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Abstract

A modification of the standard Boris algorithm, called filtered Boris algorithm, is pro-
posed for the numerical integration of the equations of motion of charged particles in a
strong non-uniform magnetic field in the asymptotic scaling known as maximal order-
ing. With an appropriate choice of filters, second-order error bounds in the position and
in the parallel velocity, and first-order error bounds in the normal velocity are obtained
with respect to the scaling parameter. This also yields a second-order approximation
to the guiding center motion. The proof compares the modulated Fourier expansions
of the exact and the numerical solutions. Numerical experiments illustrate the error
behaviour of the filtered Boris algorithm.
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1 Introduction

In this paper we propose and analyse a numerical integrator for the equations of motion
of a charged particle in a strong inhomogeneous magnetic field,
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X(t) = %(1) x B(x(t), 1) + E(x(1), 1)

1 (1.1)
with B(x,t) = Z Bo(ex) + Bi(x,t) for 0 <e < 1.

This scaling is of interest in particle methods in plasma physics and is called maxi-
mal ordering in [2]; see also [12] for a careful discussion of scalings and a rigorous
analysis of this model. It is assumed that | Bo(0)| > 1, that By, B; and E are smooth
functions that are bounded independently of & on bounded domains together with
all their derivatives, and that the initial data x(0) = x°, x(0) = v° are bounded
independently of ¢.

In (1.1), x(t) € R? represents the position at time ¢ of a charged particle (of unit
mass and charge) that moves in the magnetic field B and the electric field E. The
motion is composed of fast rotation around a guiding center (with the Larmor radius
proportional to ¢) and slow motion of the guiding center.

The standard integrator for charged particles in a magnetic field is the Boris algo-
rithm [1] (see also, e.g., [6]), which in the two-step formulation with step size & is
given by

n+l1 —xn n—1 n+l _ .n—1
x ;2 T Y 2hx X BO", ")+ EG", ) (1.2)

with the velocity approximation v" = ﬁ (x”‘H - x"‘l) at time " = nh. This algo-

rithm does, however, not behave well for (1.1) with small ¢. Here we propose a
modification, which we name filtered Boris algorithm. This modified integrator allows
us to obtain better accuracy with considerably larger time steps, at minor additional
computational cost. It is still a symmetric algorithm. We formulate and discuss this
new algorithm in Sect. 2. It comes in different variants that depend on the choice of a
suitable filter function and of the positions where the magnetic field is evaluated, and
we identify favourable choices.

A different approach to numerical integrators for charged particles in a strong
magnetic field is taken in [3], where damping linearly implicit integrators are studied.
For step sizes h > ¢, those integrators quickly reduce that part of the kinetic energy
that comes from the velocity component perpendicular to the magnetic field. As is
shown in [3], the numerical solution then approximates a numerical solution of an
asymptotic model for guiding-center motion. In contrast, the original Boris method
and the filtered Boris method proposed here do not dampen the high oscillations, and
the filtered method is shown to give approximations of second-order accuracy to both
the actual position and the actual guiding center over an O(1) time scale for stepsizes
h ~e.

In Sect. 3 we state the main theoretical result, Theorem 3.1, which gives an error
bound for the filtered Boris method that behaves favourably with respect to . While
most filters only yield a first-order error bound in the positions, for a particular, non-
trivial choice of the filter a second-order error bound is obtained. A second-order
error bound is also obtained for the component of the velocity that is parallel to the
magnetic field. For the normal velocity approximation, there is still a first-order error
bound for any filter. The proof of Theorem 3.1 is based on comparing the modulated
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Fourier expansions of the exact and the numerical solutions, which are derived in
Sects. 4 and 5, respectively. Combining those results, the proof of Theorem 3.1 is
finally completed in Sect. 6.

We remark that the differential equations for the coefficient functions of the modu-
lated Fourier expansions derived explicitly up to O(g?) in Sect. 4 also yield the motion
of the guiding center up to O(?). They coincide up to O(¢?) with the guiding center
equations of the numerical approximation given by the filtered Boris integrator for
an appropriate filter and for non-resonant step sizes 7 < Ce¢ with a possibly large
constant C. This does not hold true for the standard Boris integrator.

In Sect. 7 we describe a related, but different integrator, called two-point filtered
Boris algorithm, which evaluates the magnetic field both in the current position and
in the current guiding center approximation in each step, and which has similar con-
vergence properties to the previously considered filtered Boris method.

In Sect. 8 we present the results of numerical experiments in which we compare
the standard and filtered Boris algorithms.

In the Appendix we show how the filters are evaluated efficiently using a Rodriguez-
type formula.

2 Filtered Boris algorithm

Using the velocity approximation at the mid-point,

1 h h
Un—1/2 — E(xn _xn—l) — " — 5 " x B(xn,tn) _ EE(xn’ tn)7

the Boris algorithm (1.2) is usually written and implemented as a one-step method
(x", vnfl/Z) — (anr] , vn+l/2),

viﬁl/z = ’L)n_l/2 + % E(.X”, tn)
v,1+1/2 _ vfz;l/Z _ %(UTrI/Z + vr_:_fl/Z) x B(x", t")

2.1
112 — vi+l/2 + 1% E(x", ")

xn—i—l — x" +hvn+1/2'

To capture the high oscillations in the velocity more accurately, the second line of (2.1)
needs to be modified, and one should rather work with averaged velocities v tl2 &
% ftt,,"H v(t) dt and possibly averaged positions. This can be achieved with the help of
filter functions like in [4,9] and [8, Section XIII.2].

For a vector B = (b1, by, b3)T € R? we denote by |B| the Euclidean norm of B
and we use the common notation

R R 0 —b3 by
vX B=—Bv, B=| b3 0 —bi]. 2.2)
—by by O
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For real-analytic functions W(¢) [such as exp(¢{)] we will form matrix functions
V(—h §), which are efficiently computed by a Rodriguez-type formula as described
in the Appendix.
We denote by
. . VI x B!

Xo =X + W (23)
with B" = B(x", t") the guiding center approximation at time ¢" (cf. [11]). For the
argument of B in the algorithm we choose a point on the straight line connecting x”"
and xg:

¥ =0"x" 4+ (1 —0")x} 2.4

with 6" = 6(h|B"|) for a real function 6. It turns out that there is a unique choice of
6 such that a second-order error bound will be obtained:

1

9(‘5) = m,

2.5)
where sinc(§) = sin(§)/&. We note that with the scaling (1.1), we have x" = x" +

O(g), provided that 7| B"| is bounded away from non-zero integral multiples of 2.
We consider the following modification of the Boris algorithm.

Algorithm 2.1 (Filtered Boris algorithm) Given (x", V"~ Y2), the algorithm computes
(x" 1 vty as follows, with B = B(x™, t"), B" = B(x", t") with X" defined by
(2.4), and E" = E(x",t"):

_ h -
VIR =12y 5 V(B E"
1/2 Sa\..n—1/2
V2 o exp(—hB")v’; 2, 26)
prH1/2 2 h (LB E”
B 2
xn-i—l =x"+h vn+l/2
where W (¢) = tanch(¢/2) with tanch(¢) = tanh(¢)/¢.
The velocity approximation v" is computed as
— anrl _ wn—1 o
V" = & (hB") —hY(hB")E", 2.7)
1 inh P -1
where ®1(2) = —— with sinch(z) = S8 g vy = 2O 4,
sinch(¢) ¢ ¢

1/2

starting approximation v/ is computed from (2.10) below with n = 0.

Theorem 3.1 below shows that the choice of filter functions made in Algorithm 2.1
and (2.5) is the unique choice that gives a second-order error bound.

For the choice 6" = 1, the algorithm is explicit and requires only matrix-vector
multiplications that can be done efficiently with a Rodriguez-type formula (see the
Appendix).
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For 6" = 6(h|B"|) with 6(¢) from (2.5), the algorithm is implicit, because x”* then
depends on v" and appears in the argument of B" in the second line. This can be solved
by a rapidly convergent fixed-point iteration for x":

We start the iteration with X = x", then compute vﬁ—H/ 2 from (2.6) and v" from
(2.7) using

ﬁ(xn+l — = %(vn+l/2 + vn71/2) _ %(viﬂ/z n vi_l/z). (2.8)
This then yields x{ from (2.3) and the new X" from (2.4). We note that all matrix-vector
multiplications can be done with a Rodriguez-type formula.

It is readily checked that this iteration map has a Lipschitz constant of size O (g?)
under the scaling (1.1) and for stepsizes & = (O(e). Since the deviation from the
solution of the implicit method is therefore reduced by a factor O(£?) in each iteration,
making just one iteration is sufficient to get the improved second-order accuracy of
the implicit method.

We mention that Algorithm 2.1 preserves volume in phase space exactly in the
case of constant B (and time-dependent B(t)), but only approximately up to O(he)
in the general case of an inhomogeneous magnetic field (1.1). For the original Boris
method it is, however, known from [13] that the map (x,, vu—1,2) = (Xp41, Unt1/2)
is volume-preserving for general magnetic fields.

Two-step formulation The filtered Boris algorithm has the symmetric two-step formu-
lation

n+l _ ,n—1

xn+1 —2x" +xn—1
h2

2 = —
= tanh(~}hB") a +WHBHE",  (2.9)

as is readily obtained by taking two consecutive steps and using (2.8). This formulation
is the basis of our theoretical analysis.

Starting value The starting value v!/2 is chosen such that formulas (2.6)-(2.7) also
hold for n = 0. We find, for arbitrary 7, that

_ —_ h o
vn:l:l/2 — (pl(:Fth)<vn + hT(th)En) + E\D(th) E", (2.10)

where ¢ (¢) = (¢ — 1)/¢. Note that, for given x° and v°, the vectors x¢ and X" are
known, so that (2.7) provides an explicit formula for v'/2.

One-step map (x", v") — (x"T1, v"*+1) Using the last formula of (2.6) together with
(2.10) for relating x"*! and x", and (2.10) with n and + and with n + 1 and — for
relating v"*! and v", the filtered Boris algorithm can be written as

Xt =ty ho' " + g Wi E"

@2.11)
d>'1+lvn+1 _ @ﬁ_vn + % ‘-I—’TF]E”_H + % \IJ_r:_En’

where @' = @ (FhB") and W = W(hB") + 20" Y (hB").
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The method is symmetric in the sense that exchangingn <> n+ 1 and h < —h
gives the same formulas.

The integrator in the case of a constant magnetic field For constant B, we note that
(QJ'EH)_l <I>f‘|r = exp(—hB), and so (2.11) reduces to the exponential integrator (with
the notation W1 (¢) = W (¢) F 2¢1(££)Y({))

Xt — g +h(p1(—h§)vn + %lp+(—h§)En

1 + R 2.12)
v = exp(—hB)" + 2 (Wo(=hB)E" + W) (—h B)E"*1)

with Wo(¢) = W1 (¢)/e1(—¢) and W (&) = W_(¢)/@1(—¢). The method is exact for
a constant magnetic field B and vanishing electric field E, because

0 I\ _ (I tgi(~tB)
exp (0 —tB) - (0 exp(—tB) ) 13)
Since we have chosen W (¢) = tanch(¢/2), the method is also exact for constant B
and E. This is seen as follows: For constant B, the variation-of-constants formula for
the system x = v, ¥ =x x B 4+ E(x) reads, in view of (2.13),
x(ta +h) = x(t) + hoy (=hB)v(t,)
1
+ h2/ (1 — )g1(—(1 — s)hB)E (x(t,, + hs))ds,
0
1
v(t, +h) = exp(—hB)v(t,) + h/ exp(—(1 — s)hB)E(x(t, + hs))ds.
0

For constant E, this becomes (2.12), which yields W1.(¢) = ¢2(£¢), where ¢2(¢) =
€ —1-0)/c%/2) = [ (1 =) gi1((1 = $)¢)ds.

3 Statement of the main result

Our main theoretical result in this paper is the following error bound for the filtered
Boris algorithm. Here we denote, for the exact velocity v(t) = x(z),

vy (1)

B, 1) <B(x(t),t)

T BG®), 0] \UB(x(), )| ”(t))’ v () =v(@) — v,

and similarly for the numerical velocity v",

. B0 (B(x”,t”) n) no_on_

v = v
[B(x", t")| \|B(x", ")
We then have the following result.
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Theorem 3.1 We assume the following, with arbitrarily chosen positive constants c,
C,MandT:

1. The initial velocity satisfies an e-independent bound
W0 < M. (3.1

2. The exact solution x(t) of (1.1) stays in a bounded set K (independent of ¢) for
0<t<T.

3. The step size satisfies h < Ce and is such that the following non-resonance
condition is satisfied:

| sinc(3kh|B(x(),1)[)| = ¢ > 0 fork =1,2,3. (3.2

If in the filtered Boris algorithm,

— x" is given by (2.4) with the function 6 of (2.5), and
— the filter functions V and Y are defined as in Algorithm 2.1,

then the errors in the positions and the velocities are bounded by

= x(t") = O,
it o) = 0@, v — v (") = Oe). (3.3)

For a different choice of the functions 0, W and Y, the error bounds are not better than
O(e) for general problems (1.1). The constants in the O-notation are independent of &
and h andn withQ < t" = nh < T, but depend on T, on the velocity bound M and the
constants ¢ and C, and on bounds of derivatives of By, B1 and E in a neighbourhood
of the set K.

We remark that in view of the error bounds, the non-resonance condition might be
required along the numerical solution x” instead of the exact solution x (¢) as in (3.2).

The proof of this theorem will compare the modulated Fourier expansion of the
exact solution (as given in Sect. 4) with that of the numerical approximation (as given
in Sect. 5). It will be given in Sect. 6.

Remark 3.1 The proof also shows that the choice x”* = x”" is sufficient for order 2 if
the magnetic field satisfies, for all z € C3 and x € K and all times ¢,

Im (z x 9,B(x,1)7) - B(x,1) = O(s).

Remark 3.2 As a consequence of Theorem 3.1, the approximate guiding center x¢ of
the numerical solution, given by (2.3), is an O (&%) approximation to

x(t) x B(x(1),1)

xo () =x(1) + |B(x(2),1)|?

’

which is an O(g?) approximation to the guiding center of the trajectory x(r) (by
Theorem 4.1 below; cf. [11]).
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794 E. Hairer et al.

4 Modulated Fourier expansion of the exact solution

We write the solution of (1.1) as a modulated Fourier expansion

HOE DA @.1)

keZ

with coefficient functions zX(¢) for which all time derivatives are bounded inde-
pendently of &, where ¢(t)/e = |B(z°(t), 1), and z°(#) describes the motion of
the guiding center. Such a formal expansion has first been considered in [10] for
proving the existence of an adiabatic invariant (essentially the magnetic moment
%|)€ x B(x)|?/|B(x)|?). It has been used for a rigorous proof of the long-time near-
conservation of the magnetic moment in [7], where this approach was extended to
the numerical solution of a variational integrator, for which near-conservation of the
magnetic moment and of the energy is rigorously proved over long times that cover
arbitrary negative powers of €.

Following [7], we diagonalize the linear map v — v x B(x, t), which has eigen-
values Ay = i|B(x,1)|, Ao = 0, and A_; = —i|B(x, t)|. We denote the normalized
eigenvectors by vy (x, t), vo(x, 1), v_1(x, t), and remark that vo(x, t) is collinear to
B(x,t). We let Pj(x,t) = v;(x,t)vj(x,1)* be the orthogonal projections onto the
eigenspaces. Furthermore, we write the coefficient functions of (4.1) in the time-
dependent basis v; (zo(t), t),

d=dt+,, Fo=Pi(0.0)Fo. 4.2)

Since x (7) is real, we assume z X = 7k forall k. Together with the fact that v_; (x, 1) =
v1(x, ) and vo(x, 1) is real, it follows

z:’f = z’f, zak =z, zl_k =z*,. (4.3)

The following result is a variant of Theorem 4.1 in [7], adapted to the present case of
a strong magnetic field of the form (1.1). Note that B in this paper corresponds to B/¢
in [7].

Theorem 4.1 Let x(t) be a solution of (1.1) with bounded initial velocity (3.1) that
stays in a compact set K for 0 <t < T. For an arbitrary truncation index N > 1 we
then have
x(t) =Y K@) e*OE 4 Ry @), (4.4)
[k|<N

where the phase function satisfies o) =¢|BE1), 1) = O().

(a) The coefficient functions *@) together with their derivatives (up to order N ) are
bounded as z? =O() for j € {—1,0,1}, z} = O(e), z_| = Oe), z’; =0
for |k| =1, j # k, and for the remaining (j, k) with |k| < N,

=0, 4.5)
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A filtered Boris algorithm for charged-particle dynamics... 795

They are unique up to O(eN12). Moreover, we have z° x B(Z°, 1) = O(1).
(b) The remainder term and its derivative are bounded by

Ry@) = O@?eN), Ry@)=0O@weN) for 0<t<T. (4.6)

(c) The functions 28, zoi > z}, z:} satisfy the differential equations

70 = Poz°, NEEC, 1) +2 Py, 1) Re(i?z} x B'(2°, t)zii)

+2 Py(z%, 2% + Po(z%, 0% + O(e?), 4.7
0 =P 0 + i%Pil(zo, NEE, 1) + O, (4.8)
i = —%ii +0(e%) = 0, (4.9)

PO d .. ..
where we use the notation P; (zo, 1) = gPj (zo(t), t) and similar for P; (zo, 1).
All other coefficient functions z];

. -1
on 0,20 21 71,

(d) Assuming ¢ (0) = 0, initial values for the differential equations of item (c) are
given by

are given by algebraic expressions depending

x(0) x B(x(0), 0)
|B(x(0), 0)[2
£0(0) = Po(x(0), 0)(0) + Po(x(0), 0)x(0) + O(e?),

. € .
Z210) = ;1(}5(—0)&1@(0), 0)x(0) + O(e?).

22(0) = x(0) + + 0,

The constants symbolised by the O-notation are independent of € and t with
0 <t < T, but they depend on N, on the velocity bound M in (3.1), on bounds
of derivatives of B and E, and on T.

Remark 4.1 We note that the guiding center motion of the system (1.1) is given by
the non-oscillating term z°(¢) in the modulated Fourier expansion. By the uniqueness
of the modulated Fourier expansion up to high powers of ¢, the equations in item (d)
hold not only at time O, but forall r < T.

Proof (a) and (b) Compared to Theorem 4.1 in [7], where a more general strong
magnetic field is considered, the time interval of validity of the modulated Fourier
expansion is here O(1) instead of just O(¢), and the bound (4.5) is improved by a
factor ¢. The improvement of the time scale comes about by observing that a function
X« (¢) that solves (1.1) up to a defect d(¢), i.e.,

Xe(t) = X5(t) X B(x4(2), 1) + E(x4(2), 1) +d(2),
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796 E. Hairer et al.

satisfies an error bound, for0 <t < T,

t
X (1) — x(O)] =< C(Ix*(O) —x(0)] + [x4(0) — x(0)]| +/O Id(t)ldt>,

where C is independent of ¢ but grows exponentially with 7. This is proved by
decomposing B(x, t) = e By(0) + e 1 (By(ex) — Bo(0)) + B (x, 1) and using the
variation-of-constants formula and the Gronwall inequality. The improvement of the
bound (4.5) is a consequence of the fact that the derivatives of B(x, ¢) are bounded
independently of ¢.

(c) For the error bound of Sect. 6 we need precise formulas for the dominant terms
of (4.4). Inserting the expansion (4.1) into the differential Eq. (1.1) and comparing
the coefficients of el¥¢()/¢ yields

oy o Pak (k¢ k2¢ ) = Fk, (4.10)
£

where, using Taylor series expansion for the nonlinearities,

Fh= 3" (Z’”+ik1§Z"'> > B(m)(z N+ — E(m)(z nz.

k1+ka=k m>0 m>0
s(a)=ky s(a)=k

Here, B" (x, 1) and E (x, 1) denote the mth derivative with respect to x, @ =
(@1, ...,ap) is a multi-index with o; € Z\{0}, s(@) = a1 + -+ + ap, || =
leey| 4+ -+ + |ogn|, and 2% = (2%, ..., z%).

From (4.10) it follows that the motion of the guiding center z°(z) is given by

0 =20 % B, 1) + E(°, 1) + 2Re (i%zl x B'(2°, t)z*‘) + 0@, (@11

The solution z%(¢) is influenced by the functions z*! which, by (4.10), satisfy

. .
Lol (ii"—5 - ¢—2>z ( *l :l:l(p il) x B0, 1)+ Oe).  (4.12)
£ £ £

Note that, whereas B (ZO, t)isofsize (’)(8’1 ), its derivatives are bounded independently
of & due to the special form (1.1).

To get solutions with derivatives bounded uniformly in &, one has to extract the
dominant terms. Multiplying (4.11) with Po(z t) eliminates the ¢~ !-term that is
present in B(z, 1), and the second derivative 7 2y becomes dominant. leferentlatlng the
relation Zo = Py(z°, 1)z° with respect to time yields Z, Zo = Py(z°, 1)z04+2Py (20, )0+
Po(z 1)z, This then glves (4.7). Note that, due to the special form of B(x, t), the
time derivatives of P; (20, 1) are of size O(¢).
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A filtered Boris algorithm for charged-particle dynamics... 797

A multiplication of (4.11) with Py 0, 1) gives

Pii(2%, 070 = ii“gPﬂ(zO, 020+ P % DEE, 1) + OCe).

Substituting P11 (20, 1)z0 = z'(il — P11(z% nzZ° and extracting z'(il yields (4.8). Note
that Zgﬂ = O(e), so that also 'z'g_Ll = O(e), and P+1(z°, N7 = O(e).

Since d)/e = |B(Z° 1)|, the e 2-terms cancel in (4.12) after projection with
P11(Z%, 1). Therefore, the £ ~!-terms are dominant and we obtain (4.9).

(d): Assuming ¢ (0) = 0, initial values are determined from (4.4) by

x(0) = 2°00) + (z'(0) + 271 (0) + O(e?)
d',(o) (4.13)

£(0) =220 + (') + 271 0) + iT(z‘(O) —z710) + 0.

This is a nonlinear system for Z22(0), 28 0), z% 0), z:i (0). We write the vectors in the
basis {v; z°(0), 0)}, and we select the dominant terms in each equation. They are
z%(0) in the upper relation of (4.13), and 28(0), z}(O), z_(0) in the lower relation.
Fixed-point iteration then yields the stated equations for the initial values. Note that
the relation P;(z°(0), 0) = P;(x(0), 0) + O(e?) has been applied. O

5 Modulated Fourier expansion of the numerical solution

We consider the two-step formulation (2.9) of the filtered Boris algorithm, and we
write the numerical approximation x" as

XAy K@y R0 =i, 5.1)
keZ

We use the same notation for the coefficient functions as in Sect. 4. Note, however,
that for the numerical solution these functions are not the same and depend on the
additional parameter 2. We again consider the basis {v; (x, )} and the corresponding
orthogonal projections P;(x, t), and we write the coefficient functions ZF asin (4.2),
with the only difference that here the argument z°(¢) is the non-oscillating part of (5.1)
and not that of (4.1).

Theorem 5.1 Let {x"} be a numerical solution of the filtered Boris algorithm applied

to (1.1) with bounded initial velocity (3.1), and suppose that it stays in a compact
set K for 0 < nh < T. We assume the non-resonance condition

| sinc($kh|B(x", 1)) = ¢ >0 fork=1,...,N+1, (5.2)

for afixed, but arbitrary truncation index N > 2, and (for convenience of presentation)
also the bound n = h/e < C. Moreover, we assume that the filter function W in (2.9)
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798 E. Hairer et al.

is bounded by |V (i§)| < C |tanc(%§)|f0r all real &, where tanc(§) = tan(§)/&. Then,
we have that .
A= 0O L Ry, 1 =nh, (5.3)
lkl<N
where the phase function is given by o) = ¢|B(E (), 1)].

(a) and (b) The coefficient functions z*(t) together with their derivatives (up to order
N) as well as the remainder term and its derivative satisfy the bounds of
items (a) and (b) of Theorem 4.1.
(c) The functions z8, zoﬂ , z{, z:} satisfy the differential equations (with 6 (&)
used in the definition of X" in (2.4))

20 =P DEC D +2PE° 1) Re(i‘fz% x B'(, t>z:i)

x0(nd) sinc(ng/2)* + 2Py (2%, 2% + Po(z°, % + O(?), (5.4)
\IJ(ind'))

29, = P 0 £ —— i E P EC . 1) + OED),  (55)
tanc(%) d)
L
i =- 7:—; 4+ 0@ = 0@E?). (5.6)

anc(22)

All other coefficient functions z]; are given by algebraic expressions

depending on 2°, ), 71, Z:}-

(d) Assuming ¢ (0) = 0, initial values for the differential equations of item (c)
are given by the same equations as for the exact solution, up to O(e?),

x(0) x B(x(0),0)
|B(x(0),0)|2
20(0) = Py(x(0), 0)%(0) + Po(x(0), 0)x(0) + O(e?), (5.7)

. € .
251(0) = Fizg PH1 0,010+ O(e?).

22(0) = x(0) + + O(e?),

The constants symbolised by the O-notation are independent of € and n
with 0 < nh < T, but they depend on N, on the velocity bound M in
(3.1), on bounds of derivatives of B and E, and on T.

Proof (a) and (b) We do not present the details of the proof of the existence of the
modulated Fourier expansion and the bounds for the coefficient functions and the
remainder term, since this uses the same kind of arguments as in previous such proofs,
e.g.in [5,7,8]. In particular, for |k| = 1, j # k and for |k| > 2 the construction of the
coefficient functions (see part (c) below) shows that zlj‘. is multiplied by

% sin(@) sin(—(k —2j)77¢‘>)‘
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Under the non-resonance assumption (5.2) this expression is bounded from below by
a positive constant, so that an algebraic relation for zlj‘. can be extracted.

By construction of the coefficient functions the truncated series of (5.3) satisfies
the two-step relation (2.9) up to a defect of size O(e"). A standard discrete Gronwall
argument then gives the bounds on the remainder.

(d) The initial values are obtained from

x(0) = 2°0) + (z'(0) + 271 (0)) + O, (5.8)
which is a consequence of (5.1), and from

0 0
(0) = @ (hB(x(0), 0))2°(0) + 2 ¢’“ 1(0)—M 10

—hY (hB(x(0), 0)) E(x(0), 0) + O(e?), (5.9)

which follows from (2.7) and Lemma 5.1. As in the proof of Theorem 4.1 this con-
stitutes a nonlinear system for the values %0, 28(0), z%(O), z_,(0). The relation
(5.8) yields z{(0). Multiplication of (5.9) with P;(z°(0), 0) = P;(x(0),0) + O(&?)
gives 1'8 (0) for j = 0 and zjﬂ (0) for j = =1, where we use in addition that
@1 (hB(x(0),0) = @1(hB(z°(0),0)) + O(e?) and P112° = 19, — P112° = O(e).
Remarkably we get, up to terms of size O (¢?), the same formulas for the initial values
as for the exact solution.

By the uniqueness of the modulated Fourier expansion [up to O(¢™)], these relations
hold not only at time 0, but for arbitrary times r < T, except for a phase factor eTi¢ ()
in the equation for ZE This phase factor did not appear in (5.7) because we chose
¢(0) =0.

(c) To derive the differential equations for the coefficient functions we first expand
the perturbed argument of B(x, t) in the filtered Boris algorithm as

Ay et OE = nh. (5.10)
keZ

The coefficient functions ¢¥(r) are obtained as follows: inserting the modulated

Fourier expansion (5.1) into (2.7), using Lemma 5.1 below, and replacing & (hléz)
by @1 (hB(Z°(t"), ")) yields with t = nh

= 0 + 2O @y evie - 0D 1y eivwre 4 o),
e I

see also the more detailed computatlon in Sect. 6. Since we have zo(t) =
Po( O), t) O(t) + O(e) and B" = ( 0@m, t") + O(e), this implies

V" x B"

B —z{ () O — 271 (1) eTPO/E L O(e?),
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and consequently x = 22(t") + O(e?), which shows that x¢ is an excellent approx-
imation of the non-oscillating part of the numerical solution x". Together with the
definition (2.4) of x" we find the dominating terms of the expansion (5.10) as

O =20 +0ED, o) =007 @) + OED), (5.11)

where (1) = 0(h¢(1)/e) = H(hIB(zO(t), D).

After this preparation, we insert the expansions (5.1) for x" and (5.10) for x”"
into the two-step formulation (2.9) of the filtered Boris algorithm. Using Lemma 5.1
below, expanding the nonlinearities around ¢° and z°, and comparing the coefficients
of e*? (/e yields

St = Y (X e ) (e )

1>0 ki+ka=k m>0 1>0
s(a)=k
1
(m) o Lm0 e

+ Z(Z v t)z)(Zm!E (z,t)z),

ki+ky=k m>0 m=>0

s(a)=k; s(e)=ka
where T(m)(x 1) denotes the mth derivative of Tj(x,7) = 2 = tanh(— hg(x 1)

with respect to x and, similarly, \Il( )(x t) is the mth derivative of Wz(x,1) =

v ( —hB (x, t)) with respect to x. These derivatives are bounded under the assumption
that » = h/e < c and the non-resonance condition (3.2).
For k = 0 we obtain

2 =150 0 + % DEE, 1)

{2Re ((Té(;o, neh)— sin(nqé)z‘) +O®), (5.12)
&n
and for k = 1 we get
e2di 2 + e = T (e e T + ) + 0). (5.13)

Because of (5.11), the argument % can be replaced by z° in these equations. In the
limit # — 0, i.e., n = 0 we have accordance with the Egs. (4.11) and (4.12) for the
exact solution, respectively.

To get the differential equations for the dominant coefficient functions, we shall
use the relations

Po(Z°, t)Tg(zO, t) =0, P (2, t)Tg(z t) = :1:1% tan(Z(ﬁ)Pﬂ(z 1),

Py, )50 1) = Po%, 1), P w300 = (il%)Pﬂ;](Z ,1).
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Multiplying the Eq. (5.12) with Py(z°, r) and applying the differentiation formula of
Lemma 5.2 yields the differential equation

Py% 1)z = P°, NEE, 1)

2 _
+2Po(z°,z)Re< %tan(ms)(B @, ¢ 1) 0 smc(ndb)zl> +O@?).

Using (ﬁ’ (x, t)Ax)v = —v x B’(x,t)Ax, which follows from differentiation of
E(x, t)v = —v X B(x,t), the trigonometric identity sin(2¢) = 2 sin(«) cos(«), and
the second relation of (5.11), this equation becomes (5.4).

A multiplication of (5.12) with Pii(Z0, 1) permits to extract the dominant first
derivative %, and gives (5.5).

We next consider the Eq. (5.13). The e 2-terms in the left and right sides are
contained in

4 : 2 h i ,
a2 sin 2(?)zil and :tJtanh(—EB(zo,t))%sin(mj))zil.

After multiplication with Py (ZO, t) these terms cancel because of the above formula
for P11(2°, t)Tg(zo, t). The remaining terms lead to

Zﬂ _ (cos(n¢) + tan(n2¢) sm(nqb))qb } L OE.

%(sin(n(i)) — tan(%) COS(nd’))

which simplifies to (5.6). O
In the above proof we referred to the following lemmas.

Lemma 5.1 ([7]) For smooth functions ¢ (t) and z*(1) let y* (1) = **O/¢ (1), and
denote 1 = h/¢. The finite differences of y*(t) then satisfy

k k
(t+h)—yt—h Z
82hyk(l) — y 2hy — elk¢(l)/€ 81 1 k(t) ZZ (t)
>0

k ok ket
Siyk(t) — Yt + h) 2y ®) +y (¢ h) 1k¢(t)/s ZSZ de(t) Z (l)

h2
>0

where ¢9; = 0,¢9, = n*/(2j+ D} and dj = 0,d); = 20> 2 /2 )}, ;| = 0.
The leading coefficients are

i . k o
ki) = % sin(kng (1)) — 8?]7 sin(kng(1))b (1) + O(e?)
k(1) = cos(kn(1)) + O(e)
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k”‘g(t)) +iekcos(knd()d(r) + OE?)

4
d(])‘(t) = _F sm2<
df (1) = %sin(knq'b(t)) + O(e). (5.14)

Note that these coefficients depend on 7, &, and ¢ via derivatives of ¢ (¢).

Proof Expanding ¢ (¢ & h) and z*(t & h) into Taylor series around ¢ yields the stated
formulas. O

Lemma5.2 Let T(x,t) = %tanh(/\—%ﬁ(x, t)), and let Pj(x,t) be the orthogonal
projections onto the eigenspace of B(x, t) corresponding to the eigenvalues Ly = 0
and »; = —i|B(x,t)| = —ip(x,1)/e, and »_; = i|B(x,1)| = id(x,1)/¢, respec-
tively. Omitting the argument (x, t), we then have withn = h/e,

Po(ToAx) Por = =2 tan("2) Py (B Ax ) P
o\fpax :I:l—:Fn_qsanj 0 X ) E+1,

where prime indicates the derivative with respect to x.

Proof Writing tanh as a Taylor series with coefficients y; and differentiating term by
term, we obtain

2 AN Ny
P0<T§Ax> Pir=2m (—5) PO(B/Ax)Bl py,
>1

P EIOLICEO G

>1

2i N
== tanh(ii@) PO(B’Ax> Puir.
ne 2

This proves the statement of the lemma. O

6 Proof of Theorem 3.1

Theorems 4.1 and 5.1 show that the coefficient functions zX (¢) [and also z°(r)] of the
modulated Fourier expansions of the exact and numerical solutions coincide up to
O(&?) for the choice (2.5) and W(z) = tanch(z/2). This also shows that the phase
functions ¢ (with ¢(t) = ¢|B(°(t), 1)]) differ only by O(?), respectively. Since
all coefficient functions z¥ of the modulated Fourier expansion with the exception of
z¥ are of size O(g) or smaller, this yields that all summands 2K (1)eikd /e gtill differ
only by (9(82). So we obtain the (9(82) error bound for the positions as stated in
Theorem 3.1.

We now turn to the error bound for the velocities. By Theorem 4.1, using that
zi} = O(£?) and z’; = O(3) for k| = 1 and k # j and for k| > 2 and all
j = —1,0, 1, together with their derivatives, the velocity of the exact solution satisfies
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@ 21 () e PO/ L O@E?). (6.1)

v(t) = %) =220 + @ 2 () et /e

We shall show below that the numerical solution admits the same expansion with
functions ¢ (1), 200, z} (t),z_; (¢) that correspond to the modulated Fourier expansion
(5.1) of the numerical solution and not to (4.1) of the exact solution. By Theorems 4.1
and 5.1, these functions differ only by O(¢?). Because of the denominator & in the
second and third terms on the right-hand side of (6.1), this yields

V' —u(t") = 0(%),  but v — ") = O, 6.2)

and proves the statement of Theorem 3.1.
Using Lemma 5.1 and ¢(¢) = O(¢), we have, with t = nh, that

P 1¢(t)

S = 00 +sine(nd(0) == (1 (0 — 2 (0eTHO) £ O(e?),

&
A consequence of the maximal ordering in (1.1) is that <I>1(h§(12”,t”)) =
@ (hBEO ("), 1) + O(e?), and YT (hB(x",1") = Y(hBE ("), ")) + O(?).
Splitting @1 ()2 into z° + (®1(-) — 1)z° and using Y(¢) = (®1(¢) — 1)/¢, we
therefore have

. xn—i—l _ xn—l .
V" = @ (hB(", 1)) > —hY (hB(", ") E(x", ")
.9 t . .
=90 + ip( )(z{(t)eld’(’)/g . Z:%(t)e—l(b(t)/a)
&

+h Y (B0, 0)(B((0), 1)2°0) = E((0).1)) + Oe).
Since Y (0) = 0 we have Y (hB(z°(1), 1)) Po(z°(1), 1) = 0. On the other hand

PO, (B0, )20 - E(0), 1)) = 0@

which follows from (5.5) for W(iy) = tanc(y/2). This proves the relation (6.1) also
for the numerical solution.

7 A two-point filtered Boris algorithm

Algorithm 2.1 evaluates the magnetic field B at x" given by (2.4)—(2.5), which can be
far from both x" and the guiding center approximation xg of (2.3) when &|B(x,)| is
close to a nonzero integral multiple of 27r. In the following we propose an alternative
filtered Boris algorithm with the same second-order convergence properties as in
Theorem 3.1, which evaluates the magnetic field at the two points x” and xg.
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Algorithm 7.1 (Two-point filtered Boris algorithm) Given (x, v"~1/2), the algorithm
computes (x" 1, v"1/2) as follows, with B" = B(x", "), Bl = B(x},1") and
E" = E(x", t"):

n—1/2 _

o~
vy v”_l/z—i—z\ll(hB")E”

- _ h —~ _
Oy (B =) = Do (B (o2 + ) x B
2 (7.1)
h —~
P2 2 5 W(hB") E"

xn—i—l =x"+h vn+1/2’

where WV (¢) = tanch(¢/2) and ®1(¢) =

1
) = —
2O = Ghenc 22 )
The velocity approximation v" is again computed by (2.7), with B" instead of B".

1
—— are as in Algorithm 2.1, and
sinch(¢)

For constant B, Algorithms 2.1 and 7.1 are identical and explicit. In the general case,
both methods are implicit, but this time the fixed-point iteration for xg, requires not
only the evaluation of matrix functions by the Rodriguez formula, but in addition the
solution of a linear system with the 3 x 3 matrix ®; (h Eg) + %h B" O (h E”). We further
note that in the case of a vanishing electric field, E” = 0, Algorithm 2.1 preserves the
velocity norm [v"T1/2| = [v"~1/2|, which is satisfied only approximately up to O (he)
by Algorithm 7.1. While these properties are unfavourable for Algorithm 7.1, our
numerical experiments indicate that it yields higher accuracy than Algorithm 2.1 for
stepsizes such that #| B| is large, and in particular it is less sensitive to near-resonances
where h|B| is close to an integral multiple of 27 .

The two-step formulation of Algorithm 7.1 is

xn+1 —DxN +xn71
h2

n+1 n—1

— ®y(hB(F". t"))_1<d>1(h§")x x B") FWRBHE".  (1.2)

The starting value v'/? is chosen such that formulas (7.1) and (2.7) also hold for
n = 0. With the abbreviations

A" = ®y(hBE) "' @1 (hB"), W" = W(hB"), " = T (hB"),
" = (I F 5 A"hB")sinch(hB"),
W= W20,

we find, for arbitrary n, that like in (2.10),
VEVE = @y £ L WLE",
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and the one-step map (x”, v") — (x"T!, v"*1) is then again given by (2.11) with
these modified matrices @', and W/}

For the two-point filtered Boris algorithm, the second-order convergence result of
Theorem 3.1 in x and v and the first-order convergence in v | remain valid, as can be
shown by an adaptation of the proof of Theorem 5.1, for which we omit the details.

8 Numerical experiment

As an illustrative numerical experiment, we consider the charged-particle motion in
the magnetic field

1 0 0 1 0 —X1
Bx,t)=Vx—-|x1 |+Vx |xix3]=-10]+ 0 ,
I3 I3
0 0 1 X3

and the electric field E(x, r) = —V, U (x) with the potential
1
1 /x12 + x%

The initial values are chosen as x(0) = (%, 41'1’ %)T and v(0) = (%, %, 1)T. We solve
this problem for 0 < ¢ < 1 with & = ¢, 4¢, 16€ and compare the numerical errors of
the following methods:

Ukx) =

the standard Boris algorithm,

— Exp-A: the filtered Boris method of Algorithm 2.1 with & = 1 in (2.4) (where
x" = x" and the method is explicit),

Imp-A: the filtered Boris method of Algorithm 2.1 with 6 of (2.5),

Two P-A: the two-point filtered Boris method of Algorithm 7.1.

The errors in x and v, v, against different € = 1 /27 are displayed in Fig. 1, where
j =4,...,13. Then we fix ¢ = 1/2'° and show the errors at = 1 against /€ in
Fig. 2. It is observed that all three filtered Boris methods improve considerably over
the standard Boris method, and the optimally filtered methods Imp-A and Two P-A
show second order, whereas method Exp-A only shows first order. Methods Imp-A
and Two P-A behave very similar away from stepsize resonances, but method Two P-A
appears more robust near stepsize resonances. For the implicit methods Imp-A and
Two P-A, the error behaviour remains essentially unchanged after just one fixed-point
iteration.
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The global errors of x with h=¢ The global errors of vH with h=¢ The global errors of v N with h=¢
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Fig.1 The logarithm of the global error against the logarithm of €
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The global errors of x for Boris The global errors of Y for Boris The global errors of v, for Boris
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Fig. 2 The logarithm of the global error at + = 1 against i/e for ¢ = 1/210 and h = 1/k, where
k =60,61,...,600

Acknowledgements Open Access funding provided by Projekt DEAL. C.L. thanks Eric Sonnendriicker
for stimulating discussions during the Oberwolfach workshop 2019-04. This work was supported by the
Fonds National Suisse, Project No. 200020-159856, by Deutsche Forschungsgemeinschaft, SFB 1173, and
by the Humboldt Foundation.

@ Springer



808 E. Hairer et al.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix: Implementation

The filtered Boris algorithm requires the computation of matrix functions applied to
a vector. This can be done very efficiently with a Rodriguez-like formula. Consider
avector B = (b1, b2, b3)T € R3 and the skew-symmetric matrix B of (2.2), and let
b = |B|. Assume that the function ¢(¢) can be expanded into a Taylor series at the
origin with real coefficients c¢,, and write

0(iy) = 9(0) +iyp1 () — ¥ 2(y)
with @1 (y) = X" ;20 c2j+1(=y*) and g2(y) = 3 ;29 c2j+2(—y*)/. The fact that
B = -p’B

implies that R R
9(B) = 9(0)I + ¢1(b)B + ¢2(b) B> (8.1)

This permits us to compute ¢(§)U by evaluating the scalars ¢(0), ¢1(b), ¢2(b), and
by forming twice a product of B with a vector. Note that Bv = B x v.

For the case that ¢(¢) has only even powers of ¢, we have ¢1(y) = 0, and the
formula simplifies. Similarly, for the case where only odd powers of ¢ are present,
we have ¢(0) = 0 and ¢ (y) = 0. For the matrix functions of Algorithm 2.1 we thus
have

_ in(hb) ~ 1 — cos(hb
exp(—hB):I—SmZ )5+ C;ZS( )52,
_ | — tanc(hb /2
U(hB) = ]_i_#ﬁ{
~ 1 — sinc(hb)™!
@ (hB) =1 + %()E%
~ 1 — sinc(hb)~! ~
Y(hB) = — NP g
(hB) B2
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