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Abstract

This paper concerns singular value decomposition (SVD)-based computable formu-
las and bounds for the condition number of the Total Least Squares (TLS) problem.
For the TLS problem with the coefficient matrix A and the right-hand side b, a new
closed formula is presented for the condition number. Unlike an important result in the
literature that uses the SVDs of both A and [A, b], our formula only requires the SVD
of [A, b]. Based on the closed formula, both lower and upper bounds for the condition
number are derived. It is proved that they are always sharp and estimate the condition
number accurately. A few lower and upper bounds are further established that involve
at most the smallest two singular values of A and of [A, b]. Tightness of these bounds
is discussed, and numerical experiments are presented to confirm our theory and to
demonstrate the improvement of our upper bounds over the two upper bounds due to
Golub and Van Loan as well as Baboulin and Gratton. Such lower and upper bounds
are particularly useful for large scale TLS problems since they require the computation
of only a few singular values of A and [A, b] other than all the singular values of them.

Keywords: total least squares, perturbation, condition number, singular value decom-
position.
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1 Introduction

For given A € R™"(m > n), b € R™, the total least squares (TLS) problem can be
formulated as (see, e.g., [2] 6, [17])
min ||[E, f]||F, subjectto b+ feR(A+E), (1)

where || - || denotes the Frobenius norm of a matrix and R(-) denotes the range space.
Suppose that [Errs, frrs] solves the above problem. Then x = xprg that satisfies the
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equation (A + Errs)r = b+ frrs is called the TLS solution of (). The TLS problem is a
formulation of the linear approximation problem Az = b. In this paper, we concentrate on
the inconsistent linear approximation problem, i.e., b ¢ R(A). Otherwise, [Errs, frrs] =
O, the zero matrix.

Given a problem, the condition number measures the worst-case sensitivity of its solution
to small perturbations in the input data. It is well known that the condition number is
independent of perturbations themselves and is expressed by some information about the
original data. Combined with backward errors, it provides a (possibly approximate) linear
upper bound for the forward error, i.e., the difference between a perturbed solution and
the exact solution. Since the 1980’s, algebraic perturbation analysis for the TLS problem
has received considerable attention; see [4] 6, 15, 2T] and the references therein. From the
expressions of perturbation bounds presented in [4, [0 15, 21], we can see that there are
some essential distinctions between them and a standard form. The perturbation bound
in [0] is a standard one in the sense that it is expressed as some perturbation independent
factor times backward errors. So, this factor is naturally an upper bound for the TLS
condition number. The perturbation bound in [21I] is nonstandard and unusual since the
perturbation bound is not zero when a perturbation is exactly zero. Actually, a careful
observation reveals that the bound is never less than a certain positive constant under the
assumption b ¢ R(A). As a result, it makes no sense to extract an upper bound for the TLS
condition number from this perturbation bound. The perturbation bounds in [4], [I5] are
very different from a standard perturbation bound in that they contain some information
about the perturbed TLS problem, e.g., the TLS solution Zprg of the perturbed TLS
problem in [4] and the right singular vectors associated with the smallest singular values of
both [A, b] and its perturbed matrix in [I5]. Because of these features and the fact that
the condition number itself has nothing to do with perturbations, it is impossible to extract
upper bounds for the TLS condition number from the perturbation bounds in [4, [15]. If one
attempts to find suitable upper bounds for the TLS condition number, some further and
complicated treatments are required and it is necessary to make each of their perturbation
bounds become a standard one, that is, some perturbation independent factor times the
backward error.

In recent years, asymptotic perturbation analysis and TLS condition numbers have been
investigated. Zhou et al. [22] and the authors [14] have presented a first order perturbation
analysis of the TLS problem and established Kronecker product-based condition number
formulas. Baboulin and Gratton [I] have derived an SVD-based closed formula for the TLS
condition number, which involves all the singular values and the right singular vectors of
both A and [A, b], and an upper bound, which involves only several singular values of A
and [A, b]. To our best knowledge, however, there has been no lower bound available for
the TLS condition number in the literature.

It is well known that the TLS solution x7rg involves the smallest singular value and the
corresponding right singular vector of [A, b], see, e.g., [6]. Very recently, a new classification
has been proposed in [9] for the TLS problem in AX ~ B with B € R™*? and d > 1. It
is based on properties of the SVD of the extended matrix [B, A] and has established
further results on existence and uniqueness of the TLS solution. In this paper, based on
the intimate relation between SVDs and TLS problems and motivated by the work of [I],
we continue our work in [I4] to study SVD-based TLS condition number theory. We will
derive a number of results. Firstly, we establish a new closed formula of the TLS condition
number. It is distinctive that, unlike the result in [I] that requires the SVDs of both A and



[A, b], our formula only uses the singular values and the right singular vectors of [A, b].
Secondly, starting with the closed formula, we present both lower and wupper bounds for
the condition number that involve the singular values of [A, b] and the last entries of the
right singular vectors of [A, b]. Furthermore, we prove that these bounds are always sharp
and can estimate the condition number accurately. We then focus on cheaply computable
bounds for the TLS condition number. We establish lower and upper bounds that involve
at most the smallest two singular values of A and [A, b]. We discuss how tight the bounds
are. These bounds are particularly useful for large scale TLS problems since they require
to compute only very few of the smallest singular values of A and [A, b] rather than all the
singular values of them. So we can compute these bounds by using some iterative solvers
for large SVDs, e.g., [I1], [12]. From [6], as mentioned previously, an upper bound for the
TLS condition number can be extracted. It has been simplified and applied to evaluate
the conditioning of the TLS problem in [3]. We will present numerical experiments to
demonstrate improvements of our upper bounds over the two upper bounds due to Golub
and Van Loan [6] and Baboulin and Gratton [I], respectively.

We mention that for given A and b the standard least squares (LS) problem is always
and can be much better conditioned than the corresponding TLS problem; see, e.g., [2|
p.180]. The results in this paper allow us to compare the sensitivity of solution of the
standard LS problem to the sensitivity of the solution of the TLS problem. So it may be
better to solve the LS problem if possible. This is the case when all the errors are confined
to the “observation” b but A is assumed to be free of errors. However, this assumption may
be unrealistic: sampling errors, human errors, modeling errors and instrument errors often
imply inaccuracies of A as well. If both A and b are subject to errors, a reasonable way to
take the errors in A into account may be to introduce perturbations also in A. The TLS
problem () is just a natural formulation for this purpose. We refer the reader to [2 6l 20]
for more on the introduction of the TLS problem.

The paper is organized as follows. In Section 2, we present some preliminaries necessary.
In Section 3, we establish some useful and necessary results related to a specific orthogonal
matrix. In Section 4, we present a new closed formula for the TLS condition number.
The bounds for the TLS condition number are derived in Section 5. In Section 6, we
report numerical experiments to show the tightness of our bounds for the TLS condition
number and improvements over Golub-Van Loan’s bound and Baboulin-Gratton’s bound.
We conclude the paper with some remarks and future work in Section 7.

Throughout the paper, for given positive integers m,n, denote by R™ the space of n-
dimensional real column vectors, by R™*"™ the space of all m x n real matrices, and by || - ||
and || - || the 2-norm and Frobenius norm of their arguments, respectively. Given a matrix
A, A(1:14,1:7)is a Matlab notation that denotes the submatrix in the intersection of rows
1,...,7 and columns 1,...,j, and 0;(A) denotes the ith largest singular value of A. For
a vector a, a(i) denotes the ith component of a, and diag(a) is a diagonal matrix whose
diagonals are a(i)’s. I,, denotes the n x n identity matrix and O,, , denotes the m x n zero
matrix with O a zero matrix whose dimension is clear from the context. For the matrices
A=lai,...,a,] = [aj;] € R™*™ and B, A® B = [a;; B] is the Kronecker product of A and
B, and the linear operator vec : R™*" — R™" is defined by vec(A) = [al, ..., al]T.

»r'n



2 Preliminaries

Throughout the paper, let A = Udiag(61, . ..,6,)V7 be the thin SVD of A € R™*™ where
b1 > e > 6y, U € RV € RS and U707 = I, VIV = I, and let [A, b] =
Udiag(oy,...,0n41)V7T be the thin SVD of [A, b] € Rmx("ﬂ), where o1 > -+ > 0,41,
U = [ug,... tupy1] € ROV = [y v,q] € ROFDXOHD) and UTU = 1,44,
VIV = 1.

The TLS problem ([I]) may not have a solution, but it does have a unique solution if the
following condition holds [17]:

A has rank n and b Y Upip, (2)

where U,n;n denotes the left singular vector subspace of A corresponding to its smallest
singular value. Throughout the paper, we always assume that (2]) holds.

It is noted in [I7] that condition (2) means 0,41 < 0y, the existence and uniqueness
condition of the TLS solution given in [6]. Under the condition that 0,41 < y, it is proved
n [6] that

vrrs = (ATA—o2 1)t A™D (3)

_ Un41(1) Un+1(n) T' (4)

Un+1(n+ 1)7 o Un+1(n + 1)

We comment that (2)) implies that A7b # 0. So x5 # 0.

Given the TLS problem (II), let A=A+ AA, b=>b+ Ab, where AA and Ab denote the
perturbations in A and b, respectively. Consider the perturbed TLS problem

min ||[E, f]||r subject to b+ f € R(A + E). (5)
Under the assumption that b ¢ R(A), it follows from (2]) that 0 < 0,41 < 6, In [14], the
following result is established for the TLS solution Z71g of the perturbed TLS problem ({l).

Theorem 1 Suppose that the TLS problem () satisfies 0 < op41 < 6. Define r =
Arrrs —b and G = [z1, 4, —1]® I, € R™*(Mmn+m) [ I[AA, Ab]||p is small enough, then
the perturbed problem (Bl) has a unique TLS solution Zprs. Moreover,

Trps =arps + K [ VeC(AAbA) } +O([A4, Ab)|3), (6)

where

T
K=(ATA—02,,1,)" <2AT H:H M G- ATG - [I, &7, on,m]> e Rnx(mntm) (7

It is shown in [6] that
2 _ Il

o = 8
n+1 1_’_HxTLS”2 ( )
. I
T
ATT = ———————5IT7TLS = O’2 TTLS- 9
1+ ||33TLS||2 n+1 ( )
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From (), it follows that

1 [ l’iLlS ] (10)

Vpy] = ———
! V14 ||zrrs?

up to a sign 1. We will use the above two relations later. The following basic properties
of the Kronecker products of matrices can be found in [8] and are needed later:

(Al X Ag)(Ag (= A4) = (AlAQ) (= (A3A4),

(A @ A9)T = AT @ AT,

where A;,7 =1,...,4 are matrices of appropriate sizes.

3 Some results related to a specific orthogonal matrix

In this section, we establish a number of results that are related to a specific orthogonal
matrix. They play a central role in deriving our lower and upper bounds for the condition
number of the TLS problem in Section 5.

Proposition 1 Let W be an arbitrary (n + 1) x (n + 1) orthogonal matriz with W (n +
IL,n+1)=—-a,0<a<1. Denote Wi =W(1:n,1:n). Then

01(W11) == O'n_l(Wn) = 1, Un(WH) = Q. (11)

Furthermore, W can be written as

Wi V1—oa2 U,

W =
1—a2 ol —« ’

(12)

where Uy and Uy, are the left and right singular vectors associated with the smallest singular
value of Why.

Proof. It is an immediate result of Theorem 2.6.3 in [7]. O
Let [B1,...,Bn, —a] be the last row of W. From (I2)) we have

_ 1 = -
Uy = ﬁ[/@h”wﬂn]' (13)

Since (a™!, 4y, Uy,) is the largest singular triplet of Wl_lT, from (II]) we get the SVD of
Wl_lT:

n—1
W' =a el + ) uny]
i=1
where u;,7;,4 = 1,...,n — 1 represent the left and right singular vectors associated with
the singular value one. Then, by (I3]) we obtain
Bl Bn
12012 1—a?
_ 1- _ v1(1 v1(n
WHT = [a 1un,u1,...,un_1] ) ( ) (14)
Un-1(1) Un—1(n)
-1 -1
@ «
- Gl Uy + W1, Fn Up + Wy | , (15)

V1—a? VI = a2



where v;(k) denotes the kth component of v; and

wk:ZT}i(k‘)ﬂi, k=1,...,n. (16)
From (4]) we get

=, (17)

which will be used later.

Before proceeding, we need the following lemma.
Lemma 1 For given matrices Ay, Ay € R, if AT Ay = O, then

1
o (ALl + ([ A2[1) < flA1 + Azl < [|As [l + [l A2]]- (18)

Proof. The upper bound in (I8)) is obvious. It suffices to prove the lower one. For an
arbitrary vector x € R™, from (A;2)7 (Aax) = 0 it follows that

[Avz]l, [[Azz|| < [|Arz + Agz]]

and that
ALl = max),=1[|Ar1z| < max), =1 [|A1z + Agz|| = || A1 + Az,
[Az2]] = max), =1 [|A2z| < max), =1 [|A1z + Agz|| = || A1 + Az]|.
So, the assertion is proved. O

Now we are in a position to show the following two propositions.

Proposition 2 Let W be an arbitrary (n + 1) x (n + 1) orthogonal matriz with W(n +
ILn+1)=—a, 0<a<1 Let Wiy =W(1:n,1:n) and [B1,...,Bn, —a] be the last row
of W. Then for S = diag(s1,...,5,) with 51,...,5, arbitrary positive numbers ordered as
0<51 <8 <---<35,, we have

L (o BS  BR ar
ci= = + 5
€= 3 Vi—a? Vi—a2z "
. o[BS A+ 5252
C .=
= Vi-a2

< HWﬁTSH + 5. (19)

Proof. Following (I3]), we get

13 = 173 =
T NIy 3 - a” Bpsn
Wll S — [ﬁun + Slw:[, ey ﬁun + Snwn:| .
Define the matrices . -
Al _ |:Oé— ﬁlgla - ﬁngnﬂ :|
/—1_a2 ny = /71_a2 mn
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and

Then

| A1l =

From (I6]) and (7)) we obtain

Furthermore, since ||S|| = 3, it follows from
18nwn]l < A2l < [I[ws, - -, wall[1S]]

that

V1—a?-p32
V1—a?

§n § HA2|| § §n-

(22)

Note that AT Ay = O. Based on Lemma[lland combining (20), 1)) with (22]), we establish

the desired inequality.

d

Proposition 3 Suppose that 0 < oo < L, where o is defined as in Proposition[d. Then for

¢ and ¢ in Proposition [2, we have
c < ¢ <4c.

Proof. If 12l - @, it is easy to verify that

V1—a?
Vit B 1
V1—a? 2
and that 1
Thus, (23) holds. If |_‘ > \/_ , then
1 1Bl > ﬁa—l -1
Vi—a?2 = 2 ’
so ot \/‘ff—Lsn > §,, from which and the definitions of ¢ and c¢ it follows that
Oz_l\/Blsl -+ (325 B
¢ < +a_17"§n
V1 —a? V1 —a?
B 204_1\/61 52+ .-+ 32352
- V1—a?
207N /BIst+ -+ P22 9 /T _ a2 _ 52
< \/ L L, a 5, = 4c.

V1—a? V1—a?

(23)



Thus, (23) holds. O

This proposition means that the upper bound is at most four times of the lower bound

in Proposition 2l So we can estimate HW1_1T§ H accurately by its lower or upper bound

within no more than four times of the exact le_ng H

4 A closed formula for the TLS condition number

Throughout the paper, we follow the definition of condition number in [5, 19]. Let ¢ :
RP — R? be a continuous map in normed linear spaces defined on an open set D, C RP.
For a given ag € Dy, ag # 0, with g(ag) # 0, if g is differentiable at ag, then the absolute
condition number of g at ag is

tg(a0) = Ilg' (o)l (24)

and the relative condition number is

;el(ao) — M7 (25)

lg(ao)ll

where ¢’'(ag) € R?*P denotes the Jacobian of ¢ at ay.

K

In [1], an SVD-based closed formula for the condition number of the TLS problem was
presented. Denote by k4(A,b) the absolute TLS condition number. It was shown in [I] that

Fg(A,0) = 1+ lares]? [ D VT, 0na] VD, O] |, (26)
where
. 1 1
D = di —_ .
lag ((5’2 _ U%+17 ) a_% - 0'%_’_1) 9

D

i
: 2, 2 / 2
d1ag< o1+ 051 a%—i—anH).

Next we will derive a new SVD-based formula for the TLS condition number. It is
distinctive that, unlike (26]) that involves the singular values and right singular vectors of
both [A, b] and A, our formula only uses those of [A, b].

Denote a = vec(A) and define the following function in a small neighborhood of
[CLT, bT]T e Rm(n-}-l):

g: R+ R"™
|: :| — TS = (/IT/I — 5‘121+1In)_114~1Tl~),

where A = A+ AA, @ = vec(A) = a+vec(AA), b =b+Ab, and 6,41 = 0p41([A, b]). Then
we have g([a”,b"]") = xr1s. Based on Theorem [I, we can present the following result.

S

Theorem 2 Given the TLS problem (), let k4(A,b) and /ﬁlgel(A, b) be the absolute and
relative condition numbers of the TLS problem, respectively. Then

[KIIIITA, o]l

hg(ALb) = K], s(Ab) = (27)

lzrLs]]
where K is defined as in (7).



Proof. Recall that our TLS problem satisfies 0 < 0,41 < d,. By Theorem [1l and the
definition of g, we see that g is differentiable at [a”,b”]" and ¢ ([aT, bT]T) = K. Then the
assertion follows from (24)) and (25)) . O

The formulas for the TLS problem in Theorem 2] depend on Kronecker products of
matrices. We comment that the formula for /-igel(A, b) has the same form as that for k55, ¢
with A = 1 in Theorem 3.3 of [I4], and as stated in [14], mathematically we have (A, b) =
/fg/[T s when A =1 in Theorem 3.1 of [22], where RJSMT g is the relative condition number of
the Scaled TLS problem with A the scaling factor that is derived in [22].

Now we can establish our computable formula for the TLS condition number.

Theorem 3 Given the TLS problem (), let [A, b] = Udiag(o1,...,0,11)V7 be the thin
SVD of [A, b] with Vi1 =V (1:n,1:n). Then

rg(A,b) = 1+ [lzres|? Vi7" S, (28)

: . VU?+‘7%+1 .
where S = diag(si,...,sp) with $; = Y= i=1,...,n.

0 ~%n+1

Proof. Consider expression () of K. By the properties of Kronecker product of
matrices, we get

GG = (a7, —1] @ L) <[ e } ®Im> = (1+ lz7s]*) I,

I
(I, @77, Onm)GT = [T, @17, O] [ xTL—SI® ] = Tn@r")(@rLs ® In) = arps !
and
In
[In @17, Opm] [ 0® " ] =Un@r") Iy @r) = |r|*L.

Thus, we have

T T r’ T T
<2A G-A'G-[IL,or ,On,m]>

RN
T I
- <2GTLLA—GTA— [ n®r D
[[{] [l Om,n
= (1+|lzres|))ATA+ |71, — arpsrT A — Alrad g
= (14 |lorrsP)AT A+ ||r||* L, — 202 1 @rLsarLs,

where the last equality uses the relation ATrngS = o2 +1:L'TLS:E%LS, which is obtained
from (@). Denote P = ATA — o2 ,1,,. We get

KK" = P7H((L+ laros|?)ATA + ||l L — 207y orrsatys) P
207 | ETLSTT
= (1+ |erps|HPH [ ATA+ 02 41, — =22 ol K 29
1+ [lzrs”) ( B e 2

T
B _ LTLSTTLS -1
— (14 lz 2 P1—|—20'2 P1<I—7TL>P >7 30
(1+ ||zrLs]| )< 1 "1 lerrs|? )



where the second equality used (8). Denote V' = [vy,...,v,+1] and note that
n+1 n+1
[A7 b]T[A7 b] - 072L+11n+1 = Z U?U,’UZ-T - 072L+1 Z UiviT
i=1 i=1

n

= Y (of —onp)u]

i=1

We get
- I
P = [L,,0]) (07 —opy)viv] [ O }
i=1
s ‘.
= [In,OH’Ul,...,Un] : . |: On:|
on—0onp | Lvn
= Vidiag(o] —02,4,...,02 — o2 )V == Vil AV, (31)
imilarly, si S — L N h
Similarly, since vp41 Y E— [ 1 (c.f. (@), we have
T
v
It — _ [ xTLSx%LS TYILS ] = | = Upg1Vl g = [v1 Up] 1
mr 1+ ”xTLSH2 —TTLS 1 n+ n+1Yn41 yeoesUn T
U’I’L
and .
ITLSTTLS T
I, — ———22 =V, V3. 32
n 14+ ||xTLSH2 11 ( )

Combining (31)) and ([B2), we have

T
_ _ TTLST _
P 14+9252 P 1<I —A>P 1
i "1+ [lwrrs|?

= Vi ATV 20k, (VAT ) vl (v AT )
= Vi ATV 200 Vi AT (33)
= Vit (A 4202 AR VT = <VHTS) <VHTS>T.

Then it follows from (B0) and Theorem 2] that the desired equality holds. O

By Theorem [3, we can calculate k4(A,b) by solving a linear system with the coefficient
matrix V5. Next we show that the condition number of V/} is exactly \/1 + [[z7Ls]2.

Theorem 4 Under the conditions of Theorem [3, we have
1

o1(Vi1) =+ = on-1(V11) = 1,00(V11) = NS (34)

and
(V1) = Zii‘;i; = V17 [[ercs|? (35)
Proolf. By (1) we get.V(n + 1,n.—.k 1) = —\/ﬁ. Recalling that zprs # 0, we get
W < 1. Applying Proposition [I, we prove the theorem. g

10



5 Bounds for the TLS condition number

5.1 Sharp lower and upper bounds based on the SVD of [A, b]

In this subsection, we apply Theorem [ and show how to estimate r4(A,b) accurately

without computing H V'S H .
For the TLS problem (), from now on we denote « = =V (n+1,n+1). By (I0) we get

o—— (36)

V1+lzrosl?

Recalling that zprs # 0, we have 0 < a < 1. Then we have the following theorem.

Theorem 5 For the TLS problem (), it holds that

rima T < (A <Ri=—a 2 (37)

2 _ 2 _ <2
On Un-l—l On Un—i—l

Proof. As before, let [A, b] = Udiag(o1,...,0,41)VT be its thin SVD with V3; = V(1 :
n,1:n). From ([B4) and (B0) it follows that

on(Vip") = (01(Vin)) ™' =1, o1 (Viy") = (0a(Var)) " = a7t (38)

Y 2
Define S = diag(sy,...,$s,) with s; = —J;’i_—i;’"i, i=1,...,n. We then have
i n+1

sn = on(Vir IS < V"SI < (Vi (ISI = o s

Therefore, by Theorem B we get the desired inequality. a

We see that in (37) the ratio of the upper bound and the lower bound is é As a
consequence, both the bounds estimate k4(A,b) within é times. Therefore, if a € (0,1)
is not small, say % < a < 1, both the bounds are very tight and they estimate r4(A,b)
accurately.

Starting with (26), Baboulin and Gratton [I, Corollary 1] have derived the following

upper bound
\/ of +0op
kg(Ab) <a ' o = R(A,)), (39)

~2 2
On Un—i—l

which uses 6,, — 0,41 to estimate the conditioning of z7rg. The smaller &,, — 0,41 is, the
possibly worse conditioned the TLS problem is. It has two distinctions with our lower and
upper bounds in (37). First, ([B9) involves the SVDs of both A and [A, b] while ([B7) only
makes use of that of [4, b]. Second, since 62 — 02, , < 02 — 02, and o1 > 0y, our lower
and upper bounds can be considerably more accurate than (39) for o not small. We now
present a family of examples to illustrate it and the tightness of the bounds in ([B7) for

f<a<l
Example. We construct TLS problems as in [I, Example 1]: Define

(4,0 =@Q |: g :| vie RmX(nJ’_l)’ Q=1In-— Zny7 V=11 — 2ZZT7

11



~ —1 \/02 +Un 1 —2 \/02 +Jn —1 \/U +Un 1

ep a | Gp—0ng1 | Kg(A,D) -2 _Unﬁ:: p _Jngl 52 1_(,%:
10731 0.516 [9.89 x 10~%[1.38 x 10%] 1.37 x 103 2.66 x 103 4.16 x 10°
107710.792 [9.99 x 10~8(8.93 x 10%] 8.93 x 10° 1.13 x 107 2.54 x 109
10~1970.859 [1.00 x 107 19]8.24 x 10°] 8.23 x 10 9.59 x 10° 2.33 x 1012

where y € R™ and z € R"*! are random unit vectors, and ¥ = diag(n,n —1,...,1,1 —¢,)
for a given parameter e,. Note that e, = o0, — 0,41. We have e, > 6, — 0p11. By
taking small values of e,, we get different TLS problems whose conditioning becomes worse
and condition number becomes larger as e, becomes smaller. Fixing m = 100, n = 20,
and taking e, = 1073,1077,10719, respectively, we get three different TLS problems whose
solutions are computed by the SVD of [A, b] and (). As indicated by the results of k4 (A, b),
as e, decreases, the TLS problem becomes worse conditioned. This is also reflected by the
decay of 6, — op41; see ([BY), and Theorems [BHI and [6]. Since the a’s are bigger than 0.5
and not small, the lower and upper bounds in (37)) estimate the TLS condition numbers
accurately, and they are much sharper than bound ([B9) by roughly two to three orders.

In view of ([B7) and the comments after its proof as well as the above example, it is
only possible and significant to improve the bounds essentially for the case that a is small
relative to one. Without loss of generality, we assume that

0<a< (40)

DO =

It will appear that we can establish some lower bound s and upper bound & such that
Kk < E < 4k holds. As a result, together with ([37), we can estimate the TLS condition
number x4(A, b) accurately.

Theorem 6 Given the TLS problem (0I), let [A, b] = Udiag(oy, ...
SVD. Denote [, ..., Bn, —«

0 1)VT be its thin

| be the last row of V and S = diag(s1,...,Sn), si = 7V21+2”“,

07 = 0n+41

i=1,...,n. Then
) — 1 a”/Bist + '+5%3%+v1_042_ﬁ%a—18
-2 V1—a? V1—ao2 "
a2 2.2
< Kg(A,b) <k := VBIsi+ ot s +als,.

\/1—042

Moreover, if 0 < o < L, then
k< Kk <A4Kk.

Proof. Recall that 0 < a < 1.
Proposition 2, we have
2 (

[ia"s] < =

Noticing that 0 < s; < s < .-+ < s, and applying

a '\/Bist 4+ -+ Bis2
Vv1—a?

1\//8131
Vg

12

\/1 n
Vi—az
-+ /8232

+ Sn,



where Vi1 = V(1 : n,1: n). By Theorem [3, we get the first part of the theorem. Further-
more, we obtain the second part of the theorem by Proposition B O

The significance of this theorem is that we can estimate the condition number r4(A,b)
accurately by its lower or upper bound without calculating ||[V;;7 S|, i.e., solving the matrix
equation VEW = S for W and computing the 2-norm of W, which is expensive when n is
large.

5.2 Lower and upper bounds based on a few singular values of A and

A, 9]

In [16], some bounds for the condition number of the Tikhonov regularization solution have
been established using only a few singular values of A, where A is the coefficient matrix
of the least squares problem under consideration. Such kind of bounds are particularly
appealing for large scale TLS problems, because the condition number in Theorem [ and
the bounds in Theorem [f] involve all the singular values of [A,b] and are impractical for
computational purpose.

Actually, we have presented such kind of bound (37]), but as we commented there, for
small «, the bounds may overestimate or underestimate r4(A,b). In the following, we
establish some new lower and upper bounds in the same spirit and finally achieve sharper
lower and upper bounds for the case of 0 < a < %

Theorem 7 For the TLS problem (Il), we have

ﬁl S Hg(A7 b) S ’%17 (41)
where
~2 2 ~2 2
1 \/ Op—1 + On+1 _ 1 \/ On + On+1
B=a s Rima (42)
n—1" On+1 On = On+l

Proof. Recall that r = Azprs — b. Denote
M = (ATA— 02, 1)"" (1 + lorns|P) AT A + [r|PT) (ATA — o2, 1)
From (29]), we have
KK" =M =20, ((ATA —op 1 1) arpsapg(ATA — o 1) 7 (43)

From now on, denote by \;(M) the ith algebraically largest eigenvalue of M, where M is
an arbitrary symmetric matrix. By the Courant-Fischer theorem [10, p. 182], we get

Ao(M) < M (KKT). (44)

Furthermore, since 202, (ATA — 02 1,,) ‘arpsal; o(ATA — 02 ,11,)"" is nonnegative
definite, the following inequality holds

AEKT) < M\ (M). (45)
Combining (@) with (Z5) and based on (27]), we have

VA2(M) < kg(A,b) </ Ai(M).

13



It is easy to verify that the eigenvalues of M form the set

{(1 +llorrs|?)6? + |Ir? }

(&]2' - 034-1)2 =1

We define the function

(1 + [lerrs]®)a® + [Ir]?
h(O’) = y 02 Onitl
(02 — U%+1)2 "

and differentiate it to get

W(o) = 203 (1 + |lerrs)|?) — 20(1 + ||lzrLs|?)o2,, — 4o]|r|
(0% = 01214-1)3 '

It is seen that h'(c) < 0 and h(o) is decreasing in the interval (o,41,00). Thus, we get

(1 + lleresl®)on + lIrlI? (L + [lzresl®)on_y +Ir

A (M) = - » Ao(M) = -
(65 — 07 1)? (671 —0nt1)?
and
VO lores)o7 + 2 VU TeresP52 + [P
2 2 < rg(A,b) < =3 :
On—1"%n+1 On =~ On+1
Recalling (B6]) and that % = 02, completes the proof. O

Remark. Since 6, < o0, and o, < o1, we have proved that

(46)

which is just the upper bound (B9) derived by Baboulin and Gratton [I]. Therefore, our
upper bound %; in (42]) is always sharper than Baboulin-Gratton’s bound. Moreover, the
improvement must be significant when Z- > 1 considerably.

n

It is seen that the lower and upper bounds in Theorem [1l are marginally different pro-
vided that &, and &,,_1 are close. This means that in this case both bounds are very tight.
For the case that 6, and 6,_1 are not close, we next give a new lower bound that can be
better than that in Theorem [7

Theorem 8 It holds that
fy < kg(A,b) < Ry,
where Ry is defined as in Theorem ] and
1

Bz = 52 2
A\ Op = Oniq

A /52 2
Moreover, when 6,1 > opy1 +4/05 — 051, we have

Eq < K.

14



Proof. Denote P = ATA — o2 1,,. From (B0), we have

1 _ _ TPLST _

——— KK' =P ' 4202 |P 1<I — P TLS ) pl
1+ ||lzrps|? i "1+ lerrs?

Since the second term in the right-hand side of the above relation is positive definite, we

have

(L4 leresl>)A (P < M ( KKT),

that is,
1+ ||lzrrs|?
— 2 < K2(A,D),

~2 42
On Un—i—l

which used (7). Thus, recalling (36), we obtain the first part of the theorem.
The second part of the theorem is obtained by noting that

~2 2
\/Pn—1 1T 0nt1 _ 1 - 1

2 ~ —_—
_1—0 On—1 — On+1 ~2 2
1 n+l On Jn—l—l

under the assumption that 6,1 — 041 > /02 — o2 Tl O

Remark 1. At a first glance, the assumption in the second part of the theorem seems
not so direct but we can justify that it indeed implies that &,, and &,_1 are not close.
Actually, it is direct to verify that the second part of Theorem [§ holds under the slightly
stronger but much simpler condition that

a'n—l > 25—n

Remark 2. From

it is seen that i—; > 1 provided that 0,41 > 0. Only for 0,41 = 0, K1 = Ky holds. Then,
beR(A) and r = 0.

We observe from the above Remark 2 that the bounds for x4(A,b) in Theorem [ are
tight when “2+ is considerably smaller than one. On the other hand, if 2 is not small,
these bounds may not be tight. For this case, we will present a new upper bound for better
estimating rq(A,b).

Keep ([B6) and (40) in mind. Based on Propositions 2H3] we establish the following
theorem.

Theorem 9 I[f0 < a < %, then

1 1+ 31p2 1
Ky 1= ————= < Ky(A,b) < Ry := \/ 1+ g , (47)
ay /62 — o2 TP &%_Ugﬂ

On+1
on

where p =

15



Proof. The lower bound is the same as that in Theorem [§l We only need to prove the
right-hand side of [@T). As before, let [A, b] = Udiag(oy,...,0n41)V7 be its thin SVD with

Vit =V(1:n,1:n). From (30), BI) and B3], we get

1 — - TTLSTT -
— — _KK' = pl'42:2 P 1([ — LoTTLS ) pol
1+ HI'TLS”2 ntl " 1+ HI‘TLs”2
= Vi ATV 20n VATV =P RO (48)
where P = ATA — 02 I, A = diag(o} — 02,4,...,02 — 02 ;). Denote

D = diag(dy,... dn), di = S —i=1,...,n,

T = diag(ty,..., tp), ti= —,i=1,...,n.
\/%’2 —on
Then P! = <V1_1TT> (TVii") and € =2 (Vi7" D) (DV;7).

Note that 0 < dy < dy < --- < dp, and 0 < t; < t9 < --- < t,,. From Proposition 2] we
get

1<a—1\/5%d%+-~+ﬂgd VIt d)
2

V1 —a? V1— a2
-1 /B2E ... 2 2
|virp| < VAU AE L, (49)
1—a?
and
(o VBB TR V-
2 V1 — a2 V1— a2
-1 /BT 1 212
t tz
[vir| < CVBAE - H A
V1 —a?
respectively, where [31, ..., (,, —a] is the last row of V as defined previously. Define k,, =
d_n _ On+1
== 7@ Then
dy Ont1 dn—1 On+1

1 2 9 1 2 2
\/ 01 ~ Ont1 " Op—1~ Onyi

Thus, from (49]) we get

1 1 _ a VB 4+ 522
ez =[vir o sm( v D ) (50)
For the lower and upper bounds on HVﬂTTH above, Propositions PH3] tell us that
o /BT + -+ 22 PP o /BHT+ -+ 212 \/1
V1 —a? " \/1—0z2 \/1—0z2
< 14 HVQTTH . (51)
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Therefore, based on (B0]) and (5II), we obtain

1 1
—||C||z < 4k,
el

17| = kP

and
IC|| < 32k || P~]. (52)

Combining (8] with (52)) and based on (27]), we get

1 1
Rg(Ab) = | K[l = |[KKT|z < /1+32k3v/1+ Jarrs|?||P72

1+ 31p2 /1 + ||xrLs])?

L=p? 62— ‘7721+1
1+ 31p? 1
where the last equality uses (36l). O
Remark. It is clear that the bounds in Theorem [9 are tight when p = "—“ is con-

siderably smaller than one. Note that the lower and upper bounds in Theorem B differ
considerably when Z2tL is close to one. The result in this theorem is of particular impor-
tance when % is cl%se to one, since the upper bound here can be considerably sharper
than the upper “bound of Theorem B when p = U;L—:l is small.

The improvement of Ko over k; can be illustrated as follows. For p = U;L—:l small, we
have

Erel H[ ]” _ 1+ 31p V 1+ ‘|$TLS |2 A b HF
2 HHJTLS” g 1 — p? llzrrs|| fo 2
05— Opit

2 _
1 07L+1

an upper bound for H;CI(A, b), is a moderate multiple of ﬁ, while

K F
= ey lerosll &2

i / \/62 + 02
_rel | K1 1+ ||33TLS |2 J n+1
1 1[4, = 5 I[A, b]l[F
n+1

. So the improvement of £ over &i° becomes significant

is a moderate multiple of ——
n— n+1

when 0,41 and &, are close.

Golub and Van Loan [6] derive an upper bound for the relative condition number of the
TLS problem, which, in our notation and case, is simplified as

0 b Ab
FifLs(4,0) :L(H& ] >‘IH lilr -

On — On+1 n — On+1 ‘bH — On+1

From (39), Babcoulin and Gratton [I] get the following upper bound for the relative con-
dition number for the TLS problem:

2 2
—Te V 1+ H‘TTLS”2 V 01 T Thp1
R(A,b) = H = I[A, b]l[F. (54)
‘TTLS” On — Ont1

We will numerically illustrate improvements of our bounds &} and &% over (B3)) and
(B4)) in the next section.
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6 Numerical experiments

We present numerical experiments to illustrate the tightness of the bounds in Theorems
BHAl and to show that our upper bounds can be much better than (53]) and (54]). For a given
TLS problem, the TLS solution is computed by (). All the experiments were run using
Matlab 7.8.0 with the machine precision epacn = 2.22 x 10716 under the Microsoft Windows
XP operating system. Keep 0 < o < 1 in mind. As we have seen from Theorem [B] and the
comments after it as well as the numerical example there, for « not small, e.g., a € (%, 1),
we can estimate the TLS condition number accurately since the lower and upper bounds
in (7)) are both sharp in this case. Next we will be concerned with only the case that « is
not near one. For all the test problems, we always have 0 < a < %

Example 1. The data A € R™*("=2) p € R™ are taken from [20]:

m—-1 -1 - -1 —1
-1 m-1 --- -1 -1
A= : : : b= :
-1 -1 - m-1 ~1
-1 -1 .- -1 m—1
| -1 -1 .- -1 | -1 ]
So the exact
1
TTLS = [—1,—1,. cey —1]T € Rm—2’ on =V2m, opy1 = vm, a = T
m —
m_[rgT(AD) [ w5 Ry R [RI(AD) [WiTs(A )

200 [2.01 x 1022.00 x 1022.15 x 1023.46 x 107 2.83 x 1095.15 x 10°
500 [5.01 x 10%5.00 x 10%5.15 x 10%8.65 x 10%] 1.12 x 10%1.21 x 10*
1000 [1.00 x 103[1.00 x 103[1.02 x 103]1.73 x 103] 3.16 x 10%2.35 x 10*

Table 1: Example 1

m Jn+1/an O'n—l—l/a'n Jl/a'n
200 | 7.07 x 1072 [ 7.07 x 101 [ 1.00 x 10T
500 |4.47 x 1072 | 7.07 x 10~1] 1.58 x 10*
1000 [ 3.16 x 1072 | 7.07 x 10~ 1| 2.24 x 10!

Table 2: Example 1

In Table [Il we list the results of the relative TLS condition number /{Zel(A, b) and its
bounds
rel .__ Ko K2 K1

K =
= llzrLs||

and k5 o(A,b) and &*(A,b) (see (53) and (B4)), where £y and Fg are defined in (@7) and
k1 is defined in (42]). In Table 2] we give some important ratios which have effects on some
of the relative condition numbers listed above.

H[A7 b]”F7 /5501 = H[A7 b]HF7 ’Ealid = ”[A7 b]”F7

lzrLs|| llzrLs||
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We can see that the test TLS problems are well conditioned. Both the distance of ¢;,41
and &, and that of o,,41 and o, are not very small so that ﬁgel, Rgel and R‘{el all estimate
H;OI(A, b) accurately. Since the three o1/d,, are considerably bigger than one, it is known
from (6) and the comments after it that our upper bound F;ﬁd is significantly more accurate
than #*/(A4,b). Table [l confirms this. Furthermore, we see that ki ¢(A,b) and F™(A, b)
are comparable and also good, but they are not as good as our bounds and overestimate

/{Zel(A, b) by one to two orders.

Example 2. In this example, we take the TLS problem from [13]. Specifically, a lower
m X (m — 2w) Toeplitz matrix 7" is constructed such that the first column

i=1,2,...,2w+1,
ti1 =

1
{ Vo

0 otherwise,

and the first row is zero except ¢; 1, where § = 1.25 and w = 8. A Toeplitz matrix A and a
right-hand side vector b are constructed as A =T+ E and b= g+e, where g = [1,..., 1]T,
E is a random Toeplitz matrix with the same structure as 7" and e is a random vector. The
entries in E and e are generated randomly from a normal distribution with mean zero and
variance one, and scaled so that

llell = ~ligll, £l = ~|IT], ~ = 0.001.

m | k(A D) K Rbel Rl R(A, D) [KESEo(A,D)
100 [3.41 x 107[3.24 x 107]6.68 x 108[1.31 x 1011 9.66 x 104[4.70 x 107
300 [1.62 x 10%[1.57 x 10%/4.96 x 10°]1.10 x 1012 2.24 x 10'6]2.54 x 10'°
500 [9.50 x 107]9.13 x 107]4.31 x 10%]2.46 x 1011] 7.55 x 10™°[1.91 x 10™°
Table 3: Example 2

m Un+1/0n O'n—l—l/a'n 01 /a'n

100 | 0.964 [1—6.08 x 10°8]1.04 x 10*

300 0.984 | 1—2.03 x10°8]|2.87 x 10*

500 0.993 | 1—1.37 x 1077| 4.34 x 10*

Table 4: Example 2

In this example, for each test TLS problem, we compute the same quantities as those in
Tables [H2l The results are reported in Tables BH4l As indicated by the Ii;el(A, b)’s, these
TLS problems are all ill conditioned. Their ill conditioning is also reflected by the fact that
ont1 and &, are close. As estimates of the relative condition number /{;el(A, b), both the
Rgel are sharp since 0,41 and o, are not so close,

is not tight any longer and overestimates RECI(A, b) by about four

rel

lower bound k5" and the upper bound
but the upper bound Rﬁel
orders. We see that Rgel improves R‘{el by two orders. Even though it is not satisfying, Rﬁel
is still much better than k% o(A,b) and k™!(A,b), and the latter two severely overestimate

Ii;el(A, b) by seven to eight orders and ten to twelve orders, respectively.

Example 3. Keep in mind that the distance between 0,41 and &, can control the
conditioning of the TLS problem; see Theorems BHI or (53) and (54)). In this example, we
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Figure 1: logio(ki' (A, ) (+), logio(sy™) (o), logio(R5™M) (o), logio(R) (D),

logio(R*(A, b)) (A) and logio(K5E ¢ (A, b)) (*) for (m,n) = (500,350).

compare the bounds ﬁgol, Rgd, Fﬁol, mﬁ?lL g(A,b) and £l (A,b) for various distances between

On+1 and d,. On the other hand, keep (36]) in mind. Lemma 4.3 in [6] gives

|t ]

2|lzrrs| —

o]l
lzrrs|’

Op — Opg1 <

(55)

which tells us that a small « implies that &, and 0,41 are close in some sense. In view
of it, for given m,n, we construct A € R™*" and b € R™ with different distances between
on+1 and &, by taking different values of a.

To do this, we first generate two n x n random orthogonal matrices U and V in the
standard normal distribution. Then we take a = 1072,1073,...,10~7 and run the following
function

V = generator(n, o, U, V)

u=U(:,n);

vt =V (;,n);
Vii=U(1:n—1D)* V(i 1:n—1) +a*ux*ot;
t =sqrt(l — a * a);

V = [Vi1,t xul; [t * vt, —a] ];

respectively. In such a way, we get six orthogonal matrices V € RMTD*(n+1) with Vin+
I,n+1)=—aand a=10"2,1073,...,1077, respectively. The idea of construction comes
from Proposition [[I We generate randomly one m x (n + 1) matrix Cy, and compute
Ci=U ZVlT , the thin SVD of (. With the matrices U and ¥ unchanged, we construct
six matrices C = UXVT by replacing Vi by the six orthogonal matrices V’s generated above.
Set A=C(:;,1:n), b= C(:;,n+ 1), respectively. Then we get six different TLS problems.
For each of them, [A4, b] = UXV7 is the thin SVD of [4, b] and V(n+1,n+1) = —a, where
a=10"2,1073,...,1077, respectively.
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In such a way, with (m,n) = (500,350) and (1000, 750), we generate 100 samples for

each «, respectively. For each set of TLS problems with the same «, we compute Ii;el(A, b),

KL RECL Rl mﬁ?lL s(A,b) and Rl (A,b). We plot the (log scale) averages of these quantities

and the corresponding (log scale) « in Figures[TH2l We also report the averages of 1 — Jg—:l,
a measure of the distance between 0,11 and 6, in Table[ll We comment that the averages

of 2% for (m,n) = (500,350) and (1000,750) are 0.943 and 0.958, respectively.

20 ¥
18} *
16 o *
A
14} o *
A
12 o *
10+ i . 2 x
¢} : o A
8 o 4 o o
o 4 A
6 ¢} z 3
af 5
2 . . . . . .
-7 -6 -5 -4 -3 -2
log10(a)
Figure 2: logio(ky(A,b)) (+), logio(k5") (o), logio(RE") (o), logio(Ri) (D),

logio(F™(A, b)) (A) and logio (k%) g (A, b)) (*) for (m,n) = (1000, 750).

(m,n) = (500, 350)
a 102 1073 1072 10—° 10° 10~7
1 — Z2H12.91 x 107%2.92 x 107°2.92 x 107°]2.92 x 10~ Y]2.92 x 10~ '*2.88 x 10~
(m,n) = (1000, 750)
a 1072 1073 10~% 107 10~ 1077
1 — 22411365 x 107%43.66 x 1079(3.66 x 1075[3.66 x 10~10[3.66 x 10~ 2[3.52 x 10~

On

Table 5: Example 3

We can see from Figures[[H2land Table[Blthat as a decreases, &,, and 0,11 become closer,

and the TLS problem becomes worse conditioned. xi 5(A, b) always severely overestimates

Iigel(A, b). For a = 1072 in which &, and 0,41 are not very close, Rﬁel is tight and estimate

/{Zel(A, b) accurately. For a = 1073, &,, and 0,41 are closer. In this case, Riel is no longer

tight and estimate KJ;CI(A, b) poorly but it still improves k%% 4(A,b) and &™(A, b) by about

four orders and one order, respectively. We observe from Figures [[H2] that Rﬁel, /-i{ﬁ};S(A, b)

and &' (A, b) estimate KZCI(A, b) more poorly as a decreases. Even so, K} is always smaller

rel

than &% ¢(A, b) and &"!(A, b) by about four orders and one order, respectively. Remarkably,
for all the cases, since ¢, and ¢,+1 are not so close, @501 and /?;501 always estimate KZOI(A, b)
accurately.

Example 4. In this example, we generate the entries of A and b as random vari-
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(m,n) /igel(A, b) K5 RET Rl Rl(A, D) ﬁ{,?lLS(A, b)
(200,75) |1.46 x 103 [ 5.59 x 102 [ 8.58 x 10 | 3.19 x 10° | 1.01 x 10° | 2.48 x 108
(500,350) |9.16 x 10° | 3.46 x 10 | 7.22 x 10% | 1.23 x 10° | 9.45 x 10° [ 8.16 x 10?
(1000, 75) |3.14 x 10% | 6.19 x 102 | 2.22 x 10% | 2.57 x 10° | 3.58 x 10° [ 2.13 x 10?

(1000, 750) | 9.73 x 10% [ 3.13 x 10* | 6.41 x 10° | 3.25 x 10% | 3.15 x 10° |1.10 x 10'?
Table 6: Example 4
rel zrel zrel

ables normally distributed with mean zero and variance one and observe k5™, K5, Ki%,
kil o(A,b) and R'™(A,b). For each (m,n), we conducted 100 random experiments. We
report the average results of 100 experiments in Table [6l We observe that, as estimates of
/{Zel(A, b), both 5561 and r-egel are tight. The upper bound Rgel improves R‘{el by one to two
orders and improves K% o(A, b) and &' (A, b) by about five orders and one to four orders,
respectively. R‘{el is always smaller than £"'(A, b). Clearly, the test TLS problems are quite
well conditioned, but mﬁ?lL g(A,b) is a rather poor upper bound and overestimate KZOI(A, b)

too much.

7 Concluding Remarks

In the paper, we have studied the SVD-based condition number theory of the TLS problem.
For the TLS condition number, we have established a new closed formula. Starting with it,
we have derived sharp lower and upper bounds. Importantly and more practically, we have
presented both lower and upper bounds that use only the smallest two singular values of
A and [A, b]. Numerical experiments have demonstrated the tightness of our bounds and
the improvements of them over the two upper bounds in [I}, [6]. Throughout the paper, the
considered TLS problem is assumed to satisfy condition (2)) and has a unique TLS solution.
It is significant and important to extend the results presented in the paper to a general
generic TLS problem [20, 21] that has non-unique TLS solutions or to the non-generic TLS
problem [20]. We will consider these problems in forthcoming papers. Besides, it might
be worthwhile to investigate how to apply the core problem theory [18] to study the TLS
condition number.
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