domain with evaluation mapping p
and f=p(F). Let T be a normalization matriz for Py 1 and P=TP. Then

op < max (v(Pp1),...,v(Py1), Zpy s L) + 1

Proof. Let p;:=v(P; ) for each i. Given f = f + ¢ € K[[2]]* with n = v(e) < 0o, there
exists a largest index ¢ with v(g;) =n. We have

[Pi1(pitn = JB1(0) ().

Assuming that n >max (y1, ..., ik, Zp, 15 -+, 2B, ,) + 1, we also have

v(Pi>1(e) 2 2n > pitn,

whence

[E(Si)]ui—kn = ‘]151',1(”) (52)n
Since n > Zp, ,, we get Jp, ,(n) # 0, which entails Pi(e:)#0, P(¢)#0 and Py ¢(e) £0. O

4.4 An effective zero test for D-domains

In order to generalize the zero test from section 3.3 to the setting of D-domains, we first
need a suitable counterpart of Proposition 5 in addition to Proposition 19.

Assume that we are given a differential ring B = A{F'} / ([P]: HF°) where P, ...,
P, € A{F}\ A are such that ¢p, = §" F; for certain ry, ..., 7 € N. Given f € K[[z]]*
and n € N, we would like to solve the system of equations P(f + ¢) = 0 for £ € K[[z]]*
with v(g) > n. Assuming that Hp,(f;) # 0 for each i, we may define 7' and P as in the
previous section. Since 7' is a normalization matrix, there also exists a matrix U € K[d]][z,
271F*F with U T = 1d;. Then we have P(f + &) = 0 = P(¢) = T Pys(e) = 0 and
]5(6) =0=P(f+¢)= UP(E) =0. Now consider

OP1,...,Py; f1,..., firp -+ — Max (U(PLl)v ey U(ﬁk71)a le1,17 ooy Zpk,l) +1.

We have the following analogue of Proposition 5 for solving the equation 15(6) = 0 for
sufficiently small €.
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Proposition 20. With the above notations, if o >op,,.. pyfi,.... 1 and v(P(f))>20, then
there exists a unique f € K[[2]]* with P(f)=0 and v(f — f)>0.

Proof. By what precedes, it suffices to show that the equation ]5(5) =0 admits a unique

solution with v(e) >o. Let p;:=v(P; 1) <o for each i. Recall that we may write

(P = ©iiFi4-+06;, Fy
for each i, with ©; ; € K[§]. We now decompose each P; as
P, = Hi— A,
Hi = ©;,F;zM.
Extracting the coefficient of z#i*t™ in the relation H;(g;) = A(g;) now yields

JHz(n) (El)n = Ai(s)ufrn- (7)

For all n > o, we have Jy,(n) # 0 and Aj(e)y;+n only depends on coefficients (&), with
m < n and coefficients (&), with j > i. Hence (7) provides us with a recurrence relation
for the computation of ¢. OJ

Algorithm ZeroTest(Q)

INPUT: Q € A{F} )

OuUTPUT: the result of the test Q(f)=0

If Q € A then return the result of the test Q=0

If ZeroTest(lg) then return ZeroTest(Q — I (7))
If ZeroTest(Sq) then return ZeroTest(() rem Sp)
If Pirem @ +# 0 for some i then return ZeroTest(P;rem Q)
Let 01 € N be an upper bound for op

Let i be such that lg =0 F; for some v € N

Let o2:=0p,,...P,_1,Q,Pii1,....P5 f1,.... fi

Return the result of the test v(Q(f))>2max (o1, 02)

—

00 J O Ut = W N

Proof. The proof is analogous to the proof of the zero test algorithm from section 3.3. [J

4.5 An improved zero test for D-domains

The zero test from the previous section may be further improved along similar lines as
what we did in section 3.4. Given an abstract D-domain B, the strong root separation
for B is the smallest number o = o such that for any alternative “evaluation” mapping
p: B— Kllog z][[z]], we have p= p whenever v(p(P)— p(P)) > o for all P € B. The existence
of such a number is shown in the same way as before and for D-domains we have the usual
explicit bound:

Proposition 21. Let B = A{F}/([P]: Hp") be a D-domain with evaluation mapping p
and f=p(F). Let T be a normalization matriz for Pyt and P=TP. Then

ofy < max (v(Pr1), ..., v(Pr1), Zby 1y s ZB, ) + 1.
Proof. The proof is similar to the proof of Proposition 19. This time, ¢ € K[log z][[2]]*

we again pick i to be the largest index ¢ with v(g;) = n, so that we may write (g;), =
€i7n,glog€z + -4 in,0 with € » ¢#0. In the same way as before, we now get

[Pi(e)luitn = JB1(n)€inelog! 2+ O(log! ! 2).
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For n > Zp, |, we again get Jp, ;(n) #0, Pi(e:) #0, P(¢) #0 and Py ¢(c) #0. O
For the analogue of Proposition 20, we define
OPy,.. P fi, fr = MAX (U(Z—:’M), - U(Pk71)) +1.

Proposition 22. With the above notations, if c > 0p, _ p.f,.... £, and v(P(f))>20, then
there exists an f € K|[log z][[2]]* with P(f)=0 and v(f — f) > 0.

Proof. The proof is similar to the proof of Proposition 20, except that (7) should be
replaced by

(0 = TG +1) " At (®)
where Jy,(§ +n)~! is the operator inverse of Jy,(§ +n) from Proposition 1. O

In the algorithm ZeroTest from the previous section, it is now possible to replace
OPyy..o, Py f1,eees f Y Uf)lynwpk’;flw“vfk in the definition of 0.

5 Multivariate D-algebraic series

5.1 Multivariate power series domains and closure properties

Given a subring A C K[[z]] = K|[21, ..., 24]], we will denote by A the intersection of K[[z]]
with the fraction field of A. We say that A C K][[z]] is a power series domain if A is
a differential ring with respect to the derivations ¢; = z; 9/ 0z; such that Afr— A and A is
stable under the substitutions m;: z; — 0.

A power series domain A is said to be effective, if the differential K-algebra operations
can be carried out by algorithms and for each i € {1,...,n} we have a computable mapping
which takes f € A on input and returns f as a computable power series in m;(A4)[[z;]]. In
particular, this means that every f € A can be regarded as an computable power series
in the sense that there exists an algorithm which takes : € N" on input and returns the
coefficient f; of 2! = 2{' .- z'™ in f on output. We also notice that the quotient field of
an effective power series domain is an effective differential field, when representing fractions
in the usual way. In particular, AT is an effective differential A-algebra.

The above definitions can be generalized to countable dimension as follows. We let
K|[z1, 22, ...]] = KU K[[21]] U K[[21, 22]] U --+, where we regard each K[[z1, ..., 2]] as being
naturally included into K|[[z1, ..., zn+1]]. A subset A C K][[z1, 22, ...]] is said to be a power
series domain if A,:=ANK][z1,...,zy]] is a power series domain for each n. We say that
A is effective if each A,, is and if we have an algorithm for computing an upper bound for
the dimension n of any given series f € A.

Given f € K][z]], we let f(0) € K denote the evaluation of f at 0 = (0, ..., 0).
Given f € K|[z]] and g1, ..., gn € K[[u]] = K[[u, ..., up|] with ¢1(0) =---= g,(0) =0, we
define the composition fo g= fo (g1, ..., gn) of f and g to be the unique power series
fogeKlui, ..., up)] with

(fog)(ut,...,up) = f(g(ut,...;up), ..., g(u1, ..., up)).

We say that a power series domain A C K|[[z1, 22, ...]] is stable under composition if
fol(giy...,gn) € Afor any f€ A, and g, ..., gn € A with ¢1(0) =---= g (0). If we also have
an algorithm for the computation of fo(gi,..., gn), then we say that A is effectively stable
under composition.
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Let o1, ..., om € K|[z1, ..., 25]] with p=n—m >0 and ¢1(0) =---= ¢ (0) =0. Assume
that the matrix formed by the first m columns of the scalar matrix

91 91
21 (0) 2n (O)

dyp
3, 0)

Opm Opm
is invertible. Then the implicit function theorem implies that there exist unique power
series 1, ..., ¥m € K[[z1, ..., 2p]], such that the completed vector ¢ = (1, ..., ¥y)
with Y41 = 21, ..., ¥p = 2p satisfies ¢ o 1) = 0. We say that a power series domain
A C K[z, 22, ...]] satisfies the implicit function theorem if 1, ..., 1y € A for the above
solution of ¢ o 1) = 0, whenever 1, ..., o, € A,. We say that A effectively satisfies the
implicit function theorem if we also have an algorithm to compute 1, ..., 1, as a function
of p1,..., Pm.

Consider an invertible n x n matrix M € Q™*" with rational coefficients. Then the
transformation

oM R R R0
Zi y ZM-i

is called a monomial transformation, where we consider 7 € Q" as a column vector. For
a power series f € K|[[z1, ..., zp]] whose support supp f = {i € N™ f; £ 0} satisfies
M -supp f CN" we may apply the monomial transformation to f as well:

fozM = Z fi M
1€N,

A power series domain A C K|[[z1, ..., 2,]] is said to be stable under monomial transfor-
mations if for any f € A and invertible matrix M € Q"*™ with M - supp f CN", we have
fozMe A, We say that A is effectively stable under monomial transformations if we also
have an algorithm to compute f o 2™ as a function of f and M. Notice that we do not
require the existence of a test whether M -supp f C N™ in this case (the behaviour of the
algorithm being unspecified whenever M -supp f ¢ N™).

Given an effective power series domain that effectively satisfies each of the above clo-
sure properties (composition, implicit functions, and monomial transformations), it can
be shown that an effective version of the Weierstrass preparation theorem holds. We refer
to [11] for details.

5.2 Multivariate D-algebraic power series

Let AC K[[z]]=K][[#1, .., 2n]] be a multivariate power series domain. Given a power series
feK]|[z]]=K][z1,...,2n]] and i € {1, ...,n}, we may consider f as a power series

Fo= [0+l )zt (2 F) 22+

in z; with coefficients in m;(K[[2]]), and also as a power series in z; with coefficients in the
fraction field of m;(K[[z]]). If f is D-algebraic over A for this latter interpretation of f,
then we say that f is D-algebraic in z; (or with respect to ;). We say that f is D-algebraic
over A if f is D-algebraic in each of the variables z1, ..., zy.

Proposition 23. Given f € K[[z]] is D-algebraic over A and i€ {1,...,n}, each coefficient
[2X] f of the power series expansion of f in z; is D-algebraic over mi(A).
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Proof. Given j#1i, let Pj(f)=0 be a non-trivial differential equation satisfied by f in ;.
Let v;(P;) denote the valuation of P in z;. Modulo division of P; by z; il ), we may assume
without loss of generality that v;(P;) = 0. Now m;( f) satisfies the non-trivial equation
7i(P;)(mi(f)) = 0. This shows that [2]] f is D-algebraic over ;(A).

For k > 0, we will prove by induction that [z¥] f is D-algebraic over m;(A). So assume
that [20] f, ..., [2F 1] f are D-algebraic over m;(A), whence over A. Given j # i, the series

PO el 16 e (= W D
&

is D-algebraic in §; over A, by Proposition 3. By what precedes, it follows that [2] f =m;(g)
is D-algebraic in ¢;. O

Proposition 24. The set A% of D-algebraic power series over A forms a multivariate
power series domain.

Proof. The stability of A9%% under the differential ring operations and division (when
defined) directly follows from Proposition 3. The stability under the projections 7; follows
from Proposition 23. OJ

From now on, A{F'} denotes the set of differential polynomials with respect to the pair-
wise commuting derivations d1, ..., §,. Proposition 2 also admits a natural generalization:

Proposition 25. The series f € K[[z]] is D-algebraic if and only if A{f} admits finite
transcendence degree over A.

Proof. Assuming that f € K[[z]] is D-algebraic over A, let Pic A[F,5; F,6?F,..]\ A be
of minimal Ritt rank (67 F, d;) with Py(f) =0, for each i. Let F = {66 friy <71, ...,
in<rpn}. Then Sp,(f)#0 for each i and B= A[F,Sp,(f)7L,...,Sp,(f) "1 is stable under the
derivations 4, ..., 0,. Consequently, A{f} =B and trdega A{f} <ri - r,+n. Conversely,
assume that trdega A{f}=r. Then f,...,d] f satisfy a non-trivial algebraic relation for
each i, whence f is D-algebraic. O

Assume now that A is an effective multivariate power series domain. We may effectively
represent a D-algebraic series ¢ € A%I8 over A by a tuple (f, P, ..., P,) where f is
a computable power series in K[[z]] and P; an annihilator for f with respect to d;, for each i.

Proposition 26. Assume that A C K[[z]]=K|[[z1, ..., zn]] is an effective multivariate power
series domain over an effective diophantine field K with an effective zero test. Then Ade
s an effective multivariate power series domain with an effective zero test. Moreover, for
anyi€{1,...,n}, there exists an algorithm for computing the coefficients [2¥] f of the power
series expansion of a given f € A8 with respect to z;.

Proof. We prove the proposition by induction over n. For n =0, the result is trivial, so
assume that n >0 and that we proved the result for all smaller n.

Given i€ {1,....,n}, let us first show how to compute the coefficients [2F] f of the power
series expansion of a given f € A with respect to z;. The induction hypothesis provides
us with a zero test in m;(A9%18) = 1;(A)48!8, In the proof of Proposition 23, we thus have
an algorithm for the computation of the valuation v;(FP;), and the remainder of this proof
is constructive.
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Let L denote the quotient field of m,(A%I8) =7, (A)9le, We claim that L is an effective
diophantine field. Indeed, given a polynomial H € L[A], an integer A € N is a root of H if
and only if X is a root of H multiplied by the denominators of its coefficients. Without
loss of generality, we may therefore assume that H € m,(A%!8)[A]. After this reduction,
A€ N is a root of H if and only if A is a root of the coefficient [zt 2" 1] P e K[A] of
21t z;”_’f in P for all i1, ...,%,-1 € N. Let i1, ...,7,_1 € N be such that this coefficient ()
is non-zero and let o be its largest root in N (or —1 if no such root exists). We may now
check whether H(k)=0 for k=0,...,0 and compute the largest root of H in IN.

Any series f in A8 may be regarded as a univariate series in z, with coefficients in L.
By what precedes, L is an effective diophantine field and we have an algorithm for the
computation of the coefficients of f. The zero tests from section 3 can therefore be used
as zero tests for f. O

5.3 Multivariate D-domains

Let A C K][[z]] = K][[z1, ..., 25]] be a multivariate power series domain. An abstract
multivariate D-domain over A is a differential A-algebra B for ¢y, ..., §, together with
a differential A-algebra morphism p: B — K|[[z]]. A multivariate D-domain over A is an
abstract multivariate D-domain B over A of the form

B = A{F,...F}/I
I = [Pityeees Pigs ooy Pats oo Patl: (Hpy, -+ Hpy -+ Hp, - Hp, )™,

where Pj 1,..., P gy ...y Po 1, ..., Po ok € A{F, ..., Fi, } are such that
p(HP1,1"'le,k"'HPn,l"'HPn,k+I) 7é 0,

and where each P; ; only involves derivations of the form §; and admits a leader of the form
6; "7 F} for certain r; ;€ N. We will denote by B those elements P/ @ of the fraction field
of B such that p(P/Q):= p(P)/p(Q) € K[[z]]. We will also write p(P) = p(P + I) for
P e A{Fy,...,F}. We say that B is effective if A is an effective power series domain and
p(P) is computable for each P € B. We say that B is unmized if P; j € A[F},0; F},0? Fj, ...]
for all 7 and j. We say that B is Pfaffian if P; j is of the form P; ;=S; ;0; F; — R; ; with
Sij. Ri ;€ A[F, ..., Fy| for all 4, j.
The proof of the following proposition is analogous to the proof of Proposition 16:

Proposition 27.

a) Given any multivariate D-domain B over A and any P € B, the series p(P) is
D-algebraic over A. If B is effective, then we may effectively compute p(P) € A%,

b) Any multivariate D-algebraic series f over A is the element of a multivariate
D-domain B over A. If A is effective and f € A% then we may effectively com-
pute B. O

Corollary 28. Let B be an effective multivariate D-domain over A C K|[[z1, ..., zn]]. Then
there exists an algorithm for testing whether p(P)=0, for given P € B.

Proof. This follows from Proposition 27 and the existence of a zero test in A48 (Propo-
sition 26). O

The proofs of the following propositions are analogous to the proofs of Propositions 17
and 18:
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Proposition 29. Any multivariate D-domain B is equivalent to an unmized D-domain.
If B is effective, then this reduction is effective. O

Proposition 30. Any multivariate D-domain B is equivalent to a Pfaffian D-domain. If B
18 effective, then this reduction is effective. O

Consider P, Q € A{F1, ..., F;,} with £{p=¢6P F; and g =07F}. Let m € N™ be such that
m; = max (p;, ¢;) for all i € {1, ...,n} and assume that m ¢ {p, ¢}. Then we recall from
differential algebra [17, 14] that the A-polynomial Ap g of P and @ is defined by

AP7Q = SQ om—Prp— Spém*qQ.

Given a D-domain B as above, we say that B is coherent if Ap, . p, ; € I for all 7,14/, j.

Given an arbitrary effective D-domain B, we may compute an equivalent effective coherent
D-domain using the algorithm below, where we make use of the effective zero test from
Corollary 28:

Algorithm MakeCoherent(B)
INPUT: An effective multivariate D-domain B
OuTPUT: A coherent effective multivariate D-domain that is equivalent to B
I Let P:={P; ;;1<i<n,j<1<k}
2 Repeat the following
3 Let P*:={PeP:p(P)+0, p(Hp)#0}
If there exists P € P with PremP*\ {P} =0, then set P:=P \ {P}
Else if 3 P € P with R:=PremP*\{P}# P and R¢ P, then set P:=PU{R}
Else if 3 P, Q € P with R:=Ap gremP*#0 and R ¢ P, then set P:=PU{R}
Else if 3 P € P with p(Ip) =0 and Ip ¢ P, then set P:=PU{Ip}
Else if 3 P € P with p(Sp) =0 and Sp ¢ P, then set P:=PU{Sp}
9  Else return A{Fi,..., Fp}/([P]: H®’) with the evaluation induced by p

co N O Ot =~

Proof. The main loop invariant states that P only contains annihilators for the point
p(F)=(p(F1),..., p(F¥)), and each of the original differential polynomials P; ; Ritt reduces
to zero with respect to P*. The termination follows from the fact that we only add new
elements of smaller and smaller Ritt ranks to P. At the end, the set P is necessarily
coherent and autoreduced, and such that p(Hp) # 0. Since each original polynomial P; ;
reduces to zero modulo P* =P, there must exist a corresponding polynomial @); ; € P with
leader 6;" F; and s; <. This shows that A{F1,..., Fi} /([P]: H¥) is indeed a D-domain. [J

5.4 Extraction of coefficients and application to zero testing

By Proposition 26, there exists an algorithm for extracting the coefficients of multivariate
D-algebraic power series with respect to a single variable z;. In the case of power series
that are represented by elements of a D-domain B, it would be nice to have a more efficient
and systematic algorithm. In particular, given i € {1, ..., n} and | € N, we would like to
effectively construct a D-domain Bg; such that for any P € B and any m < [, we can
produce a Q = [2/"] P € BE; with [2"] p(P) = p(Q). For this, it suffices that B, contains
all coefficients of the form [2]"] Fj with je{1,...,k} and m <.

Theoretically speaking, we may construct B¢; using Proposition 26. As a first opti-
mization, we claim that there exists a computable finite set £ CIN such that we can take
B¢i=B<;:=Bg;—1 whenever [ ¢ L. Indeed, for any f € p(B), we may regard f as a power
series in z; with coefficients in the quotient field of m;(K[[z]]). For sufficiently large I, the
coefficients of this power series are determined by a recurrence relation of type (3).
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As a second optimization, assume that B is Pfaffian and regular in z;, meaning that
the valuations v;(p(Sp, ;)) of the p(Sp, ;) in 2; all vanish. We will take

Bg=B{[l] Fu, ..., [2]] B}/ I,
l

with p([2{] Fj) = [2]] p(F}) for all j, and where the differential ideal I; is constructed as
follows. Given i'#1i and j € {1,...,k}, let

Since v;(p(Si7.j)) =0, extracting the coefficient of z! in the equation
p(Sir,j) i ) = p(Rirj)

yields a relation

([27) p(Sir. ) ([=1] p(6ir Fy)) = Rur j,
for some Ry j ;€ A[F, j,l]. Now let P; be the set of all differential polynomials of the form
Py ju= ([27] Sir.;) 6/([2]] Fj) — Rir j1- Then we may take I = A{P;} / ([P)): HF’). Notice
that B¢ is again Pfaffian if B.; is Pfaffian. However, regularity in the other variables z;/
is not necessarily preserved. Nevertheless, if p(Sp, ;(0)) # 0 for all i, j, then the recursive
extraction of coefficients only yields regular Pfaffian D-domains.

Remark 31. Given a regular D-domain in z;, it can be shown that the reduction to an
equivalent Pfaffian D-domain used in the proof of Proposition 30 actually yields a regular
Pfafian D-domain in z;.

From what precedes, it follows in particular that there exists a constant L € N such
that we may take Bgl = BgL for all [ > L. Hence for any P € B and any m € N, we have
[z{"| P e Bg - We may then reinterpret the D-domain B as a univariate D-domain by only
retaining the relations P; 1, ..., P; ) and using coefficients of the form p(Q) € m;(p(B))*
with @ € Bg - This allows us to replace the theoretical zero test from Corollary 28 by one
of the more efficient zero tests from section 4.

5.5 An effective implicit function theorem
Let @1, ..., om € K[[2]] = K[[21, ..., zn)] With m <n and denote

8801 e 8<p1

830 8:31 B?n

=22 | :
0z

Oom . Opm

0z1 Ozp

Let ®; be the submatrix spanned by the first m columns of ® and ®, the submatrix spanned
by the last p=n —m columns. Assume that ®(0) € K™*™ is invertible. Then the implicit

function theorem implies that there exist unique power series ¥y, ..., ¥, € K|[u, ..., up)],
such that the completed vector ¢ = (91, ..., 1) with V41 =11, ..., ¥y = u, satisfies
po=0. (9)

Forming the Jacobian matrix ¥ =94 /0u of ¢, we let U; and Wy denote the submatrices
spanned by the first m resp. last p rows. Differentiating the relation (9), we obtain

(@1o¢) \I/1+((I>20¢) \IIQ = 0.
Since Wy =1Id,, this yields
U = (—®7 @) o
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Given any f € K][[z]], consider the row matrices Fy = (0f / Dz, ..., Of / Ozpy) and
=(0f/0zm+1,-..,0f /Ozp). Then

OIS0~ (Fiow) Wi+ (Fyo )
= (R~ F1 7' @) 0.

Let A1 =(01,...,0m), A2 =(Om+1,...,0p) and T = (u3 0/0uy, ..., up 0/ 0up). Let Z; and Zy
diagonal matrices with entries 21, ..., Zm T€SP. Zm41, ..., Zn. Denoting by A= (51, . Sp) the
row vector of derivations with

Af = Agf—AfZ71 0710y 2,
the above relation implies

Y(fop) = (Af)or.

Notice that z1 - 2y, det &1 A maps power series to row vectors of power series.
Assume now that 1, ..., ¢, € B for some effective multivariate D-domain B of dimen-
sion n over A= K with

B = K{F, .. F}/I
I = [Py, j]:(T1, ; Hp, )™

Assume also that the coordinate functions z1, ..., 2z, are among the F;. We will make
the additional assumption that z; o ¢» # 0 for all i € {1, ..., m}. In particular, setting
U=z zmdet ®, we have U o ¢ #0. We introduce a new evaluation mapping p on B by
taking

p(F;) = p(F) o (10)

We may formally extend p into an evaluation from B[U '] into K[[u]][(U o +)~Y. This
evaluation is not compatible with the original derivations 41, ..., d,, but we do have

w B~ 6 )
for all P € B[U™'], and for each of the derivations d;. Since B[U~'] is finite dimensional
as a K-algebra, Proposition 14 implies that F}, 5 F;, ((5 )2 Fj, ... satisfy a computable non-
trivial K-algebraic relation Pu j for each ¢ and j. Using Proposition 13, we may assume
without loss of generality that these relations are non-degenerate. We now define a new
multivariate D-domain B for the derivations 51, . gp, by taking

— K{F177Fk'}/j
= [Pjrd, 4): (I, ; Hp, )™

and taking the evaluation mapping p as in (10). By construction, p(z;) = 1; for each
i€{l,...,m}, so v; is D-algebraic.

The additional assumption that v¢; = z; 0 10 # 0 for all i € {1, ..., m} is quite benign.
Indeed, for any index i with ; = 0, postcomposition of f € K]|[z]] with ¢ means in
particular sending z; to 0. This can also be achieved by extracting the coefficient of 2!
in f. Consequently, modulo a finite number of extraction of coefficients, we may assume
without loss of generality that ; #0 for all i € {1,...,m}. We have proved:

~n UU'

Proposition 32. The set of D-algebraic power series over an effective diophantine field
K is effectively satisfies the implicit function theorem.
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Proposition 33. The set of D-algebraic power series over an effective diophantine field
K s effectively stable under composition.

Proof. Given f € K[[z1, ..., z,]] and g1, ..., gn € K[[u1, ..., up|] with ¢1(0) == g,(0) =0,
consider the power series ¢; =z; — g; € K[[21, ..., Zn, U1, ..., Up]]. The above algorithm allows
us to compute Y1, ..., Y4 p€ K[[u1, ..., up|| with 1,1, =u; and o1 =0, as well as the result
of the composition f o 1) (when considering f as an element of K[[z1, ..., 2n, U1, ..., Up)]),
which coincides with fog. O

The construction of B is somewhat unsatisfactory since the computation of individual
K-algebraic relations f’z ;j using Proposition 14 is usually quite expensive. In the frequent
situation that Hp, ;01 # 0 for all 4, j, we may use the following more efficient technique.
Using Proposition 30, we may assume without loss of generality that the original relations
Pi,j are of the form Pi,j = S@j 0; F] — RZ‘J' with S@j, RZ'J‘ S K[Fl, ceey Fk] By assumption,
we have p(S; ;) o9 #0 for all 7, j. With the above notations, let = denote the horizontal
concatenation of the matrices Id, and —Z7 o7 @y Zy, so that A f=(A f) Z for all f and
U = has coefficients in B. Modulo the relations P; j, we may then write

~ _ _ R .
0; F} = Z (51/F) 2= Z =N SZZ’]J
i/ )

i/

For each ¢ and 7, this means that there exists a power product 5’” of the S;/ ;» and
a polynomial R; ;€ K[F,..., F}] with

USijdijFj = Rij.
This allows~us to take ]5Z i =U S’z j 5, B — R, j in the construction of the multivariate
D-domain B instead of the relation found using Proposition 14.

5.6 Effective monomial transformations

Proposition 34. Let A C K[[z1, ..., zn]] be an effective power series domain over an effec-
tive diophantine field K. Then A8 is effectively stable under monomial transformations.

Proof. Let B be an effective D-domain over A, let P € B and f = p(P). Given an invertible
matrix M € Q"*" with M -supp f C N”, we have to show how to compute fozM. Given
a row vector A € Q™ we will denote A- 6 = A1 01+ -+ + A, dn. Then for any power series
¢ € K|[z]] and any A € Q", we notice that

(A-8)(poM) = ((AM)-8)(p)o2M.

Since trdega B < s:=ry -y, + n, the elements P, ((AM)-0)(P),..., (A M) -0)*(P) satisfy
an A-algebraic dependency which can be computed using Proposition 14. Applying this
result for all A of the form A=¢e;= ((), G- *.0,1,0,..., 0), we obtain D-algebraic relations
over A for pozM in the individual derivations d;. g

The above proposition could in principle be used for computing with monomial trans-
forms of elements in an effective D-domain B. However, in a similar way as it is more
efficient to keep fractions in their symbolic forms when computing with fractions in BT,
it is often more efficient to keep monomial transforms in their symbolic form fo z™ when
computing with them.
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More precisely, we first notice that monomial transformations f+— f o z™ with M € N”
are somewhat easier, since they can be computed using our algorithms for composition.
Now two monomial transformations f+— fozMt and f+ fozM2 are said to be compatible
if there exist invertible matrices Ny, No € N"*™ with M; Ny ' =My N, *. Given fi, fo€ p(B)
with M7 -supp fi C N™ and My -supp fo CN”, let g1 = f102™M, go= fa02N2 and P= M, Nfl.
Since N7 and Ny have coefficients in N, we may construct a D-domain B’ with g1, g2 € p(B’).
Now f102zMi = g0z and fo02M2 = gy 0 2. In particular, any ¢ € K{f1, fo} can be
represented by ¢ =10 2P for some v € p(B’).

From the geometrical point of view, the notion of compatibility can be interpreted
as follows. Let X be an open subset of {\ € (R*)"\ {0}: |\| = 1} and @ = R® X. Let
K{[[z1,...,zn]]a be the subset of K[[z1,..., z)] of series f with supp f C Q. Given a monomial
transformation f s f oz, we call ({0} UM~ (R>)") N (IR*)" its associated cone. Given
two monomial transformations f +— f o 2™ and f — f o 2M2 with associated cones
and (2o, it is not hard to check that these transformations are compatible if and only if

Q1N Qs 7& {0}

5.7 Heuristic zero testing

It should be emphasized that zero testing of power series is a quite asymmetric problem
in the sense that it is usually easy to prove that a non-zero series is indeed non-zero (it
suffices to find a non-zero coefficient), whereas it is often hard to prove vanishing series to
be zero. Since exact zero tests are so slow, it is often preferable to use heuristic zero tests
instead. In fact, heuristic zero tests can be combined with genuine zero tests: for a complex
computation that involves many zero tests, we first perform all zero tests heuristically. At
the end of the computation, we collect all series that were heuristically assumed to be zero
in order to compute the result, and we apply an exact zero test to these series.

The most obvious heuristic zero test for a univariate D-algebraic series is to compute all
coefficients up to a fixed order. Even for large orders, these coefficients can be computed
efficiently using Newton’s method or relaxed power series evaluation [2, 8, 1, 9, 6, 10]. In
the case of multivariate D-algebraic series f € K[[z1, ..., 2,]], one simple idea is to generate
a random scalar vector A = (Ay, ..., A,) € K™ and to test whether the univariate power
series f o (A z) vanishes. The composition fo (A z) can be computed efficiently using the
algorithm(s) from section 5.5. Here we notice the remarkable fact that the derivation

0 = di+-+0,
for which
§(fo(rz)) = (0f)o(X2)

does not depend on A. This makes it actually possible to design another exact zero test
for multivariate D-algebraic series: compute a univariate D-domain capable of representing
fo(Az) where X is treated as a formal parameter, and test whether fo(Az)=0.
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