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1 Introduction

We consider the following model elliptic interface problem

—div(aVu) = f in £, 1.1)
[ulr =0, [aVu-v]pr =0 on I, (1.2
u=g on 0f2, 1.

where 2 C R? is a bounded Lipschitz domain, f € L?(2), g € H'Y/?(012),
I' is a Lipschitz and piecewise C?-smooth interface which divides {2 into two
nonintersecting subdomains

.Ql C Ql C .Q, .QQ = Q\Ql, I = ({991 0892

For simplicity, we assume that the coefficient a(z) is positive and piecewise
constant, namely,

a=a1Xn, +axa,, ai,az >0,

where X, denotes the characteristic function of (2;, ¢ = 1,2. Here v is the
unit outer normal to 2y, and [v]r = v|p, — v|n, stands for the jump of a
function v across the interface I'. In this paper we will assume {2 is a union
of bounded rectangles so that it can be partitioned by Cartesian meshes. For
general Lipschitz domains we can extend the ideas developed in this paper
in the framework of fictitious domain finite element methods, which will be
studied in a future work.

There are extensive studies in the literature for immersed or unfitted mesh
methods which allow the interface intersecting elements in an arbitrary manner
and thus are able to avoid expensive work in the mesh generation when using
body-fitted methods [3,[18}[53]. For low order approximations, we refer to the
immersed boundary method [43], the immersed interface method [35], the
ghost fluid method [37], the immersed finite element method [17,(36], and
the extended Nitsche’s method or the cut finite element method [11,27]. The
seminal idea of “doubling of unknowns” in the interface element in [27] has
motivated studies of unfitted high order h-methods in [10,30,/31,/52] and hp-
methods in [38}/51]. We also refer to [33] for the unfitted isoparametric finite
element method and the recent review paper [§] for further references on the
theory and application of unfitted finite element methods. We remark that
a crucial ingredient in the design and analysis of unfitted high order finite
element methods is the inverse trace inequality on curved domains for which
various interface resolving mesh conditions are introduced.

A posteriori error estimates are computable quantities in terms of the dis-
crete solution and the input data, which provide the estimation of the discrete
error and are decisive in designing efficient adaptive methods [4]. There exists
an extensive literature on hp-residual type a posteriori finite element error esti-
mates, see [3940] for conforming finite element methods and [29] for discontin-
uous Galerkin methods. The recent work [21] proves that the equilibrated flux
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a posteriori error estimate on conforming meshes is also polynomial degree ro-
bust. The convergence and quasi-optimality of h-adaptive methods based on a
posteriori error estimates for discontinuous Galerkin methods have been stud-
ied in |32, [7] and the references therein. For the reliable and efficient residual
type a posteriori error estimation for other unfitted finite element methods we
refer to the recent work [28] for immersed finite element methods and [13] for
the cut finite element method.

The purpose of this paper is two folds. We first introduce the concept of
interface deviation and prove the domain inverse estimate, which allows us to
show the hp-stability of an unfitted finite element method under new interface
resolving mesh conditions that can be easily implemented in practical compu-
tations. The unfitted finite element method is based on the idea of doubling
of unknowns in [27] and the idea of merging small elements with neighboring
large elements in [31] in the framework of the local discontinuous Galerkin
(LDG) method [20]. Secondly, we derive a residual type hp-a posteriori error
estimate for the unfitted finite element method on the so called K-meshes with
possible hanging nodes [4]. Here we extend the hp-quasi-interpolation operator
in [40] and the hp-local smoothing operator in [29,55] to K-meshes. We also
show the hp approximation error of unfitted finite element functions by H*
functions by using the H'/2-norm localization lemma in [24]. The local lower
bound of our a posteriori error estimate is established by using the domain
inverse estimate. This argument is different from the classical argument in [39]
to derive the lower bound and the result is slightly better (see the remark be-
low Theorem . We remark that for simplicity, a uniform polynomial degree
is used in this paper, but the change to a variable polynomial degree over the
mesh can also be considered by the method in this paper.

The paper is organized as follows. In section 2 we introduce the unfitted
finite element method and prove the domain inverse estimate. In section 3
we show the upper bound of the residual type a posteriori error estimate. In
section 4 we prove the efficiency of our a posteriori error estimator. In section 5
we report several numerical examples to show the effectiveness of our adaptive
unfitted finite element method.

2 The unfitted finite element method

We first introduce the notation and the unfitted finite element method in the
first subsection. Then we prove the domain inverse estimate which plays a key
role in this paper. In the third subsection we prove the stability of our finite
element method.

2.1 Notation and the finite element method

Let 7 be a Cartesian finite element mesh with possible local refinements and
hanging nodes. The elements of the mesh are (open) rectangles whose sides are
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Fig. 2.1 Examples of a large element K with respect to £2; with (a) one, (b) two, and (c)
three vertices in §2;. The element in (a) is an irregular large element with respect to £2;.

parallel to the coordinate axes. For any K € T, let hx stand for its diameter.
Denote 71 = {K € T : KN T # 0} the set of interface elements. We assume
the interface I' intersects each element K € 7! at most twice at different
(open) sides and each element K € 71 includes at most one singular point of
I" where I is not C?-smooth.

Definition 2.1 (Large element) For ¢ = 1,2, an element K € T is called a
large element with respect to §2; if K C £2; or K € T for which there exists
a constant g € (0,1/2) such that |e N £2;| > dole| for each side e of K having
nonempty intersection with (2; and, if K has only one vertex A% in £2; and
includes a singular point Qx of I', dist(Q, e;) > 580 min(|e1], |e2|), where e,
is the side of K having A% as one of its end points and dist(Qk,e;) is the
distance of Qx to the side e;, j = 1,2, see Figure

The large elements with respect to (2; which have only one vertex in 2;
and include a singular point of I'" will be called irregular large elements with
respect to (2;. The other kinds of large elements with respect to (2; will be
called regular large elements with respect to £2;, i = 1,2. We notice that if K is
an irregular large element, then the triangle with vertices A%, Qr, and one of
the intersection points of I'NJK is shape regular with the ratio of the radius
of the maximal inscribed circle to the diameter of the triangle depending on
0.

One difficulty in the study of unfitted finite element methods is the pos-
sibility that K may not be large with respect to both 2; and (25. We make
the following assumption on the finite element mesh which is inspired by Jo-
hansson and Larson [31] in which a fictitious boundary discontinuous Galerkin
method for elliptic equations is developed.

Assumption (H1): For each K € TT, there exists a rectangular macro-
element N (K') which is a union of K and its neighboring element (or elements)
such that N(K) is large with respect to both 21 and (25, see Figure We
assume hy gy < Cohg for some fixed constant Cp.
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Fig. 2.2 The small element K and its macro-element N(K) (shadow region).

One way to satisfy the assumption (H1) is to locally refine the neighboring
elements K’ of K € 7! which is not large with respect to both {2, {25 so that
the elements K’ are of the same size as K and K’ are completely included
in {21 or {25. In this case, we can define N(K) as the union of K and those
neighboring elements K’ (see Figure [2.2).

In the following, we will always set N(K) = K if K € T' and K is large
with respect to both 21,2, Thus T = {N(K) : K e T"}JU{K € T : K C
2;,i=1,2,K ¢ N(K') for some K’ € T''} is also a Cartesian mesh of (2. The
elements in T are large with respect to both domains {21, {25 and the interface
intersects the boundary of each element K € T also twice at different sides.
We will call 7 the induced mesh of 7 and write 7 = Induced (7).

For any rectangular element K, KNI # (), we denote I'x = I'NK and Fl}é
the (open) straight segment connecting the two intersection points of I" and
OK.If K includes a singular point Q, then I'x is the union of two C?-smooth
curves I UTsxk. We denote I’ th the (open) straight segment connecting Q g
and the intersecting point of Ijx NOK, j =1,2.

The concept of interface deviation which measures how far I'x deviates
from 't or 'l I'%. plays an important role in our subsequent analysis.

Definition 2.2 For any rectangular element K, K N I' # (), the interface
deviation ng is defined as nx = max(nk,n%), where for i = 1,2, if K is a
regular large element with respect to 2; with A% € (2; being the vertex of K
which has the maximum distance to ',

i diStH(FK,FI’é)
KT Qist(Al, T
and if K is an irregular large element with respect to £2; with vertex A% € (2;,

disty (I, Tly) dista(Dox, Tiye)
diSt(AéO FlhK) 7 diSt(Aéfv F2hK)

Ng = max

Here disty (1, I2) = maxger, (minger, |2 — y|) is the Hausdorff distance be-
tween two sets I, Iy and dist(A, I'}) is the distance of a point A to the set
1.
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Fig. 2.3 The element K and its macro-element N(K) when K includes a singular point of
I'. (a) K has two vertices in £2;. (b) K has three vertices in £2;.

Lemma 2.1 Let K € T which is large with respect to both 21, 25 and N (K)
be the macro-element which is the union of K and its two or three neighboring
elements included in §2; depending on K having two or three vertices in §2;,
i = 1,2, see Figure[2.3 The neighboring elements are assumed to be of the
same size as K. Then ny gy < max(1/2, (1= d)/(1 + do)).

Proof We first prove the case when K has three vertices in (2;. Let 't be the
segment CD, A% € (2; be the vertex of K having the maximal distance to
CD, and Aé\/( K) € 2 be the vertex of N(K) having the maximal distance
to CD. We extend DC to intersect the extended segment A% By at B), and
AﬁV(K)BN(K) at B;V(K), see Figure b). Denote h; the length of the side
of K parallel to the jth coordinate axis, j = 1,2. By elementary geometry,

|Bno B )l _ | BiCl+ha L . h st (A Th
BBl s = ol 2 2. Thus, since disty(I'k, ') < dist(A%, I'%),

BBl +h  _ |BkBil+h 1

Sy < =_.
NGO = By 0y By + 201~ 2[Bx B | + 20y 2

When K has two vertices in £2;, we use the notation in Figure [2.3|(a). Since
K is large with respect to both 21, (25, we have dohy < |A%C| < (1 —
§0)h1,60h1 < |BiD| < (1 — 8o)h1. Thus it follows from disty(I'x, k) <
max(dist (A%, I'k), dist(B%, %)) that

. < max |A%C| | Bt D] < (1= 380)hy _ 1—46o
NK) = |A3V(K)O|7 |A3V(K)C‘ = hi+dohy 146
This completes the proof. O
We make the following assumption which can be viewed as a variant of
interface resolving mesh conditions.

Assumption (H2): For any K € 77, there exists a rectangular macro-
element N (K) which is a union of K and its neighboring element (or elements)
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such that 7y (x) < max(1/2, (1 —do)/(1 + do)).

If Ik is C%-smooth in K, it is easy to see that disty (I, %) < Ch%
(see, e.g., Feistauer |25, §3.3.2]) and thus nx < Chg for some constant C
independent of hx. When K is an irregular large element with respect to
£2;, we still have distH(FjK,thK) < Ch%, j = 1,2, and thus 1% < Chg.
Therefore, in these cases, Assumption (H2) can be satisfied with N(K) = K if
h is sufficiently small. When K € 7T includes a singular point of I" and has
two or three vertices in §2;, by Lemma[21] if hy is sufficiently small, we may
merge K with its neighboring elements in {2; to obtain a macro-element N (K)
so that 773\7(1() < max(1/2,(1 — d9)/(1 + do)). Therefore, when the interface
elements are sufficiently refined, Assumption (H2) can always be satisfied.

In the following, we denote M the induced mesh from T by possibly merg-
ing elements in 7! with their neighboring elements such that

nx < max(1/2, (1 —dp)/(1+ dp)) VK € M. (2.1)

Obviously, each element in M is large with respect to both (21, 2.

Now we introduce the finite element space using the idea of “doubling of
unknowns” in Hansbo and Hansbo [27]. For any integer p > 1 and K € M,
denote @,(K) the set of all polynomials in K which is of order p in each
variable. We define the unfitted finite element space as

XP(M) = {U1X91 + V2 X0, * Ui|K S QZ)(K)vl = 172}
We also define the broken Sobolev space
H'(M) = {vixa, +vaxa, s vilk € H'(K),i=1,2}.

For any v € HY (M), v|x = vixk, + v2Xk, VK € M, we denote Vv =
Vuixk, + Vuaxk,, where K; = K N §2;, xk, is the characteristic function of
K i=1,2.

Let & = &side y ' U £PYY | where £%4¢ = {e = 0K NOK' : K,K' € M},
EN ={I'k : K € M} and &P = {e = 0K N 002 : K € M}. Since hanging
nodes are allowed, e € £%9¢ can be part of a side of an adjacent element. For
i =1,2, denote by M; = {K € M : KN (2; # 0}. Then ; C 2! = U{K :
K € M;}. We denote Eiside the set of all sides of M; interior to Qih, that is,
not on the boundary 902" Finally, we set £ = &ide y g5lde y £y gy,

For any subset Mc Mand € C £, we use the notation

(u,v) o = Z (u,v)K, (u,v)g:= Z(u,v)e,
KeM ecé

where (u,v)x is the inner product of L?(K) and (u,v). is the inner product
of L?(e).

For any e € &, we fix a unit normal vector n. of e with the convention that
N, is the unit outer normal to 912 if e € EPY and n, is the unit outer normal
to 9082 if e € ET'. For any v € H'(M), we define the jump of v across e as

[]e :=v_ —vy Yee&CUEl  [v]. :=v_ Vee &PV,
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where v4 is the trace of v on e in the £n, direction. We define the piecewise
constant normal vector function n € L (&) = I.cg L>°(e) by n|e = n. Ve € £.

Now we introduce our unfitted finite element method in the framework of
LDG method. We focus on the primal formulation by following Arnold, Brezzi,
Cockburn and Marini [2], Perugia and Schétzau [42]. For any v € HY(M), g €
L%(912), we define the liftings L(v) € [X,(M)]?, Li(g) € [X,(M)]? such that
for any r € [X,(M)]?,

(T, L(U))M = <72 'n, [[’U]Dg, (7", Ll(g))M = <T 'n, g>5bdy7 (2'2)

where the numerical flux #|. = Ser— + (1 — Be)ry Ve € . Here B = 0 or
Be = 1for e € £¢ UL and B, = 1 for e € EPY as suggested in [20] to
enhance the sparsity of the stiffness matrix.

Our unfitted finite element method is to find U € X,(M) such that

an(U,v) = Fr(v) Vv e X, (M), (2.3)

where the bilinear form aj, : H*(M) x H'(M) — R and the functional F, :
H'(M) — R are given by

an(v,w) = (a(Vav — L(v)), Viw = L(w))m + (o], [w])e,
Fn(v) = (f,v)m = (aka(9), Viv = L(v))m + (ag, v)gvay.

Here for any v = v1x0, + v2X0,, w = wiX, +Ww2x0, € H (M),

2

(o], [wl)e = Y _(afvil, [wil) gsae + (@lo], [w])erugver- (2.4)

i=1

We notice that the penalty is added on £ = &5ide U £5lde U L U EPYY instead of
£ = &side y gl U EPYY. The interface penalty function a € L>(€) will be spec-
ified in §2.3 after we prove the inverse trace inequality on the curved domain
in the next subsection. We remark that the stabilization term (afv], [w])er
plays the key role in weakly capturing the jump behavior of the finite element
solution at the interface in the weak formulation .

To conclude this section, we remark that the unfitted finite element meth-
ods in the literature are mostly based on the interior penalty discontinuous
Galerkin (IPDG) method. The LDG formulation allows us to prove the stabil-
ity of the method without assuming the interface penalty constant ag being
sufficiently large (see §2.3 below).

2.2 Domain inverse estimates

Let I = (—1,1) and {L,,}»>0 be the Legendre polynomials which are orthog-
onal in L?(I) and satisfy L,(1) = 1, n > 0. We start by recalling the first
integral of Laplace for the Legendre polynomials (see, e.g., Szego |48 P.97]).
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Lemma 2.2 Forn > 0, we have

Ln(t):%/o {t+(t271)1/2cos¢>nd¢ vt e R.

We remark that the integral on the right hand side of above identity is
actually real if [t| < 1 since [ (cos )**T1d¢ = 0 for any integer k > 0.

Proof For the sake of completeness, we sketch the proof here. By Rodrigues’
formula (cf., e.g., Bernardi and Maday [6]), we know that

Ln(t) = (=L" ( d )n [(1-t3)"] VteR

onpl \ dt

By Cauchy’s integration formula,

Ln(®) = zim /2 I;n—(zt)dz - 2%1 (;11737 /Z <ddz>” (=25 5 i i

for any closed contour enclosing the point z = ¢. Integrating by parts we obtain

1 122-1\" dz
o \2 22—t z—t
The lemma is obvious if ¢ = +1. For ¢t # +1, we choose the circle |z — ¢| =

[t? — 1|'/? as the contour of the integration. By writing z = ¢ + (2 — 1)}/2¢i?,
we obtain easily the formula of Laplace. O

It follows from Lemma [2.2] that |L,(¢)| <1Vt € [-1,1], and

La(1)] < (m Ve 1) Vit > 1, n>0. (2.5)
We now prove the one dimensional domain inverse estimate.

Lemma 2.3 Let I, = (—\ ), A > 1, we have

1
191220 < 5 [0+ VR =1 1] liglary Vg € Qu(),
where Q,(Iy) is the set of polynomials of order p in Iy.

Proof 1t is well known that ||Ly|z2(ry = (n +1/2)7%/2 for n > 0. Thus, for
any g € Qu(In), g(t) = 327 _ganLy(t) and HQH%Z(I) = Ynooan(n+1/2)7%
Now by Cauchy-Schwarz’s inequality

14
HQH%Q(I,\\T) <|lgllZzr - Z(TH‘ 1/2)||Ln||2Lz(1X\f)- (2.6)

n=0
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By using ([2.5) and taking the transform s = ¢ + vt2 — 1,

P

p A
S (4 12 EalZagryiy < Z n+1/2)/ (t+ V2 1) dt

1
P
Z n+1/2)

n=0

A+HVAZ—1
/ (SQn _ 82n72)d8.

1

Now by using the summation by parts, we have

D AV/AZ-1
S 4 12| Lalagrgy < 0+ 1/2) / 7 ds
n=0
=5 [a+ vy ]

This completes the proof by using (2.6)). O

It follows from Lemma [2.3] that for any (a,b) C (a,c), we have

INEE

where A = (¢—1to)/(b—to), to = (a+b)/2 is the midpoint of the interval (a, b).

The following two dimensional domain inverse estimate plays a key role
in the next subsection to study the stability of our unfitted finite element
method.

l\JM—A

b
)\ + VA2 - 1) 1} / lg|*dt Vg€ Qpa,c), (2.7)

Lemma 2.4 Let A be a triangle with vertices A = (a1,a2)T, B = (0,0)T,C =
(e1,0)T, where az, ¢y > 0. Let 6 € (0,az) and As = {z € A : dist(z, BC) > 4},
where dist(z, BC) = min{|z — y| : y € BC}. Then, we have

1+ 6ay*t

2p+3/2
15%_1) [vll2casy Vv € Qp(A).

lollzaca) < T(

where T(t) =t +Vt? —1 Ve > 1.
Proof The triangle A can be parametrized as x = t(s,0)T + (1 —t)(a1,a2)7,

€ (0,¢1),t € (0,1). The Jacobi determinant of the parametrization is ast.
Obviously,

1— 5112
/ |v|2dx = / / v(ts + (1 —t)ay, (1 — t)as)|*astdtds.
As



An adaptive unfitted FEM for elliptic interface problems 11

Since for a fixed s, 9(t) = v(ts + (1 — t)a1, (1 — t)az)t € Q2p+1(0,1), we use

(2.7) to obtain

/1 [u(ts + (1 — t)ai, (1 — t)ag)[*tdt

-1
—dag

1
< %/ to(ts + (1 — t)ay, (1 — t)as)2dt
1 4’5&2 1

75a;1
1 14 §a=1)\ 2o+ 1-day"
<Ly <+a2_1) 1 / o(ts + (1 — t)ar, (1 — t)ay)[2tdt.
2 1 —das 0

This completes the proof. O

The following lemma will be used in section 4 to prove the efficiency of the
a posteriori error estimators.

Lemma 2.5 Let A C R? be a triangle and pa the radius of its maximal
inscribed circle. For any § € (0,pa/2), denote As = {x € A : dist(x,04) >
d}. Then for any v € Q,(A), we have

[vllL2cay < (1+T7v/8/pa)* T2 0] L2 ay)-

Proof Let O be the center of the maximal inscribed circle of A. The triangle
A is divided into three sub-triangles by connecting O and three vertices of A.
We use Lemma in each of the three triangles to obtain

14+46/pa
1—6/pa”

Since TAA) = 1+ VA—1(VA—1++VA+1) and A < 3 by the assumption
9 €(0,pa/2), we have

||'U||L2(A) <(1+2(2+ \6)\/ 6/PA)2p+3/2HU”L2(A5)~

This completes the proof. O

[vllz2cay < TP T2 L2 (ay), A=

2.3 Stability and a priori error analysis

We first recall the standard multiplicative trace inequality (cf., e.g., Burman
and Ern [9]), for any K € M and v € H'(K),

—1/2 1/2 1/2
0]l z2(or) < Chi (1ol L2y + Clloll S IV0 11 o (2.8)

The following lemma is proved in Xiao, Xu and Wang [52] when the inter-
face I' is C?-smooth. It can be extended to cover the case when I is Lipschitz
and piecewise C? as assumed in this paper.
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Lemma 2.6 For any K € M, denote K; = KN{2;,1=1,2. Then there exists
a constant C independent of hx such that for i =1,2,
1/2 1/2
lolleere) < CIIYE e ol e + ol aorame) Yo € HY(K).

Proof Since I' is Lipschitz continuous and piecewise C2, there is a set of sub-
domains {U;}}_, that covers I" and a partition of unity {¢,}}_, subordinated
to {U;j};_y, that is, ¢; € C§°(U;),0 < ¢; < 1,577, ¢; = 1 in Uj_,U;. More-
over, let v = (v, 15)T be the unit outer normal vector to 9§2;, we may assume
in each Uj, there exists an index k(j) = 1 or 2, such that || > 1/2 in

Uj, j=1,---,r. Here for the points on I" where v is discontinuous, we define
v=(1/v2,1/v/2)". Since vi(j) does not change sign in each Uj, we have

1/ 2 1 T/ 2 T/ 2

- v|*ds = = v|*pids < v|*p; v |ds

2 Jp PPt =g X [ WPesds <3 [ iR

< Z / v @jv(syds
j=11"1x

Now by integration by parts, we obtain

/ |v|2¢jyk(j)ds:/ |U|2¢jl/k(j)d8—/ ) \v\2¢jyk(j)ds

i K

0
= — [ |v]? dm—/ v|?¢ v ds
[ g Wablla= [ bl

< Clollia ik, +2lvlra

Vol L2 o) + 101172 o0 e
where C' = maxi <<, |Vl (v,). This completes the proof. O

We will use the following inverse trace inequality in Warburton and Hes-
thaven [50].

Lemma 2.7 Let A be a triangle. For any v € P,(A), the set of all polynomials
of order p in A, we have

1 2) [0A
Iollza(oa <¢ e e olzaca

The following inverse trace inequality on curved domains plays a key role
in our analysis.

Lemma 2.8 Let K e MI' :={K e M: KNI #0}. Then fori=1,2,

1+ 3K

2p
) ol o € Q)

lvllz2ak,) < Ophl_(l/g—r <

where the constant C is independent of hy,p, and Nk .
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A

Fig. 2.4 The figure used in the proof of Lemma and Lemma

Proof We only prove the case when K; = K N (2; is a curved trapezoid (see
Figure . The other cases can be proved similarly. Let K be the trapezoid
A; BCD which replaces I'rc by the straight segment I'%t, where A; is the vertex
of K in (2; having the maximum distance to I'%t, B,C are the end points
of F}é with C on the side of K opposite to A;, and D the other vertex of
K in {2; (see Figure . As K is large with respect to (2;, the triangles
AA;BC, AA;CD are shape regular with the shape regular constant depending
possibly on §g in Definition By Lemma |2.6| and using Lemma in each
triangle AA; BC, AA;CD we obtain

1/2 1/2
o]l z2orcy < CllIlEt s [0 k) + 10 22 omey

< Clol e 1ol ey + Cohi [0l oy (29)
Let 6 = dist(I'x, I'%) and d; = dist(A;, I'%). Then the interface deviation
nix > §/d; by Deﬁnition Let AA;B'C' ¢ AABC C AA;B"C"” such that
B'C',B"C" are parallel to I'' and the distances of B'C’, B"C" to I'l are 6.
B’,C’ are respectively on the segments A; B, A;C and B”,C" are respectively
on the extended lines of A;B, A;C. Let D’ on AD such that D’'C’ is parallel to

DC, see Figure It is clear that AA;C’'D’ C K; and lC'D'| _ A _ di=d

|CD| [A;C] di *
Thus Bi%‘l = d% <"k
Since K = (AA,CD) U (AA;BC) and AA;C'D',AA;B'C' C K;, we

obtain by using Lemma [2.4] that

[ollz2(xry < 0llz2caaiep) + [0l L2caa; B0

1+ 2p+3/2
<T (1 — 77K> (lvllz(aa,0pry + IVl L2a4,B:01)

2p+3/2
1+nk
<CT . 2.10
< (1 — m() [vllz2x,) ( )
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Since K; C (AA,CD) U (AA;B"C"), by the inverse estimate for hp finite
element method (cf., e.g., Schwab [46, Theorem 4.76]), we have
Vol i) < IVllL2caa;op) + IVl 224,87 07)
< Cpgh;{l HUHL?(AAiCD) + Cp2h;<1 ”'UHLQ(AAiB”C”)' (2.11)
On the other hand, by using Lemma [2.4] again,
2p+3/2
1+
||v||L2(AAiCD) < T 717}( HU||L2(AA130/D’)7

1 —nk

14 26(d; +6)~1\ /2
m ||U||L2(AAiBC)

- (1+ 30k 2p+3/2nvn )
1 -k L2 (k)

lvllz2caa,B7cmy < T (

IN

Inserting these two estimates to (2.11]), we obtain

2p+3/2
1+3
”K) Pl (212)

) SCPPhT [ ———
90l < CotngdT (A2

This, together with (2.9))-(2.10)), completes the proof. O

We remark that various interface resolving mesh conditions have been made
in the literature to obtain the inverse trace inequality in Lemma [2.8] which
is crucial in establishing the stability of unfitted finite element methods. For
example, it is assumed in Massjung [38], Wu and Xiao [51] that each local
interface I'x, K € M, is star shaped with respect to some point in {2;, which
allows for the use of a local polar coordinate system.

To proceed, we define the interface penalty function o € L>(&):

ale = apacO.h ' p? Ve €&, (2.13)

where o > 0 is some fixed constant which is taken to be 1 in all our numerical
examples, and

de = max{ag : eNK #0}, 6. =max{Ok :eNK # (0},

with

4p

aitas ; r Ltdnk i r

ag =4 2 }fKGM ', O = T<1_’”f) it Ke M, (2.14)
a; if K C £ 1 otherwise.

Here T(t) =t + /12 — 1, Vt > 1. We remark that nx is the interface deviation
of the interface in K € M defined in Definition which is the only place
that the geometry of the interface comes into our method. The mesh function
hle = (hx + hg')/2if e= 0K NOK' € £9¢ and h|. = hg ife= KNI € &
or e = K N 9N € EPY for some K € M.



An adaptive unfitted FEM for elliptic interface problems 15

Lemma 2.9 We have ||a'/?L(v)||pm < cl|e!?[v]|le Vv € X, (M) for some
constant c. > 0 independent of p, the mesh M, and the coefficient a.

Proof By taking r = aL(v) in (2.2]), we have

la2L(0) [ < lla~/2al (@) o e

1/2
<C <Z IIQeI/Zhi”p1a1/2L(v)||%z<e)) a2 o] e

ecé

2 1/2
<cC ( 3 Zn@;”h}!%1<a1/2L<v>>||i2<aKi>> la/2[v] ) e

KeMi=1
< Clla' L) mlla*2[]le,

where we have used Lemma 2.8 in the interface elements and a scaled version
of Lemma for the elements not intersecting the interface. This completes
the proof. O

For any v € H'(M), we define the DG norm
[vlpe = lla'/2 Vol + a2 [o]1IZ,

where [|o!/2[v]||Z := (a[v], [v])e. By (24), we know that

2
le 2Ll =3 3 et [uill3a) + o2 [elI2rgenay

i=1 eegyide
> a2 [o]|I2- (2.15)

Theorem 2.1 We have ap(v,v) > (4 + )7 Hwldg Yo € X,(M), where
cL > 0 is the constant in Lemma[2.9.

Proof The argument is standard. For any §; € (0, 1), by Lemma and ([2.15)
we have
an(v,0) = [a'*Vyo| 3 + la" L) = 2(aVio, L(0) s + 0! [0] 1
> [la'2Vhol3q + (1+ (1= 61)e ) la"L(w) |34 — 2(aVav, L(©) m
+ 61|’ [o] )13

By the elementary inequality a? — 2ab + (1 + €)b* > 1i6a2 Ya,b > 0,e > 0,
we obtain

an(v,v) > (1- 51)cL—2

— VL a2V ,0|%, + 8y l[a 2 [u]||2.
2 g e i+ e L

V1t+de ?—

. . 1 .
This completes the proof by choosing §; = Vit to make the coefficients

in the above inequality equal and noticing that 6, > (4 +¢f)~t. O
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The following a priori error estimate can be proved by using Theorem
the classical hp-interpolation error estimate in Babuska and Suri [5, Lemma
4.5], and the argument in [42], [51]. Here we omit the details.

Theorem 2.2 Let the solution of the problem (L.1)-(T.3) u € H*(£2; U §2,),
k> 2. Let U € X,(M) be the solution of (2.3)). Then there exists a constant
C independent of p, the mesh M, and the coefficient a such that

min(p+1,k)—1 _2

h 1/2 ~
i =Ulloe < Cmaxlale|!/? —=7m— > llai il e ()-
i=1

Here h = maxgenm hx and @; € H¥(82) is the Stein extension [1, P.154]
of u; € H*($2;) for Lipschitz domains satisfying ||| ey < Cllugllge (o,
i=1,2.

We remark that the error estimate is slightly sub-optimal in p which is
typical for discontinuous Galerkin methods (see e.g., Georgoulis, Hall and Me-
lenk [26]). However, hp-optimal error estimates can be proved in some special
cases for discontinuous Galerkin methods for Possion problem on 1-irregular
meshes (each side containing at most 1 hanging node), see Stamm and Wih-
ler [47].

3 A posteriori error estimation: reliability

We start by introducing some further notation. We assume the elements in T
are obtained by local successive quad-refinements of some conforming initial
mesh 7Tg. A quad-refinement of an element consists of subdividing the element
into four congruent rectangles.

Let N be the set of conforming nodes of the induced mesh M from T such
that each element K € M is large with respect to both {21, {25 and satisfies
. A node is called conforming if it either locates on the boundary or is
shared by the four elements to which it belongs. For each conforming node
P, we define ¢p € X;(M) N H'(§2), which is bilinear in each element and
satisfies 1p(Q) = dpg for any Q € N°. Here dpg is the Kronecker delta. It
is proved in Babuska and Miller [4] that {¢)p : P € N'°} consists of a basis of
X1 (M) N HY($2) and satisfies the property of the partition of unity

> ve=1
PeN©
We impose the following assumption on the finite element mesh which is first

introduced in Babuska and Miller [4] as the K-mesh (see Figure [3.1)).

Assumption (H3) There exists a constant C' > 0 uniform on the level of
discretization of M such that for any conforming node P € N,

diam(supp(¢p)) < C i hi, (3.1)
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Fig. 3.1 The left mesh is not a K-mesh if it refines close to P. The right mesh is a K-mesh
if it refines close to upper-right corner. The shadow region is the support of ¥p.

@ (b) (©

Fig. 3.2 An example of Sp with P is the vertex of (a) one element, (b) two elements, and
(c) three elements.

where Mp :={K € M, K C supp(¢p)}.

We refer to |4 §1.4] for further properties of K-meshes and Bonito and
Nochetto |7, §6] for a refinement algorithm to enforce the assumption (H3) in
practical computations.

The a posteriori error analysis depends on a suitable quasi-interpolation
operator. In Melenk [40], a Clément type hp-quasi-interpolation is constructed
for conforming meshes. The following lemma shows that a similar construction
leads to a hp-quasi-interpolation operator on K-meshes.

Lemma 3.1 Let V,(M) = IIxe mQp(K). There exists a quasi-interpolation
operator Iy, : Hg(£2) — V,(M) N Hg(£2) such that for any v € Hg(£2),
||Dm(’U — Hh“)”L"’(K) < C(hK/p)l_m||VU||L2(M(K)), m=0,1,
lv = Iyl L2 ox) < Clhic /D)2 V0l| L2 (o)) -

Here for any K € M, w(K) is a union of a discrete set of elements including
K such that diam(w(K)) < Chg. The constant C' is independent of hy, p.

Proof The second estimate follows from the first one by the multiplicative
trace inequality (2.8]). We now describe how to construct the operator which
satisfies the first estimate by the method in [40]. For any P € NV denote
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2p = (supp(¢p))®, the interior of supp(¢p), and hp = diam({2p). For any
v € H(£2), which is extended to be zero outside {2, we define

Lw= Y (Ipv)yp, (3.2)
PeN©
where Ip : H3(2) — V,_1(Mp), is defined by using local projection and
polynomial lifting. More precisely, denote Sp the rectangle centered at P which
includes 2p and has minimum size. Let Jp : H'(Sp) — Q,—1(Sp) be the
polynomial approximation operator on rectangles in [40, Theorem 5.1] which
satisfies

ID™ (v = Tpv)llra(spy < Clhp/p)' "™ IVollLa(sy), m=0,1.  (3.3)

Notice that Jpv does not vanish on the boundary. Let P € 92N N? and
I'p = 082N Sp. Since v =0 on 92, we obtain from (3.3]) that

1(h/0) "2 Tpvl 2y + [P0l 1720y < OV L2(5)-

We observe that if P € 042 is the vertex of only one element or two elements,
Sp can be chosen to be inside {2 (see Figure . Thus one can use the poly-
nomial lifting theorem in [40, Proposition 5.3] to obtain a vp € Q4,—1)(Sp)
such that

(hp/p) MlvpllL2se + IVvpllL2(sp)
< C|l(h/p) 2 Tpvll L2 (1) + Cl TPl 12
< C|[Vollpe(sp)- (3.4)
If P € 012 is the vertex of three elements, then Sp N {2 is the union of three

rectangles S{,, j =1,2,3, such that each element in M p is included in one of
these three elements (see Figure(3.2)). In this case, one can use the argument in

[40, Lemma 5.8] to conclude that there exists a vp € [Hj:1}273Q4(p_1)(S{3):| N

H'(Sp) such that is valid.

Now we define Ipv = Jpv if P € N is an interior node and Ipv = Jpv—vp
if P € NV is a node on the boundary. By using the partition of unity (3.1)),
(3.3) and , we obtain easily

||Dm(1} — Ih'U)HLZ(K) < C'(h}(/p)l_m||V1J||[‘2(W(K))7 m = 0, 1.

Finally, since Ipv € Vyg_1y41(M) N Hi(£2), we define IT}, by replacing p in
(13-2) by [(p—1)/4] 4+ 1. This proves the lemma. O

Remark 3.1 We know from the proof of Lemma that for any K € M,
Ww(K)={K' e M: K' C Sp,VP € NV such that ¢p|x # 0}.

The following local smoothing operator on K-meshes extends the construc-
tion in Burman and Ern [9], Houston, Schotzau and Wihler [29] for conforming
meshes and Zhu and Schétzau [55] for 1-irregular meshes.
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Lemma 3.2 There exists an interpolation operator m, : V,(M) — V(M) N
H'(2) such that for any v € V,(M),

v — Tl L2y < Clp™ A2 [0l 2o (k)
IV (v = 700) | 2(x) < Clloh™ 2 [0l 2o (1))

where o(K) = {e € €99 : e C @(K)}, @(K) is a set of elements including
K such that diam(w(K)) < Chg. The constant C is independent of hy,p.
Moreover, mpv € HY(82) if v =0 on 092.

Proof Let K = I x I, I = (—1,1), be the reference element. Let J\Afp be the
Gauss-Legendre-Lobatto grid of K, that is, /\Afp ={(& &) € K:0<i<p},
where £;,0 < i < p, are the zeros of the polynomial (1 — &)L/ (). Here
{Ln}n>0 is the set of Legendre polynomials. Let {bs P_, be the set of Lagrange
interpolation functions in @), (A) corresponding to the Gauss-Legendre-Lobatto
nodes, that is, ¢; € Qp(4), q{)i(fj) = 0;5, 0 <4, j < p. Here ;5 is the Kronecker
delta.

It is known by the differential equation satisfied by the Legendre polyno-
mials that

4:(6) -1 (1-8)L,(9) 0<i<

TN E- L&) CS'EP

Notice that [|L}[[z2(a) = v/p(p + 1), Lp(£1) = (£1)?, we have
IBollz2(ay < [p(p + DI = O Lyl < 2/V/p(p + 1) (3.5)
Stmilarly, |4yl z2a) < 2//p(p +1).

For any K € M, let Fg : K — K be the affine mapping. Denote
N,p(K) = Fg(N,) the set of Gauss-Legendre-Lobatto nodes on K. The de-
grees of freedom of a function in @Q,(K) are its nodal values at N,(K). The
set of basis functions of Q,(K) is {¢p = (515 o Fg'': P = Fi(P)}. Here QASP is
the nodal basis of Qp(f() corresponding to P € /\7,,

To construct the interpolation operator, we classify the set of nodes and
sides of the mesh M. Let NV be the set of conforming nodes. For k > 1, let
N* be the subset of nodes that are located on some side e € £59¢ whose end
points are in N, 0 < m < k — 1, and with at least one end point in N*~1. By
the assumption (H3), the maximum number of levels L of the classification of
the nodes is uniformly bounded.

For 1 <k < L+ 1, we denote £ C £%9¢ the collection of sides whose end
points are in N™,0 < m < k — 1, and with at least one end point in AN*~1.
Clearly, E¥ N &' = B if k # | and &' is the set of sides whose end points are
conforming nodes. For any v € V,(M), we define mfv € P,(E¥), the set of
polynomials of order p in each side of £F, successively as follows.
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1. If e € £ whose end points P, P, € N9, e = 0K NOK', K,K' € M, and
K’ is the element such that the length of its side including e is larger or
equal to |e|, we define

2

mv=vl + > [(T)(P) = (v]x)(P)] ép, ome, (3.6)
i=1
where for P € N9, (7v)(P) = WZKGM,PGK(MI{)(P)’ the

local average of v sharing P as the common vertex. Here the boundary
value of v|k is understood as its trace.

2. For k > 2, e € £F whose end points P, € N™i(i = 1,2), e = 0K N 0K/,
K,K' € M, and K’ is the element such that the length of its side including
e is larger or equal to |e|, we define

Thv = vl + Z [(mh 0)(Fi) — (v]&/)(Pi)] dp; om e. (3.7)

Since for e € EF, 0 <m; <k —1,i = 1,2, (3.7) is well defined. Obviously,
(mho)(P;) = (mVo)(Py), i = 1,2.

We define (m,v)|e = (75v)]e if e € EF,1 < k < L+1. Then 7,0 is piecewise
polynomial of order p and continuous on £%9¢, Moreover, m,v = 0 on 02 if
v = 0 on Of2. Having defined the 7,v on £%9¢ we now define m,v on each
element K € M as

ThY = Y. uP)ge+ Y. (o) (P)ge.

PeN,(K),PZOK PeN,(K),PEOK

Then v — mpv € Qp(K) and vanishes in all interior Gauss-Legrendre-Lobatto
nodes, by the inverse trace inequality in Burman and Ern |9, Lemma 3.1], we
have

lo = mnoll 2y < Cp7 gl ST ol — mhollzage- (3.8)
eCOK

Let e C OK and e € EF for some 1 < k < L + 1. There exists a conforming
node P such that e € Ep = {e € £%9¢ : e C supp(¢yp)}. By definition, e has
the end points P, € N m; <k —1,i=1,2, and one of my,ms is k — 1. If
P, ¢ N, then ¢p(P;) # 0 and it is a hanging node of some €, € £™i. The
crucial observation is that e} € Ep. Thus by and using we have

vl — ThvllLe(e) = vl — Tholl L2
2
—1,1/2 m
< Iolllz2ge) + Cp~ 0l S (vl — m0) (P)-

i=1

By the inverse estimate

|(v]e; =y 0)(B)] < v — 7"

—1/2 i
L (epy < Cphid o = mo

|2(e))-



An adaptive unfitted FEM for elliptic interface problems 21

Combining above two inequalities we obtain

vl — mavllL2e) < Mvlllz2ce) +C max v — 7ol L2 ey
dGE"”,lenSk—l

+Cp 'yl (v —790)(Q)].

max
QEN,Qesupp(¢p)

By the mathematical induction, since k¥ < L + 1 and L is uniformly bounded
according to (H3), we obtain

0
lolze = mnollzace) < Mlvdller +C | max v —mvllzae)

+C —1pl/2 max v— v
p hg QENO OCopp () I( nv)(Q)]
ax [CEETI(@)]

< v +Cp~ 'yl m
= HH ]]HSP p K QENO,QEsupp(hp)

where we have used (3.6) in the second estimate. Since (79v)(Q) is the local
average of v sharing @) as the common vertex, we have

(w=m)@]< Y Mlle=er<C Y ek VP [lllaen-

QEé/,E,GESide Qeé/’e/egside
By using the assumption (H3), we conclude that

vl = Tholl2e) < OV L2 o(x)),
where o(K) is set of sides included in some @(K) which is a union of ele-
ments surrounding K whose diameter is bounded by Chg. This shows the
first estimate of the lemma by (3.8)). The second estimate can be proved by
the standard inverse estimate
IV (v = 70) | 2(x) < CP*hH v = mavll 2y < Cliph™ 2 [0l 2o x))-

This completes the proof. O

Let X be a Lipschitz curve in R2, we recall the definition of the Aronszaja-
Slobodeckij norm ||v|| g1/2(x) = (||UH%2(2) + |v|§1,1/2(2))1/27 where

U|§11/2(2):/2/2Wd3(x)d3(y).

The following Gagliardo-Nirenberg type estimate for H'/?2-seminorm is well
known (see e.g., Triebel |49]).

Lemma 3.3 Let the interval (a,b) C R and v € H'(a,b). Then [v|g1/2(, ) <

C”UHlL/?Z(a,b) ‘|U/H1L/22(a7b) for some constant C' independent of (a,b).

By definition, any function v € X,(M) can be written as v = v1x 2, +V2X 02,
for some v; € V,(M,). In the following, we still denote by v; the function in
V,(M) which is obtained by zero extension of v; outside 20, i = 1,2.
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Lemma 3.4 There exists a linear operator 7§ : X,(M) — H'(£2) such that

2
la* 2V (v = 7o) m < © (Z la*2ph =12 [vi] | gsiae + &1/2ph_1/2[[vﬂsr>

i=1

+C||a2p~ W2V p o] er-

Here Vi is the tangential gradient on I'. Moreover, miv = mpv; on 082 if
02, NoN#0D,i=1,2.

Proof Without loss of generality, we assume a; < ay. By Lemma [3.2] for
v; € V,(M,;), i = 1,2, there exists m,v; € V,(M;) N H(2F) such that for any
K e Mi,

l[vi = mvill L2 () < Cllp™ W2 [oillll L2 (o () (3.9)
IV (vi = 70vi) |2y < Cllph™ [0l L2 (o k) (3.10)
Let wy € H(£21) satisfy
—Aw; =0 in 2y, wy =[mpv]r on I, wy =0 on IH\I.

We define m{v := (mv1 — w1)xo, + (Thv2)X0,. Obviously, v € H'(£2). By

(310,

a2V (v = m50) | 0

2
<C (ai/ Mol + D llph™?[a; il g> . (31

i=1

We now estimate [|[7rv][| g1/2(py- We know from the construction of the finite
element space that I' = Ugem k. Since K is large with respect to both
{21, £25, the partition {I'x, K € M} of I' is shape regular in the sense that

\I'k|/|Tx| < Co, VK,K' € M'', K,K'are adjacent. (3.12)
Let
W(FK) :U{FK/ :K’ﬂf{#@}

be the set of neighboring curve segment of I'x. By the localization lemma of
the H'/? semi-norm in Faermann [24, Lemma 2.3], we know that

ImnollFrsery € D0 el + € D b IlmnolliZe(rye):
KeM KeM

where the constant C' depends on the Lipschitz constant of the curve I' and
the shape regularity constant Cy in (3.12). Now by Lemma [3.3|we obtain easily

> Al ey <C Y Mlmnolllze oIV rlmnolll o
KeM KeM
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Therefore,

|[[7Thvﬂ|ip/2(p)

<C Y (Imnvlllsa oIV rlmmellize i + et 1wl ) ) (3:13)
KeM

It is easy to see that

2
IV rlmnvlll ey < DIV = 700 L2 + IV 0] 2 ) -

i=1

By Lemma the trace inequality (2.8]), the inverse estimate, and Lemma
we have

IV (vi — mhvi)ll L2 ()
<C (h;ﬂ”V(% = i) || L2y + IV (0 = Wh”i)”}L/B(K)”DQ(vi B Fhvi)”i/f(m)
< Cphi? ||V (v; — mhv0) || 2 )
< CP R |h Y2 [w ]| 22 (o) -
Thus
2
IVrlmno]lle2rey < IVelolllezrge) + CZp2h;(1/2Hhil/Q[[UiH”LQ(U(K))'
i=1
Similarly,
2
o]l () < Mvlllee ) + OZ il 22 r0))-

i=1

By substituting above two estimates into we have

lxnol ey < Cllph™ 2ol 2(rey + Cllo™ kY ro]l 2z

2
+ O llph 2 [v] | gete-

i=1

This completes the proof by (3.11)) and the fact that a; < a. Ve € £ U&side
and as < 2a, Ve € ES‘de. O

Let U € X,(M) be the solution of the problem ({2.3)), we define the element
and jump residuals

R(U)|k = f +divp(aVrU) VK € M,
J(U)|e = [aVhU -n]e  Vee Ul
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We also define the functions A : IgepL2(K) — R and A : .egL?(e) — R
as

Al = lla' 2| =y la™ 2| iy VK € M,

Alo =max{Ag :eNK #0} Veek.
Here w(K) is defined in Remark We remark that A, A are one on the

elements or sides away from the interface.
The following theorem is the main result of this section.

Theorem 3.1 Let u € H'(£2) be the weak solution of (L.I)-(L.3) with g €
HY(012) and U € X,,(M) be the solution of ([2.3)). Then there exists a constant
C independent of the coefficient a, the mesh M, the interface I', and the ratio
max(a1,as)/min(a, as) such that

1/2
||U—U||DGSO<Z §?<> ;

Kem

where for each K € M, the local a posteriori error estimator

& = (la="2(h/p) ARW) |3 + 1672 /p) AT o,

+( Y lat2Aui]|

=1

2, + 2 AT, + 02U - 9)lEknoc)

+ (a2~ R 2V R [UTIE, + 1627 02 Va0 (U = 9)li3xnon)-

Vo is the tangential derivative on the boundary 052, Ex = {e € £99¢ . ¢ C
0K}, and Ei, = {e € &9° 1 e C K.

We remark that by (2-4)), the sum of the second term in &% over K € M is
equivalent to [|a!/2[u — UJ||Z up to the factor A2. The sum of the third term
in £2 over K € M is roughly of the same order as the sum of the second
term. The local lower bounds of the first term in &% will be studied in the
next section.

We also remark that the factors A, A in the theorem are absent in the a
posteriori error estimate in Cai, Ye and Zhang [14] under the assumption that
the mesh fits the interface and the coefficient is quasi-monotone with respect to
each node of the mesh. The quasi-monotone property of the diffusion coefficient
was first introduced in Petzoldt [44] and it also played an important role in
Chen and Dai [16] for the study of coefficient robust a posteriori error estimates
for conforming finite element methods.

Proof Let U € HY(£2) satisfy U = g on 812, and

/avﬁ-wdx:/ aVyU -Vudr Vv € Hy(92). (3.14)
2 2
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By the Lax-Milgram lemma, U € H'(£2) is well defined. By the triangle in-
equality, we have

|lu—Ullpc
<|lu=Ullpc + U = Ullpa
<|la'V(u—U)|p + a2V (U = U)l|m + |2 [U = U] l¢. (3.15)

By the definition in (2.4])

2
la?2[U = U7 =Y lla'*[Ui]

i=1

Zoae + 0202 + [[02(U ~ g) e

Thus we are left to bound the first two terms in since A > 1 on &.

1° We first estimate the conforming component [[a*/?V(u — U)||a¢ of the
error. For any w € H}(82), we take wy, = ITyw € V,(M) N H}(2) C X,(M).
Since L(wp,) = 0 we obtain from the discrete equation that

(aVU, Viwp)pm — (aL(U), Viwn) m = (f, wn) m — (ali(g), Viwn) m-
This yields by (3.14) that
(aV(u—U),Vw)pm = (f,0) pm — (aViU, V) pq
= (fiw—wp)m — (@VRU, V(w — wp)) m
= (aL(U), Viwp) pm + (aLa(g), Viwn) s
Since w — wy, € H}(§2), by doing integration by parts we have
(aV(u—0U), V) = (RU),w —wp)pm — (J(U),w — wp)e

— (aL(U), Vhwn) m + (aL1(9), Vawn) m
= 11 +IQ+I3+I4

By Lemma [3.1] we have

L + L] < Clla™2(h/p) AR(U)|| m|la"*Vw|| a4
+ Clla2(h/p) P AT(U)|| guiaeiser |a' V|| um-

Moreover, by Lemma |3.1
L5 + Li| = [ = ([U], aVrwn - n)e + (g, aVpwp - n)gnay|
< C (a2 AU Ylgsaever + [a2(U = g)llger ) a2 A7 Vs aq

< C (|la"2A[U]

gracier + 012U = g)llgvar ) /2Tl .
This shows
a2V (u —U)| 120

< Clla™2(h/p)ARU)||p + Clla™ 2 (h/p) /2 AT (U)
+C||a1/2/i[[Uﬂ

Esideygr’

gsiacer + Clla/2(U = g)||gvay. (3.16)
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2° We next estimate the nonconforming component ||a'/2V, (U — U)||o¢ of

the error in (3.15). By (3.14) we know that
la'2Va(U = U)m < inf  [a'2V5(U = w)]
w )

cHl(2
w=g on 02
< Na2Vp(U =m0 m+  inf (oY (75U — w)]| ag.
weH1L
w:EgHoxi%)Q

Let ¢ € HY() satisfy —Ay = 0in 2, ¢ = 75U — g € HY/?(982). Then
[0l 2y < CllmiU = gl mr1/2(50)- Thus w = m5U — ¢ € H'(2) satisfies w = g
on OS2, which yields

. 1/2
inf a2V (U~ w) | < Cai 75U ~ gl 200
wii] ori 8).(2

where j = 1,2 such that 92; N 912 # (). Similar to the argument in the proof
of Lemma we can use the localization lemma of the H'/? semi-norm in
Faermann [24, Lemma 2.3] and Lemma [3.3| to obtain
|7, U = gl g2 00
< C(llph™ (w5 = g)llgvas + [[p™ "0 *Voo(TiU — g) | eve)-
Since by Lemma 7.U = mpU; on 012 for 02; N 02 # 0, we have by the
triangle inequality that
17U = gllgrir2(00)
< C(|lph™2(mnU; = Uj)lgvas + [lp™ R *Voq(mnlUy — Uj) | gva)
+ C(|lph™2(U = g)llevas + 0™ 12V a0(U = g)l|gvay).
By inverse trace inequality in Lemma and Lemma
Iph™2(7nU; = Uj)lvas + [lp™ "R *Voq(mnlU; — Us) | gvar
< C(llp*h ™ (maUj = Up)llag; + [IVR(maUs = Uyl
< Cllph™?[U;]

side .
£
Combining above estimates and using Lemma we conclude

a2V (U = U)|lm

2
<C (Z lot2[Uil llggiae + [l 2[UT[ler + llat/*(U ~ 9)||5bdy>

i=1

0 (Ja 2 WYY U] er + 1020~ B2V o0 (U — g)lews ).
This completes the proof by (3.15) and (3.16)). O

To conclude this section we refer to Sacchi and Veeser 45| for a different
approach to deal with the non-homogeneous Dirichlet boundary condition in
the finite element a posteriori error analysis where the localization of the H'/2
semi-norm also plays a crucial role.
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4 A posteriori error estimation: efficiency

In this section we derive the lower bound of the a posteriori error estimate
proved in Theorem by using the domain inverse estimate in Lemma [2.5
We start with the residual R(U).

Lemma 4.1 For any K € M, there exists a constant C independent of p and
K such that

(hic/p)lla™ 2 RO) |12
< COY* (plla*2Tnu = U)llzaaey + (e /D)l 2(F = fi)laacae) )

where fx = Pi(f|k), Px : L*(K) — Qp—1(K) is the L? projection operator
and O is defined in (2.14]).

Proof Without loss of generality, we only consider the case when I" intersects
with K at two opposite sides. We also use the notation in Lemma[2.8] see Fig-
ure2.4] Denote V = fx +div;,(aV,U) in K. Since K; C AA4;CDUAA;B"C",
by Lemma 2.4

IVll2x) < IVIzzcaa,epy + IV IIL2(aa,Bron

14+ 3nk

2p+3/2
< IWlanen + T (FE2) T Wik, @)

where A = AA;B’C’ which is shape regular and hpy > Chg. For any € > 0
sufficiently small, denote A, = {x € A : dist(z,0A4) > €} and x. € C§(4Q)
the cut-off function such that y. =1in A, 0 < x. < 1, and |V < Ce ! in
A.

Let v = Vx. € H}(A) C HY(K;). Since A C K; in which a = a;, by the
domain inverse estimate in Lemma

IVilz2(a) < C(L+Cve/hg)*P |V L2 (a,)- (4.2)
On the other hand, since the solution u satisfies —,

V2. V3xed
WVlian < [ Ve
= / (fx + div(aVU))vdz
A
:/(fof)vder/ aV(u—U) - Vudz.
A A

Since VV € Qp—2(A), by the inverse estimate,

Vol L2y < IVVIL2ca)y + Ce [V | L2(a)
< CP*h + e HViLe(a)-
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Thus if we choose € = cohx(p + 1)~2 for some constant ¢y > 0 depending
possibly on &y € (0,1/2) in Definition [2.1] so that € < pa/2, where pA is the
radius of the maximal inscribed circle of A, we obtain

IV[122a,) < Clla™2(F = fillzalla*Viizacay
+ Cp*hit|a" Y (u — U)||L2(A)||a3/2v||L2(A)-
Noticing that (1 + Cy/€e/hk)?? < (1+ Cp~1)?? < C, by (4.2) we have
(b /P)IV L2 )
< OO} ((hae/p)la™ (= fi) 2y + Pl 2V (w0 = V)l 2 ) -

A similar argument shows the same estimate holds when A is replaced by
AA;CD. This completes the proof by (4.1). O

To derive a lower bound for the jump residual, we need the following ex-
tension lemma.

Lemma 4.2 Let D be a bounded Lipschitz domain in RY (d > 2). For any
g € HY(OD) and any € > 0, there exists a function v € H' (D) such that v = g
on 9D, and

|vllr2py < Cellglirzopy, IVVllrzpy < Ce M gllrzop) + Celglir op),

where the constant C' depends on the Lipschitz constant of 0D and is indepen-
dent of v and e.

Proof The proof depends on the classical argument of flattening the boundary.
Since 0D is Lipschitz continuous, there is a set of sub-domains {U;}}_; that
covers 9D and a partition of unity {¢;}}_; subordinated to {U;}}_, that is,
¢; € C°(U;j), 0 < ¢; < 1, 22:1 ¢; = 1 in Uj_,U;. Moreover, there exist
bi-jective Lipschitz mappings @, : U; — V;, V; C R%, such that &;(DNU;) =
R? NV; and @;(U;NOD) = ORI NV;, j=1,---,r, see e.g., Evans [23, §C.1].
Here RY = {z € R? : z4 > 0}.

For any y = (y/,0)7 € ORI NV}, j=1,--- ,r, let g;(y/) = g(@j_l(y’)). We
define the extension of g; by

Yd

05y ya) = 9;(y)e” ¢, Yy =/ ya)" €V}
It is easy to see that
||f’j||L2(anRi) < €||Qj||L2(aR1nvj),
IVyOill L2 v, mrey < €lgsl ore vy + 6_1||§j||L2(8]RiﬂVj)'

This completes the proof by letting v(z) = >37_, 0;(®;(x))¢;(x),Yz € DN
(U;ZlUj) and v(x) = 0,Vz € D\ (U§:1UJ). m|
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For any K € M, let Lx = |I'x| and Pk : (0,Lx) — I'x be the arc
length parametrization of I'. We define the L? projection P, : L?(I'x) —
Qp(I'x) = Q,(0, L) o &' as follows: For any g € L*(I'x), Pryogo ®x €
Qp(0, L) such that

Lk Lk
/ (Prgo®k)vds = / (goPr)vds, Vv e Qp(0,Lk).
0 0

Lemma 4.3 For any K € MT, there exists a constant C independent of p
and K such that

(hK/p)1/2Hd_l/QJ(U)HLz(FK)
< Clhge /p)2la=2(J(U) = T (U) |l L2re

+C (plla"2Vu(u = U)llz2ae) + la™ 200/ D) RO 20 )
where Jr. (U) = Ppr (J(U)|ry)-

Proof Let 0 = co(p + 1)"?hy for some constant ¢y > 0 such that o is less
than half of the minimum length of the sides of K, and denote K, = {x €
K : dist(z,0K) > o}. Let (t1,t2) C (0, Lk ) such that $x maps (¢1,t2) to
I'y N K. Obviously, t; < Cyo, Lx —ty < Cyo for some constants Cy,Cy > 0.
Since Jpr, o 925;{1 € Q,(0, Lg), we use the domain inverse Lemmato obtain
15w @)llz2(r) < ClIric (U) 0 @5 22(0,1.40)
< OT(L+ Co /L) Jrie (U) 0 @ |22t 1)
< CllJrk U2 (renr,) (4.3)
where we have used the fact that T(A\) =1+ VA —1(VA =1+ 1+ \) and
(14 C\/o/hg)*Tt = (1 + Cp~1)?PT1 < C for some constant C' independent
of p.
Since Jr, (U) o @' € Q,(0, L), by the inverse estimate we have
IV Tre U2 (rie) < Clre (U) 0 @i 10,140
< Cp* L 11 (U) 0 @ 220, 1.4
< CP* R 1T (U)ll 22 )- (4.4)
Let x» € C§°(K,) be the cut-off function satisfying x, =1 in K,, 0 < x <1,
|Vxo| < Colin K. Let v, € H(§2) be such that v,|n, € HY($2;),i = 1,2, is
the extension of Jr, (U)x, € H(I") defined in Lemmaﬂ with € = \/hx /p,
then

ool 22 () < Clhe /p)2 1 Tre (U)Xo 2y < Clhsc /9)2 | Tric (U)| 22 (e

and

1VUsllL2(02:)
< Clhie/p) 21 (U)XollL2(ree) + Clhac /D) IV P (T (U)Xo ) L2(re)
< Op(hie/p) ™ 2T re (U) || 2 (1)
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where we have used (4.4]) in the last inequality. Let w, = v, X,. Then w, €
H}(K) and satisfies

lwoll2(re) < C(hue /0) 21 Tre (U) 22 ) (4.5)
IVwol 22y < Cp(hxc /D)™ 21T r (U)l] 2 - (4.6)

Now by (&3)

17 ) Z2(rey < C . [Tr (U)Px; = C . I (U) - we.

By using the equation (1.1)-(1.3) and integration by parts

1775 )22 (1) < CIIWU) = T (U)ll2(r0) lwe ll 22 () +/F J(U)w,
K

< C||(h/p)"*(J(U) = Tri )| 2(ri) 1T 1 (U) | 221

+/Kavh(U—u)-Vw0—/KR(U)wg.

This completes the proof by using (4.5))-(4.6)). O

The following lemma can be proved by the method in Lemma[4.3] We omit
the details.

Lemma 4.4 For any e € £99°, e = 0K NOK', K, K' € M, we have

||&_1/2(h/P)1/2J(U)||L2(e)
< Clla 2 (h/p) 2 (J(U) = Ped(U))| 12y + Cplla"*Vi(u — U)|| 12 (0rcr)
+Clla™2(h/p)R(U) || 12 (xurcry + Clla™2(h/p) 2 T(U) | 2(reore) s

where P, : L?(e) — Qp(e) is the L* projection operator.

Let P: HxgemL?(K) — V,_1(M) be defined elementwise as P|x = Pk
and Q : .ceL?(e) — Qp(e) be defined as Q| = P..

The following theorem which is the main result of this section can be proved
by combining Lemma Lemma [£.3] and Lemma [£.4]

Theorem 4.1 Let u € H'(2) be the weak solution of (1.1)-(1.3) and U €
X,(M) be the solution of (2.3)). We have

=207 (h/p) R(U)||m + lla~ 2 (h/p) 2 I(U)]|e
<C (pnal/?vh(u — U)|| s + osc(f, U, r)) .

where osc(f, U, I") is the data oscillation defined as

osc(f,U.I') = a™"2(h/p)(f = Pf)llaa+ =2 (h/p) 2 (J(U) = QIU))|e-
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We remark that the factor p in the front of ||a'/2V}, (u—U)]|| o is well-known
for residual type hp a posteriori error estimates, see Melenk and Wohlmuth
[39], in which hp a posteriori error estimation was first studied for elliptic
equations on conforming meshes based on polynomial inverse estimates. Our
argument is different by using the domain inverse estimate and is slightly better
in the sense that the additional factor p¢ in the local lower bound in [39] is
removed in our analysis.

5 Numerical examples

In this section, we present several numerical examples to illustrate the perfor-
mance of the proposed adaptive unfitted finite element method. The compu-
tations are carried out using MATLAB on a workstation with Intel(R) i9-9900
CPU 2.70GHz and 64GB memory. The basis functions of Q,(K) are the La-
grange interpolation polynomials through the local Gauss-Lobatto-Legendre
(GLL) integration points in each element K.

For each K € M, we compute the local a posteriori error estimator
¢k as in Theorem and define the global a posteriori error estimate
n= (ZKEM 5?{)1/2-

We first describe the adaptive unfitted finite element algorithm.

Algorithm 5.1 Given a tolerance TOL > 0, Ny > 1 a fixed number, and
an initial conforming Cartesian mesh 7.

1. Construct the induced mesh M by Algorithm 5.2 so that each element K
in M is large with respect to both (21, 2 and satisfies (2.1)).

2. Solve the discrete problem on M.

3. Compute the local error estimator £k on each K € M and the global error
estimate 7).

4. While n > TOL do
— Mark the elements in M C M such that:

1/2

>k 2%77-

KeM

— Refine the elements in 7 = {K € T : K ¢ K',K' € M} by quad
refinement to obtain a new mesh 7.

— Refine 7 to obtain a new mesh 7 such that each side of T includes
at most Ny hanging nodes, which makes 7 a K-mesh satisfying the
Assumption (H3).

— Construct the induced mesh M by Algorithm 5.2 so that each element
K € M is large with respect to both 21, {25, and M satisfies .

— Solve the discrete problem on M.

— Compute the local error estimator {x on each K € M and the global
error estimate 7).
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end while

The following algorithm is used to construct the induced mesh M from
a Cartesian mesh 7 so that each element K in M is large with respect to
both (27, 25 and M satisfies . We use the notation ’Elarge ={K eT:
K is large with respect to £2;},7 = 1,2, according to Definition 2.1 with the
parameter do € (0,1/2).

Algorithm 5.2 Given 0y € (0,1/2), Ny > 1 a fixed number, and a Carte-
sian mesh T .

1. Mark all small elements in Tgman C T, where
7;ma11 = {K cT: KNI 7& Q)’ K g 7-11argc N Elargc}.

2. If Toman # 0, for each K € Toman, K & T,%%°, i = 1,2, do
— If K has a neighboring element K’ € 'Elarge whose size is the same as
that of K and the minimum rectangle containing K, K’ is large with
respect to (2;, then merge K and K'.
— Else if K has a neighboring element K’ € 'Elarge whose size is larger
than that of K, add K’ to Trefine-
— Else if K has a neighboring element K’ € ’Elarge whose size is smaller
than that of K, add K to Trefine-
— Otherwise, add K and all its neighboring elements in ﬂlarge t0 Trefine -
3. While K € T\Tsman, nx > max(1/2,(1 —d¢)/(1 4+ dp)), doi =1,2
— If K does not include singular points of I" or K is an irregular large
element with respect to §2;, add K to Trefine-
— Else if K has two vertices in {2; and there exists a neighboring element
K’ C {2; whose size is the same as that of K, then merge K and K'.
— Else if K has three vertices in 2; and there exist three neighboring
elements K', K", K"" C {); whose sizes are the same as that of K, then
merge K and K/, K", K"".
— Otherwise, add the elements with the largest size among K and its
neighboring elements to Trefine-
end while
4. If Trefine # 0, refine the elements in Trefne and their neighboring elements
to obtain a new mesh 7 such that each side of 7 includes at most Ny
hanging nodes, go to 1.

We remark that if each side of a mesh 7 includes at most Ny hanging
nodes, the induced mesh M from 7 by Algorithm 5.2 is also a K-mesh with
the constant C' in Assumption (H3) depending only on Ng.

Now we present three examples to demonstrate the efficiency of our adap-
tive algorithm. We consider the case of high contrast coefficient a(z) in Ex-
ample 2 and the case of non-smooth interface in Example 3.

In all examples we set the computational domain 2 = (—-2,2) x (-2,2).
In our theory, the penalty parameter cg can be any fixed positive constant
and the constant dy in Definition can be any constant in (0,1/2). Clearly,
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a larger §p will lead to more small elements to be merged with neighboring
elements. Here we take the natural choice ap = 1 and dg = 1/4. We always set
the maximal number of hanging nodes in each side of the mesh Ny = 3.

O &

() (b) (c)
Fig. 5.1 The interface used in Example 1 (left), Example 2 (middle), and Example 3 (right).

Example 1. We first consider a problem whose exact solution is known
to illustrate the effectivity index of the a posteriori error estimate. Let the
interface I" be the circle centered at (0,0)7 with radius r = 1.1. We define
21 ={x : |z| <r} and 25 = 2\(2y, as shown in Figure (a). Set a; = 10
and as = 1. The right-hand side f and boundary condition g are computed
such that the exact solution is

{ell‘lz—"Q +10r2 -1, iffa| <,
u(z) =
10|z|?, otherwise.

Figure depicts the surface plot of the exact solution and one discrete
solution. Figure shows the quasi-optimal decay O(N -/ 2) of both the error
|lu — Ul|pe and the a posterior error estimate n for p = 1,2, 3, respectively.
Effectivity indexes eff = n/||u — Ul||pg for p = 1,2, 3 are evaluated in Figure
which keep nearly constant as the number of degrees of freedom (#DoF's)
increases.

In Table we display #DoFs, n, and eff of uniform refinements and
adaptive refinements. Figure shows some examples of adaptive meshes and
corresponding zoomed meshes. It is clear that much less number of degrees
of freedom are needed to reach nearly the same error when using higher or-
der methods. We remark that using higher degree polynomials yields higher
accuracy but requires more computational cost. Appropriate balance of these
two factors in practical computations is an interesting question that requires
further investigation.

Example 2. In this example, we assume the interface I" to be the union of
two closely located circles of radius » = 0.51. The distance between two circles
is d = 0.02. §2; is the union of the interior of the two disks and 2, = 2\,
(see Figure (b)). To evaluate the effect of high contrast coefficients, we set
a1 = 100,a2 = 1. We set f =1 and g =0.

Although a; is fairly large, the quasi-optimal decay of the global a posteriori
error estimate for p = 1,2, 3 is observed (Figure [5.6)). Figure [5.7] shows some
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(b)
Fig. 5.2 Example 1: (a) The exact solution. (b) The discrete solution on the mesh of 4184
elements when p = 3.

a priori error estimate
a posteriori error estimate

S,
&

10° 10* 10° 108 10°

DOF DOF
(a) (b)
Fig. 5.3 Example 1: (a) The error ||u — Ul|pg for p = 1,2,3 by uniform refinements. (b)
A priori and a posterior error estimates 7 for p = 1,2, 3 by adaptive refinements.

141
12r
x
o)
°
£S10r
=
=
S 8f
2
©
67/“*.--"‘\0—0———0——*—*
4l
0 0.5 1 1.5 2 25 3

DOF x10°
Fig. 5.4 Example 1: The effectivity index eff = n/||u—U]|| pg against the degrees of freedom
forp=1,2,3.

examples of the adaptive meshes and the zoomed meshes. The discrete solution
on the mesh of 2855 elements is shown in Figure (a).
Example 3. We consider a non-smooth interface defined by

4v2 V2 22
I = (.’E,y):|y|:TCOS TSE +T



An adaptive unfitted FEM for elliptic interface problems 35

Table 5.1 Comparison between uniform refinements and adaptive refinements.

p=1
Refinement Strategy #DoFs |lu — Ullpg n eff
Uniform 103792 8.43e-1 - -
Adaptive 103344 8.39%e-1 4.63 5.52
p=2
Refinement strategy  #DoFs  |lu — Ullpa n eff
Uniform 363852 6.04e-4 - -
Adaptive 93357 6.21e-4 4.67e-3  7.52
p=3
Refinement strategy ~ #DoFs  |lu — Ullpa n eff
Uniform 150848 4.60e-5 - -
Adaptive 59704 4.32e-5 4.54e-4  10.50

Note that the interface is singular at the points (£+/2,0) (see[5.1] (c)). We set
a1 = 10, a2 = 1, the right-hand side f = 1 and boundary condition g = 0.
The quasi-optimal decay of the a posteriori error estimate are clearly ob-
served in Figure[5.9] Figure [5.10] shows some examples of the adaptive meshes
and parts of the zoomed meshes for p = 1,2, 3, respectively. We observe that
the meshes are mainly refined around the sharp corners where the solution
is singular. The discrete solution on the mesh of 2749 elements is depicted in

Figure (b).
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Fig. 5.5 Example 1: Adaptive meshes. (a) Mesh for p = 1, #DoFs=29036, ||lu — U||pg =
1.6532, and n = 9.0598. (b) Mesh for p = 2, #DoFs=31923, ||lu — U|pg = 2.7700e — 3,
and n = 2.0696e — 2. (c) Mesh for p = 3, #DoFs=31088, ||lu — Ul|pg = 2.4554e — 4, and
1n = 2.3696e — 3. (d) The corresponding local mesh for p = 3 within (0.7,1.5) x (—0.4,0.4).

10.

11.

12.

13.

14.

15.

16.

17.

18.

Burman, E. and Ern, A., An unfitted hybrid high-order method for elliptic interface
problems, SIAM J. Numer. Anal. 56, 1119-1140 (2018)

Burman, E. and Hansbo, P., Fictitious domain finite element methods using cut ele-
ments, I. A stabilized Lagrange multiplier method, Comput. Meth. Appl. Mech. Eng.
199, 2680-2686 (2010)

Burman E. and Hansbo, P., Fictitious domain finite element methods using cut elements,
II. A stabilized Nitsche method, Appl. Numer. Math. 62, 328-341 (2012)

Burman, E., He, C. and Larson, M.G., A posteriori error estimates with boundary cor-
rection for a cut finite element method, IMA J. Numer. Anal. (2020), arXiv:1906.00879
Cai, Z., Ye, X. and Zhang, S., Discontinuous Galerkin finite element methods for elliptic
interface problems: a priori and a posteriori error estimations, STAM J. Numer. Anal.
49, 1761-1787 (2011)

Castillo, P., Performance of discontinuous Galerkin methods for elliptic PDEs, STAM J.
Sci. Comput. 24, 524-547 (2002)

Chen, Z. and Dai, S., On the efficiency of adaptive finite element methods for elliptic
problems with discontinuous coefficients, STAM J. Sci. Comput. 24, 443-462 (2002)
Chen, Z., Xiao, Y. and Zhang, L., The adaptive immersed interface finite element
method for elliptic and Maxwell interface problems, J. Comput. Phys. 228, 5000-5019
(2009)

Chen, Z. and Zou, J., Finite element methods and their convergence for elliptic and
parabolic interface problems, Numer. Math. 79, 175-202 (1998)


http://arxiv.org/abs/1906.00879

An adaptive unfitted FEM for elliptic interface problems 37

—p 1), p=1

1 0—4 — = Aline with slop -0.5
—— ), p=2

= = Aline with slop -1

—— 1, p=3

= = Aline with slop -1.5

a posteriori error estimate

10 :
108 10* 10° 108
DOF

Fig. 5.6 Example 2: The quasi-optimal decay of the a posteriori error estimate n for p =
1,2,3.
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Fig. 5.7 Example 2: Adaptive meshes. (a) Mesh for p = 1, #DoFs=35116, and n =
2.4384e — 1. (b) Mesh for p = 2, #DoFs=35235, and n = 3.2069¢ — 3. (c) Mesh for p = 3,
#DoFs=30304, and n = 4.6183e¢ — 4. (d) The corresponding local mesh for p = 3 within
(—0.4,0.4) x (—0.4,0.4)
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Fig. 5.8 (a) Example 2: The discrete solution on the mesh of 2855 elements for p = 3. (b)
Example 3: The discrete solution on the mesh of 2749 elements for p = 3.
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Fig. 5.9 Example 3: The quasi-optimal decay of the a posteriori error estimate n for p =
1,2,3.
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Fig. 5.10 Example 3: Adaptive meshes (left) and corresponding local meshes within
(1.40,1.42) x (—0.01,0.01) (right). (a)&(b) The case p = 1, #DoFs=37684, and n =
2.3391e — 1. (c)&(d) The case p = 2, #DoFs=31302, and n = 5.2027e — 3. (e)&(f) The
case p = 3, #DoFs=32128, and n = 2.7504e — 3.
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