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PIECEWISE POLYNOMIAL INTERPOLATION IN
MUCKENHOUPT WEIGHTED SOBOLEV SPACES AND
APPLICATIONS

RICARDO H. NOCHETTO, ENRIQUE OTAROLA, AND ABNER J. SALGADO

ABSTRACT. We develop a constructive piecewise polynomial approximation
theory in weighted Sobolev spaces with Muckenhoupt weights for any poly-
nomial degree. The main ingredients to derive optimal error estimates for
an averaged Taylor polynomial are a suitable weighted Poincaré inequality, a
cancellation property and a simple induction argument. We also construct a
quasi-interpolation operator, built on local averages over stars, which is well
defined for functions in L!. We derive optimal error estimates for any polyno-
mial degree on simplicial shape regular meshes. On rectangular meshes, these
estimates are valid under the condition that neighboring elements have compa-
rable size, which yields optimal anisotropic error estimates over n-rectangular
domains. The interpolation theory extends to cases when the error and func-
tion regularity require different weights. We conclude with three applications:
nonuniform elliptic boundary value problems, elliptic problems with singular
sources, and fractional powers of elliptic operators.

1. INTRODUCTION

A fundamental tool in analysis, with both practical and theoretical relevance,
is the approximation of a function by a simpler one. For continuous functions a
foundational result in this direction was given by K. Weierstrass in 1885: con-
tinuous functions defined on a compact interval can be uniformly approximated
as closely as desired by polynomials. Mollifiers, interpolants, splines and even
Nevanlinna-Pick theory can be regarded as instances of this program; see, for in-
stance, [2, 54]. For weakly differentiable functions, the approximation by polyno-
mials is very useful when trying to understand their behavior. In fact, this idea
goes back to S.L. Sobolev [68], who used a sort of averaged Taylor polynomial to
discuss equivalent norms in Sobolev spaces.

The role of polynomial approximation and error estimation is crucial in numerical
analysis: it is the basis of discretization techniques for partial differential equations
(PDE), particularly the finite element method. For the latter, several constructions
for standard Sobolev spaces W!, with 1 < p < oo, and their properties are well

studied; see [24] 28], 29] BT], Ifﬂ.p7
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On the other hand, many applications lead to boundary value problems for
nonuniformly elliptic equations. The ellipticity distortion can be caused by degen-
erate/singular behavior of the coefficients of the differential operator or by singu-
larities in the domain. For such equations it is natural to look for solutions in
weighted Sobolev spaces [3|, 0] 14, 15, 25, 33| 36} B7, 51, [70] and to study the
regularity properties of the solution in weighted spaces as well [53]. Of particular
importance are weighted Sobolev spaces with a weight belonging to the so-called
Muckenhoupt class A, [58]; see also [36], 49, [70]. However, the literature focusing
on polynomial approximation in this type of Sobolev spaces is rather scarce; we
refer the reader to [3, @, [6l 10, 25], [39] 42 [56] for some partial results. Most of these
results focus on a particular nonuniformly elliptic equation and exploit the special
structure of the coefficient to derive polynomial interpolation results.

To fix ideas, consider the following nonuniformly elliptic boundary value problem:
let ©2 be an open and bounded subset of R™ (n > 1) with boundary 992. Given a
function f, find u that solves

{—div(.A(a:)Vu) =f, inQ,

(1.1) u =0, on 09,

where A : ) — R™*" is symmetric and satisfies the following nonuniform ellipticity
condition

(1.2) w@)El? S ETA@)E Sw()E?, VEER™, ae. Q.

Here the relation a < b indicates that a < Cb, with a constant C' and w is a
weight function, i.e., a nonnegative and locally integrable measurable function,
which might vanish, blow up, and possess singularities. Examples of this type of
equations are the harmonic extension problem related with the fractional Laplace
operator [I4], [15] [60], elliptic problems involving measures [3| 25], elliptic PDE in
an axisymmetric three dimensional domain with axisymmetric data [10, 42], and
equations modeling the motion of particles in a central potential field in quantum
mechanics [6]. Due to the nature of the coefficient A, the classical Sobolev space
H'(Q) is not appropriate for the analysis and approximation of this problem.

Nonuniformly elliptic equations of the type 7, with w in the so-called
Muckenhoupt class Ay, have been studied in [36]: for f € L?(w™1,Q), there exists
a unique solution in H}(w, ) [36, Theorem 2.2] (see § for notation). Consider
the discretization of with the finite element method. Let 7 be a conforming
triangulation of © and let V(.7) be a finite element space. The Galerkin approx-
imation of the solution to is given by the unique function Uz € V(.77) that
solves

(1.3) /.AVUy VW = / W, YW e V(9).
Q Q

Invoking Galerkin orthogonality, we deduce

(14) 0= Usllngomy S dnf =Wl

In other words, the numerical analysis of this boundary value problem reduces to a
result in approximation theory: the distance between the exact solution u and its
approximation Uz in a finite element space is bounded by the best approximation
error in the finite element space with respect to an appropriate weighted Sobolev
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norm. A standard way of obtaining bounds for the approximation error is by
considering W = Il zv in , where Il # is a suitable interpolation operator.

The purpose of this work is twofold. We first go back to the basics, and develop an
elementary constructive approach to piecewise polynomial interpolation in weighted
Sobolev spaces with Muckenhoupt weights. We consider an averaged version of the
Taylor polynomial and, upon using an appropriate weighted Poincaré inequality
and a cancellation property, we derive optimal approximation estimates for constant
and linear approximations. We extend these results to any polynomial degree m
(m > 0), by a simple induction argument.

The functional framework considered is weighted Sobolev spaces with weights
in the Muckenhoupt class A, (R™), thereby extending the classical polynomial ap-
proximation theory in Sobolev spaces [13| 23] 24, [65]. In addition, we point out
that the results about interpolation in Orlicz spaces of [26] [30] do not apply to our
situation since, for weighted spaces, the Young function used to define the modular
depends on the point in space as well. In this respect, our results can be regarded
as a first step in the development of an approximation theory in Orlicz-Musielak
spaces and in Sobolev spaces in metric measure spaces [40].

The second main contribution of this work is the construction of a quasi-inter-
polation operator I14, built on local averages over stars and thus well defined for
functions in L'(f2) as those in [24, 65]. The ensuing polynomial approximation
theory in weighted Sobolev spaces with Muckenhoupt weights allows us to obtain
optimal and local interpolation estimates for the quasi-interpolant Il . On simpli-
cial discretizations, these results hold true for any polynomial degree m > 0, and
they are derived in the weighted WZ’f—seminorm (0 <k <m+1). The key ingredient
is an invariance property of the quasi-interpolant I & over the finite element space.
On the other hand, on rectangular discretizations, we only assume that neighboring
cells in .7 have comparable size, as in [31], [60]. This mild assumption enables us
also to obtain anisotropic error estimates for domains that can be decomposed into
n-rectangles. These estimates are derived in the weighted Wz}—semi—norm and the
weighted LP-norm, the latter being a new result even for the unweighted setting.
For m = 0,1, we also derive interpolation estimates in the space W;"(p, ) when
the smoothness is measured in the space W;”“(w, ), with different weights w # p
and Lebesgue exponents 1 < p < g, provided W;”H(w, Q) = W (p, ).

The outline of this paper is as follows. In § [2.I] we introduce some terminology
used throughout this work. In § we recall the definition of a Muckenhoupt
class, weighted Sobolev spaces and some of their properties. Section [3]is dedicated
to an important weighted LP-based Poincaré inequality over star-shaped domains
and domains that can be written as the finite union of star-shaped domains. In
sectiond] we consider an averaged version of the Taylor polynomial, and we develop
a constructive theory of piecewise polynomial interpolation in weighted Sobolev
spaces with Muckenhoupt weights. We discuss the quasi-interpolation operator
Il and its properties in section We derive optimal approximation properties
in the weighted sz—seminorm for simplicial triangulations in § In § we
derive anisotropic error estimates on rectangular discretizations for a Q; quasi-
interpolant operator assuming that 2 is an n-rectangle. Section [f] is devoted to
derive optimal and local interpolation estimates for different metrics (i.e., p < g,
w # p). Finally, in section m we present applications of our interpolation theory to
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nonuniformly elliptic equations (|L.1)), elliptic equations with singular sources, and
fractional powers of elliptic operators.

2. NOTATION AND PRELIMINARIES

2.1. Notation. Throughout this work, €2 is an open, bounded and connected sub-
set of R", with n > 1. The boundary of €2 is denoted by 0. Unless specified
otherwise, we will assume that 0f2 is Lipschitz.

The set of locally integrable functions on € is denoted by L{ .(2). The Lebesgue
measure of a measurable subset F C R™ is denoted by |E|. The mean value of a

locally integrable function f over a set F is

]ifdx:ﬁ/jﬂfdx.

For a multi-index x = (k1,...,kn) € N we denote its length by |k| = k1 +---+
Kn, and, if © € R™, we set 2" = {' ... 2f» € R, and
oo
or T dan
Given p € (1,00), we denote by p’ the real number such that 1/p+1/p’ =1, i.e.,
P =p/lp—1).

Let v,z € R™, the binary operation o : R™ x R™ — R" is defined by

(2.1) Yoz = (721,722, " s Tn?n) € R™.

If X and Y are topological vector spaces, we write X < Y to denote that X
is continuously embedded in Y. We denote by X’ the dual of X. If X is normed,
we denote by || - ||x its norm. The relation a < b indicates that a < Cb, with a
constant C' that does not depend on either a or b, the value of C' might change at
each occurrence.

2.2. Weighted Sobolev spaces. We now introduce the class of Muckenhoupt
weighted Sobolev spaces and refer to [27], 36, [50] 511 [70] for details. We start with
the definition of a weight.

Definition 2.1 (weight). A weight is a function w € L, (R™) such that w(z) > 0
for a.e. x € R™.

Every weight induces a measure, with density wdz, over the Borel sets of R™.
For simplicity, this measure will also be denoted by w. For a Borel set £ C R" we
define w(F) = [pwdz .

We recall the definition of Muckenhoupt classes; see [27), 36}, 58], [70].

Definition 2.2 (Muckenhoupt class A4,). Let w be a weight and 1 < p < co. We
say w € A, (R™) if there exists a positive constant C, , such that

p—1
(2.2) s%p (7{3 w) <][B wl/(l_p)) = Cpu < 00,

where the supremum is taken over all balls B in R™. In addition,
As®™) = [ J Ap®RY),  AiR") =[] 4,(R").
p>1 p>1

If w belongs to the Muckenhoupt class A,(R"™), we say that w is an A,-weight, and
we call the constant C,, , in (2.2 the A,-constant of w.
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A classical example is the function |z|”, which is an Ap-weight if and only if
—n < v < n(p—1). Another important example is d(x) = d(x,9Q)*, where for
x € Q, d(z,99) denotes the distance from the point = to the boundary 9Q2. The
function d belongs to A(R™) if and only if —n < « < n. This function is used
to define weighted Sobolev spaces which are important to study Poisson problems
with singular sources; see [3] 25].

Throughout this work, we shall use some properties of the A,-weights which, for
completeness, we state and prove below.

Proposition 2.1 (properties of the A,-class). Let 1 < p < 0o, and w € A,(R"™).
Then, we have the following properties:
(i) w=H®D € Li, (R™).
(ii) Cpo > 1.
(i) If 1 <p <r < oo, then Ap(R™) C A (R™), and Cy,, < Cp .
(iv) w1 € A, (R™) and, conversely, w="®'~1) ¢ A, (R™). Moreover,

1/(p—1
Cot po-1/-1) = Cp/ P71,

(v) The Ap-condition is invariant under translations and isotropic dilations, i.e.,
the weights v — w(x +b) and x — w(Az), with b € R and A = a - I with
a € R, both belong to A,(R™) with the same Ap-constant as w.

Proof. Properties (fi) and follow directly from the definition of the Muckenhoupt
class A,(R™) given in ([2.2). By writing 1 = w!/Pw~1/? and the Holder inequality,
we obtain that for every ball B C R”,

1/p (p—1)/p
1 :][ Wwl/Py=1/P < (][ w) (7[ w—l/(p—l)) :
B B B

which proves . Using the Holder inequality again, we obtain

r—1 p—1
(7[ wl/(l—r)) < (7[ wl/(l—p)> ,
B B

which implies (iii). Finally, to prove property we denote w(z) = w(Az + b),
and let B, be a ball of radius r in R™. Using the change of variables y = Az + b,
we obtain

(2.3) f () dr = = /. e,

which, since a”|B,| = |Bg.|, proves (v). O

From the Ap-condition and Hélder’s inequality follows that an A,-weight satis-
fies the so-called strong doubling property. The proof of this fact is standard and
presented here for completeness; see [70, Proposition 1.2.7] for more details.

Proposition 2.2 (strong doubling property). Let w € A,(R"™) with 1 < p < o0
and let E C R™ be a measurable subset of a ball B C R™. Then

(2.4) w(B) < Cpw <||g|>pw(E).
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Proof. Since E C R™ is measurable, we have that

1/p , 1/p , L\ P
|E| < </ wdx> </ wp/pdx) §w(E)1/p|B|1/p <f wp/p)
E E B
-1/p 1/p
/ E)
< CoYr o (E)Y/P B|Y/P ][ —Cl/p w( Bl
— Cp,w w( ) | | B w Cp,w W(B) ‘ |

This completes the proof. O

In particular, every A,-weight satisfies a doubling property, i.e., there exists a
positive constant C' such that

(2.5) w(Bay) < Cw(B,).

for every ball B, C R™. The infimum over all constants C, for which holds,
is called the doubling constant of w. The class of A,-weights was introduced by
B. Muckenhoupt [58], who proved that the A,-weights are precisely those for which
the Hardy-Littlewood maximal operator is bounded from L?(w,R™) to LP(w,R™),
when 1 < p < co. We now define weighted Lebesgue spaces as follows.

Definition 2.3 (weighted Lebesgue spaces). Let w € A,, and let @ C R™ be an
open and bounded domain. For 1 < p < 0o, we define the weighted Lebesgue space
LP(w, ) as the set of measurable functions u on Q equipped with the norm

1/p
(2.6) lll ooy = ( / u|pw) .

An immediate consequence of w € A,(R™) is that functions in LP(w, () are
locally summable which, in fact, only requires that w=1/®=1 ¢ Li (R™).

Proposition 2.3 (LP(w,Q) C LL (). Let Q be an open set, 1 < p < oo and w

loc

be a weight such that w='/®P=1 ¢ L1 (Q). Then, LP(w,Q) C Li (Q).

loc

Proof. Let u € LP(w, ), and let B C Q be a ball. By Holder’s inequality, we have

1/p (p=1)/p
= [ puetramir < ([ ) ([ wm00) S s
B B B B

which concludes the proof. ([l

Notice that when € is bounded we have LP(w,Q) < L'(Q). In particular,
Proposition [2.3]shows that it makes sense to talk about weak derivatives of functions
in L?(w, ). We define weighted Sobolev spaces as follows.

Definition 2.4 (weighted Sobolev spaces). Let w be an A,-weight with 1 < p < oo,
Q C R™ be an open and bounded domain and m € N. The weighted Sobolev space
W (w, ) is the set of functions u € LP(w, Q) such that for any multi-index x with
|k| < m, the weak derivatives D"u € LP(w,2), with seminorm and norm

1/p 1/p

|u|W;"(w,Q) = Z ||Dﬁu||ip(w7g) 3 ||u||W£"(w,Q) = Z |u|€V£(w,Q) 5

[k|=m j<m

respectively. We also define VT/’T (w, Q) as the closure of C§°(Q) in W™ (w, Q).
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Without any restriction on the weight w, the space W (w, {2) may not be com-
plete. However, when w1/ (=1 is locally integrable in R™, W) (w, ) is a Banach
space; see [52]. Properties of weighted Sobolev spaces can be found in classical
references like [50L 511 [70]. It is remarkable that most of the properties of classical
Sobolev spaces have a weighted counterpart and it is more so that this is not be-
cause of the specific form of the weight but rather due to the fact that the weight
w belongs to the Muckenhoupt class A,; see [36, 41], 58]. In particular, we have the
following results (cf. [70, Proposition 2.1.2, Corollary 2.1.6] and [41l, Theorem 1]) .

Proposition 2.4 (properties of weighted Sobolev spaces). Let Q C R™ be an open
and bounded domain, 1 < p < 00, w € Ap(R™) and m € N. The spaces W (w, 2)

and ﬁff(w, Q) are complete, and W (w,Q2) N C*°(Q) is dense in W (w, ).

3. A WEIGHTED POINCARE INEQUALITY

In order to obtain interpolation error estimates in LP(w,Q) and W, (w,Q), it
is instrumental to have a weighted Poincaré-like inequality [31] [60]. A pioneering
reference is the work by Fabes, Kenig and Serapioni [36], which shows that, when
the domain is a ball and the weight belongs to A, with 1 < p < oo, a weighted
Poincaré inequality holds [36, Theorem 1.3 and Theorem 1.5]. For generalizations
of this result see [38] 47]. For a star-shaped domain, and a specific A>-weight, we
have proved a weighted Poincaré inequality [60, Lemma 4.3]. In this section we
extend this result to a general exponent p and a general weight w € A,(R™). Our
proof is constructive and not based on a compactness argument. This allows us to
trace the dependence of the stability constant on the domain geometry.

Lemma 3.1 (weighted Poincaré inequality I). Let S C R™ be bounded, star-shaped

with respect to a ball B, with diam S ~ 1. Let x be a continuous function on S with
Ixllzis)y = 1. Given w € Ap(R™), we define pu(x) = w(Ax +b), for b € R™ and
A =a-1, witha eR. Ifve Wy (u,S) is such that [¢ xv =0, then

(3.1) vl Le(u,s) S NVUllLeu,s),

where the hidden constant depends only on x, Cp, ., and the radius 7 of B, but s
independent of A and b.

Proof. Property of Proposition shows that p € A,(R™) and C, = C,, p.
Given v € W, (u, S), we define

5 = sign(o)|oP~ - ( /3 Sign(v)lvl”_lu) Y.

Hoélder’s inequality yields

1/p' 1/p
2 [ = [ < ([aor) ™ ([0) 7 < 1ttt
S S S S

which implies that & € L'(S) and [|3]L1(s) < [0ll75(,..5)-

since [ ¢ X =1, the function v has vanishing mean value.

Notice, in addition, that
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Given 1 < p < oo, we define ¢ = —p’/p, and we notice that ¢ + p’ = 1 and
p'(p—1) = p. We estimate [0[ ;7,0 5) as follows:
p/)l/p/

, 1/p
)
S S
, , 1/p’

< ( [ o @-”) n ( / vlp‘1u> Il s

< TolZd, s
where we have used together with the fact that 4 € A,(R™) implies p? €
Li (R™) (see Proposition (), whence X[ 2o (o 5y < ||XHL°°(S)MQ(51)1/”/ <1.
Properties p? € A, (R™), that S is star-shaped with respect to B and ¢ €
e (19, S) has vanishing mean value, suffice for the existence of a vector field u €

ISVpl/ (u?, S) satisfying

sen(w) ol ( [ sign(o)lol? 10 ) x

div u = 7,
and,
(3.3) IVull Lo e,y SNl 1o a5y

where the hidden constant depends on C) ,« and the radius r of B ; see [33, Theo-
rem 3.1].
Finally, since [, s xv = 0, the definition of © implies

Hv||IL’p(“75) :/vf}—l- (/Sign(v)|v|p1u)/xv—/m~).
S S S

Replacing © by —div u, integrating by parts and using (3.3), we conclude

1/p 1/p'
s = [ 0wz (Law) ([ )
S S S

< V00 200 17 (.-
Invoking [|0[| 17 (4 5) < ””Hi;(lu,s) yields the desired inequality. O

In section [5| we construct an interpolation operator based on local averages.
Consequently, the error estimates on an element 7' depend on the behavior of the
function over a so-called patch of T, which is not necessarily star shaped. Then,
we need to relax the geometric assumptions on the domain S and let the vanishing
mean property hold just in a subdomain. The following result is an adaptation of
[60, Corollary 4.4].

Corollary 3.2 (weighted Poincaré inequality II). Let S = UY,S; C R" be a
connected domain and each S; be star-shaped with respect to a ball B;. Let x; €
C%(S;) and p be as in Lemma . Ifve Wy (p,S) and v; = fSi vxi, then

(3.4) lv —villLe(u,s) S IVVllLr(u,s) V1<i<N,

where the hidden constant depends on {x;}X.,, the radii r; of B;, and the amount
of overlap between the subdomains {S;}I,, but is independent of A and b.
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Proof. This is an easy consequence of Lemma and [28, Theorem 7.1]. For
completeness, we sketch the proof. It suffices to deal with two subdomains Sy, .55
and the overlapping region D = 57 N.S;. We start from

v =v1llLo(u,s5) < [0 = v2llLr(us) + lor = v2llLe(u,s,)-

Since v; and vo are constant

[vr — vallLe (D)5

p(S2)\ "
Hvl - UQHLP(;J,,SQ) = ,LL(D)

which together with
lv1 = vallLe(u,p) < v —v1llLe(u,s0) + v = v2llLe(u,50)5

and (3.1) imply [[v —villzr(u,50) S VOl Le(u,5,0s,))- This and (3.1) give (3.4) for

1 =1, with a stability constant depending on the ratio ’; ((%’)) . O

4. APPROXIMATION THEORY IN WEIGHTED SOBOLEV SPACES

In this section, we introduce an averaged version of the Taylor polynomial and
study its approximation properties in Muckenhoupt weighted Sobolev spaces. Our
results are optimal and are used to obtain error estimates for the quasi-interpolation
operator defined in section [5| on simplicial and rectangular discretizations. The
interpolation operator is built on local averages over stars, and so is similar to the
one introduced in [28]. The main difference is that it is directly defined on the
given mesh instead of using a reference element. This idea is fundamental in order
to relax the regularity assumptions on the elements, which is what allows us to
derive the anisotropic estimates on rectangular elements presented in §

4.1. Discretization. We start with some terminology and describe the construc-
tion of the underlying finite element spaces. In order to avoid technical difficulties
we shall assume 92 is polyhedral. We denote by 7 = {T'} a partition, or mesh, of
Q) into elements T (simplices or cubes) such that

=1 o=> 1

TeT TeT

The mesh 7 is assumed to be conforming or compatible: the intersection of any
two elements is either empty or a common lower dimensional element. We denote
by T a collection of conforming meshes, which are shape regular i.e., there exists a
constant o > 1 such that, for all 7 € T,

(4.1) max{or:T € 7} <o,

where o = hr/pr is the shape coefficient of T. In the case of simplices, hy =
diam(7') and pr is the diameter of the sphere inscribed in T'; see, for instance, [13].
For the definition of hy and pr in the case of n-rectangles see [23].

In §[5.2] we consider rectangular discretizations of the domain € = (0,1)" which
satisfy a weaker regularity assumption and thus allow for anisotropy in each coor-
dinate direction (cf. [31]).

Given a mesh 7 € T, we define the finite element space of continuous piecewise
polynomials of degree m > 1

(4.2) V(7)={W eC%Q): Wir e P(T)VT € T, Wjpq =0},
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where, for a simplicial element T', P(T) corresponds to P,, — the space of polyno-
mials of total degree at most m. If T is an n-rectangle, then P(T) stands for Q,,
— the space of polynomials of degree not larger than m in each variable.

Given an element T € .7, we denote by A{(T) and A/(T) the set of nodes and
interior nodes of T, respectively. We set N(7) := UrcoA(T) and N(T) :=
AN(T) N oQ. Then, any discrete function V € V(.7) is characterized by its nodal
values on the set A((.7). Moreover, the functions ¢, € V(.7), z € N(7), such that
¢-(y) = 0y for all y € N(F) are the canonical basis of V(.7), and

V= > V(2)¢..

2eN(T)

The functions {¢.}, (o) are the so called shape functions.

Given z € A(.7), the star or patch around z is S, := {J, ., T, and, for T' € 7,

its patch is St :=J,cp S-. For each z € A(7), we define h, := min{hr : 2 € T'}.

4.2. The averaged interpolation operator. We now develop an approximation
theory in Muckenhoupt weighted Sobolev spaces, which is instrumental in section
We define an averaged Taylor polynomial, built on local averages over stars
and thus well defined for LP(w,Q)-functions. Exploiting the weighted Poincaré
inequality derived in section [3] we show optimal error estimates for constant and
linear approximations. These results are the basis to extend these estimates to any
polynomial degree via a simple induction argument in section [4.4]

Let ¢ € C*°(R™) be such that [¢ = 1 and suppy C B, where B denotes the
ball in R™ of radius r = r(c) and centered at zero. For z € N(.7), we define the
rescaled smooth functions

(4.3) Y (z) =

(m+ 1)"w ((m+ (= —x))
h? h, ’
where m > 0 is the polynomial degree. The scaling of v, involving the factor m+1
guarantees the property
supp ¢ C S,

for all nodes z € A((.7) (not just the interior vertices of .7) provided r is suitable
chosen. This is because the distance from z to 05, is proportional to h,/(m + 1)
for shape regular meshes.

Given a smooth function v, we denote by P™uv(x,y) the Taylor polynomial of
order m in the variable y about the point z, i.e.,

(4.4) P"u(z,y) = Z %D“v(m)(y—x)o‘.
laj<m

For z € N(.7), and v € W (w, ), we define the corresponding averaged Taylor
polynomial of order m of v about the node z as

(45) Qroly) = [ Prola .o d

Integration by parts shows that Q7v is well-defined for functions in L'(Q) [L3|

Proposition 4.1.12]. Proposition then allows us to conclude that (4.5 is well
defined for v € LP(w, ). Since supp, C S, the integral appearing in (4.5)) can
be also written over S,. Moreover, we have the following properties of Q7'v:
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e Q7w is a polynomial of degree less or equal than m in the variable y (cf. [I3]
Proposition 4.1.9]).

e Qv =QTQTv, ie., QF is invariant over P,,.

e For any « such that |a] < m,

(4.6) DQTy=Qm Dy wwe Wl(B),
(cf. [13, Proposition 4.1.17]). As a consequence of w € A,(R"), together with
Proposition we have that (4.6) holds for v in Wlla‘ (w, B).
The following stability result is important in the subsequent analysis.
Lemma 4.1 (stability of Q™). Let w € A,(R™) and z € N(T). Ifv € Wh(w,S.),
with 0 < k < m, we have the following stability result

k
(4.7) 1QT 0l e 5.y S 2" I ot v rm, 5.y D Pelolwi (.-
=0

Proof. Using the definition of the averaged Taylor polynomial (4.5, we arrive at

Q2 ulmsy S 3 | [ Doty - v (o)d

laj<m 175
This implies estimate (4.7) if & = m. Otherwise, integration by parts on the higher
derivatives D®v with k < |a| < m, 1, = 0 on 95,, the fact that D%t is uniformly
bounded on R™, the estimate |y — x| < h, for all z,y € S, together with Holder’s
inequality, yield (4.7). O

Given w € A,(R") and v € W' (w, Q) with m > 0, in the next section we
derive approximation properties of the averaged Taylor polynomial @Q7'v in the
weighted Wf (w, )-norm, with 0 < k < m, via a weighted Poincaré inequality and
a simple induction argument. Consequently, we must first study the approximation
properties of QJv, the weighted average of v € LP(w, Q), which for z € N(7) reads

(4.8) ng:/s v(x),(z) da.

Le(S.)

4.3. Weighted LP-based error estimates. We start by adapting the proofs of
[B1, Lemma 2.3] and [60, Lemma 4.5] to obtain local approximation estimates in
the weighted LP-norm for the polynomials Qv and Qlv.

Lemma 4.2 (weighted LP-based error estimates). Let z € N(.7). Ifv € W (w,S.),
then we have

(4.9) v = Q2vllLr(w,s.) S hallVllLow,s.)-
If v e W} (w, S-) instead, the following estimate holds
(4.10) 102, (v = Q:0) | v (w,5.) S h2ll0s, Vol Lr(w,s.)s

for i =1,...,n. In both inequalities, the hidden constants depend only on Cp,, o

and .
Proof. Define the mapping ¥, : x — T by

zZ—x

h, ’

Tr =
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the star S, = #.(S.) and the function v(z) = v(z). Set Q%0 = [ 1) dZ, where ¢ is
the smooth function introduced in section .2l

Notice that suppty) C S,. Consequently, in the definition of Q°v, integration
takes place over S, only. Using the mapping 7., we have

Q(z)v:/szm/)zdx:/gszdszov,
and, since fgzd)df: 1,
= A0\ A — = dm 05 —
(4.11) /Sz(v Q°v)y dz /Sz v dz — Qv = 0.

Define the weight @, = w o #,71. In light of property (ED in Proposition we
have w, € A,(R") and Cp g, = Cp . Changing variables we get

(4.12) / wlv — Q%|P dx = h’;/ @.|o — Q0| dz.

As a consequence of the shape regularity assumption (4.1)), diam S, ~ 1. Then,
in view of (4.11)), we can apply Lemma to o — QU over S = S,, with u = @,
and x = %, to conclude

||77 - QOT}HLP(@Z,SZ) 5 ”?T)HLP(@,S'ZN

where the hidden constant depends only on o, C}, 5, and ¢. Inserting this estimate
into (4.12)) and changing variables with F_ ! to get back to S, we get (4.9).
In order to prove (4.10), we modify F, and S, appropriately and define

Q'o(y) = / (8(2) + Vo(z) - (7 — 7)) (&) dz,

Sz

We observe that QLv(y) = Q'9(y), where QLv is defined by (d.F). Since 95,Q'0(y) =
Js. 9z,9(2)1(2) d is constant for i € {1,--- ,n}, we have the vanishing mean value
property

/, Oz (77(56) - Qlﬁ(f))¢(f) dz = 0.
S
This, together with Lemma leads to (4.10). 0

The following result is an optimal error estimate in the LP-weighted norm for
the averaged Taylor polynomial Qlv, which is instrumental to study Q™v (m > 0).

Lemma 4.3 (weighted LP-based error estimate for Q1). Let z € N(7). Ifv €
W2 (w,S2), then the following estimate holds

(4.13) lv = QzvllLr(w,s.) S P2lvlwzw,s.),
where the hidden constant depends only on Cy ., 0 and 1.
Proof. Since
v—Qiv=(v— Q) — Qv — Q) — Q2(Qzv —v),
and V(v — Qlv) = Vo — QVv from , we can apply twice to obtain
(v = QLv) = Q2(v — QLV)||Lr(w.5.) S PelIV (0 = QL0) I Lo(w.5.) S h2[vIw2(w.5.)-
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So it remains to estimate the term Rl(v) := Q%(Qlv —v). Since Q% = Q2Q%,
we notice that RL(v) = Q%(QLv — Q%). Then, using the definition of the averaged
Taylor polynomial given by (4.5), we have

-/ (/ Vela) (- 200 ) vl

We exploit the crucial cancellation property RL(p) = 0 for all p € P; as follows:
Rl(v) = RL(v — Qv) = 0. This yields

1 — 1’1)33 . — X s X
IR @)L 5. /sf’ A (/Sszm Qlu(x)) - (y >¢z<>d)wz<y>dy

Applying Holder inequality to the innermost integral I(y) leads to

e sz ([ wlvee -Qura) ([ w—p//pwxx)f”dw)p/p/.

z z

This is combined with [ ¢.(y)dy = 1and [[¢. | 1, pf/p 5.)1lLr(w,s.) S 1, which
follows from the definition of 1/, and the definition of the A,-class, to arrive
at

p

(4.14) IRy S 127 [ lDPP
S
This yields the desired estimate (4.13]). O

4.4. Induction argument. In order to derive approximation properties of the
averaged Taylor polynomial Q7'v for any m > 0, we apply an induction argument.
We assume the following estimate as induction hypothesis:

(4.15) lo = QT 0l r(w.s.) S W2 0lw (w.s.)-

Notice that, for m = 1, the induction hypothesis is exactly (4.10), while for m = 2
it is given by Lemma We have the following general result for any m > 0.

Lemma 4.4 (weighted LP-based error estimate for Q™). Let z € N.(.7) and m > 0.
Ifve W;”“"l(w, S.), then we have the following approzimation result

(4.16) o = Q0] Lownsy S AT ol s
where the hidden constant depends only on C, ,, o, ¥ and m.
Proof. We proceed as in the proof of Lemma [£.3] Notice, first of all, that
v=QYv=(v—QM) - QI (v —Qrv) - QU Qv —v).
The induction hypothesis yields
[(v = Q) = QT (v = Q)| Lr(w,5.) S P v — Q70| Wi (w,5.)-

Since D*Q™v = QYDv for all |a| = m, according to property (4.6]), the estimate
(4.9) yields |v — Q;"v|W;n,(w7sz) < hZ|U|Wm+l(w 5.y and then

(v = Q) = QT (v = QT V)| 1w (w,5.) S hE T olyymts (g 5.y

It thus remains to bound the term

R (v) = QY1 Qv — ).



14 R.H. NOCHETTO, E. OTAROLA, AND A.J. SALGADO
Since QT 1QT v = QU v, writing QT = QT + 2 181=m T2 with

Bly) = L BV — (VP
7)< 5 [ DG - 0P dc

= > QI (v)
|Bl=m
This representation allows us to write

Ry = Y. Tapv(y),

lee|<m, | Bl=m

we obtain

with
o) = 3 [ @Dy )" da
a'/ VO / DEV(Q) (@ — P9 () d¢(y — 2)° da.

Finally, we notice the followmg cancellation property: QT'p = p for all p € Py,
whence R]'(p) = 0. Consequently R}*(v) = RT'(v — Q7'v) implies
P

Mgl s,y S BP /S )| [ veto) /S DY(v = QIO |y

Combining the identity D?Q™v = QYDPv, with (#.9) and the bound

19Nl Lo -rrp 5.y I o (,5.) S 1,
we infer that
VB0 5.y S P sy 1D = D Q02 I s,

< 1 (m+1)p
~ hz ‘U|W;n+1(w7sz)'

This concludes the proof. [
The following corollary is a simple consequence of Lemma [4.4]

Corollary 4.5 (weighted W]f—based error estimate for Q7). Let z € N(7). If

ve Wt (w,S.) with m >0, then

(4.17) [0 = QT vlwr(ws.) S R olymer, 5y, k=0,1,...,m+1,

where the hidden constant depends only on Cy, ., o, ¥ and m.

Proof. For k = 0, the estimate (4.17)) is given by Lemma while for k =m + 1,

v — QTU|W;n+1(w,sz) = |U|me+1(w,5'z)'
For 0 < k < m + 1, we employ property (4.6) of D*Q7*v with |a| = k to write

1/p

0= QP ol = | 3 ID% — Q@ kDewlt, o
|| =k

Therefore, applying estimate ([4.16) to [[D*v — QT "*D*v||1n(s,,s.), We obtain
v = Qv wk(w,s.) S S h k\”|wm+1(w,sz)’

which is the asserted estimate. O



POLYNOMIAL INTERPOLATION IN WEIGHTED SPACES 15

5. WEIGHTED INTERPOLATION ERROR ESTIMATES

In this section we construct a quasi-interpolation operator Il &, based on local
averages over stars. This construction is well defined for functions in L'(f2), and
thus for functions in the weighted space LP(w, ). It is well known that this type
of quasi-interpolation operator is important in the approximation of nonsmooth
functions without point values because the Lagrange interpolation operator is not
even defined [24] [65]. Moreover, averaged interpolation has better approximation
properties than the Lagrange interpolation for anisotropic elements [I]. We refer
the reader to [9, BI] 60] for applications of quasi-interpolation.

The construction of Il 7 is based on the averaged Taylor polynomial defined in
4.5). In § using the approximation estimates derived in section [4| together
with an invariance property of Il & over the space of polynomials, we derive opti-
mal error estimates for I in Muckenhoupt weighted Sobolev norms on simplicial
discretizations. The case of rectangular discretizations is considered in §[5.2}

Given w € A,(R™) and v € LP(w, ), we recall that Q7'v is the averaged Tay-
lor polynomial of order m of v over the node z; see (4.5). We define the quasi-
interpolant IIzv as the unique function of V(.7) that satisfies Ilgv(z) = QTv(2)
if z€ N(7), and Hzv(z) =0 if z € A(T) NN, ie.,

(5.1) Tov= Y Qrv(z)¢..
2eR(T)

Optimal error estimates for Il rely on its stability, which follows from the
stability of Q7" obtained in Lemma

Lemma 5.1 (stability of II»). Letv € Wf(w,ST) with0<k<m+1landT € 7.
Then, the quasi-interpolant operator Il o defined by (5.1) satisfies the following local
stability bound

k

(5.2) L vlwewr) S Z th_k|v|W,g(w,sT)-
=0

Proof. Using the definition of 1T given by (5.1)), we have
Havlwewn < D, QT 0llLo(s.) [:lwk )
2eN(T)
We resort to Lemma [£.1] to derive
k
g vlwewr) S > b bz lwr o, ) 1l Lo v 70 5. Zhlz|U|W},(w,Sz)-
2eN(T) =0

Since |D*¢.| < h;k on Sy and w € A,(R™), we obtain

h—k 1/p L\ W .
216 bwgn s S o ([ @) ([ o) sae
z S. S

which, given the definition of St, the shape regularity of .7, and the finite overlap-
ping property of stars imply (5.2)). O
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5.1. Interpolation error estimates on simplicial discretizations. The quasi-
interpolant operator Il is invariant over the space of polynomials of degree m
on simplicial meshes: Ilzv|s, = v for v € P, (S.) and z € N(7) such that
0S. N O = . Consequently,

(5.3) IyQ¢=Ql¢. Ve L' (w,S.).

This property, together with (4.5)), yields optimal interpolation estimates for I .
Theorem 5.2 (interpolation estimate on interior simplices). Given T € .7 such

that 0T NIN =0 and v € me“(w, St), we have the following interpolation error
estimate

(5.4) o = Tzvlwswr) S olymer s, k=01, ,m+1,
where the hidden constant depends only on Cp, ., o, ¥ and m.
Proof. Given T € .7, choose a node z € \(T). Property yields,

lv = gvlwrewr) < v — QT vlwkw,r) + Mz (QFv —v)lwkw,r)-
Combining the stability of II# given by together with implies

k
l—k 1—-k
o =T vlwiwr) S P o = QU vlwiw.se) S BEFT 0l (450,
=0

which is exactly (5.4). O

By using the fact that, v € W;”H(w,Q) N I?Vz}(w,ﬂ) implies Il7vjpq = 0 we
can extend the results of Theorem to boundary elements. The proof is an
adaption of standard techniques and, in order to deal with the weight, those of the
aforementioned Theorem 5.2l See also Theorem below.

Theorem 5.3 (interpolation estimates on Dirichlet simplices). Let v € [3[/171 (w, )N
Wg”“(w,Q). If T € T is a boundary simplex, then (5.4) holds with a constant
that depends only on Cp,, 0 and .

We are now in the position to write a global interpolation estimate.

Theorem 5.4 (global interpolation estimate over simplicial meshes). Given 7 € T
and v € W;”H(w, Q), we have the following global interpolation error estimate

1/p

—(m+1—k

(5.5) (Z hT( )plv - H(7U|€V§(W)T)> S |U|W;"+1(w,9)v
TeT

fork=0,...,m+1, where the hidden constant depends only on Cp,, 0, ¥ and m.

Proof. Raise (5.4 to the p-th power and add over all T' € .. The finite overlapping
property of stars of .7 yields the result. O

5.2. Anisotropic interpolation estimates on rectangular meshes. Narrow
or anisotropic elements are those with disparate sizes in each direction. They are
necessary, for instance, for the optimal approximation of functions with a strong
directional-dependent behavior such as line and edge singularities, boundary layers,
and shocks (see [31, [32], [60]).

Inspired by [31], here we derive interpolation error estimates assuming only that
neighboring elements have comparable sizes, thus obtaining results which are valid
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for a rather general family of anisotropic meshes. Since symmetry is essential, we
assume that Q = (0,1)", or that Q is any domain which can be decomposed into
n-rectangles. We use below the notation introduced in [31].

We assume that the mesh .7 is composed of rectangular elements R, with sides
parallel to the coordinate axes. By v € A7) we denote a node or vertex of the
triangulation 7 and by S,, Sg the associated patches; see § Given R € 7,
we define h, as the length of R in the i-th direction and, if v € A(.7), we define
hi = min{h%, : v € R} for i = 1,--- ,n. The finite element space is defined by

We assume the following weak shape regularity condition: there exists a constant
o > 1, such that if R, S € Z are neighboring elements, we have

K]
(5.6) Z—fﬁa, i=1,...,n.

s
Whenever v is a vertex of R the shape regularity assumption implies that h?
and hj,% are equivalent up to a constant that depends only on . We define

1 Vi, — 21 Vp — T
which, owing to and r < 1/0, satisfies supp ¢, C Sy. Notice that this function
incorporates a different length scale on each direction x;, which will prove useful in
the study of anisotropic estimates.

Given w € A,(R"), and v € LP(w, ), we define Qlv, the first degree regularized
Taylor polynomial of v about the vertex v as in . We also define the quasi-
interpolation operator Il as in , i.e., upon denoting by A, the Lagrange nodal
basis function of V(.7), Il v reads

(5.7) Mgv:= Z QLv(v) .

veR(T)

The finite element space V(.77) is not invariant under the operator defined in
. Consequently, we cannot use the techniques for simplicial meshes developed
in §[5.1] This, as the results below show, is not a limitation to obtain interpolation
error estimates.

Lemma 5.5 (anisotropic LP-weighted error estimates I). Let v € N(7). If v €
W, (w,Sy), then we have

(5.8) flv— Q8U||Lp(w7sv) S Z hi”@cﬂf”m(w,svy

i=1
If v e W} (w,Sy) instead, then the following estimate holds

(5.9) 10z, (v — Qxle)HLP(w,SV) S Z hxizHawiaijHLP(w’Sv)v

i=1
for j=1,...,n. In both inequalities, the hidden constants depend only on Cp,,, o
and .

Proof. To exploit the symmetry of the elements we define the map
vV, — X;

i )
hy

(5.10) Fo x> T, T; =
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and proceed exactly as in the proof of Lemma [£.2] a

Lemma in conjunction with the techniques developed in Lemma [£.3] give rise
the second order anisotropic error estimates in the weighted LP-norm.

Lemma 5.6 (anisotropic LP-weighted error estimate I1). Let v € N(7). Ifv €
W2 (w,Sy), then we have

(5.11) lv = @uvllirw,s) S D Pehdll02,00,0ll o (w,5.);
i,j=1
where the hidden constant in the inequality above depends only on Cp,,, 0 and .
Proof. Recall that, if RL(v) = Q(QLiv — v), then we can write
v Quu = (v — Quv) = Q(v — Qyv) — Ry(v).
Applying estimates and (5.9) successively, we see that

(v = Qyv) = QV(v = Q) Lr(w,s,) S Zh’H@ = Qu)llLr(w,s,)

< Z hoh |0z, 0, 0| Lo (w,5,)-

1,j=1

It remanins then to bound Rl (v). We proceed as in the proof of (4.14)) in Lemma
The definition (4.5)) of the averaged Taylor polynomial, together with the cancella-
tion property Ri(v) = Ri(v — Qlv), implies

n

IRy ()0 ) S D ()7 110s, (v = Qo5 1o o5 10515 ot 5,

i=1
Combining (5.9) with the inequality [|1by]| (w- p/p S (11l 2p (w,s,) S 1, which follows
from the the definition of v, and the definition of the A,-class, yields

IR @)oo w5 S D Pelid|02,02,0 1o w,5,),
ij=1
and leads to the asserted estimate (5.11)). O
The anisotropic error estimate (5.8)) together with the weighted LP stability

of the interpolation operator Ilz, enables us to obtain anisotropic weighted L”
interpolation estimates, as shown in the following Theorem.

Theorem 5.7 (anisotropic LP-weighted interpolation estimate I). Let 7 satisfy
(5.6) and R e . If v € LP(w, Sgr), we have

(5.12) Mz v|ewr) S Ve w,sR)-
If, in addition, w € I/Vp1 (w,Sg) and DRNOQ =0, then

(5.13) lv —gv|rr@w,r) S Z hill0z,v
im1

| Lo (w,58)-

The hidden constants in both inequalities depend only on C, ., o and 1.
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Proof. The local stability (5.12)) of I follows from Lemma[5.1] with & = 0. Let us
now prove ([5.13). Choose anode v € A(R). Since Q% is constant, and 9RNIQ = ),
M7 Q% = Q% over R. This, in conjunction with estimate ((5.12)), allows us to write

lv = Tgvllpo,ry = I = z)(v = Q) Lrw,r) S v = QuollLr(w,sn)-
The desired estimate (5.13]) now follows from Corollary O
To prove interpolation error estimates on the first derivatives for interior elements
we follow [3T, Theorem 2.6] and use the symmetries of a cube, thus handling the

anisotropy in every direction separately. We start by studying the case of interior
elements.

FIGURE 1. An anisotropic cube with sides parallel to the coordinate
axes and the labeling of its vertices. The numbering of the vertices
proceeds recursively as follows: a cube in dimension m is obtained as
the Cartesian product of an (m — 1)-dimensional cube with vertices

gm—1 R . gm—1
{vi}i=1 and an interval, and the new vertices are {v, om-1}i=1 .

Theorem 5.8 (anisotropic Wpl-weighted interpolation estimates). Let R € 7 be
such that ORNOQ = 0. If v € W)} (w, Sr) we have the stability bound

(5.14) IVIL7 0| 1o (w,r) S IVV[[2r(w,55)-
If, in addition, v € W2 (w, Sr) we have, for j =1,--- ,n,

n
(5.15) 102, (0 = T 0)l|o,my S D WRllOr; 0,0l Lo (w,50)-

i=1
The hidden constants in the inequalities above depend only on Cp,, 0 and 1.

Proof. Let us bound the derivative with respect to the first argument x;. The
other ones follow from similar considerations. As in [3I, Theorem 2.5], to exploit
the geometry of R, we label its vertices in an appropriate way: vertices that differ
only in the first component are denoted v; and v; on—1 for i = 1,...,2"71; see
Figure [I] for the three-dimensional case.

Clearly v — Ilzv = (v — Q% v) + (Qt, v — IIzv), and the difference v — Qs v is
estimated by Lemma Consequently, it suffices to consider ¢ = \1,111 —lIgv e
Q1(R). Thanks to the special labeling of the vertices we have that 0z, Ay

—0z, Ay,. Therefore

itan—1 T

on 2n71

6931q = Z q(vi)aﬂﬂl/\vi = Z (q(vi) - Q(Vi+2”*1))8931 )‘Vw

i=1 i=1
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so that

(5'16) ||811q||LPwR < Z Vz _q i+2n— 1)|H6w1)‘vl||LP(w R)-

This shows that it suffices to estimate dq(v1) = g(v1) — ¢(viyon-1). The definitions
of 17, g, and the averaged Taylor polynomial (4.5), imply that

(5.17) 6q(v1) = /PI’U(Z',V1+2n—1)’l/Jv1+2n71(1’) dxf/Plv(x,ngnq)le () dz,

whence employing the operation o defined in (2.1)) and changing variables, we get
(5q(V1) = / (Plv(v1+2n1 — hV1+2n—1 @) Z,V1+2n—1)

— Plu(vy — hy, 0 2, v1+2n1))w(z) dz.

Define

01 =i 901 —vi+ (hy, — hvlm DER
0 = (601,0,...,0) and, for t € [0,1], the function F,(t) = Plv(vy — hy, © 2z +
t0,vy4on-1). Since, for i = 2,--- ,n we have that hl, = hf,1+2n71 and v{ = vi_ 5.1,

by using the definition of 6 we arrive at
Pro(vigon-1 — P,y gnoy © %5 Viggn-1) — P(vy — hy, 02,V 4on1) = F,(1) — F.(0),

and consequently

5q(v1):/(FZ(1) F.(0))( dz—/ /F 2)dzdt.

Since 1) is bounded and B = supp vy C B(0,1), it suffices to bound the integral

/ P ()] .

Invoking the definition of F,, we get F.(t) = VPlv(vy — hy, 0 2 + t0,v  on-1) - 0,
which, together with the definition of the polynomial Plv given by (4.4)), yields

) < /B 102, 0(v1 — hy 02+ 10)] [v s ps — v 4 B 21 — t01]]04] d=
30 [ 11— by 0+ 0)] g — v B 010

— /B
Now, using that |z] <1, 0 <t¢ <1, and the definition of , we easily see that |9\

61| < Al , as well as ‘V1+2n = +h 21— t01] < hl L and v vl—hf,lzl hl
for ¢ = 2 .n, whence

I(t) S by bl /B 102, v(vi — hy, 0z +t0)|dz.
i=1

‘ ~

1427~ 1

Changing variables via y = v — hy, 0 z + t0, we obtain

0 S Zh/ 0, 00)] dy,

Vlzl
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where we have used that the support of ¢ is mapped into Sy, C Sg. Holder’s
inequality implies

1 LI
I(t) 5 h2 hn ||1HLP/ (w—P'/P,SR) E h;LIl Haiia:lan”(w,SR)?
R % =

which combined with [|0z, Av, || 2o (w,m) 11 Lo (=70 55) < h3 ...h%, because w €
A, (R™), gives the following bound for the first term in (5.10)

5Q(V1)||a$1>‘vl ||Lp(w,R) 5 Z hfrl ||8zirlv||Lp(w,SR)'

=1

This readily yields (5.15).

The estimate (5.14]) follows along the same arguments as in [60, Theorem 4.7].
In fact, by the triangle inequality
(5.18) VL0l Lo,y < IVQq,vllzo(w,r) + IV(Qq, v = Lz 0) | 1o, Ry
The estimate of the first term on the right hand side of (5.18]) begins by noticing
that the definition of ¢y, and the definition (2.2 of the A, class imply

H¢V1||Lpl(w*1’l/P,SR)H]‘”LP(W»SR) S

This, together with the definition (4.5)) of regularized Taylor polynomial Q‘l,l v, yields

IVQ3, 0l o, r) < IVl Lo (w50 190, | o (070 5y 111 L0 (0,5
S IVl e (w,58)-

To estimate the second term of the right hand side of (5.18)), we integrate by parts
(5.17)), using that 9,, = 0 on 95y, for i =1,...,n, to get

satn) = 40 ([ o(ain s @) e = [ o(a)in (o))

~ [ o1z =) Ty @)+ [ o) - 2) - Vo @) d,
In contrast to ((5.17]), we have now created differences which involve v(x) instead of
Vu(x). However, the same techniques used to derive (5.15)) yield
1
l6g(v1)| < WHV”HLP(w,SR)||1||Lp’(w—p'/p,sR)a
2 ... hy

which, since [|0z, Av, | 2o (70 5y 11l Lo (w,50) S B3, - - BY,, Tesults in

10g(vi)ll|0z, Av, [ v (w,R) S IVl Lo (00,8717
Replacing this estimate in (5.16]), we get

IV(Qu,v = Tz 0) [ Lo, ry S IV0llLo(w,50):
which implies the desired result (5.14). This completes the proof. O

Let us now derive a second order anisotropic interpolation error estimates for
the weighted LP-norm, which is novel even for unweighted norms. For the sake of
simplicity, and because the arguments involved are rather technical (as in Theo-
rem , we prove the result in two dimensions. However, analogous results can be
obtained in three and more dimensions by using similar arguments.
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Theorem 5.9 (anisotropic LP-weighted interpolation estimate II). Let J satisfy
(.6) and R € T such that DRN N = 0. If v € W2(w, Sgr), then we have

(5.19) v =Tzl Lr@ry S Y Weh%ll0w,0u, 0] Lo w.50):

i,j=1
where the hidden constant in the inequality above depends only on Cp,, o and .

Proof. To exploit the symmetry of R, we label its vertices of R according to Figure[l}
vy =v1+(a,0),v3 = vi 4 (0,b), v4 = vi + (a,b). We write v —IL7v = (v— Q4 v) +

( ‘l,lv — Il 7). The difference v — Q! v is estimated by Lemma Consequently,

Vi

it suffices to estimate ¢ = ‘1,111 — Il zv.
Since q € V(7),
4 4
(5.20) q=Y qvir, = llallrr@w.r) <Y la@)llAe,|Low,n),
i=1 i=1
and we only need to deal with ¢(v;) for i =1,...,4. Since ¢(v1) = 0, in accordance

with the definition (5.7) of I, we just consider ¢ = 2. Again, by , we have
q(v2) = Q,v(v2) — Q,v(v2)

which, together with the definition of the averaged Taylor polynomial (4.5) and a

change of variables, yields

a(vz) = / (PYo(v1 — hyy 0 2,v2) — Plo(va — huy 0 2,v2)) (2) d=.

To estimate this integral, we define 6 = (61,0), where 61 = vi —vj + (hy, — hl )21,
and the function F;(t) = Pv(vy — hy, 0 2 + t0,vs). Exploiting the symmetries of

: : 2 _ 2 2 _ 12 :
R, i.e., using that vi = v3 and hy, = h;,, we arrive at

1
atve) = [ (P = )0z dz = [ [ Fouee) aza
0
By using the definition of the Taylor polynomial P'v given in (4.4)), we obtain

F!(t) = D*v(vy — hy, 0 2+ t0)(hy, 0 2 — t6)

which, together with the definition of 6 and the inequalities |6;] < h}lz, | h‘}z 2 —
thh] S hxlzg and |h32 23| < h2 | implies

[ 002002 < [ rnanv(v = haw 02 10) 121 101] 61| 2} =
b [ Oran (2 = o2+ 00)] 1, 22l 01] 10(2)]
S, [ 100sesolv2 =ty o2+ 0)][0(2)] dz
2R, [ 10ran (02 oy 02+ )] [6(2)

The change of variables y = vo — hy, 0 2 + t0 yields

P
[ FL00) 05 5 (52 10masvlzntes + 1nsnstlinasi) ) Il oo s
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where we used Holder inequality, that the support of ¢ is mapped into Sg, and
1 € L>°(R"™). Finally, using the Ap,-condition, we conclude
|q(V2)|||)‘V2||LP(w,R) S (hxlzz)QHafvlmUHL”(w,SR) + h\112h32||8I2$1U||LP(W75R)'
The same arguments above apply to the remaining terms in (5.20). For the term
labeled ¢ = 3, we obtain
|Q(V3)|||)‘V3||Lp(w,R) S (h\%g)QHawzsz||L”(w,SR) + h"llg,h\zlg||8I1172IU||LP(W’SR)’
whereas for the term labeled i = 4, rewritten first in the form
q(v) = (Qq,v(va) = Qq,v(va)) + (Qu,v(va) — Qq,v(va)),
we deduce
2
g [ Avallze.ry S Y heyhd 1102, 00,0l 1o (w,55)-
i,=1
Finally, replacing the previous estimates back into (5.20)), and using the shape

regularity properties h{, ~ hf, fori=1,...,4and j = 1,2, which result from (5.6,
shows the desired anisotropic estimate (5.19)). ([

Let us comment on the extension of the interpolation estimates of Theorem
to elements that intersect the Dirichlet boundary, where the functions to be approx-
imated vanish. The proof is very technical and is an adaptation of the arguments
of [3I, Theorem 3.1] and [60, Theorem 4.8], together with the ideas involved in the
proof of Theorem [5.8| to deal with the Muckenhoupt weight w € A,(R™).

Theorem 5.10 (stability and local interpolation: Dirichlet elements). Let R €
be a boundary element. If v € VVp1 (w,Sgr) and v =0 on ORN IN, then we have

(5.21) IVILgv| Lr(w,r) S IVVl Lp(w,58)-
Moreover, if v e W2(w, Sg), then

(5.22) 192, (0 = TL0) 10 i) S D R0, 02,0 o5

i=1
forj=1,...,n. The hidden constants in both inequalities depend only on Cp,, 0
and 1.

6. INTERPOLATION ESTIMATES FOR DIFFERENT METRICS

Given v € W) (w, Sr) with w € A,(R™) and p € (1,00), the goal of this section is
to derive local interpolation estimates for v in the space L4(p, T'), with weight p # w
and Lebesgue exponent g # p. To derive such an estimate, it is necessary to ensure
that the function v belongs to L%(p,T), that is we need to discuss embeddings
between weighted Sobolev spaces with different weights and Lebesgue exponents.

Embedding results in spaces of weakly differentiable functions are fundamental
in the analysis of partial differential equations. They provide some basic tools in
the study of existence, uniqueness and regularity of solutions. To the best of our
knowledge, the first to prove such a result was S.L. Sobolev in 1938 [67]. Since then,
a great deal of effort has been devoted to studying and improving such inequalities;
see, for instance, [12, B9, [71]. In the context of weighted Sobolev spaces, there is
an abundant literature that studies the dependence of this result on the properties
of the weight; see [38], 41, [45] [46] [47, [48], [49].
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Let us first recall the embedding results in the classical case, which will help us
draw an analogy for the weighted case. We recall the Sobolev number of W™ (Q)

m n
sob(W,") =m — >’

which governs the scaling properties of the seminorm |'U|W1§n(ﬂ): the change of vari-

ables & = x/h transforms € into Q) and v into ¥, while the seminorms scale as

- sob(W™

|U|WI;”(Q) = by )|”‘W;"(Q)~

With this notation classical embeddings [40, Theorem 7.26] can be written in a
concise way: if ) denotes an open and bounded domain with Lipschitz boundary,

1 <p < n and sob(W,) > sob(L?), then I/%/I}(Q) — L(Q2) and
(6.1) vl Ly S diam(Q)SOb(W")stb(Lq)||VU||LP(Q)

for all v € I/IO/I} (Q2). When sob(W,}) > sob(L9) the embedding is compact. Results
analogous to in the weighted setting have been studied in [19] 38, 57, [62] for
n>1 Forn=1,if @ = (0,a), v € W)(w,Q), and w € A,(R"), Proposition
yields v € Wi(Q). Consequently v € L>(Q), and then v € Li(p,Q) for any
weight p and ¢ € (1,00). However, to gain intuition on the explicit dependence
of the embbedding constant in terms of the weights and the Lebesgue measure of
the domain, let us consider the trivial case n = 1 in more detail. To simplify the
discussion assume that v(0) = v(a) = 0. We thus have

/Oa [v(z)|?p(z) dz = /Oa p(z) /OI V (5)w(s)Pw(s) "7 ds

< [Co ([ topras) " ([ wrvmas) "

whence invoking the definition of the the Muckenhoupt class (2.2]) we realize that

q
dx

/0 (@) ?p(a) da < [0/, 0|2 p( Q) /7.

The extension of this result to the n-dimensional case has been studied in [19] 38 [57]
and is reported in the next two theorems; see [19] for a discussion.

Theorem 6.1 (embeddings in weighted spaces). Let w € A,(R™), p € (1,¢|, and
p be a weight that satisfies the strong doubling property (2.4]). Let the pair (p,w)
satisfy the compatibility condition

forallz € Q andr < R. Ifv e V(i/;(w,ﬂ), then v € L(p, ) and
(6.3) 9] La o, S diam(2)p(2) 9w () 7|Vl Lo (w0,

where the hidden constant depends on the quotient between the radii of the balls
inscribed and circumscribed in ).
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Proof. Given v € ﬁ/; (w, ) we denote by ¥ its extension by zero to a ball Bg of
radius R containing € such that R < 2diam(f2). We then apply [19, Theorem 1.5]
if p < g, or [57, Corollary 2.1] if p = ¢, to conclude

190 Lo, Br) S Ro(BR)Y 1w(BR) ™ PV 1o (0, 1) -

By assumption p satisfies the strong doubling property (2.4) and so, for B, C 2 C
() C Bg, we have p(Bgr) < p(Br) < p(€2) with a constant that only depends on
R/r. Applying this property, together with w(Q) < w(Bg), we derive (6.3). O

Theorem 6.2 (Poincaré inequality). Let p € (1,q], p be a weight that satisfies
the strong doubling property (2.4), and w € A,(R™), and let the pair (p,w) satisfy
(6.2). If v e W) (w,Q), then there is a constant v such that

(6.4) lo = vallLagp,0) S diam(2)p(2)9w(2) "2V o] Lo (w,0),

where the hidden constant depends on the quotient between the radii of the balls
inscribed and circumscribed in ).

Proof. Since Q is open and bounded, we can choose 0 < r < R such that B, C
Q C Q C Bpg, where Bs is a ball of radius 6. The extension theorem on weighted
Sobolev spaces proved in [22] Theorem 1.1] shows that there exists ¢ € Wp1 (w, Br)
such that 9jg = v and

(6.5) IVOllLrw,Br) S IVVLrwa),

where the hidden constant does not depend on v. If p < ¢, then we invoke [38]
Theorem 1] and [I9, Theorem 1.3] to show that inequality holds over Br with
v being a weighted mean of ¥ in Bgr. If p = ¢ instead, we appeal to [57, Remark
2.3] and arrive at the same conclusion. Consequently, we have

15 = vallLagp.) < 18 = vallLap.sa) S BRo(Br)Y 9w (Br) ™|Vl Lo (w.5)-
The strong doubling property p(Bgr) < p(2) and w(Q2) < w(Bg) yield
15 = vallLa(p.0) S diam(Q)p()9w(Q) (V3| Lo (w0, 5) -
Employing (6.5 we finally conclude (|6.4)). O

Inequalities and are generalizations of several classical results. We
first consider w = p = 1, for which an easy manipulation shows that holds
if sob(W,) > sob(L?), whence reduces to ([6.1). We next consider p = w €
Ap(R™), for which becomes

R\ P/ (a=P)
w(B(z,R)) < <r) w(B(z,T)).
This is a consequence of the strong doubling property for w in conjunction
with |Bgr| = R", provided the restriction ¢ < pn/(n — 1) between ¢ and p is
valid. Moreover, owing to the so-called open ended property of the Muckenhoupt
classes [58]: if w € A,(R™), then w € A,_(R") for some € > 0, we conclude that
g < pn/(n—1)+ 6 for some § > 0, thus recovering the embedding results proved
by Fabes, Kenig and Serapioni [36], Theorem 1.3] and [36, Theorem 1.5]; see [19]
for details.

The embedding result of Theorem [6.2] allows us to obtain polynomial interpola-
tion error estimates in L4(p, T)) for functions in W} (w, St).
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Theorem 6.3 (interpolation estimates for different metrics I). Let 7 be a sim-
plicial mesh and P =Py in {.2). Let the pair (p,w) € Ag(R™) x A,(R™) satisfy
6.2). If v e Wz}(w, St) for any T € T, then

(6.6) v =g vl Lagpry S hrp(St) 9w (Sr) PVl Lo (w579

where the hidden constant depends only on o, ¥, Cp ., and C, .

Proof. Given an interior element T' € 7, let us denote vy the constant such that
the estimate (6.4)) holds true on Sr. Since vr is constant over Sp, we have that
IIgvp = vy in T. This, together with the stability bound (5.2)) for the operator
Iz, implies
v =Tlgv|Lapry = (I = Tz) (v —vr)|Lapr) S v —v7llLa(p,50)-
The Poincaré inequality (6.4) and the mesh regularity assumption (5.6 yield
lo =Tzl Lapr) S 0 = vrllLegese S hrp(Sr) w(Sr) ™ P 1V0l| Lo (w,s0)

which is . A similar argument yields on boundary elements. O

A trivial but important consequence of Theorem [6.3]is the standard, unweighted,
interpolation error estimate in Sobolev spaces; see [23] Theorem 3.1.5].

Corollary 6.4 (L9-based interpolation estimate). If p < n andsob(W,) > sob(L),
then for all T € .7 and v € W, (St), we have the local error estimate

sob(W;)fsob(Lq)
(6.7) [0 =Tz vlLa) S hy IVllLr(sr),

where the hidden constant depends only on o and 1.

For simplicial meshes, the invariance property of I[17 and similar arguments to
those used in § [5.1] enable us to obtain other interpolation estimates. We illustrate
this in the following.

Theorem 6.5 (interpolation estimates for different metrics II). Let .7 be a sim-
plicial mesh and P =Py in (4.2). Given p € (1,q], let the pair (w,p) € A,(R™) x
Aq(R™) satisfy (6.2). Then, for every T € T and every v € W2(w, St) we have
(6.8) IV (v = Tzv) | Lagery S hrp(S1) 9w (ST) ™ P [0lw2 (0,509

where the hidden constant depends only on o, ¢, Cp ., and Cp,.

Proof. Let, again, T € .7 be an interior element, the proof for boundary elements
follows from similar arguments. Denote by v a vertex of T. Since the pair of
weights (w, p) satisfies (6.2) the embedding W72 (w, St) < W/} (p, Sr) holds and it
is legitimate to write

V(0 = T70)| Loy < IV = VQvllLagory + IV(Qev — TT7v)|| La(o 1)
In view of (5.3 and (5.2)), we have

IV(Qyv = TL70) | Lap.r) S IV = VQul| Lo (1)
We now recall ([4.6]), namely VQlv = QVVv, to end up with
V(v = TL7v)| Loy S IV = QOVU| Lagory S IV = (VU) 2| La(o, 1)

because QVc = ¢ for any constant ¢ and QY is continuous in L4(p,T). Applying

(6.4) finally implies . .
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7. APPLICATIONS

We now present some immediate applications of the interpolation error estimates
developed in the previous sections. We recall that V(.77) denotes the finite element
space over the mesh .7, Il # the quasi-interpolation operator defined in , and
Uz the Galerkin solution to .

7.1. Nonuniformly elliptic boundary value problems. We first derive novel
error estimates for the finite element approximation of solutions of a nonuniformly
elliptic boundary value problem. Let 2 be a polyhedral domain in R™ with Lipschitz
boundary, w € A3(R™) and f be a function in L?(w~!, Q). Consider problem
with A as in ([1.2)). The natural space to seek a solution u of problem is the
weighted Sobolev space Hi (w, ().

Since €2 is bounded and w € A3(R™), Proposition shows that H}(w, Q) is
Hilbert. The Poincaré inequality proved in [36, Theorem 1.3] and the Lax-Milgram
lemma then imply the existence and uniqueness of a solution to as well as
(1.3). The following result establishes a connection between v and Uz .

Corollary 7.1 (error estimates for nonuniformly elliptic PDE). Let w € Aa(R™)
and V(T) consist of simplicial elements of degree m > 1 or rectangular elements
of degree m = 1. If the solution u of satisfies u € Hg (w, Q) N H* 1 (w, Q) for
some 1 < k < m, then we have the following global error estimate

(7.1) IV (u— Uﬂ)”L?@;,Q) S ||thk+luHL2(w,Q)7
where h denotes the local mesh-size function of T .

Proof. By Galerkin orthogonality we have

IV(u = Uz )20 S vei\]\(}(fy) IV (u—V)|lL2w,0)-
Consider V' = Ilyu and use the local estimates of either Theorem or Theo-
rems and depending on the discretization. This concludes the proof. [J

Remark 7.2 (regularity assumption). We assumed that u € H™*1(w, Q) in Corol-
lary Since the coefficient matrix A is not smooth but rather satisfies , it
is natural to ponder whether v € H™*!(w, Q) holds. References [I8] 21] provide
sufficient conditions on A4, Q and f for this result to be true for m = 1.

Remark 7.3 (multilevel methods). Multilevel methods are known to exhibit linear
complexity for the solution of the ensuing algebraic systems. We refer to [43] for
weights of class A; and [20] for weights of class Ay (including fractional diffusion).

7.2. Elliptic problems with Dirac sources. Dirac sources arise in applications
as diverse as modeling of pollutant transport, degradation in an aquatic medium [5]
and problems in fractured domains [25]. The analysis of the finite element method
applied to such problems is not standard, since in general the solution does not
belong to H'(Q) for n > 1. A priori error estimates in the L?(€2)-norm have been
derived in the literature using different techniques. In a two dimensional setting
and assuming that the domain is smooth, Babuska [7] derived almost optimal a
priori error estimates of order O(h'~¢), for an arbitrary € > 0. Scott [64] improved
these estimates by removing the ¢ and thus obtaining an optimal error estimate
of order O(h?~"/2) for n = 2,3. It is important to notice, as pointed out in [66],
Remark 3.1], that these results leave a “regularity gap”. In other words, the results
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of [64] require a C*° domain yet the triangulation is assumed to consist of simplices.
Using a different technique, Casas [I7] obtained the same result for polygonal or
polyhedral domains and general regular Borel measures on the right-hand side.
Estimates in other norms are also available in the literature [34} 63].

In the context of weighted Sobolev spaces, interpolation estimates and a priori
error estimates have been developed in [3], 25] for such problems. We now show
how to apply our polynomial interpolation theory to obtain similar results.

Let © be a convex polyhedral domain in R™ with Lipschitz boundary, and zq be
an interior point of 2. Consider the following elliptic boundary value problem:

{—V~(AVU) +b-Vu+cu=1d,;, inQ,

(7.2) u =0, on 09,

where A € L>°(Q) is a piecewise smooth and uniformly symmetric positive definite
matrix, b € Wh(Q)", ¢ € L*°(), and §,, denotes the Dirac delta supported at
xo € Q. Existence and uniqueness of u in weighted Sobolev spaces follows from
[3, Theorem 1.3] and Lemma below, and its asymptotic behavior near xg is
dictated by that of the Laplacian

(7.3) Vu(z) = |z — zo|' ™™

Denote by d = diam()) the diameter of Q and by d,,(x) the scaled Euclidean
distance d, (z) = |z — 20|/(2d) to zy. Define the weight

d, n—2 1
O L

(7.4) w(z) = ;g_n w0 () 1
—_— d; > —.
log® 2’ (@) 2 2

We now study two important properties of w: Vu € L?(w,2) and w € Ay(R").
Lemma 7.4 (regularity of Vu). The solution u of (7.2)) satisfies Vu € L?(w, Q).
Proof. Since Q C B, the ball of radius d centered at xg, we readily have from (7.3))

d, (2)"2 : 1 1
[1vupe s [ a@rem it g [Ft e o
Q B log” dg, (2) 0

which is the asserted result. O

Lemma 7.5 (w € A2(R™)). The weight w belongs to the Muckenhoupt class
Ay(R™) with constant Ca,o only depending on d.

Proof. Let o = 0 for simplicity, let B, = B,(y) be a ball in R™ of radius r and
center y, and denote w(B,) = [ @ and w '(B,) = [ @ '. We must show

(7.5) w(B,)w Y(B,) < r*" vr >0,

with a hidden constant depending solely on d. We split the proof into two cases.
1. Case |y| < 2r: Since B,.(y) C Bs,(0) we infer that

z|\n—2 3r n— r\2n—2
w(B,) S / 7027‘) dz < /g s ds ~ (52)
™ JBs.(0) ~Jo

log? |2id‘ log? s log” 3-
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and

B 3r.
@ (By) 5 /Bm (50) "o (5) a0 S ) sentsds (5g) tod” 7

provided 3r < d. The equivalences =~ can be checked via L’Hopital’s rule for
r — 0. If 3r > d, then both w(B,) and @ *(B,) are bounded by constants
depending only on d. Therefore, this yields ([7.5).

2. Case |y| > 2r: Since all z € B, (y) satisfy 1|y| < |z| < 3|y| we deduce

3|y‘)n72 22771 ‘ 2—n

: (4d —1 ﬂ) 2 Y|l oneo

w<mm{log23|y log22}’ w <max{(4d log 4d2 lo )
whence w(B,) w~!(B,) satisfies again ([7.5]).

This completes the proof. ([l
The fact that the weight w € A3(R™) is the key property for the analysis of

discretizations of problem (7.2). Let us apply the results of Theorem [6.1] to this
particular weight.

Lemma 7.6 (H*(Q) — L*(w1,Q)). Let @ be defined in (7.4). If n < 4, then the
following embedding holds:

HY Q) = L} (w1, Q).
Proof. This is an application of Theorem We must show when condition (6.2))
holds with p = ¢ =2, w =1 and p = @~ !. In other words, we need to verify
2" o Y(B,) <1,
R2 Lo (BR) ~
where both B, and Bpg are centered at y € R”. We proceed as in Lemma and
consider now three cases.

1. |y| < 2r. We know from Lemma [7.5that @~ !(B,) < (%)2 log? (22). Moreover,
every x € Br(y) satisfies |z| < |y| + R < 3R whence

“(Br) > /BR (%)27“ log” (%) dz ~ /0%}; slog? sds ~ (%)210g2 (%)

If n < 4, then this shows

A(r,R) := Vr € (0, R],

ri log® (53)
~ R4- nlog ( R)
2. 2r <|y| < 2R. We learn from Lemma [7.5] that

=m0 18 () e () = (53) 10 (55)

In addition, any = € Bp satisfies |z| < |y| + R < 3R and the same bound as in
Case 1 holds for @w=1(Bg). Consequently, A(r, R) < 1 again for n < 4.

3. |yl > 2R. Since still |y| > 2r we have for w~!(B,) the same upper bound as in
Case 2. On the other hand, for all z € By we realize that |z| < |y| + R < 3y
and ™! (z) > w~!(2y). Therefore, we deduce

2—n
(%) o 5 0 (50) e () s =78
which again leads to A(r, R) <1 for n < 4.

A(r,R) < <1
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This concludes the proof. ([

The embedding of Lemmal7.6] allows us to develop a general theory for equations
of the form (7.2)) on weighted spaces. To achieve this, define

(7.6) a(w,v) = / AVw - Vv +b - Vwv + cwv.
Q

The following results follow [3] 25].
Lemma 7.7 (inf-sup conditions). The bilinear form a, defined in (7.6)), satisfies

. a(w,v)
(7.7) 1< inf sup ,
WEH (@,Q) ye HY (w—1,Q) [Vl £2(w,0) [V L2(-1,0)

a(w,v)

7.8 1< inf sup

( ) vEH} (w1 Q)weHl(w Q) vaHLQ(W Q)HVUHLz(w 1Q)

Proof. We divide the proof into several steps:

1. We first obtain an orthogonal decomposition of L?(w™!,Q) [25, Lemma 2.1]:
for every q € L?(w™1,Q) there is a unique couple (o,v) € X := L?(w~1,Q) x
H}(w™1,Q) such that

(7.9) q=o0+ Vv, Ao - Vw =0, Yw € Hy(w,Q),
Q

(7.10) loll2(w-1,0) + IV L2(o-1.0) S Al 2 (w-1,0)-
To see this, we let Y := L%(w ™1, Q) x H}(w,Q), write (7.9) in mixed form
Bl(o,v), (T,w)] := / o-T+ VU-T—I—/ Ao - Vw = / q-7 V(r,w)eY,
Q Q Q Q

and apply the generalized Babuska-Brezzi inf-sup theory [I1, Theorem 2.1], [25]
Lemma 2.1]. This requires only that A be positive definite along with the trivial
fact that ¢ € L? (w1, Q) implies w1¢ € L?(w, Q).

2. Set |b| = ¢ =0 and let w € H}(w, ) be given. According to Step 1 we can
decompose q = wVw € L?(w™1,Q) into q = o + V. Invoking (7 , as in [25]
Corollary 2.2] and [3, Proposition 1.1], we infer that

/AVw Vv—/AVw q-— /.AVU) a—/wAVw Vw~/w|Vw|2

whence, using (7.10) in the form [|Vv|r2(m-1,0) S VW L2(,0), we deduce the

inf-sup condition ([7.7)).
3. As in [3], we show that for every F € H}(ww™1,Q)’ the problem

w € HY(w,Q):  a(w,v) = (F,v), Yve& Hi(w '),

is well posed. To this end, we decompose w = w; + we € HJ (w, ), with
(7.11) wy € Hy(w,Q) : /Q.AVtul Vv = (Fv), WYveH)(w '),

(7.12) we € HY(Q): a(wg,v) = —/ (b-Vw; + cwy)v, Yo € Hi(Q).
Q
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In fact, if problems (7.11)) and (7.12)) have a unique solution, then we obtain

a(w,v) = a(wy + waz,v)
= / AVw1~Vv+/ (b - Vw; + cwi) v + a(wy,v) = (F,v),
Q Q

for any v € Hi(w™1,Q) € H}(Q). The conclusion of Step 2 shows that (7.11))
is well posed. The Cauchy-Schwarz inequality and Lemma yield

/Q(b Vi +cw) v S ol g w1V 22 @10 S 1F @ (w-1,00 IVOlL2 (@10

which combines with the fact that a(-, ) satisfies the inf-sup condition in H}(€2)
[8, Theorem 5.3.2 - Part I] to show that (7.12) is well posed as well.

Finally, the general inf-sup theory [35] [61, Theorem 2] guarantees the validity of
the two inf-sup conditions (7.7)) and (7.8]). This concludes the proof. O

We also have the following discrete counterpart of Lemma We refer to [25]
Lemma 3.3] and [3, Theorem 2.1] for similar results which, however, do not exploit
the Muckenhoupt structure of the weight .

Lemma 7.8 (discrete inf-sup conditions). Let 7 be a quasi-uniform mesh of size
h consisting of simplices. If V() is made of piecewise linears, then the bilinear

form a, defined in (7.6), satisfies:

1< inf sup oW, V) ,
wev(7) vev(z) VW2 (@) IVV L2 (@-1,0)
1< inf oW, V)

S v @) wenr) VW e wa IV VIlz@-—10)
where the hidden constants depend on Cs o but not on h.
Proof. We proceed as in Lemma We define the spaces of piecewise constants
Vo(T) =Wo(T) = {QELO"(Q) :Qr €R", VT € ﬂ},

those of piecewise linears V(7)) = W, (7) = V(.7), and endow the product spaces
Vo(7) x Vi(7) and Wy (7) x W1(.7) with the norms of X and Y respectively,
the latter spaces being defined in Lemma Given Q € Vy(7), we need the
following orthogonal decomposition — a discrete counterpart of -: find
Y eVy(T),V eVi(T) so that

(7.13) Q=%+VV, /AE-VW:O, VIV € W, (7),
Q

(7.14) 1Zl 2 (@=1,0) F IVVilL2@-1,0) S 1QllL2(m-1,0)-
We first have to verify that the bilinear form B satisfies a discrete inf-sup con-
dition, as in Step 1 of Lemma We just prove the most problematic inf-sup

AT - VW
VW20 S sup Jo AT VIV,
TeVo(T) ||T||L2(W‘1,Q)

We let T = ws VW € Vy(7), where wo is the piecewise constant weight defined
on each element T' € .7 as wo|r = |T|™! [ w@. Since VW € V((7), we get

/AT-VW:/w(yAVW-VWm/w(9VW-VW:/w|VW|27
Q Q Q Q
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and
2
/w*m?: > / 1T 2! (/ w) VW r|? gcm/wwwﬁ
Q T T Q

TeT
We employ a similar calculation to perform Step 2 of Lemma [7.7] and the rest is
exactly the same as in Lemma The proof is thus complete. O

The numerical analysis of a finite element approximation to the solution of prob-
lem ([7.2]) is now a consequence of the interpolation estimates developed in section@

Corollary 7.9 (error estimate for elliptic problems with Dirac sources). Assume

that n < 4 and let u € H}(w,Q) be the solution of (7.2) and Uy € V(T) be the
finite element solution to (7.2). If T is simplicial, quasi-uniform and of size h, we
have the following error estimate

(715) ||u — UyHLZ(Q) 5 h2_n/2‘ log h|HquL2(w,Q)

Proof. We employ a duality argument. Let ¢ € HZ(2) be the solution of
(7.16) a(v,p) = / (u—Ugz)v Yove Hi(Q),
Q

which is the adjoint of ((7.2)). Since Q2 is convex and polyhedral, and the coefficients
A, b, ¢ are sufficiently smooth, we have the standard regularity pick-up [40]:
(7.17) lella2) S llu—Uz|llL2@)-
This, together with Lemma allows us to conclude that, if n < 4,
v € H* Q)N Hy(Q) — Hy(w 1, 9Q).
Moreover, Theorem [6.5] yields the error estimate
V(e — Hﬂ@)HLZ(wfl,Q) N U(h>||<P||H2(Q)-
with
1 1 n
o(h) =h(w " (By))?|Bu|"2 S h* 2 |logh|.

Let @5 € V(.7) be the Galerkin solution to ([7.16)). Galerkin orthogonality and
the continuity of the form a on H}(w, Q) x Hi (w1, Q) yield
(7.18)  |lu—UgzlF2) = alu, o — 22) S IVull2(w.o) V(9 = 22) | L2(-1,0)-
The discrete inf-sup conditions of Lemma [7.8] and and the continuity of the form
a allow us to conclude that

V(e = @7)lL2(w—1,0) S IIV(e = TL70)|12(m-1,0)-
Combining this bound with (7.17) and (|7.18) results in
lu—Uz|72(0) S oMVl L2 (w0t — Uz | L2(q),

which is the asserted estimate ([7.15)) in disguise. O
Remark 7.10 (an interpolation result). For any § € (—n,n) we can consider the

weight d, (z)”, which belongs to the A3(R™) Muckenhoupt class. Theorem and
Theorems [5.§ and [£.10] show that

|lu — HgUHp(dgmﬂ) N HhquL2(d§30,ﬂ)'

This extends the interpolation error estimates of [3, Proposition 4.6], which are
valid for § € (—n,0) only.



POLYNOMIAL INTERPOLATION IN WEIGHTED SPACES 33

7.3. Fractional powers of uniformly elliptic operators. We finally examine
finite element approximations of solutions to fractional differential equations; we
refer the reader to [60] for further details. Let 2 be a polyhedral domain in R"™
(n > 1), with boundary 9. Given a piecewise smooth and uniformly symmetric
positive definite matrix A € L () and a nonnegative function ¢ € L>(2), define
the differential operator
Lw = —div(AVw) + cw.

Given f € H~1(Q), the problem of finding u € H}(Q) such that Lu = f has a
unique solution. Moreover, the operator £ : D(£) C L*(Q) — L*(Q) with domain
D(L) = H?(Q) N H}(Q) has a compact inverse [44, Theorem 2.4.2.6]. Therefore,
there exists a sequence of eigenpairs {\g, ¢ }72 ;, with Ay > 0, such that

[,gok = /\kgok, in Q Pklo = 0.

The sequence {¢}72, is an orthonormal basis of L?(2).
In this case, for s € (0,1), we define the fractional powers of Ly (where the
sub-index is used to indicate the homogeneous Dirichlet boundary conditions) by

w = Zwkgok = Ljw= Z)\iwkcpk.
k k

It is possible also to show that £§ : H*(Q2) — H~*(Q) is an isomorphism, where
H*(Q), s € (0,%),

(7.19) H*(Q) = § Hy*(Q), s =14,
H3(Q),  se€(3.),

and H™*(€2) denotes its dual space. We are interested in finding numerical solutions

to the following fractional differential equation: given s € (0,1) and a function
feH*(Q), find u such that

(7.20) ou=f.

The fractional operator L is nonlocal (see |55} 18], 14]). To localize it, Caffarelli
and Silvestre showed in [15] that any power of the fractional Laplacian in R™ can
be determined as a Dirichlet-to-Neumann operator via an extension problem on the
upper half-space R’f”l. For a bounded domain €2 and more general operators, this

result has been extended and adapted in [I6] and [69], respectively. This way the
nonlocal problem ([7.20) is replaced by the local one

—div(y*AVU) +y*c% =0
with a := 1—-2s, A = diag{ 4,1} € R®+tDx("+1) posed in the semi-infinite cylinder
C={(2",y) 2" €Q, y€(0,00)},

and subject to a Neumann condition at y = 0 involving f. Since C is an unbounded
domain, this problem cannot be directly approximated with finite-element-like tech-
niques. However, as [60, Proposition 3.1] shows, the solution to this problem decays
exponentially in the extended variable y so that, by truncating the cylinder C to

Cy = Q X (0,9/')7

and setting a vanishing Dirichlet condition on the upper boundary y = 9, we only
incur in an exponentially small error in terms of 9 [60, Theorem 3.5].
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Define
ﬁi(y“,cy) ={ve H(y*,Cy) :v =0 o0n d,Cy UQ x {71},
where 01,Cy = 9 x (0,9) is the lateral boundary. As [60, Proposition 2.5] shows,

the trace operator ﬁi(ya, Cy) > w— trgw € H*(Q) is well defined. The aforemen-
tioned problem then reads: find % € H1(y®,Cy) such that for all v € H1 (y*,Cy)

(721) /C y“ ((AV?/) - Vo + c?/v) = d5<f, tro U>H*S(Q)><IHIS(Q)7

where (-, -)pis () x1-+ () denotes the duality pairing between H*(£2) and H™*(€2) and
ds is a positive normalization constant which depends only on s.

The second order regularity of the solution % of , with Cy being replaced
by C, is much worse in the pure y direction as the following estimates from [60,
Theorem 2.6] reveal

(7.22) Lo || L2ye.0) + 10y Var || L2y 0) S [ f Il =2 92)
(7.23) 1%yl 2yo 0) S IS llL2@)

where 8 > 2a + 1. This suggests that graded meshes in the extended variable y
play a fundamental role.

We construct a mesh over Cy with cells of the form T' = K x I with K C Q
being an element that is isoparametrically equivalent either to [0,1]™ or the unit
simplex in R™ and I C R is an interval. Exploiting the Cartesian structure of the
mesh it is possible to handle anisotropy in the extended variable and, much as in
§ obtain estimates of the form

[v —ILgvlz2ye,r) S b [Varvl L2 e, s7) + hvr 10yv] L2 (4o 575
||855j (v— Hgv)”Lz(y“,T) < hy Hvz’aij”LQ(y“,ST) + hyr Haya:rijL?(y‘*,ST)’

with j = 1,...,n + 1 and where hyy = min{hg : v/ is a vertex of K}, and hyr =

min{h; : v" is a vertex of I}; see [60, Theorems 4.6-4.9] for details. However, since

Uyy ~y~ "1 as y ~ 0, we realize that % ¢ H?(y“,Cy) and the second estimate is

not meaningful for j = n+1. In view of the regularity estimate it is necessary

to measure the regularity of %, with a stronger weight and thus compensate with a

graded mesh in the extended dimension. This makes anisotropic estimates essential.
We consider the graded partition of the interval [0, 9] with mesh points

k v
(7.24) yk:(M) v, k=0,...,M,
where v > 3/(1— «), along with a quasi-uniform triangulation 75 of the domain .
We construct the mesh Zy as the tensor product of 9% and the partition given in
(7.24); hence #.7 = M #J5. Assuming that #9, ~ M™ we have # 7, ~ M"+1.
Finally, since .7, is shape regular and quasi-uniform, hg, ~ (#.7,) /™. All these
considerations allow us to obtain the following result.

Corollary 7.11 (error estimate for fractional powers of elliptic operators). Let
T be a graded tensor product grid, which is quasi-uniform in Q and graded in the
extended variable so that hold. If V() is made of bilinear elements, then
the solution of and its Galerkin approzimation Uz € V() satisfy

1% = Uz ll g (o ey S | log(# Ty )|* (#Ty) ™V "V f s+ 0,
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where ¥ = log(#Jy). Alternatively, if u denotes the solution of (7.20)), then
lu = Uz (-, 0)|lm () S |log(#T)|* (#To) ™ V]| Fllir-s (0

Proof. First of all, notice that y* € A(R"™!) for a € (—1,1). Owing to the
exponential decay of %, and the choice of the parameter 9, it suffices to estimate
% — g, % on the mesh Jy; see [60, § 4.1]. To do so, we notice that if I; and I
are neighboring cells on the partition of [0, 9], then the weak regularity condition
holds. Thus, we decompose the mesh 7 into the sets

To={T€Ty: Srn(Qx{0})=0}, Ti={T¢€Ty: Spn(Qx{0})+#0},

and apply our interpolation theory developed in Theorems and for interior
and boundary elements respectively, together with the local regularity estimates
for the function % derived in [60, Theorem 2.9]. O

The error estimates with graded meshes are quasi-optimal in both regularity and
order. Error estimates for quasi-uniform meshes are suboptimal in terms of order
[60, Section 5]. Mesh anisotropy is thus able to capture the singular behavior of
the solution % and restore optimal decay rates.
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