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Strongly elliptic pseudodifferential equations on the
sphere with radial basis functions

T. D. Pham * T. Tran *

Abstract

Spherical radial basis functions are used to define approximate solutions to
strongly elliptic pseudodifferential equations on the unit sphere. These equa-
tions arise from geodesy. The approximate solutions are found by the Galerkin
and collocation methods. A salient feature of the paper is a unified theory for
error analysis of both approximation methods.

Keywords: pseudodifferential equation, sphere, radial basis function, Galerkin
method, collocation method

1 Introduction

Pseudodifferential operators have long been used [8, 1] as a modern and powerful
tool to tackle linear boundary-value problems. Svensson [25] introduces this approach
to geodesists who study [6, [7] these problems on the sphere which is taken as a model
of the earth. Efficient solutions to pseudodifferential equations on the sphere become
more demanding when given data are collected by satellites. In this paper, we study
the use of spherical radial basis functions to find approximate solutions to these
equations.

The use of spherical radial basis functions results in meshless methods which,
over the past decades, become more and more popular [2] T3] 29 30]. These methods
are alternatives to finite-element methods. Solving pseudodifferential equations on
the sphere by using spherical radial basis functions with the collocation method has
been studied by Morton and Neamtu [16]. Error bounds have later been improved
by Morton [I5]; see also Morton’s PhD dissertation [I4]. From the point of view
of application, the collocation method is easier to implement, in particular when
the given data are scattered. However, it is well-known that collocation methods in
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general elicit a complicated error analysis. The crux of the analysis in [15], [16] is the
transformation of the collocation problem to a Lagrange interpolation problem.

In this paper, first we solve strongly elliptic pseudodifferential equations on the
sphere by the Galerkin method. (A precise definition of these equations is delayed
until Section 2l) Error analysis is performed with well-known knowledge on the
Galerkin method. Next, we solve the equations by the collocation method. A salient
feature of the paper is that error estimates for collocation methods (as considered in
References [14, [15, [16]) are obtained as a by-product of the analysis for the Galerkin
method. This unified error analysis is thanks to an observation that the collocation
equation can be viewed as a Galerkin equation, due to the reproducing kernel property
of the space in use. Efforts to perform error analysis for the collocation method
based on that for the Galerkin method have been made by several authors to solve
quasilinear parabolic equations [5], pseudodifferential equations on closed curves [1],
and boundary integral equations [4]. These approaches use either a special set of
collocation points or the duality inner product.

In an earlier paper [22], we analyse a collocation approximation to negative order
strongly elliptic pseudodifferential equations. The results in the present paper are
more general for operators of any order, negative or positive. Results for elliptic
operators will be presented in another paper.

Our error estimates, as compared to those by Morton and Neamtu [15, [16], cover
a wider range of Sobolev norms. Indeed, these authors only provide error estimates
in the Sobolev norm ||-||24, Where 2« is the order of the operator.

A study of preconditioning techniques for the Galerkin method applied to these
equations is carried out in [27]. In the present paper, we only discuss error estimates.

The paper is organised as follows. In Section 2l we provide necessary ingredients,
and define the operators and the problem in consideration. Section[Blis devoted to the
introduction of spherical radial basis functions and the approximation spaces to be
employed. Numerical methods are introduced in Section 4l Analysis for the Galerkin
and collocation methods is carried out in Sections [Al and [6l Section [7 is devoted to
numerical experiments.

Throughout this paper, C', '} and C5 denote generic constants which may take
different values at different occurrences.

2 Preliminaries

2.1 Sobolev spaces

Throughout this paper, for n > 3 we denote by S"~! the unit sphere in R”, i.e.,
S ! := {x € R" : || = 1} where |-| is the Euclidean norm in R™. A spherical
harmonic of order ¢ on S"~! is the restriction to S" ! of a homogeneous harmonic
polynomial of degree ¢ in R". The space of all spherical harmonics of order ¢ is
the eigenspace of the Laplace-Beltrami operator Ag corresponding to the eigenvalue



A = —L(€ +n — 2). The dimension of this space being

N(n,0) =1 and N(n,f):w<€+n_3

! o ) (40,
N(n,t)

see e.g. [17, page 4], one may choose for it an Ly(S™!)-orthonormal basis { Yz m },ned
Note that N(n,¢) = O(¢"7?). The collection of all the spherical harmonics Y;,,,
m=1,...,N(n,¢) and £ =0, 1,..., forms an orthonormal basis for Ly(S"1).

For s € R, the Sobolev space H* is defined as usual by

g {vED'Snl ZZ£+125|Wm|2<OO}

=0 m=1

where D'(S"7!) is the space of distributions on S~ and v, are the Fourier coeffi-
cients of v,

Vpym = / V(@)Y m(x)doy.
Sn—1

Here do, is the element of surface area. The space H? is equipped with the following
norm and inner product:

lwlls = > €+125 oml” (2.1)
=0 m=1
and
S
(=0 m=1

We note that the series on the right hand side also converges when v € H*t? and
w € H*~7 for any o > 0. Therefore, in the following we use the same notation (-, -)
for the duality product between H*t? and H*°.

When s = 0 we write (-, -) instead of (-,-),; this is in fact the Lo-inner product.
In the sequel, we will frequently use the Cauchy—Schwarz inequality

s

| (v,w), | < |v|lsllw]ls forall v,w e H?, forall s € R, (2.2)

and the following identity which can be easily proved

(U, W) 51459
|vlls, = sup ———=— forallve H*, forall 51,50 € R. (2.3)
2 Tl

Identity (2.3]) will be used frequently in the proof of Proposition with different
values of s; and ss.



2.2 Pseudodifferential operators

Let {Z(ﬁ)}gzo be a sequence of real numbers. A pseudodifferential operator L is a
linear operator that assigns to any v € D'(S"!) a distribution

oo N(n,f) N
Lv := ZZ Zl L0 Yom.
=0 m=

The sequence {Z(ﬁ)}gzo is referred to as the spherical symbol of L. Let K(L) := {¢:
L(¢) =0}. Then

ker L = span{Y;, : £ € K(L), m =1,...,N(n,0)}.

Denoting M := dim ker L, we assume that 0 < M < oo.

Definition 2.1. A pseudodifferential operator L is said to be strongly elliptic of order
2a if

Ch(l+ 1) < L(0) < Co(l +1)* forall £ ¢ K(L), (2.4)
for some positive constants C and Cs.

More general pseudodifferential operators can be defined via Fourier transforms by
using local charts; see e.g., [9,21]. Tt can be easily seen that if L is a pseudodifferential
operator of order 2« then L : H5t* — H*“ is bounded for all s € R. Examples of
strongly elliptic operators of various orders can be found in [25]; see also [27].

The problem we are solving in this paper is posed as follows.

Problem A: Let L be a strongly elliptic pseudodifferential operator of order 2a.
Given, for some o > 0,

g€ H™ satisfying Qo =0 forall £ € K(L), m=1,...,N(n,{¢), (2.5)
find w € H7T® satisfying

Lu =g,

2.6
<,UZ',U>:’)/7;7 izlu"wMu ( )

where v; € R and p; € H™7% are given. Here (-,-) denotes the duality product
between H=~% and H°*, which coincides with the H'-inner product when u; and u
belong to H°.

An explanation for the inclusion of ¢ in (2.3]) is in order. For the Galerkin ap-
proximation, the energy space is H®. Thus it suffices to assume (2.5) with ¢ = 0.
However, for the collocation approximation, it is required that g be at least continu-
ous. Moreover, we will reformulate the collocation equation into a Galerkin equation
which requires g € H” for some 7 > 0 to be specified in Section [6l Therefore, we
include the constant o in (2.3]).

Problem A is uniquely solvable under the following assumption.
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Assumption B:  The functionals iy, ..., un are assumed to be unisolvent with
respect to ker L, i.e., for any v € ker L if (u;,v) =0 for alli=1,..., M, then v = 0.
The following result is proved in [16]. We include the proof here for completeness.

Proposition 2.2. Under Assumption B, Problem A has a unique solution.

Proof. Since ker L is a finite-dimensional subspace of H°t*, we can represent H7T®
as

H =%ker L @ (ker L)ﬁwa,

where (ker L)%, is the orthogonal complement of ker L with respect to the Ho™-
inner product. Writing the solution v in the form

u=1uy+u where ug€kerl and wu; € (ker L)oo, (2.7)

and noting that L|(kerL)L N is injective, we can define u; by u; = L~ !¢ and find
HO' «@
ug € ker L by solving

<,ui,u0> :%—(ui,u1>, Zzl,,M (28)

Since ug € ker L, it can represented as

N(n,f)
Uy = Z Z Cﬁ,m}/&m-
tek(L) m=1

Substituting this into (2.8)) yields

N(n,0)
Z Z Ce.m (Mz',Ye,m> =% — </~Lz‘,U1> , i=1,..., M. (2-9)

lek(L) m=1

Recalling that M = dimker L, we note that there are M unknowns c;,,. The uni-
solvency assumption B assures us that equation (2.8)) with zero right-hand side has a
unique solution ug = 0. Therefore, the matrix arising from (2.9) is invertible, which
in turn implies unique existence of ¢y, m = 1,...,N(n,{) and ¢ € K(L). The
proposition is proved. ]

We define a bilinear form a(-,-) : H*"* x H** — R, for any s € R, by
a(w,v) = (Lw,v) forallwe H*"® ve H* ", (2.10)
In particular, when s = o we have by noting (2.6))

a(uy,v) = (g,v) forallve H°. (2.11)

In the sequel, for any x,y € R, x ~ y means that there exist positive constants C
and Cf satisfying Ciz < y < Cyx. The following simple results are often used in the
next sections.



Lemma 2.3. Let s be any real number.
1. The bilinear form a(-,-) : H*** x H** — R is bounded, i.e.,

la(w, )| < Cllw|larsl|vllas  for allw € H*® v e H*®. (2.12)

2. If w,v € H?, then
| (Lw, v),_o | < Cllwllsllv]fs. (2.13)

3. Assume that L is strongly elliptic. If v € (ker L), then

(Lv,v),_ =~ |[v]|? (2.14)

S—«

In particular, setting s = « in (ZI4), there holds a(v,v) ~ |[v||2 for all v €
(ker L) .

Here C is a constant independent of v and w.

Proof. Let w € H*™* and v € H**. Noting (24) and using the Cauchy—Schwarz
inequality, we have

o N(n,l) oo N(n,)
a(w, )l <Z Z L)@l [Dem] <CZ Z 04 1)% @y [T
o N(n,0)
= O30 D0 () el (€ 1) [

(=0 m=1
s N(n0) V2 /0 N 1/2
ol D SRS L [T R B S S (R bl
=0 m=1 (=0 m=1

= Cllwllatslvlla—s,

proving (ZI2)). The proof for (2I3) and (ZI4)) can be done similarly, noting the
definition (24) of strongly elliptic operators, and noting that v € (ker L)%, if and
only if v € H* and vy, =0 for all ¢ € K(L) and m =1,..., N(n,{). O

In the next section, we shall define finite-dimensional subspaces in which approx-
imate solutions are sought for.
3 Approximation subspaces

The finite-dimensional subspaces to be used in the approximation will be defined from
spherical radial basis functions, which in turn are defined from kernels.



3.1 Positive-definite kernels

A continuous function © : S"71 x S*7! — R is called a positive-definite kernel on S~
if it satisfies

(i) O(x,y) = O(y, x) for all &,y € S" !,

(ii) for any positive integer N and any set of distinct points {y;,...,yyx} on S*71,
the N x N matrix B with entries B;; = O(y;,y,) is positive-semidefinite.

If the matrix B is positive-definite then © is called a strictly positive-definite kernel,
see [24], [31].

We characterise the kernel © by a shape function 0 as follows. Let 0 : [-1,1] - R
be a univariate function having a series expansion in terms of Legendre polynomials,

Zw )P£<n t), (3.1)

where w, is the surface area of the sphere S"~!, and (9\(6) is the Fourier-Legendre
coefficient,
1
6(0) = wnl/ O(t)Py(n; t) (1 — t2)n=3/2 gt
~1
Here, Py(n;t) denotes the degree ¢ normalised Legendre polynomial in n variables so
that Py(n;1) = 1, as described in [I7]. Using this shape function 6, we define

O(x,y) :=0(x-y) forallx,yc S, (3.2)

where x - y denotes the dot product between & and y. We note that x - y is the
cosine of the angle between x and y, which is called the geodesic distance between
the two points. Thus the kernel © is a zonal kernel. By using the well-known addition
formula for spherical harmonics [17],

Y Yiu(®) Yem(y) = w'N(n,0) P(m;z - y) forallz,y € 57, (3.3)

we can write

=> Z 0(0) Yo (@) Vi (y). (3.4)

(=0 m=1
Remark 3.1. In [3], a complete characterisation of strictly positive-definite kernels
is established: the kernel © is strictly positive-definite if and only if (¢) > 0 for all

¢ >0, and GA(E) > (0 for infinitely many even values of £ and infinitely many odd values
of ¢; see also [24] and [31].

In the remainder of this section, we shall define a specific shape function ¢ and
a specific kernel ® which will be used to define the approximation subspace. The
notations € and © are reserved for future general reference.
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3.2 Spherical radial basis functions
We choose a shape function ¢ such that there exists 7 € R satisfying
H(0) ~ (0 +1)"> for all £ > 0. (3.5)

The corresponding kernel ® defined by (8.2), i.e., ®(x,y) = ¢(x - y), is then strictly
positive-definite; see Remark [3.11 The native space associated with ¢ is defined by

N(n,t) |

. /rQen—1y . 2: .
Ny = {veD(S )< (ol ;m o0 <oo}.

This space is equipped with an inner product and a norm defined by

1/2
s N(n.f) ~ o Not) 5\ Y
Uémwfm d
), => "> and olly= | D
=0 m=1 =0 m=1

Since g/g(ﬁ) satisfies (3.3)), the native space Ny can be identified with the Sobolev space
HT and the corresponding norms are equivalent.

Let X = {x1,...,xy} be a set of data points on the sphere. Two important
parameters characterising the set X are the mesh norm hx and separation radius qx,

defined by

1
- -1 N ; -1
hy = sgg)l 1I<r;1<nN cos” (x;-y) and gx = 3 li?%fi\, cos™ (x; - x;). (3.6)

The spherical radial basis functions ®;, j = 1,..., N, associated with X and the
kernel ® are defined by (see (3.4]))

N(n,f)

2,(2) = 0w, 2) = D Y HOVin,)Vin(2). (37
(=0 m=1
We note that - R
<(I)j)z,m =o(0)Yym(x;), j=1,...,N. (3.8)
It follows from (3.0 that, for any s € R,
o N(n,t) oo N(nt)
ZZ £—|— 25 ‘ ZZ €+12(5 27)|Y (-’13]>|
=0 m=1 =0 m=1

By using (B.3) and noting FPy(n;x; - ;) = Pi(n;1) = 1 we obtain, recalling that
N(n,t) = 0" 2),

i , €+128

(=0 m=1 =0




The latter series converges if and only if s < 27 + (1 — n)/2. Hence,
¢, e H® <+= s<27+(1—n)/2. (3.9)

The finite-dimensional subspace to be used in our approximation is defined by
V;@ = span{®y,...,Py}. This space is used by Kansa [I0] for collocation approxi-
mation. For brevity of notation we write V¢ for V{ since there is no confusion. Due
to (3.9), we have

1—n

Vo C H® forall s < 27 + T (3.10)

We note that if 7 > (n — 1)/2, then V¢ C N, ~ H™ C C(S"™!), which is essentially
the Sobolev embedding theorem.
It is noted that if 7 > (n — 1)/2 then any function v € N satisfies

0o Nnt) .
m®(O)Yem(; .
U(;c]-) = g E vz’ gb(q/;)(E? (l‘ ) = <U7(I)j>¢7 ] = 1,. . .,N. (311)
(=0 m=1

This property is crucial in our analysis for the collocation method in Section

We finish this subsection by proving the approximation property of V¢ as a sub-
space of Sobolev spaces. This property is obtained by using the interpolation error
which is derived in [I8, Theorem 5.5]. This theorem states that if v € H*" for some
s* satisfying (n — 1)/2 < s* < 7 then for 0 < t* < s* there holds

e < Cp T vl (3.12)

v — Ixv

Here, px = hx/qx, and Ixv € V? is the interpolant of v at x;, j = 1,..., N, given
by
IXv(mj):v(:cj), jzl,,N

(In fact, it is required that v € Ny so that Ixv is well-defined.) When solving
pseudodifferential equations of order 2a by the Galerkin method, it is natural to
carry out error analysis in the energy space H“. Since the order 2a may be negative
(as in the case of the weakly-singular integral equation discussed after Definition [2.1))
it is necessary to show an approximation property of the form (B.12) for a wider range
of t and s, including negative real values.

Before stating and proving the above mentioned approximation property (Propo-
sition B.3]), we recall the following property of interpolation spaces which will be
frequently used in the proof of that proposition.

Lemma 3.2. [1Z, Theorem B.2] Let s1, $2,t1,ts € R be such that s1 < so and t; < ts.
Assume that T : HS% — H'% ¢ =1,2, are bounded linear operators satisfying

T, < M;||vlls, Yve H,

for some M; >0, i =1,2. Then for any 0 € [0,1], T : H0s1+(1=0)sz _ [ou+1-0)t2 jg
bounded and there holds

1T llot, +(1-0ys < MEMI[0)lgsr1-0ysy Vo € HO1H=052,




Proposition 3.3. Assume that [B.5) holds for some T > (n—1)/2. For any s*,t* € R
satisfying t* < s* < 27 and t* < 7, if v € H® then there exists n € V¢ such that

lo =l < Ch™ o]l (3.13)
for hx < hg, where C' and hq are independent of v and hx.
Proof. For k =0,1,2,..., we denote Zj, = [—k7, —(k — 1)7] and prove by induction

on k that ([B.I3]) holds for t* € Z for all k.
e We first prove that (813) is true when t* € Z,. Indeed, let t* € Z,. In this step, we
consider two cases when s* belongs to [7,27] and [t*, 7], respectively.

Case 1.1. 7 < s* < 27.

Let t and s be real numbers satisfying 0 <t < 7 < s < 27. Let Ixv € V? be the
interpolant of v at @;, i = 1,..., N. Then, by using (B.I1]), we deduce

(v—Ixv,w), =0 forallwe Ve
Hence, by using ([3.5) and the Cauchy—Schwarz inequality, we obtain for v € H?"

v = Ixv|)2 =~ |jv — Ixv|) = (v v — Ixv,v — Ixv), = (v—Ixv,0),

0 N(n,f) |v /[\
lm Xv)gmHWm‘
> 30
=0 m=1
N(n,0)

~

€+ )" [Orm — (Ix0) g [Pem] < v = Ixvlollvfler - (3.14)

K

12

I
o
3

Proposition 3.5 in [26] gives

lv = Ixvllo < ChX ||v]l2r, (3.15)
which, together with (B3.14]), implies

|lv — Ixv]||, < Ch%||v||2-- (3.16)

Noting the inequalities (BI5]), ([BI6]), and applying Lemma with T = I — I,
$1=82=27,11 =0,ty =7, and § = (7 —t)/7, we obtain

v — Ixv|l; < CRE Hvllar, 0<t<T (3.17)

On the other hand, by using (8.12)) with ¢* and s* replaced by t and 7, respectively,
we obtain

v — Ixv|ly < CRE Hvll,, 0<t< T (3.18)
Using LemmaB2lagain with T = I —Ix, t; =ty =1, =7, 89 = 27, and 0 = 2—s/T,
we deduce

v — Ixv| < ChSHvlls, 0<t< T
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Hence, we have proved

0<tr<r<s* <2
{ =V =TS8 =4 (3.19)

Yo e HS, In, = Ixv € V¢ ||v — nylle < O

v

s* -

Case 1.2. t* < s* < T.
Let s and ¢ be real numbers such that 0 < s < 7 and 2s — 27 < ¢t < s. Let
P, : H* — V? be defined by

(P, w), = (v,w), Yw e V. (3.20)

It is easily seen that
[v = Polls < vl (3.21)

If 2s — 27 <t < 25 — 7 so that 7 < 2s —t < 27 then we apply ([B.I9) with ¢*
and s* replaced by s and 2s — ¢, respectively, to deduce that for any w € H?*~, there
exists 1,, € V? such that

Jw —nwls < O Jwl|2s—- (3.22)

Since (v — Pyv, 1), = 0, it follows from (23)), (22)), B2I)) and (3:22) that

_p _p _
fo—Pafl= sup LD gy, L2 D00 ),
weH2s—t ||w||23—t weH2s—t ||w||25—t
w0 w0
<o Poll, swp L=l < opsty,

werza—t  [[w][2s-¢
w0

In particular, for ¢t = 2s — 7 we have
v — Psvl2s— < Ch)_(S+T||U||s- (3.23)

If 2s — 7 <t < s then by noting ([3.21)) and (3.23)), and applying Lemma 3.2l with
T=1-P, 8 =8 =81 =2s—71,1s =s,and 0 = (t — s)/(s — 7) we obtain
lv = Povlle < Chy o]l

Combining both cases 1.1 and 1.2, we have proved that

(3.24)

{t* €y, tF<s* <27,
v

Yoe HS 3, € VO jo—nlle < ChS

s* -

e Assume that for some kg > 0, (B313)) is true when t* € Z, for all k = 0,1, ..., ko,
i.e., the following statement holds,

(3.25)

v

s* -

{t* eUn, T, t < st <2r

Yo e H, I, €V |lo— e < ChS"

11



e We now prove that (3.13) is also true when t* € Zy 1. Analogously to the case
when t* € Zy, we consider two cases when s* belongs to [—ko7, 27| and [t*, —koT),
respectively.

Case 2.1. — ko7 < s* < 271.

Let ¢t and s be real numbers satisfying t € Zy,1 and s € [—koT,27]. Let P_g,, :
H~k7™ — V¢ bhe the projection defined by

P v eV?: (P v,w) = (v, w) Yw € V.

—koT —koT

Then P_,,v is the best approximation of v from V¢ in the H=*"-norm. It follows
from (B.25]) with —ko7 and s in place of t* and s*, respectively, that

|0 = P_jor]| —tor < CRTT||0||s Vo € H. (3.26)

Since t € Iy, 11 so that —kor < —t — 2koT < 27, statement ([B.25) with ¢* and s*
replaced by —kor and —t — 2ko7, respectively, assures that for any w € H~t=2koT,
there exists 7,, € V? such that

[ =Dl —kor < Ch' ™7 [[w]]--200r- (3.27)

Since (v — P_gyr0, M) _p,,, = 0, it follows from ([2.3) and ([2.2)) that

(v — Py, w>_k0T (v — Pyv,w — 77w>—km
v = Pogorvfle = sup = sup
wenr—t=2kor || W] —t—2ker wer—t=2koT [[w]] 207
w#0 w#0
w — _
< o= Pogrtlgyy sup A0 elr
wen—t-2ror [ W]|—t—2kor
w#0
Inequalities (B.26) and B.27) imply ||v — P_go-v|ls < ChY v
Hence, we have proved that
—(ko + )7 < t* < —ko1, —koT < 5* < 27, (3.28)
Yo € H 3, € V¢ ||lv—nlle < Ch% ™" |||+ '

Case 2.2. t* < s" < —kgT.

Let s and t be real numbers such that —(kg+1)7 < s < —kg7 and 2s—27 <t < s.
Let P, : H® — V? be defined by ([3.20) with this new value of s.

If 2s — 27 < t < 2s + ko7 so that —kg7 < 2s — ¢t < 27 then we can use the
same argument as in Case 1.2 with (319) replaced by ([3:28) to obtain [[v — Psv||; <
Chi o]

If 25 + kg < t < s then we use Lemma in the same manner as in Case 1.2 to
obtain the same estimate.

Combining both cases 2.1 and 2.2 we obtain the result for £ = kg + 1, completing
the proof. O
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4 Approximate solutions

4.1 Approach
Noting ([2.7), we shall seek an approximate solution u € H°™® in the form
U=1y+u where TUy€kerL and u; € V?.

The solution u; will be found by the Galerkin or collocation method. Having found
uy, we will find @y € ker L by solving the equations (cf. (2.6]))

<Mi7ﬁ0>:fyi_<ui7ﬂl>7 i:17"'7M7

so that
(i, u) = (g, u)y, i=1,..., M. (4.1)
The unique existence of gy follows from Assumption B in exactly the same way as
that of ug; see Proposition
We postpone until Sections [l and [0 the issue of finding u;. It is noted that in
general V? ¢ (ker L)7;,... However, & can be rewritten in a form similar to (27) as

follows. Let
N(n,t

)
up=To+ Yy Y (W), Yem (4.2)
teK(L) m=1
and
N(n,f) .
wi= ) > (@) Yem (4.3)
(¢K(L) m=1
Then
u=ub+ul with wu)€kerL and u} € (ker L)Fosa. (4.4)

It should be noted that, in general, u} does not belong to V¢, and that this function
is introduced purely for analysis purposes. We do not explicitly compute u], nor ug.

4.2 Preliminary error analysis

Assume that the exact solution u and the approximate solution u of Problem A
belong to H* for some ¢t € R, and assume that p; € H * fort=1,..., M. Comparing
([20) and (4.4) suggests that ||[u — ul|; can be estimated by estimating ||uo — ug||; and
|us — uf||;- It turns out that an estimate for the latter is sufficient, as shown in the
following two lemmas.

Lemma 4.1. Let ug, uy, ui and uj be defined by 2.1), (D) and (E3). For i =
1,...,M, if uy € H™* for somet € R, then

luo = gl < Cllur — wills,

where C' 1s independent of u.
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Proof. Fori=1,..., M, it follows from (4.1]) that
(s o) + (i, ua) = (i, ug) + (i uy)
implying (u;, uo — ug) = (i, uj — up). Inequality (2.3) with s; = ¢ and sy = —¢ yields
[ (i w0 — ug)| = (i ur — up)| < lpsall —ellua — il
This result holds for all : = 1,..., M, implying
luo = uglly < Mluy —uilly,
where M := max;—1,__a ||pil|—+, and ||v||, := max;—1__a |{pi,v)| for all v € ker L.
(The unisolvency assumption assures us that the above norm is well-defined.) The
subspace ker L being finite-dimensional, we deduce
luo = uglle < Cljur =iy,
proving the lemma. ]
Lemma 4.2. Under the assumptions of Lemmal[{.], there holds
lu = ulle < Clluy = ui]l;.

Proof. Noting (27) and (4.4]), the norm ||u — @||; can be rewritten as

N(n,f)
lu — @l = Z S+ 1 [ — (@),
lek(L) m=1
N(n,f) /\
+ Z >+ 1) [ — (@),,,)°
L¢K(L) m=1
N(nﬁ)
Z D2 (41 ()~ ()l
Lek(L) m=1
N(n,f) -
+ Z S+ 1) () — (0]) gl
L¢K(L) m=1

= luo — uOHt + [Jur — w7
The required result now follows from Lemma [£.1] O

In the following sections, we describe methods to construct u;, and estimate
|uy — uf||; accordingly.

14



5 Galerkin approximation

Recalling (B.I0), we choose the shape functions ¢ in this subsection such that

1 n—1
— 1
T>2(Oz+ 5 ), (5.1)

so that V? ¢ H®. We find %; € V? by solving the Galerkin equation
a(tiy,v) = (g,v) for all v € V. (5.2)

By writing 7, = Y., ¢;®; we derive from (5.2) the matrix equation A@¢ = g, where

A =a(®,0;) =D Y L) [$(0 Vi (@) Yom(;), (5.3)

c=(c1,...,cn),and g = ({g,P1),..., (g, Pn)).
Lemma 5.1. The matriz A9 is symmetric positive-definite.
Proof. Let 0 be a shape function whose Fourier-Legendre coefficients are given by

Gy = { HOBOP i LgK(L)
0 if ¢ € KK(L).

Then AZ(]G) = O(z;, x;) where O is the kernel defined from 6. Since é\(f) > 0 for all

¢ >0, and A(¢) = 0 only for a finite number of ¢, it follows from Remark B that
A9 is symmetric positive-definite. O

As a consequence of this lemma, there exists a unique solution u; to (5.2]). With

uy given by (B.2)), u} defined by (A.3]) satisfies uj € H* and
a(ut,v) = (g,v) for all v € V?. (5.4)

Even though in general u} does not belong to V?, the following result is essentially
Céa’s Lemma.

Lemma 5.2. If u; and v} are defined by (21I1) and @3) with u; given by (5.2),
then
lur — ullla < Cllug — vl for allv € V2.

Proof. 1t follows from the definition (4.3 of u} that

a(w,uy) = a(w,uy) for all w e H®. (5.5)

15



Moreover, since V¢ C H* C H*™° (noting o > 0) we infer from ([ZI1)) and (5.4)
a(uy —ui,v) =0 forallve V. (5.6)
Since u; — uj € (ker L)#a, Lemma 23] yields
lur — il = a(ur — i, un — uy) = a(ur — i, un) — a(ur —ui, uy).
It follows from (5.5) and (5.6), noting u; — u} € H® and u; € V?, that
ur — ut]|? ~ alur —ul,up) — aluy —uf, ) = a(uy — ul,uy).

Hence, using again (5.6]), we obtain for any v € V¢

lur = uilla 2 alur — ui,un —v) < Cllug = wifla flus = vlla,

where in the last step we used Lemma 2.3l By cancelling similar terms we obtain the
required result. O

The above lemma and Proposition will be used to estimate the error u; — uj.

Lemma 5.3. Assume that the shape function ¢ is chosen to satisfy [B.3), (1) and
T>a, 7> (n—1)/2. Let uy and uj be defined as in Lemma [5.2. Assume that
uy € H® for some s satisfying a < s < 27. Lett € R satisfy 2(a —7) <t < «a. Then
for hx sufficiently small there holds

lur —uille < ChY " [lualls. (5.7)
The constant C' is independent of u and hx.

Proof. The result for the case when ¢t = « is a direct consequence of Lemma and
Proposition B3 (with ¢* = « and s* = s).

The proof for the case t < « is standard, using Aubin—Nitsche’s trick, and is
included here for completeness. It follows from (2.3]) and (2.4)) that

(ui —ui,v), a(ur — uj,v)

llur —uills < sup <C sup
ve H20—t ||'U||2a—t veH20—t ”'UHQOé—t
v#£0 v#0

By using successively (0.0]), Lemma 23] (5.7) with ¢ replaced by «, and ((.9]), we
deduce for any n € V¢

—_ * _ o
fur— il <0 sup LT <oy g, sup Ll
vEH20—t ||'U||204—t veH20—t ||'U||204—t
v#0 050
<onofumll, sup L=l 53)
vEHQa*t ||’U||204—t
v#0
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Since 2(a — 7) < t < «, there holds a < 2a — t < 27. By invoking Proposition
again with ¢* and s* replaced by a and 2o — t, respectively, we can choose n € V¢
satisfying

lv = nlla < CRE " [[v]|2a—t- (5.9)

This together with (5.8)) yields the required estimate, proving the lemma. O

We are now ready to state and prove the main result of this section.

Theorem 5.4. Assume that the shape function ¢ is chosen to satisfy (3.0), (5.1]) and
T>a, 7> (n—1)/2. Assume further that u € H® for some s satisfying o < s < 27.
If pi € H" fori=1,...,M with t € R satisfying 2(a — 7) < t < «, then for hx
sufficiently small there holds

lu —all, < Chy " [ulls.
The constant C' is independent of u and hx.
Proof. Since p; € H ' fori=1,..., M, Lemma 2] gives
[ — ulle < Cllug = ui]e.

The required result is a consequence of Lemma 53] noting that [Ju;]ls < ||u||s. O

6 Collocation approximation

Recall that for this method it is assumed that g € H?~® for some positive ¢ so that
u € H7t; see Problem A. We will assume that

-1
max{2a, a} + nT <71 <min{o — a,0}. (6.1)

Recall that (3.5) implies Ny ~ H™. Thus, the condition ¢ — «a > 7 assures us that
g € Ny. The condition 2a + (n — 1)/2 < 7 is to assure that Lu; € M. Indeed, this
condition implies @; € V? C H™"2* which is equivalent to Lu; € H™ ~ Nj.

The functions Lu; and g are required to be in the native space N, so that prop-
erty (B.I1I) can be used. The conditions a + (n — 1)/2 < 7 and 7 < ¢ are purely
technical requirements of our proof.

In this method we find @; € V? by solving the collocation equation

Luy(x;) = g(x;), j=1,...,N. (6.2)

By writting @, = Zj\le ¢;®;, we derive from (6.2) the matrix equation A%¢e =g
where

A = Ldi(x;) =Y D" L0 $(0) Yo (m:) Ve (),



c=(c1,...,cy) and g = (g(x1,...,9(xn)). The symmetry and positive definiteness
of the matrix A©) can be proved in the same manner as Lemma [5.1]

Since the function ® defined as in (B.4)) is a reproducing kernel for the Hilbert
space Ny, see (BII), the collocation equation (6.2) can be rewritten as a Galerkin
equation. This allows us to carry out error analysis in the same manner as in Section Gl

Recalling (3.11) and noting that Ly, g € Ny, we rewrite (6.2)) as

In order to see that the above equation is a Galerkin equation, we introduce a new
finite-dimensional subspace V? :

Ve .= span{zlsl, e (TDN},

where the spherical radial basis functions &)j are defined by

®,(x) = p(x-x;), j=1,...,N.

Here, 5 is a shape function given by

Zw ) [0(0)] " Pans 1),

It is easily seen that (cf. (B.8]))

—

((I)j)g,m = [gg(g)]l/Z n,m(mj)a ] = 1a R N. (64)

It should be noted that this space V¢ is introduced purely for analysis purposes; it is
not to be used in the implementation. Since (cf. (B.0))

—

a(l+1)7 < ()0 < et +1)7
we have (cf. ([BI0))

- 1—
VP C H® foralls <7+ 2n (6.5)
In particular, V* C H® due to o + (n—1)/2 <7 (see (6.10)).
The following lemma defines a weak equation equivalent to equation (Z.ITJ).
Lemma 6.1. Let
N(n,t) a
1 ‘m
L¢K(L) m=1

where uy s the solution to [2I1l). Then Uy belongs to H7 "7 and satisfies

a(Uy,V)=(G,V) forall Ve H* ", (6.7)
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where
N(n,t)

- gém
G=>_ T =Y, (6.8)

=0 m=1

Proof. Since u; € H°t*, it is easily seen that U; € H°* 7. For any V € H* 17
there holds
a(Uy, V) = a(uq,v),

where

Vm
_ZZ : 1/2

(=0 m=1
Noting v € H*~7 we deduce from (211 that

a(Ula V) = <g,’U> = <Ga V> )
finishing the proof of the lemma. O

Analogously, the next lemma defines an equivalent to (6.3]). It will be seen later
that this equivalent is the Galerkin approximation to (6.7]).

Lemma 6.2. Let
" Y (6.9)
where uy is given by (62). Then U, belongs to Ve and satisfies

a(U,, ;) = <G, Ef>j>, j=1,... N. (6.10)

Proof. Since u; € V? we have 1, = Z;VZI c;®; for some ¢; € R, which together with

(B.8) implies
N
0 iVom(x;).
j=1

This in turn gives

(Ul) G/g 12 ¢;Yem(T;),

Mz

j=1

so that (see (6.4))
N
Ui =i,
j=1
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ie., Uy € V*. By using successively 2I10), ©4), (©9), 63), B8) and (6.8)), we

deduce
a(ﬁla &)J) = <L[717 EI;]> = <L&/17 (I)]>¢ = <g7 (I)]>¢ = <G7 EIV)]> ) j = 17 R N7
completing the proof of the lemma. O

Using the two above lemmas we can now estimate the error in the collocation
approximation in the same manner as for the Galerkin approximation.

Theorem 6.3. Let (6.1)) hold. We choose the shape function ¢ such that (3.5]) holds
with 7 > n — 1. Assume further that uw € H® for some s satisfying 7 +a < s < 27. If
w; € Ht, i =1,..., M for some t satisfying 2a < t < 7+ av, then for hx sufficiently
small there holds

lu —@lle < Chy[lulls.

The constant C' is independent of u and hx.

Proof. Recall that (71 €V c H® and Uy € Ht* ™ C H* since 7 < 0; see (G.T).
Moreover, (6.7) and (6.I0) imply

a(Ul—ﬁl,&)j):O, jzl,,N

Hence, U € V9 is the Galerkin approximation to Uj.
Analogously to (A3]) we define

N(n,t) ___
Ui= >, > (U)Yim (6.11)
(gK(L) m=1

Lemma [5.3 with V? replaced by V? (and therefore, 7 replaced by 7 := 7/2) and uy, u}
replaced by Uy, Uy, gives

Uy — Utlls < ChCH|UL s, e <3 <27, 2(a—7) <i<a (6.12)
By the definition of Uy, U; and U7, see ([6.6), (63) and (GII), we have
lur = wille > [[Uy = Uy le—r and [Jua|s > [|U[|s—r- (6.13)

Since t and s satisfy 2a <t <74+ aand 7+ a < s <27 so thatt —7and s — 7
satisfy
20a—7)<t—-7<a and a<s-—71 <27,

the inequality (612) with £ =t — 7 and 5 = s — 7 gives
U, = U los < CRSHT s
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This together with (6.13]) implies
lur = wuille < CRYlualls

Since pu; € H™, fori=1,..., M, by using Lemma .2 and noting that [|u||s; < [Julls,
we deduce
lu =l < Clluy = uille < ChElualls < CRY " ulls,

completing the proof of the theorem.
U

Remark 6.4. In comparison with the results obtained by Morton and Neamtu, our
error estimates for the collocation approximation cover a wider range of Sobolev
norms. In fact, these two authors only proved [14]

~ 2(r—a
u — Ulfoa < ST Jullo.

This is a special case of the results in Theorems

7 Numerical experiments
In this section, we solved the Dirichlet problem

AU =0 in B,,
U=UponS" (7.1)
Uz) = O(1/ |z]) as |z| — oo,

where B, := {x € R? : |z| > 1}. It is well-known, see e.g. [23], that the problem (1))
is equivalent to
Su=gonS" (7.2)

where ]
g= _§UD + DUp, (7.3)

and

1 0 1
Dv(az) = E én_l U(y)a—yym dO'y.

Here, S is the weakly singular integral operator defined by

1 v(y)
Sv(x) = — ,
( 4T Jeo | — Y| Y

which is a pseudodifferential operator of order —1 and S(£) = 1/(2¢ + 1); see the
examples following Definition 2.1
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We solved the problem (7.1) with the boundary data
1
(1.0625 — 0.523)1/2

so that the exact solution to the Dirichlet problem (7)) is given by

UD(ﬂ’J) = UD(3717372,56’3) =

U(x) = with g = (0,0,0.25),

[z — 4|
and hence, the exact solution to the weakly singular integral equation (Z.2) is u(x) =
0, U(x); see e.g. [23], i.e
—l+x-q 0.25x3 — 1

|;p — q‘g n (10625 — 0.5.1’3)3/2.

u(x) =

For the approximation of (.2]), we use spherical radial basis functions suggested by
Wendland [28, page 128]. The sets X := {@1, s, ..., 2y} of points are chosen purely
to observe the order of convergence. Experiments with real data can be found in [23].
The shape function ¢ : [—1,1] — R which is used to define the kernel & is given

by
o(t) = p(VZ = 20), (7.4)

where p is Wendland’s functions [30], page 128] defined by
p(r) = (1= )2,
Narcowich and Ward [19, Proposition 4.6] prove that gb( )~ (1+ ) 27 for all £ >0,

where 7 = 3/2. The spherical radial basis functions ®;, ¢ = 1,..., N, are computed
by
i(x) = p(v2 -2z - x;), TS (7.5)
We first found an approximate solution u§ € V;@ := span{®y, Oy, ..., Oy} satis-
fying the Galerkin equation
as(uf,v) == (Suf,v) = (g,v) Vo€ Vg (7.6)

The stiffness matrix arising from (7.6]) has entries given by

(I)uq) :Z ¢ Z }/Km wz)Yzm(% = %Z ;; | Pﬁ(mz m])
£=0 (=0

m=—/{

The right-hand side of (Z6) is computed by using (73), noting D(¢) = —1/(4¢ + 2)
(see |20} page 122]),

oo l
e =33 (5~ m) (001 DO) Vo)

=0 m=—
oo V4
=3 3 )80 i)
=0 m=—
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The errors are computed by

P - A
Uem — (ux)g,m

lu—uSll-e=| > D } o . (7.7)

=0 m=—/

Our theoretical result (Theorem [5.4]) predicts an order of convergence of 27+ 1/2
in the H~'/2-norm. We carried out the experiment and observed some agreement
between the experimented orders of convergence (EOC) and our theoretical results;
see Tables [Tl

Table 1: Galerkin method: Errors in H~'/2-norm, 7 = 1.5. Expected order of con-
vergence : 3.5

N hx H-'"2norm | EOC
20 | 0.65140 | 0.120349381
30 | 0.51210 | 0.054895875 | 3.262
40 | 0.44180 | 0.025612135 | 5.163
51 | 0.37500 | 0.015883257 | 2.915
101 | 0.26720 | 0.006082010 | 2.832
200 | 0.19420 | 0.001977985 | 3.520
500 | 0.12370 | 0.000492078 | 3.084

The collocation solution u§ € Vi is found by solving
Su§(z;) = g(x;), i=1,...,N. (7.8)
By writing u§ = SN | ¢;®;, we derive from (Z8) the matrix equation

S = g,

00 V4 0
c_ _ 9(0) _
Sij - S(I)i(mj) = ;mz_g 20 + 1ng(:c,)ng(w]), 1,7 =1, N

By using the addition formula (B.3]), we obtain
1 =~
c
Si; = = ; () Py - ;). (7.9)

The errors are then computed similarly as in (7). There is agreement between
the experimented order of convergence (EOC) and our theoretical result (which is
27 + 1/2); see Tables
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Table 2: Collocation method: Errors in H~'/?-norm, 7 = 1.5. Expected order of
convergence : 3.5

N hx H~'2_norm | EOC
20 | 0.65140 | 0.139479793
30 | 0.51210 | 0.047806025 | 4.450
40 | 0.44180 | 0.020666895 | 5.679
51 | 0.37500 | 0.011785692 | 3.426
101 | 0.26720 | 0.003674365 | 3.439
400 | 0.12370 | 0.000277996 | 3.352
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