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ADAPTIVE FINITE ELEMENT METHODS FOR AN OPTIMAL
CONTROL PROBLEM INVOLVING DIRAC MEASURES*
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Abstract. The purpose of this work is the design and analysis of a reliable and efficient a
posteriori error estimator for the so-called pointwise tracking optimal control problem. This linear-
quadratic optimal control problem entails the minimization of a cost functional that involves point
evaluations of the state, thus leading to an adjoint problem with Dirac measures on the right hand
side; control constraints are also considered. The proposed error estimator relies on a posteriori
error estimates in the maximum norm for the state and in Muckenhoupt weighted Sobolev spaces
for the adjoint state. We present an analysis that is valid for two and three-dimensional domains.
We conclude by presenting several numerical experiments which reveal the competitive performance
of adaptive methods based on the devised error estimator.
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1. Introduction. The design of efficient techniques to approximate the solution
of an optimal control problem is of paramount importance in science and engineer-
ing. When the optimal control problem is based on the minimization of a quadratic
functional subject to a linear partial differential equation (PDE) and control/state
constraints, several solution techniques have been proposed and analyzed in the lit-
erature. We refer to [311 32, [33] [42] 58] for an overview and an up-to-date discussion.
A class of numerical methods that has proven useful for approximating the solution
to such problems, and the ones we will use in this work, are so-called adaptive finite
element methods (AFEMs).

Over the last three decades, the numerical approximation of the solution to a
PDE based on AFEMs has become an important tool in modern scientific and en-
gineering computation: it allows for the resolution of PDEs with relatively modest
computational resources. An essential ingredient of AFEMs is an posteriori error es-
timator, which is a computable quantity that depends on the discrete solution and
data, and provides information about the local quality of the approximate solution.
Therefore, it can be used for adaptive mesh refinement and coarsening, error control
and equidistribution of the computational effort. We refer to [4l, 45 511, 52] [62] for
an up-to-date discussion of a posteriori error analysis for linear elliptic PDEs and the
construction of AFEMs, their convergence and optimal complexity.
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As opposed to the well-established theory for linear elliptic PDEs, the a posteri-
ori error analysis for finite element approximations of a constrained optimal control
problem is far from complete. The main source of difficulty is its inherent nonlin-
ear feature. In fact, the optimality conditions that characterize the solution to a
constrained linear-quadratic optimal control problem consist of a state equation, an
adjoint equation and a variational inequality [33, [68]. This heuristically implies that
an AFEM driven by an a posteriori error indicator based only on the state equation
cannot be applied confidently, and also sets the need for the development and analysis
of a posteriori error estimators for optimal control problems; see [41] for a discussion.

In the context of a distributed optimal control problem, to the best of our knowl-
edge, the first work that provides an advance concerning a posteriori error analysis is
[41]. In this work, the authors derive a residual-type a posteriori error estimator [41],
(3.10)—(3.11)] and prove that it yields an upper bound for the error [41l Theorem 3.1].
However, the sharpness of such a bound was not analyzed. In the linear elliptic PDE
case, it is well known that a residual-type a posteriori lower bound without pollution
cannot be true in general: the so-called oscillation terms appear in the relationship
between error and estimator [51][52]. In addition, the oscillation might be dominant in
the early stages of an AFEM, thus it cannot be ignored to obtain optimality without
assuming that the initial mesh is sufficiently fine [45] 51} [52]. In the context of opti-
mal control problems, reference [30] continues and extends the prior work developed
in [41]. The authors propose a slight modification of the residual-type a posteriori er-
ror estimator of [41] and prove upper and lower error bounds which include oscillation
terms [30, Theorems 5.1 and 6.1].

An attempt to unify these ideas has been carried out recently in [37]. The authors
derive an important error equivalence that simplifies the a posteriori error analysis
to, simply put, provide estimators for the state and adjoint equations which satisfy
a set of suitable assumptions [37, Theorem 3.2]. Unfortunately, this analysis relies
fundamentally on a particular structure for the problem and the relations among the
natural spaces for the state, adjoint state and control. Many problems do not fit into
this framework and thus one must either extend the theory or devise new estimators.
The problem we consider in this work is an instance of this issue. For different
approaches based on weighted residual and goal-oriented methods and advances in
the semilinear and nonlinear case, the reader is referred to [10] 111 29] [44] 63].

In this work we will be interested in the design and analysis of a reliable and
efficient a posteriori error estimator for the so-called pointwise tracking optimal control
problem. To describe this problem, for n € {2,3}, we let  C R™ be an open polytopal
domain with Lipschitz boundary and let Z C Q with #2 < co. Given a set of desired
states {y. }.cz, a regularization parameter A > 0 and the cost functional

T = 5 S~y 2 ulifaca (11)
2€Z
the problem reads as follows: Find min J(y, u) subject to the linear state equation
—Ay=f+uin Q, y =0 on 09, (1.2)
and the control constraints

a < u(z) < b for almost every x € €. (1.3)

The bounds a, b € R satisfy the property a < b, and the forcing term f belongs to
L>(Q). The cost functional involves point evaluations of the state, which leads to a
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subtle formulation of the adjoint problem:

—Ap = Z(y(z) —y,)0, in p =0 on 0N. (1.4)
z2EZ

As already pointed out in [7], the pointwise tracking optimal control problem
([CI)—(@4) is relevant in several applications where the state observations are carried
out at specific locations. For instance, the calibration problem with American options
[1], selective cooling of steel [60], and many others.

Notice that since, for n > 1, §, ¢ H~1(2), the solution p to (I4]) does not belong
to H1(£2). Therefore, the analysis of the finite element method applied to the pointwise
tracking optimal control problem is not standard. An a priori error analysis has been
recently provided in [7, 12, [14]. In [7], the authors operate under the framework
of Muckenhoupt weighted Sobolev spaces analyzed in [49] and thus circumvent the
difficulties associated with the adjoint equation (L4)). Indeed, weighted Sobolev spaces
allow one to work under a Hilbert space-based framework in comparison to the non-
Hilbertian setting of [12, [14]. In [7], the authors propose a fully discrete scheme on
quasi-uniform meshes that discretizes the control using piecewise constant functions.
The state and adjoint are discretized using piecewise linear functions. For n = 2,
the authors obtain a O(h|logh|) rate of convergence for the optimal control in the
L?-norm. However, for n = 3, the derived a priori estimate reads O(h'/?|logh|?),
which is suboptimal in terms of approximation. This estimate motivates the study of
a posteriori error estimators and adaptivity. AFEMs are also motivated by the fact
that the a priori theory developed in [7] requires that €2 is convex. If this condition
is violated the optimal variables may have geometric singularities which should be
efficiently resolved. For a convex domain and under certain geometric assumptions
on the mesh (see (@), an a posteriori error estimator is provided in [I4] and its
reliability is proven. No efficiency estimates are provided.

We comment that a somewhat similar problem is studied in [53]. The authors
study, for n = 2 and  a convex polygon, a parameter identification problem with
point observations. The cost functional reads as ours with A\ = 0 and the parameter
to be recovered ranges over an open subset of a finite dimensional space. They obtain,
by carefully studying the behavior of associated discrete Green’s functions, an a priori
error estimate of order O(h?|log h|?) for the approximation of the unknown parameter.

The derivation and analysis of an a posteriori error estimator for the pointwise
tracking optimal control problem is quite challenging. This is due to the fact that
this problem involves:

(i) pointwise evaluations of the optimal state y in the cost functional (ITI),

(74) an elliptic equation with point sources as the adjoint equation (L4, and
(#4¢) an intrinsic nonlinearity introduced by the constraints (I3]) on the optimal con-

trol w.

Therefore, an a posteriori error estimator must incorporate all these features in or-
der to drive an efficient AFEM. Given a mesh .7 and corresponding approximations
Y7, po and Uz, our proposed error indicator &yep(Yo,p,Us; 7 ) is based on the
following three contributions:

EoepY7, 07,07 T) = E (V7,07 T )+ 6L (p7,Y7: T) + & (U7, b7 T),

where &,(Yz,Uz;.7) corresponds to the max-norm a posteriori error estimator an-
alyzed in [I7, 47] and extended in [50} 20], &,(p7,y¥=;7) denotes the residual-type
a posteriori error indicator on Muckenhoupt weighted Sobolev spaces proposed and
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studied in [2], and &,(Uz,po; 7) is defined as the £2-sum of the local contributions
&(uz,pa;T) =|uz —H(—%f)g)”p(n, with 7' € 7 and II(v) = min{b, max{a, v}}.
The main contribution of this work is the analysis of the a posteriori error estima-
tor &oep = Socp(Y7,P7,Uz; T ). Assuming only that Q is a Lipschitz polytope and
f € L*°(Q) we prove its global reliability and global efficiency. We prove local effi-
ciency of the terms & and &,. However, we do not obtain a local efficiency bound
because the term &, is not locally efficient. This is a recurring feature in a posteriori
error estimation for optimal control problems with control constraints and we refer
the reader to [37] for a thorough discussion on this matter. Notice that we do not
require convexity of 2. We remark that the analysis involves estimates in L°°-norms
and weighted Sobolev spaces, combined with having to deal with the variational in-
equality that characterizes the optimal control. This subtle intertwining of ideas is
one of the highlights of this contribution.

We remark that our approach is not restricted to (ILI)—(L4) and can be applied
to a wider class of problems. For instance, the so-called optimal control problem with
point sources in the state equation [7] and an optimal control problem with finitely
many pointwise state constraints [39]. The study of these will be part of our future
work.

We organize our exposition as follows. We set notation in section[2] where we also
recall basic facts about weights and weighted spaces. The a priori and a posteriori
error analysis of elliptic problems with delta sources is reviewed in sectionBl SectionH
recalls the maximum norm error estimation of elliptic problems. The core of our
work is section B where we describe our problem and its a priori error analysis and,
combining the results of previous sections, we devise an a posteriori error estimator
and show, in §5.1.1land §5.1.2 its reliability and efficiency, respectively. We conclude,
in section [6] with a series of numerical examples that illustrate and go beyond our
theory.

2. Notation and preliminaries. Let us set notation and describe the setting
we shall operate with.

2.1. Notation. Throughout this work n € {2,3} and @ C R"™ is an open and
bounded polytopal domain with Lipschitz boundary 9. If X and ) are normed
vector spaces, we write X < ) to denote that X is continuously embedded in ). We
denote by X and || - || x the dual and the norm of X, respectively.

The set of locally integrable functions on Q is denoted by Li (). For E C Q of
finite Hausdorff i-dimension, i € {1,2,3}, we denote its measure by |E|. The mean
value of a function f over a set F is

f=mh!

The relation a < b indicates that a < Cb, with a constant C' that depends neither
on a, b nor the discretization parameters. The value of C' might change at each
occurrence.

2.2. Weighted Sobolev spaces. A weight is an almost everywhere positive

function w € L}OC(IR"). In particular, we will be interested in the weights belonging
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to the so-called Muckenhoupt class Ao [22] 24] [46] 59].
DEFINITION 2.1 (Muckenhoupt class As). Let w be a weight. We say that w € A
if there exists a positive constant C,, such that

o)) e

where the supremum is taken over all balls B in R™. If w belongs to the Muckenhoupt
class As, we say that w is an Asg-weight, and we call the constant C, in (1)) the
As-constant of w.

For a measurable £ C R™ and a weight w, we set w(E) = [, w. With this notation
@I) can be rewritten as

w(B)w™(B) < |BI*,

for all balls B C R™.

Let us present an example of a weight that belongs to As, which will be essential
in the analysis presented below. Let xy be an interior point of Q. Denote by d,,(z)
the Euclidean distance d.,(r) = |x — xo| to 29 and define dj (x) = dy,(2)*. We
have that d € A if and only if & € (—n,n). The main motivation to consider the
weight d is that it plays a central role in the analysis of Poisson problems with Dirac
measures such as the adjoint equation (L4)); see section Bl and [2] [16] [49]. We refer
the reader to [22] [49] [59] for more examples of As-weights and their most important
properties.

We now define the weighted Lebesgue space L?(w, ).

DEFINITION 2.2 (weighted Lebesgue spaces). Let w € Az, and let  C R™ be an
open and bounded domain. We define the weighted Lebesgue space L?(w, Q) as the set
of measurable functions u on Q for which the norm

1
2
lullscusy = ( [ fuf)
Q
is finite.

Since L?(w, ) C LL,.(2) [49, Proposition 2.3], it makes sense to talk about weak

derivatives of functions in L?(w,2). We define weighted Sobolev spaces as follows.
DEFINITION 2.3 (weighted Sobolev spaces). Let w € Ag, and let Q@ C R™ be an

open and bounded domain. We define the weighted Sobolev space H'(w,Q) as the set

of functions u € WH1(Q) for which the norm

1
2

el oy = (120 + V0200 )

is finite. We also define Hi(w, Q) as the closure of C$°(Q) in H(w, ).

If w € Ay, then we have the following important consequence: the space H*(w, §2)
is Hilbert and H'(w,Q) N C*°(Q) is dense in H'(w, ) (cf. [59, Proposition 2.1.2,
Corollary 2.1.6] and [26], Theorem 1]).

The class As has proven to be a fundamental tool in harmonic analysis. If w €
Ag, then any Calderén-Zygmund singular integral operator is bounded in the space
L?(w,Q) [22, 27]. In spite of this, the use of these classes as a tool to derive and
understand properties of discrete schemes is relatively new in numerical analysis; see
[2, [49].



6 A. ALLENDES, E. OTAROLA, R. RANKIN, A.J. SALGADO

2.3. The Poisson problem in Lipschitz polytopes. Let us, for the sake of
future reference, collect here some standard results concerning the regularity of the
solution to the Poisson problem

—Au=finQ, wu=0on0dQ, (2.2)

where €2 is a bounded and Lipschitz, but not necessarily convex, polytope. We begin
with a global higher integrability of w and, as a consequence, its Holder regularity;
see [18] 28] [34] [35] [43, [£5].

PROPOSITION 2.4 (higher integrability). Let u € H}(Q) denote the unique solu-
tion of 22) with f € L*(Q). There is ¢ > n such that w € WH4(Q). Moreover,

lullwray S N Fllz2)s

where the hidden constant is independent of uw and f. This, in particular, implies that
for k =1—n/q >0 we have u € C**(Q) with a similar estimate.

Next we comment that, whenever f € LP(Q2) with p € [2,00), we have a local
regularity result, whose proof can be found, for instance, in |25, Theorem 9.11] or [36]
Theorem 12.2.2].

PROPOSITION 2.5 (local regularity). Let u € H}(S) denote the unique solution
of Z2) with f € LP(Q) andp € [2,00). If D € Q thenw € W*P(D) and the following
estimate holds

llullw2rpy S llullze) + 11f e,

where the hidden constant depends on dist(D, Q) but is independent of u and f.
Notice that, since 2 is bounded, we can combine the estimates of Propositions[2.4]
and to obtain that, for every D € ,

lullwzr )y S NfllLrce), (2.3)

where the hidden constant depends on || and dist(D,9Q) but is independent of u
and f.

Finally, we establish the weighted local integrability of u.

PROPOSITION 2.6 (weighted integrability). Let u € Hg () denote the solution
of 2) with f € LP(Q) and p > n. Let y € Q, r < dist(y, Q) and B denote the ball
of radius r and center y. If u € As, then we have that u € H'(u, B). Moreover,

||vu||L2(,U.,B) S HfHLP(Q)a
where the hidden constant depends on u(B), dist(B,0Q), r and ||, but is independent
of u and f.
Proof. The proof follows from the local regularity of Proposition and an
embedding result. Indeed, since dist(B, d) > 0, from (Z3]) we have
lullwzrz)y S N fllLe)-
Moreover, since p > n, we have that W?(B) < L*°(B) and

IVull Lo sy S llullw2ez) S 1flle@)-
With this estimate the L?(u, B)-norm of Vu can be bounded as
[ 1Vl < BTl iy S 1

with a hidden constant that depends only on pu(B), dist(B,d9Q), r and |©2|. This
concludes the proof. O
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3. Elliptic problems with Dirac sources. Since the analysis of the pointwise
tracking optimal control problem involves ([4)), in this section we review the argu-
ments developed in [2],[49] to study Poisson problems with Dirac measures on the right
hand side. The analysis hinges on the Muckenhoupt weighted Sobolev spaces intro-
duced in section We also comment on the finite element approximation of such
problems and conclude by reviewing the a posteriori error analysis recently developed
in 2.

Let xp be an interior point of €2. Consider the following elliptic boundary value
problem:

— Au = §g, in Q, u =0 on 09, (3.1)

where §,, denotes the Dirac delta supported at z¢ € Q. The asymptotic behavior of
u near xg is dictated by

Vu(z) ~ |z — 2| (3.2)

On the basis of ([B.2), a simple computation shows that |[Vu| € L?(dj , ) provided
a € (n — 2,00). This heuristic suggests that we seek solutions to problem (Bl in
weighted Sobolev spaces.

Let us make these considerations rigorous. Since dy ,d," € A for a € (—n,n),

we invoke Definition and [59, Proposition 2.1.2] to conclude that the spaces
Hi(dg , Q) and Hj(d, ", Q) are Hilbert. We then define the bilinear form

a(w,v) = / Vw - Vv (3.3)
Q
and consider the following weak formulation of problem (B.1)):

ue Hy(d? Q) alu,v) =0, (v) Yo € HY(d, ", Q). (3.4)

z0? xo 0
The bilinear form a satisfies an inf-sup condition on H{(dg, ,Q) x Hg(d, >, Q) [2,
Theorem 2.3]. In addition, a is bounded as a consequence of Holder’s inequality. On
the other hand, if @ € (n—2,n) we have that d,, € Hg(d, ", Q)" [38, Lemma 7.1.3]. All
these elements allow us to conclude that problem (B4) is well posed on the weighted
Sobolev spaces Hg (dg,, Q) and Hg(d,*, Q) provided

acl:=(Mn-2n). (3.5)

We refer the reader to [48] for an alternative formulation on the weighted Sobolev
spaces Ha(w, ) and H}(w™1,Q), where the weight @ is defined as follows: if d =
diam(Q) is the diameter of Q and d, (x) = dg, (z)/(2d), then

dyy ()2 1

Ll < o) < 2,
log? s, (2) 2

w(x) = - (3.6)
2 doy (2) > &
log®2’ oS =g

The well-posedness of (B]) follows from [49, Lemma 7.7].
We conclude with an embedding result for Hj(dg ,€2) that will be useful later.
LEMMA 3.1 (Hg(d3,,Q) = L*(Q)). If o € (n—2,2) then Hy(d3 ,Q) — L*(Q)
and we have the following weighted Poincaré inequality
[vllz2@) S IVollLe@e, 0, Yve Hy(dg,, ),

Zo?
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where the hidden constant depends only on €.
Proof. It suffices to verify condition (6.2) of [49] for p = ¢ =2, w =dj and p =1,
i.e., if By C Q denotes a ball of radius s

(r>2+n dy, (Br) <1

R dg, (By)
whenever r < R. Similarly to [49, Lemma 7.6], it suffices to verify this condition for
balls centered at xg. In this case

s
[eY ~ +n—1 ~ +
dwo(Bs)N/ reTr dr ~ s" au
0

which shows that, whenever o < 2, the embedding and Poincaré inequality hold. O

3.1. Finite element approximation and a priori error bounds. Let .9 =
{T} be a conforming partition of {) into simplices T with size hy = diam(T’), and set
hz = maxpe s hy. We denote by T the collection of conforming and shape regular
meshes that are refinements of an initial mesh .95. By shape regular we mean that
there exists a constant o > 1 such that max{or : T € } <o for all 7 € T [15, 23].
Here o = hr/pr denotes the shape coefficient of T where pr is the diameter of the
largest ball that can be inscribed in 7.

Let . denote the set of internal interelement boundaries S (or sides) and by hg
we indicate the diameter of S. We define the star or patch associated with an element
Te T as

Np = U T
T'e T:TNT'#0

Given a mesh 7 € T, we define the finite element space of continuous piecewise
polynomials of degree one as

V(7)) ={vs € C°(Q) :v717 €P1(T), VT € T, vgjan =0}. (3.7)
Then, the corresponding Galerkin approximation to problem (B is given by
ug €EV(T): aluz,vz)=104(vy) Yoz € V(T). (3.8)

The well-posedness of problem (B8] follows from [2] Theorem 3.1] and [49, Lemma
7.8]. The a priori error analysis is due to Scott [56] and Casas [I3]. The author of
[56] assumes that © is a smooth domain and the mesh & € T is quasiuniform with
mesh size h# and derives the following a priori error estimate:

lu—uz|ra@ < h5 "2 (3.9)
Using a different technique, Casas [13] obtained the same result for polygonal or
polyhedral domains and general regular Borel measures on the right-hand side. An
analysis based on Muckenhoupt weighted Sobolev spaces has been recently developed
in [49): If © is convex and the mesh 7 € T is quasiuniform with mesh size hg, then

lu—uzlliz) S B og ha |l Vull 12w - (3.10)

where w is defined in ([B.6]). The analysis of [13][49] uses that  is a convex polyhedral
domain, thus closing the regularity gap of [56]; see [67, Remark 3.1].
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3.2. A posteriori error estimates. The a priori upper bounds B.3) and (B10)
are not computable and essentially provide only asymptotic information. In addition,
the limited regularity of the solution u of problem (B does not allow the method
to exhibit optimal rates of convergence. These facts motivate the analysis of an a
posteriori error estimator driving AFEMs to solve problem (3.1]). These methods are
essential for the efficient approximation of ([BI]) with relatively modest computational
resources; especially in three spatial dimensions and in the scenario of a non-convex
domain 2.

We now recall the residual-type a posteriori error estimator introduced and ana-
lyzed in [2]. To do this, given 7 € T and T € .7, we define

Dy = r;lg%(dmo (x). (3.11)
We define the local a posteriori error indicator by
hrDE|[v - Vusllizomon) +h37", @ €T,
hr DE(|v - Vus]lzzomon), zo ¢ T,

and the global error estimator &2(uz;.7) = > ey E2(ug;T). In BI2), the jump
or interelement residual [v - Vug] is defined by

E2(ur;T) = { (3.12)

[v-Vug] =vt- Vug r+ + v~ - Vug - (3.13)

on the internal side S € .# shared by the distinct elements T+, T~ € .7. Here v, v~
are unit normals on S pointing towards T+, T, respectively. We comment that, in
(BI2), the factor h$T2~" appears, on the basis of [2, Theorem 4.7], as a consequence
of a local estimation of the Dirac delta §,, applied to stars containing individually
the delta points.

The following result states the reliability of the global a posteriori error estimator.
For a proof see [2| Theorem 5.1].

PROPOSITION 3.2 (global reliability). Let u € Hg(dg,,Q) and uz € V(7) be the
solutions to problems (B4 and B8), respectively. If o € 1, then

IV (u— “3)||L2(dgo,sz) S balug; T),

where the hidden constant depends on the diameter of ), the shape regularity constant
o, the parameter o and the inf-sup constant of a. In addition, the hidden constant
blows up when « approaches O1.
The local efficiency of the indicator (812) is as follows [2, Theorem 5.3].
PROPOSITION 3.3 (local efficiency). Let u € H}(dS ,Q) and ugy € V() be the

o)

solutions to problems BAl) and [B8), respectively. If o € I, then
ga(uﬁ;T) 5 ||u - uﬁ“Hl(dg‘o,N’r)v

for allT € 7, and where the hidden constant depends on the shape reqularity constant
o and the parameter a. In addition, the hidden constant blows up if « approaches n.

We remark that given the specifics of our problem and discretization scheme—
we are dealing with the Laplacian, the right hand side is only a Dirac mass and we
are using lowest order finite elements—no oscillation terms appear in the local lower
bound. In more general situations these must be taken into consideration; see [2] for
details.

We conclude this section by commenting on the alternative a posteriori error
analysis developed in [8, 9], which measures the error in the spaces W'P(Q) with
1€ {0,1}.
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4. Pointwise a posteriori error estimates for elliptic problems. In sec-
tion[Blwe propose and analyze an a posteriori error estimator for the pointwise tracking
optimal control problem. The proposed indicator hinges on a suitable combination of
the error estimator described in section B2 for the adjoint equation (I4]) and a point-
wise a posteriori error estimator for the state equation (L2)). In an effort to make this
contribution self contained, in this section we briefly review results concerning the a
posteriori error analysis for elliptic problems in the maximum norm.

Let f € L°°(9Q) and u be the weak solution to:

we Hi(Q):  a(u,v) = (f,v)r2() Yo € Hy(), (4.1)

where a is defined in (83). Proposition[Z4lyields the Hélder continuity of the function
u solving (&1)); see also [20, Lemma 1]. In the setting of subsection Bl we define the
Galerkin approximation to problem (1)) as

ur €V(T): aluz,vy)=(f,v7)L2(0) Yvg € V(T). (4.2)

We now present the pointwise a posteriori error estimator studied by Nochetto
in [47] for n = 2. The analysis of this error indicator was subsequently extended to
n = 3 by Dari et al. in [I7] and later improved in [19, 20]. We introduce the local
pointwise indicator

Eno(ug;T) = h3||fllLoo(r) + hr||[v - Vuz]ll L= @mo0), (4.3)

and the corresponding global pointwise estimator & (uz; ) = maxre g Eoo(uz;T).
The reliability of the global indicator & is given below. To state it and for future
reference, we define

lg =

1
log <Tm€a§ hT) } . (4.4)
The earliest proof of reliability can be found in [47, Lemma 4.1] and [I7, Theorem
3.1] for n = 2 and n = 3, respectively. These results were later improved in [19] and
[20] to the one given below.

PROPOSITION 4.1 (global reliability). Let u € H}(Q) N L®(Q) and ug € V()
be the solutions to problems @Il) and {2, respectively. Then

||U - U?HLOO(Q) < fﬁéaoo(um 9)7

where the hidden constant depends on € but not on u or the size of the elements in
the mesh 7.

Denote by P the L?-projection operator onto functions that are piecewise con-
stant over .7. The local efficiency of the indicator [@3) is as follows. For a proof see
[I7, Theorem 3.2] and [47, Lemma 4.2] for n = 2 and n = 3, respectively; see also [20,
Section 3.4].

PROPOSITION 4.2 (local efficiency). Let u € Hi(Q) N L>®(Q) and ug € V(T) be
the solutions to problems [@I) and [{2), respectively. Then

Goo(uziT) S llu—uz L=y + nax hr || f = P flle ),
'eNT

for all T € T, where the hidden constant is independent of u and the size of the
elements in the mesh 7 .
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The proof of Propositions [£.1] and rely on asymptotic estimates for a regular-
ized Green’s function. Moreover, the original results required a fineness assumption
on the initial mesh together with the existence of a constant v > 1, such that

hl < %nelg hr, YT eT. (4.5)

These assumptions were later removed in [50], using a barrier function argument. The
power of the factor £z in these works was 2 — 2(n — 2), but it was later shown in
[19, 20] to be equal to one and that this cannot be improved.

5. The pointwise tracking optimal control problem. We follow [7] and
invoke the results on weighted Sobolev spaces described in section to precisely
describe the pointwise tracking optimal control problem introduced in section [l We
start by defining the set of observable points Z C 1 with #2 = [ < oco. Since
#Z < oo, we know that

dz = min {dist(Z,00Q), min{|z — 2’| : 2,2" € Z, z #2'}} > 0.
We then define the weight p as follows: if #Z =1, then

p(z) = dZ (z), (5.1)
otherwise
di(z), Jze€ Z:d,(z) < d73,
o) = . 62
1, dz(iC)Z—, VzeZ

Here d,(z) = |t — z| and a« € I = (n — 2,n). Owing to [3], the weight p belongs to
the Muckenhoupt class A, introduced in Definition 2.I1 We now state an extension
of Lemma [BT], although we omit its proof for brevity.

LEMMA 5.1 (Hi(p, Q) = L%(Q)). If a € (n —2,2) then H}(p,Q) — L3() and
we have the following weighted Poincaré inequality

[vllrz) S IVOll L2y, Vv € Hi(p, Q),

where the hidden constant depends only on Q and dz.
For a,b € R with a < b we define the set of admissible controls

Ung = {u € L?(Q) : a < u(x) < b for almost every z € Q} , (5.3)

which is a convex, closed and nonempty subset of L?(2). We recall that the functional
J is defined in ([I.1]). We then define the pointwise tracking optimal control problem as
follows: Find min J(y, u) subject to the following weak formulation of problem (2]

y € H&(Q) :oaly,v) =+ u,v)Lz(Q) Yv € H&(Q), (5.4)

and the control constraints u € U,q. To analyze this optimal control problem, we
introduce the so-called control-to-state map S : L?(Q) — HJ(2) which, given a
control u, associates to it the unique state y that solves problem (G.4). With this
operator at hand, we define the reduced cost functional

. 1 A
j() = J(Suw) = 5 37 1Su(z) = v + Sl (55)
2€EZ
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We notice that, since f € L>®(Q), u € Upa C L>®°(2) and 9N is Lipschitz, the results
of Proposition 2.4] imply that y = Su is Holder continuous and then that the point
evaluations of y = Su in (B3] are well defined. In view of the fact that j is weakly lower
semicontinuous and strictly convex (A > 0), we conclude the existence and uniqueness
of an optimal control o and an optimal state y that verify (54) [58, Theorem 2.14]. In
addition, we have that u satisfies the first order optimality condition j'(u)(u —t) >0
for all u € U,q [68, Lemma 2.21]. To explore this variational inequality, and to obtain
optimality conditions, we begin by further characterizing the range of S.

LEMMA 5.2 (range of S). Let S denote the control-to-state map, i.e., the solution
operator to (5A). If u € Uga, then Su € Wy (Q) N HE (p™1,Q), where ¢ > n is given
by Proposition [24)

Proof. To shorten notation set y = Su. Proposition 2.4] immediately yields that
y € Wy %(52) for some ¢ > n. Let us now show that y € Hg (p~*, Q). To do so, for each
z € Z, let B(z) denote the ball with center z and radius dz /2. Set D = Q\U,czB(z)

and compute
/ p‘1|Vy|2+/ P~ VYl
B(z) D

By definition, there is a > 0 such that p(x) > a for every x € D, thus

/Jrﬂvm?s/va2snr+m@mw
D D

—1 2 _
/Qp Vyl? =

z€EZ

To bound the integral near the support of the Dirac measures we note that B(z) € €,
f 4+ Uaa C L(2) and invoke Proposition to obtain

/ VYR S IF+ w2 .
B(z)

where the hidden constant depends on dz. The fact that #Z is finite allows us to
conclude. O

With this characterization at hand we can proceed to obtain optimality condi-
tions. To do so we define the optimal adjoint variable p as the unique solution of

peHLp Q) alw,p) = 3 (=) —y2) 8uw) Vwe Hi(p L),  (5.6)
z€Z

with p defined by (&I)-([E.2), the bilinear form a as in B3] and y = Su. We notice that
since 0, € Hi(p™*, Q) |38, Lemma 7.1.3], we invoke [2, Theorem 2.3] and conclude
that the adjoint problem (5.6]) is well posed.

We are now in a position to show optimality conditions for our problem.

THEOREM 5.3 (optimality conditions). The pair (y,u) € Hg(Q2) x L?(Q) is
optimal for the pointwise tracking optimal control problem if and only if U € Uqa,
y = Su and the optimal control U satisfies

(p+ Au,u— G)Lz(Q) >0 Yu €Uy, (5.7)

where the optimal adjoint state p € HE(p, Q) solves (5.6)).
Proof. The first order optimality condition, which characterizes u reads, for every
u € Uaa

0<j/(@u—u) =) (Su(z) —y:)S(u—)(z) + A(Tu— )20
z2€Z
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We now focus on the first term of this inequality. Set y = Su and y = Su and notice
that, by Lemma [5.2] we can set w =y —y € H}(p~1,Q) N C(Q) in (5.6) to obtain

aly = y,p) = Y (y(2) = y2) (y(2) = ¥(2)) - (5.8)
z€Z

We would like to set v = p in the equation that y — y solves (see (BA4)). If that were
possible, we would obtain

aly —¥,p) = (u—10,p)r2(0). (5.9)

A combination of (58), (59) and the variational inequality would then allow us to
conclude. However, p € Hi(p, )\ Hg(2) so that (5.9) must be justified by different
means.

Let {pn}nen C C§°(Q) be such that p, — p in Hi(p, Q). Setting v = p,, in (54
yields

CL(y - y;pn) = (U - avpn)Lz(Q)'

Since Hi(p,Q) = L'(Q) and u — u € L>=(f) the right hand side of this expression
converges to (u — U,p)r2(q). The continuity of a in Hi(p™1,Q) x Hi(p,Q), together
with y —y € Hi(p™1,Q) then yield (£3J). O

We recall the so-called projection formula: @ solves (7)) if and only if [58] section
3.6.3], [40, section 2.1]

a:H(—%;—)), (5.10)

where the projection operator II : L' () — U,q is defined by
II(v) = min{b, max{a,v}}, (5.11)

and gives the best approximation of v in Us,gq.

We now recall the finite element approximation of the pointwise tracking optimal
control problem proposed and analyzed in [7]. The approximation of the optimal
control U is done by piecewise constant functions: g € Uaq(7), where

Uaa(:F) = U(T) NUna, U(T) = {vg € L¥(Q) : vzip € Po(T), VT € T}, (5.12)

with Uyq defined in (B3]). The optimal state and adjoint state are discretized using the
finite element space V(.7) defined in (87). In this setting, the discrete counterpart of
(CI)—(@T4) reads: Find min J(yz,us) subject to the discrete state equation

Yo €V(T): a(yg,V§)=(f+UQ,V9)L2(gl) Wa € V(T), (5.13)

and the discrete control constraints ug € U,q(7). The pair (y7,Uz) is optimal for
the previous discrete optimal control problem if and only y solves (5.13]) and

([_)y—i-)\ﬁy,uy—ﬁy)Lz(Q) >0 VYug € Unpa(9), (5.14)

where po solves the discrete counterpart of (B.6]), that is

pr EV(T): awz,pr)=> (yz(z)—y:)d:(ws) Ywzr V().  (5.15)
z€Z
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Exploiting the function-space setting based on the Muckenhoupt weight w, de-
fined in (B6), the following a priori error estimate was derived in [7]: If © is convex
and the mesh 7 is quasiuniform with mesh size h, then

G- 072 S b " logha|" Y, (5.16)

where the hidden constant is independent of .7 and .

5.1. A posteriori error analysis. The a priori error estimate (5.16]) is subopti-
mal in terms of approximation. The reduced regularity of the optimal adjoint state p
does not allow the method to exhibit its optimal rate of convergence. In addition, the
a priori error estimate (5I6) requires the mesh 7 to be quasiuniform and the domain
Q to be convex. However, as it was commented in section Bl the well-posedness of
the pointwise tracking optimal control problem relies only on the Lipschitz property
of 0. The need for convexity and the lack of regularity properties of p when n =3
motivate the study of AFEM to solve the optimal control problem ([LI)-(T4). We
now proceed to propose and analyze the key ingredient of any AFEM: an a posteriori
error estimator.

The derivation and analysis of an a posteriori error estimator for problem (LI])-
(4] is far from trivial. The pointwise tracking optimal control problem involves:
pointwise evaluations of the optimal state y, an elliptic equation with point sources
(EE8) and an intrinsic nonlinearity introduced by the constraints on the optimal con-
trol, i.e., U € Uyq. We incorporate these main features in an a posteriori error estima-
tor, which is defined as the sum of three contributions:

&7, P7, U7 T) =6 V7,07 T) + E(pr.Y7:T) + Eur.pr; T), (5.17)
where 7 € T and yo, g and ps denote the optimal variables that solve (BI3])—
E.15).

We now define and describe each contribution in (517 separately. First, on the
basis of section @] we define the local pointwise indicator associated with the state

equation (2)) as
&7 07:T) = hillf + 07| =(r) + hrllly - VIz]llL=or\00), (5.18)

where [v-Vy ] denotes the jumps of the normal derivative of y & across interelement
sides as defined in (3I3]). The global pointwise estimator is then defined by

@@y(?ﬁ,ﬁﬂ;y):gleaggy(?ﬁ,ﬁﬂ;T)- (5.19)

To introduce an a posteriori error indicator associated with the adjoint equation
(BE6) we assume that:

VT € 7, #(Nrn Z) <1, (5.20)

that is, for every element T € .7 its patch N contains at most one observable point.
This is not a restrictive assumption, as it can always be satisfied by starting with a
suitably refined mesh. Define

D7 = min {max|x—z|} . (5.21)
zeZ | zeT
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On the basis of the results presented in section [3:2] we define the local error indicator
as

5P 573 T) = (hTD%nuu Vbl Raoron,

1/2
s h%”—”wy(z)—yzw) L (5.22)
zeZNT

The global error estimator is thus defined by

1/2
&(p7,y7:T) = <Z 5p2(P,9,Yﬂ;T)> : (5.23)

TeT

Finally, we define a global error estimator associated with the optimal control, as
follows:

1/2
&g, ps; T) = (Z 5u2(59,r39;T)> : (5.24)

TeT

with the local error indicators
E(iz,p7;T) = lug — T(=5p2) L2 1) (5.25)

In (528), IT denotes the nonlinear projection operator defined by formula (&.IT).

5.1.1. Error estimator: reliability. We now proceed to derive the global re-
liability of the error indicator &ycp defined by (GIT).

THEOREM 5.4 (global reliability property of &ucp). Let (b,y,p) € L*(Q) x
HY(Q) x H(p, Q) be the solution to the optimality system (5.4), (5.6) and (B.1) and
(U7,Y7,p7) € Una(T) x V(T) x V(T) its numerical approzimation given by (5.13)—
EI8). If a € (n—2,2), then

10— l72) + IV = Y7 ie) + IVB = B2)i2p0) S €58 V7,07 T)

SR ST )~ T (5.26)
+&5 (p7.¥7: T) + &5 (U7, P73 T) S L+ Ly ) b, (V7 P Ugs T),

where Lo is defined in ([L4) and the hidden constant is independent of y, u, p, the
size of elements in the mesh J and #. . The constant, however, blows up as A | 0.
Proof. We proceed in seven steps.
We define i = II(—4p~) which, owing to [58, Lemma 2.26], can be equiva-
lently characterized by

(M +pz,u— CI)Lz(Q) >0 YuelUy. (5.27)
With this definition at hand, a simple application of the triangle inequality yields
[0 —tzlz2) < lu—10lr2@) + [0 — Uz L2(0)- (5.28)

Notice that, by the definition of @, the second term on the right hand side of (528
is the global error estimator associated with the optimal control &,(i7,p~; 7 ) given

in (B24).
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Step 2. | Let us now focus on the first term on the right hand side of (B.28]). Set u=a
in (B7) and u =t in (527) and add the obtained inequalities to arrive at

Allo — ﬁH%?(Q) <(P—pPz,0—10)r20)- (5.29)

To control the right hand side of ([5.29) we define an auxiliary adjoint state via the
solution to the following problem:

a€ Hy(p,Q): aw,q) =Y (y7(z) —y:)0-(w) Ywe H(p',Q).  (5.30)
z2€Z
We then write p —pz = (p—q) + (q — pz) in (5:29) to obtain
M =720y < (p—a,0 = 1) 12(0) + (4 =P, 0 — U) 20y = [+ 1L (5.31)

To control the term II, we exploit the fact that q solves (B.30) and p corresponds
to its Galerkin approximation. Now, an adaption of the arguments developed in [2]
provide the estimate

IV(a—=pz)l2p0) S Ep(p7,Y7: 7). (5.32)

where &, denotes the a posteriori error estimator for problem (5.30) defined in (5.22)—
(E23). For brevity we skip details and only remark that (532) is valid because of
assumption ([B20). Consequently, Lemma [5.1] allows us to arrive at

I S IV(a = pa)l 2o It — Ul L2 (),
which together with a Young’s inequality and (5.32]), yield

A~ o
1] = Z16 = 0220 < 623,57 7). (533)

Step 3.| We now estimate the term I. To do this, we introduce another auxiliary
adjoint state r via the solution to the following problem:

re Hy(p, Q) alw,r) =Y ((2) —y:)d.(w) Ywe Hj(p™,9Q), (5.34)
zEZ

where y € H(Q) solves a(y,v) = (f + G,v) for all v.€ HE(2). We recall that & =
II(—+p~). With the definition of the state r at hand, we write p—q = (p—r)+ (r—q)
and then, the term I in (53T]) becomes

(P—a,0—0)r2) = (P—r0—0)r2q) +(r—q,0 —0)p2) =11 +1o.

We now proceed to control the term Iy. Since o — 0 € L*(f2), and y — ¥ solves
a(y —y,v) = (a —G,v) for all v € H}(Q), Lemma allows us to conclude that
y—vy € H}p™1,Q) and then, by setting w =y —y in (5.6) and (5.34), we derive

ay —y.p—r) = _Iy(z) = 9(2)]*.
z2€EZ
On the other hand, a similar approximation argument to that used in the proof of
Theorem shows that

a(y—y,p—r)=(U—10,p—r)r20)-
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In conclusion,

L=-Yly() -5 <0

2€EZ

Step 4.| We now estimate the term I;. To accomplish this we first notice that the
function r — q € H}(p, Q) solves

a(w,r—q) = > _(§(2) =y (2))d:-(w) Ywe Hj(p™',Q).
zEZ

Consequently, the embedding of Lemma [5.1] in conjunction with the stability of the
problem above yield

Ir—allzz) S IV(r=d)ll2o) S 1Y = Y7 lloe(o)- (5.35)

To control the right hand side of the previous expression, we use the triangle inequality
to obtain |ly —y7|lre@) S IV =Yl + ly* — ¥ || Lo (o) where y* € Hg(€2) solves
a(y*,v) = (f+ug,v) for all v € H}(£2). The results of Proposition 24l imply that, for
some q > n,

Iy =y llze@) SNy =¥ llwra@) S o —tzlrz@) = éu(iz. pa; 7). (5.36)
Since yo is the Galerkin approximation of y*, the second term is estimated by
invoking the global reliability of the error estimator &, defined in (B.I8)-(GI9): |ly* —
V7 lloe) SLz8,(Y7,U7; 7). Applying these estimates to (B.35]) we obtain
Aie 1o < )2 p2( = 2= o
o = 70— ullLe () S 567 (V7 ug: ) + & (U7, P73 T).
The fact that I; < 0, implies that a similar estimate is valid for the term I =1; + Is.

This, together with (528), (5.31)) and (&.33)), implies that

10— 07l720) S 56 7,075 T) + & (7, y7: T) + EXUg,p7: T).  (5.37)

Step 5. | The goal of this step is to control the error y —y in the L°°—norm in terms
of &ocp- To do this, we write y —y7 = (¥ — y*) + (y* — Yyo) and estimate each term
separately. To control the first term we invoke a similar argument to the one that

gives (536):
Iy =y ) S Y =Y llwra) S0 =tz q)-
On the other hand, the estimate
Iy =VzllL=@) Slo& Y,z T)

follows from the fact that y& is the Galerkin approximation of y* and the global
reliability of &, (Proposition ELI)). Collecting the derived estimates and invoking

(E31) we obtain

Iy = V7w S 56 V7,07 T) + & (pr,y7; T) + E(Ug,pa; ). (5.38)
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Step 6. | In this step we control the error p — p in the H(p, 2)-seminorm. A simple
application of the triangle inequality yields

V(P =pPa)ll2(o) SNV = ad)llrzoe) + IV(@ = pz)lL2(0.0)-
To control the first term, we invoke a stability result and conclude that
IV —a)llzp0) SIY = Y7llze()-
Consequently, (532) and (B.38)) yield that
IV —po)T2py S5E V7,07 T) + 6 (Br,Y7: T) + 6 Uz, p7; T). (5.39)

Notice that here, once again, we need to rely on assumption (B.20) for estimate (£.32))
to be valid.
Finally, collecting (5.37), (B.38) and (539) we obtain (B.26]), which concludes
the proof. O

REMARK 5.5 (range of o). Notice that although problem (BII) is well-posed
for « € I = (n — 2,n) and Proposition asserts the reliability of &, for the same
range, in three dimensions we must further restrict the range of a to guarantee the
embedding of Lemma 5.1

5.1.2. Error estimator: efficiency. We now analyze the efficiency properties
of the a posteriori error estimator &,cp defined in (GIT7) by examining each of its
contributions separately. Before proceeding with such analysis, we introduce the
following notation: for an edge, triangle or tetrahedron G, let V(G) be the set of
vertices of G. With this notation at hand, we introduce two smooth functions 7 and
s as follows. Given T' € 7, we consider a non-negative and smooth function @
with the following properties:

7)< / or, swpor =T, [V¥erllie Shs*, k=0,1,2.  (5.40)
T

For example, following [61], 62], we may take @1 given by

prir = (n+1)" H 2%

veV(T)

where &, are the barycentric coordinates of T. We now define the function ¢g for
S € .. To do this, let Ng be the patch composed of the two elements of .7 sharing
S. We then define ¢g as a smooth cut-off function with the properties

15| < / s, suppgs = Ns,  [V¥slieiy Shsh k=012, (5.41)
S

For example, we may take pg given by

@S\T:nn H gvv

veV(S)

where T' C Ng. This choice is due to Verfurth [61] [62].
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Recall that P~ denotes the L?-projection operator onto piecewise constant, over
T, functions. With these elements at hand we derive the local efficiency of &;.

LEMMA 5.6 (local efficiency of &,). Let (u,y,p) € L*(Q) x H}(2) x H(p, Q)
be the solution to the optimality system [B4)—EH6) and (bg,¥y7,p7) € Uaa(T) X
V(T) x V() be its numerical approximation defined by (B13)-EI0). If o € I, then

_ _ _ _ 2—n/2 - _
&G 7,075 T) SNV~ Yl e + by 20— a7 2 v

) (5.42)
+ h7llf = Pafll oo (A

where the hidden constant is independent of the optimal variables, their approxima-
tions, the size of the elements in the mesh 7 and #.7 .

Proof. Let us consider a function v € H(€2) which is such that v € C*(T) for
all T € 7. We then invoke the fact that y € Hg(Q) solves (54) and integration by
parts to obtain

/QV(y—y,g)-Vv:/Q(f—kﬂ)v—/QVyg-Vv: 3 /T(H—H)H—Z /S[[lwvygﬂv.

TeT Ses

On the other hand, since on each element T we have that v € C%(T), integrating by
parts again allows us to derive

/QV(y—yg)-Vv:— > /T(y—yy)AH >

TeT Ses

/[[wVv]](y—yy)-
S

Consequently, the right hand sides of the previous two expressions coincide and, in
particular, by setting v = @7 defined through properties (5.40]), we deduce that

| Potrizier= [ Pot-tor+ [ @r—aer

T

- [G-3800+ 3 [ Verlg-52)

SeSr

(5.43)

where % is the subset of . which contains the sides in . which are sides of T.
Similarly, if we consider v = ¢g, defined through properties (5.41]), we obtain that

/SHV'Vy,9ﬂ<PS——/ (f+ﬁ,9)<ﬂs—/ (U—Uz)ps

Ns Ns

- > oot ¥ [ Vel -s). G

TeT:TCNs S'e:S'CNs

With these ingredients we proceed to divide the proof in two steps.

Step 1.| We estimate the term h%.||f + Uz || g () in (BI8). A simple application of
the triangle inequality allows us to derive

hlIf + 0|l Lo () S BT |Pof + Uz | Lo (ry + RE N — Pofl poe (1) (5.45)

To control the first term on the right hand side of the previous expression we invoke
identity (5.43). This, in view of (540) and the fact that (Pzf 4 tuz)r € Po(T),
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allows us to obtain

p>

S'e St

/(5—59)<PT
T
S <hT2|T|+hT1 > |3'|> Iy =yl ()

S'e Sr

[v-Verl(y —yz)

Pot+usl 1715 | [ - 95)00r )

- -

/ (f =Paf)or
T

i
+ T = Poflloe(ry + [T12][0 — Uz L2(7).

We now recall that, for any T € 7, we have that |T'| ~ h%} and |T|/|S| = hr.
Consequently, in view of (5.45]) and the previous estimate, we derive

_ o 2=
Pollf+ 07| Loy S WY = Yo llpee(ry + by 2|0 — Uzl 2y + hE|f — Porfll e (1)

We estimate the term hr||[v- VY 7] 1= @) in (BI8). We first invoke (5.41])
and derive |S||[[v - Vyz]lr=(s) S |f5[[1/ - Vyz]es|. In light of this estimate, we use
identity (G.44) and control each term with the help of (5.41]). This yields

1
SITIf+uzllpews) +ITI2[0 = tzllL2 (v

‘/S[[V -Vyzles

+ <hT2|T|+hT1 Z |3/|> Iy = Y7l Lo wvs)-

S'e?:S'"CNs

The collection of the estimates derived in Steps 1 and 2 concludes the proof. O

REMARK 5.7 (piecewise linear control). Notice that the only place where we
use that U,q(.7) consists of piecewise constant functions is in Step 1 of the previous
result. If we were to use, say, piecewise linear functions and suitably redefine P4
all that is necessary for our considerations to hold is to obtain a suitable bound on
[Pf+Uz|lLe~@)-

We now proceed to analyze the local efficiency properties of the contribution &,
defined by (522)-(E23). An important ingredient in the analysis that follows is the
so-called residual %, = Zp(p7) € Hi(p~1,Q) defined by

(Po(p7),w) i=a(w,p—p7) = Y _(y(2) —y:)d-(w) —a(w,p7) Ywe Hi(p~",Q),
zEZ

where a is defined in ([B3]), y solves (54 and ps solves (BIH). We now explore an
abstract estimate for the residual. Let & be a subdomain of Q2 and w € H}(p™!, 0).
An argument based on [54] Remark 6.1] and [2, Section 5.2] provides the estimate

(Zo(p7),w)| = la(w,p = P7)| < V(P = Pz)llL2(p,0) VW L2(p-1,0)-
Consequently,
| Zoll 3 (p-1,0y < IV —P7)L2(p,0)- (5.46)

We now utilize the residual estimation techniques developed in [2]. We start by
introducing a smooth function ¢s whose construction we owe to [2]. In this setting,
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g plays an analogous role to the one of the smooth function ¢g defined by (G.4I).
Given S € ., we recall that Ng = T U T’ denotes the patch composed of the two
elements of .7 sharing S. The construction of ¥g is as follows: we divide each edge
of T and T" into four equal segments. The vertices of S and the segments having a
vertex in S determine n patches of adjacent simplices, which we denote by {P;}7- ;.
We now choose Py € {P;}_, as the patch that is further away from Z. Notice that,
first of all, Py = T UT, with Tx C T and T, C T, respectively (see Figure B.1).
Moreover, owing to assumption ([G.20), we have that

Dy <min< min |z — z| p and Dy < min< min |z —z| ;.
zeZ | z€eT. z€Z | z€T)

Scaling and translation arguments applied to a standard bubble function yield the
existence of a smooth function g with the properties

vs(z) =0, VzeZ, |S|5/ws,
S

supp s C TL UT, C Ns, ||[V¥s] ey S hs®, k=0,1,2,

(5.47)

see [2] for details. After these preparations we are ready to derive the local efficiency
of &,.

<>

G

Fig. 5.1: Simplices T and T”, that share the side S, with their sub-simplices T, and

T, , respectively, obtained after dividing their edges into four equal segments, in two
dimensions (left) and three dimensions (right).

LEMMA 5.8 (local efficiency of &,). Let (b,y,p) € L*(Q) x H} () x Hi(p, Q)
be the solution to the optimality system (BA)-6) and (Uz,Y7,ps) € Uaa(T) %
V(T) x V(T) be its numerical approzimation defined by (EI3)-GEIH). If a € I, then

o o T
&(p7,¥7:T) SV = P2)L2one) + # (TN Z) R 2y =Yz, (5.48)

where the hidden constant is independent of the optimal variables, their approrima-
tions, the size of the elements in the mesh & and #7 .

Proof. Let T € 7 and S € . be a side of T. We will estimate each one of the
terms that comprise definition (522) separately.

We begin with the term hpDZ||[v - vﬁ?ﬂ”%?(a:r\aﬂ)- If 15 denotes the smooth
function defined by (GA4T), then

Il VosMlacs) < [ I Voo = [ - Voslos,



22 A. ALLENDES, E. OTAROLA, R. RANKIN, A.J. SALGADO

where ¢s = [v-Vpg[]s. Since ¢pg(z) =0 for all z € Z and supp ¢ps C T, UT. C N,
we invoke the definition of %, and estimate the right hand side of the previous identity
as follows:

/S [v - Vorlos = (o, 65) < | ollm3 o1 oy IV s 2001 )

—1/2 %o/ = _
< hp' 2Dy E IV~ p)llzzon IV VP llza(s).
where we have used (540) and [2] equation (5.9)]. The previous computations yield
the estimate

hr D[l - VoallZacs) S IV = B T2gpn)- (5.49)

From (5.20)) it follows that 7'M Z is either empty or consists of exactly one point.
If TN Z = 0, then estimate (549) immediately yields (548). If TN Z = {z}, then
the local indicator &7, defined in (5.22), contains the term

het2 My g (2) — el
To control this term, we follow the arguments developed in the proof of [2, Theorem
5.3], which yield the existence of a smooth function y such that

X(z) =1, Ixlle=@ =1, [IVxllz=@ =hz', suppx C Nr. (5.50)

n—i n-2_ o
In addition, ||x|[z2(s) S hp” and [[VX|lr2(o-1ap) S hye” 7. With these elements
we proceed to control h3 2 "|y 7 (2) — y.|? as follows. We start with a simple appli-
cation of the triangle inequality:

7 @ —n
PRUEI

g_,’_l_l _ g_;,_l_ﬁ _ _ _
hi = 2Nz (z) =yl <hg " *lyz(2) =y +hr *ly(2) —yz|.  (5:51)

The first term is bounded by h:,%ﬁl*% Y =¥l Lo(1). To control the second term we
employ that x(z) = 1, supp x C N7 and integration by parts. Since p solves (5.6, we
obtain

I¥(2) —y=| = [ (¥(2) = y2) x(2)| = la(x,p)| < la(x,p — P7)| + |a(x,Pp7)|
<AVP = p2) 2 (one) VXN L2 (o1 N

+ Z Iy - VpzlllLzsllxllzzcs)-
SeS: SCNT\ONT

The previous estimate, combined with the properties satisfied by x, allows us to derive

n-2_ o _ _ n-1 _
¥(2) = vzl She™ 2IIV(P = P22 (o) + > he? v - VBz]lllLas)
Se: SCNp\ONT

n—2_ o B _
Shy ? <||V(P —p7)lL2(on)

+ ) S iy vwn||p<s>>.

T/Ey:T/C./\/T SEyT/: S¢8NT
(5.52)
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In light of (&52), equation (5.51]) yields
W2y 7 (2) =y S AT = Y7 ey + IV (P = P22 (o p)

+ Z Z hT/D’%/”[[V : V59H||%2(S)7

T'€T:T'CNyp SEFy1: S¢ONT

which, via an application of (&49), yields (5:48]) and concludes the proof. O
REMARK 5.9 (range of «). Notice that, since o € I, we have that

a+2—-—n>0,

so that (.48) is indeed an efficiency bound.
We now conclude with the global efficiency of the error estimator &,c, defined in
(EI1). To derive such a result, we define

oscz (f,7) = Inax ho|[f — Porfl| oo (1)

THEOREM 5.10 (global efficiency of &cp). Let (u,y,p) € L3*(2) x H}(Q) x
H}(p,Q) be the solution to the optimality system [G4A)-(G.6) and (iz,yo,ps) €
Uwd(T) x V(T) x Y(T) be its numerical approzimation defined by (BEI3)-GI0). If
a € (n—2,2), then

Eoep(Y7,P7,U07;.T) S|V —=V7llre) + IV — P2 L2(p,0) (5.53)
+||U—U§HL2(Q)+OSC§('F,§), '

where the hidden constant is independent of the size of the elements in the mesh
and #.7 but depends on linearly on /FEZ and diam(Q)z+1~3,

Proof. We start invoking the definition of the global pointwise indicator &, given
by (EI9) and the local efficiency estimate (B.42]) to arrive at

&Yz, 07 T) SNV = Y7l () + diam(Q)*"?|[i — Gz || L2 + osco (f, 7).

Now, in view of (5.23)), the local efficiency estimate (548]) provides the bound

2

&Pz ¥7: T) SV —pa)llzzpo) + Z R Y = Y7 e (o)-
TeT:TNZ#D

Remark and the fact that #2 < oo imply the bound

2

S owgtTr | < V#Zdiam(Q)3 1 7F,

TeT TNZ#D

which, firstly, is independent of #.7 and, secondly, is where the linear dependence on
V#Z and diam(2)2+1~% comes from. Finally, a trivial application of the triangle
inequality yields

Eiz,p7; T) < llug —T(=5p)| 2@ + [IT(=%P) — (= %P7 2(),

where II is defined in (&I1)). This, in conjunction with the Lipschitz continuity of II
and Lemma [5.1] implies

Su(Ug,p7; 7)) < lug —Ullr2) + IV(P —pPz)llL2(p,0)-

Gathering all the obtained estimates concludes the proof. O
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6. Numerical examples. In this section we conduct a series of numerical exam-
ples that illustrate the performance of the error estimator, even when we violate the
assumption of homogeneous Dirichlet boundary conditions. These have been carried
out with the help of a code that we implemented using C++. All matrices have been
assembled exactly. The right hand sides and approximation errors are computed by
a quadrature formula which is exact for polynomials of degree 19 for two dimensional
domains and degree 14 for three dimensional domains. All linear systems were solved
using the multifrontal massively parallel sparse direct solver (MUMPS) [5] [6].

For a given partition .7 we seek (y7,pz,0z) € V(7) x V(T) x Upa(F) that
solves (BI3)-(E.I5). We solve the ensuing nonlinear system of equations using a
Newton-type primal-dual active set strategy [58, §2.12.4]. Once a discrete solution is
obtained, we use the error indicator

Enor =67 V7,07 T)+ 62 (Br.Y7:T) + EXuz,pr: T), (6.1)

which is defined in terms of (5I8)), (522) and (5.23]), to drive the adaptive procedure
described in Algorithm 1. For the numerical results, we define the total number of
degrees of freedom Ndof = 2dim(V(.7)) + dim(U(.7)), and to assess the accuracy of
the approximation, the error is measured in the norm

H(eyaepaeu)”?z = ||ey||%oo(sz) + |‘V6P||%2(p,ﬂ) + HeuH%%Q)

where ey =y -y, ¢, =p —pg and ¢, = U — ug. For all our numerical examples
we fix A = 1, and consider problems with homogeneous boundary conditions whose
exact solutions are not known, and problems where we violate such a requirement by
constructing exact solutions by taking the optimal adjoint to be

1
—%zezzlogh:—,ﬂ, if Q C R?,
p(z) = (6.2)

1 1

— — if Q c R?

47TZ|33—2|’ HEC RS
z2€Z

and fixing an optimal state, from which the right hand side f can be computed ac-
cordingly.
The initial meshes for our numerical examples are shown in Figure

Fig. 6.1: Initial meshes for Examples 1-3 (left), Example 4 (center) and Examples
5-7 (right).

6.1. Two dimensional examples. First, we consider a series of two dimen-
sional examples for convex and nonconvex domains, with homogeneous and inhomo-
geneous Dirichlet boundary conditions and different numbers of source points.
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Algorithm 1: Adaptive Primal-Dual Active Set Algorithm.

Input: Initial mesh 95, set of observation points Z, set of desired point states {y,}.ez,
box-constraint constants a < b, control cost A and external force f.

Set: i=0.
Active set strategy:
1: Choose initial guesses for the control u% € U(.7) and pu% € U(T).

Compute [y7,ps,ug] = Active-Set[7;,u%, u%, A, a,b,f,y., Z].
Active-Set implements the active set strategy of [58, §2.12.4].
Adaptive loop:

2: For each T' € .7 compute the local error indicator &ocpr given in (GI)).
3: Mark an element T for refinement using either a:
- Maximum strategy: é"OQCp;T > 0.5 ax goip;T,.

- Bulk criterion: see [21].

1
- Average strategy: &opr > 4T Z Epir-
T'eT
4: From step 3, construct a new mesh, using a longest edge bisection algorithm.
Set i < i+ 1, and go to step 1.

Example 1: We consider a problem with homogeneous Dirichlet boundary con-
ditions, letting = (0,1)2, and setting a = —0.5, b = 0.5, and
f(z1,20) = sin(2mz;) cos(2mas)x?, 2 = {(0.75,0.75), (0.25,0.25)},
Y(0.75,0.75) = 1, Y(0.25,0.25) = —1.

Example 2: We let Q = (0,1)2, and set the exact optimal adjoint state as in ([6.2),
a=-04,b=-0.2 and

y(w1,22) = 32x122(1 — 21)(1 — 22), Z = {(0.5,0.5)}, y(0.5,0.5 = 1.

Example 3: We let Q = (0,1)2, and set the exact optimal adjoint state as in ([6.2),
a=-12b=-0.7and

)_/(acl,:vg) = 2.75 — 221 — 229 + 4129,
Z — {(0.75,0.75), (0.75,0.25), (0.25,0.75), (0.25,0.25)},
Y(0.75,0.75) = 1, ¥(0.25,0.25) = 1, Y(0.75,0.25) = 0.5 Y(0.25,0.75) = 0.5.

Example 4: We let Q = (—1,1)?\ [0,1) x (—1,0] an L-shaped domain, and set the
exact optimal adjoint state as in ([@2)), a = —0.4, b = —0.2, and

(21, x2) := r*35in(20/3), with 0 € [0,37/2],
Z={(0.5,05)}, Y0505 = 2"*sin(r/6) — 1.

In Figure[6:2] we present convergence rates for the total error estimator and its individ-
ual contributions, with uniform and adaptive refinement, for Example 1. Figure [6.3]
presents convergence rates for the total error, error estimator and effectivity indices,
considering o« € {0.5,1,1.5} and different marking strategies, for Example 2. We
mention that we conducted such experiments for all the other problems, and came to
the same conclusion. Figure [6.4] presents the finite element solutions for the optimal
state yo, adjoint state ps, and optimal control Uz, on adaptively refined meshes,
and also convergence rates for the total error ||(ey, ep, eu)||q, error estimator &ycp, their
individual contributions and effectivity indices, for Examples 3 and 4.
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Socp Adaptive vs Uniform for o = 1.5 Estimator contributions for o = 1.5 Estimator contributions for o = 1.5
N —B— &up-Adaptive 10° F- S 10°
10 " —6— &uep-Uniform RS,
S -~~~ Ndof~1/2 SIS
S S |- - - - Ndof#/% N ST b
. % 1072 SNE—ge 1 107
10 AN ANy e
107 [—8— &-Uniform 107
10 o %-Uniform —B8— &-Adaptive
—5— &{-Uniform —6— &-Adaptive
lof-3/ h
. | |-~ Ndof!
o] 10 1076l = = Ndof =%/
10° 1Q* 10° 10° 1Q* 10° 10° 1q" 10°
%\ dof i'\Idof %Idof

Fig. 6.2: Example 1: For @ = 1.5 and based on a maximum refinement strategy
we show convergence rates for the total error estimator with adaptive and uniform
refinement (left), all the different contributions with uniform refinement (center), and
adaptive refinement (right).

ll(ey, ep, eu)|ler for v = 0.5 p Socp for a = 0.5 ures Zocp/ ey, e, cu)llg for & = 0.5
R —&— Maximunl|  *° —5— Maximun] —&— Maximun]
N —&— Bulk —&— Bulk 22 —o— Bul
N —&— Average —&— Average —&— Average
10° N - - - Ndof '/* - -~ Ndof /% v
10° AN
107" AN
10° 10" 10° 10" 10°
Ndof Ndof
ey, eps ewl for a = 1 . Socp for o = 1 Saep/l(eys eps eulo for a = 1
S —&— Maximum| 10 —&— Maximun —&— Maximun|
& —&— Bulk —&— Bulk —o— Bulk
" —&— Average —&— Average 25 —&— Average
- - - Ndof ' -~ === Ndof '
10° b -
107" NN
107 N
107 L
S
10—2 S
10° 10" 10 10° 10" 10°
Ndof Ndof
l(ey, ep, eu)llo for a = 1.5 Py Eocp for = 1.5 Socp/ ey, €p, eu)llq for a = 1.5
—& Maamm]] —5— Maximun] —&— Maximun
—o— Bulk —o— Bulk —&— Bu
. —&— Average —&— Average —5—
S - - -~ Ndof /? - - - - Ndof /? 25
107 N 10° q
. .. 20
N N -1 \\\\
. 10 . 15
102 N RN
N R N 10
N 107 S
BRI 5
10° 10" 1 10° 10" 10° 10° _10*
Ndof Ndof Ndof

Fig. 6.3: Example 2: Convergence rates for the total error (left), error estimator
(center), and effectivity indices (right), with o € {0.5,1,1.5} and different marking
strategies.
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l(eys €ps €u)ll and Eoep for a = 1.5 Exror contributions for a' = 1.5 Estimator contributions for @' = 1.5 Effectivity index for a = 1.5
s =5 ¢ = [N
o 7
10 ==&
o4 65
~ - Ndor !
107 N a
N 55
102 5
45
|
10 4
35
107
3
25
10 10" 10° 10 10" 10° 10° 10" 10° 10° 10" 10°
Ndof Ndof Ndof Ndof

(a) Numerical results for Example 3.
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I\ Nt 2
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[I(eys €ps €0)ll and Gocp for @ = 1.5 Estimator contributions for & = 1.5 Effectivity index for a = 1.5
o AE—'L' Leu)la 108 "~ & &, 7.5 —5— Goop/[[(Ey. €p. eul0
10 p )l - ocp/ [[( u
- - a ;1
= pa®

10{,(10* 10 10" of 10 10" of 10 10" of 10
(b) Numerical results for Example 4.
Fig. 6.4: Examples 3 and 4: For a = 1.5 and based on a maximum refinement

strategy, we show the finite element solutions for the optimal state y &, adjoint state
p, and optimal control U &, on the mesh obtained after 20 steps of the adaptive loop.
Also, convergence rates for the total error ||(ey, ep, €y)|/q, error estimator &ucp, their
individual contributions and effectivity indices.

6.2. Three dimensional examples. We show three dimensional examples, for
the domain 2 = (0,1)3, and as before, with homogeneous and inhomogeneous Dirich-
let boundary conditions and different number of source points.

Example 5: Weset a=1,b =10, f =0, and

Z = {(0.25,0.25,0.25), (0.75,0.75,0.75)},
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and for all the desired tracking points z € Z we set y, = 1. The exact solution is not
known. The results are shown in Figure [6.5]
Example 6: We set a = —1.5 and b = 0.2. The optimal state is

y(IEl,IEQ,IEg) = 128:E1£Z?2:E3(1 — ZZ?1)(1 — :Ez)(l — :Eg),

while the optimal adjoint is given by (G.2). The set of observation points is Z =
{(0.5,0.5,0.5)} and y(.5,0.5,0.5) = 1. The results are shown in Figure
Example 7: We set a = —15 and b = —5. The optimal state is

_ 8192
y(x1, 2, 23) = 711?1332353(1 —z1)(1 = 22)(1 — x3),

whereas the optimal adjoint state is defined in ([6.2]). The set of observation points is

Z ={(0.25,0.25,0.25), (0.25,0.25,0.75), (0.25,0.75,0.25), (0.25,0.75, 0.75),
(0.75,0.25,0.25), (0.75,0.25,0.75), (0.75,0.75,0.25), (0.75,0.75, 0.25) }

and we set y, = 1 for all z € Z. The results are shown in Figure 6.7

Socp Adaptive vs Uniform for a = 1.99 | Estimator contributions, for @ =1.99 | Estimator contributions, for @ = 1.99
10°

10° —& &-Uniform

10° EE T

10 10° 10°
Ndof Ndof

107
Ndof

Fig. 6.5: Example 5: For a = 1.99 and both uniform refinement and adaptive refine-
ment using a maximum strategy, we show the convergence rates for the error estimator
Socp, its individual contributions and slices of the final adaptively refined mesh.

6.3. Conclusions. From the presented numerical examples several general con-
clusions can be drawn:

e Most of the refinement occurs near the observation points, which attests to the
efficiency of the devised estimators.

e A larger value of « together with the maximum refinement strategy delivers the best
results. This might be due to the fact that a careful examination o£ the glerivation
of (B.53) reveals that the constant in this inequality depends on h;ﬂff so that,
the larger o the smaller its value.

o The contribution &,(ps,¥s,7) to the error estimator is most of the time the
dominating one. We believe that this shows the very singular nature of the problem
that defines the adjoint variable. Nevertheless, our estimator is able to deliver
optimal rates of convergence.

Acknowledgement. The authors would like to thank Harbir Antil (George Ma-
son University) for insightful discussions.
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