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A SEMI-LAGRANGIAN SCHEME FOR HAMILTON-JACOBI-BELLMAN
EQUATIONS WITH OBLIQUE BOUNDARY CONDITIONS

ELISA CALZOLA, ELISABETTA CARLINI, XAVIER DUPUIS, AND FRANCISCO J. SILVA

ABSTRACT. We investigate in this work a fully-discrete semi-Lagrangian approximation of second order
possibly degenerate Hamilton-Jacobi-Bellman (HJB) equations on a bounded domain @ C R¥ with
oblique boundary conditions. These equations appear naturally in the study of optimal control of
diffusion processes with oblique reflection at the boundary of the domain.

The proposed scheme is shown to satisfy a consistency type property, it is monotone and stable.
Our main result is the convergence of the numerical solution towards the unique viscosity solution of
the HJB equation. The convergence result holds under the same asymptotic relation between the time
and space discretization steps as in the classical setting for semi-Lagrangian schemes on @ = RV. We
present some numerical results that confirm the numerical convergence of the scheme.
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1. INTRODUCTION

In this work we deal with the numerical approximation of the following parabolic Hamilton-Jacobi-
Bellman (HJB) equation

Owu+ H (t,amDu,Dzu) = 0 in (0,7] x O,
(1.1) L(t,z, Du) 0 on (0,7] x 00,
u(0,z) = VY(z) inO.

In the system above, 7' > 0, @ C R" is a nonempty smooth bounded open set and H and L are nonlinear
functions having the form

(1.2) H(t,x,p,M) = 216112 {—;Tr (U(t,x,a)a(t,x,a)TM) —(u(t,z,a),p) — f(t,x,a)} ,
(1.3) L(t,z,p) = ilelg{<v(x7b),p> —g(t,z,b)},

where A C RM4 and B C RY® are nonempty compact sets, o : [0, 7] xOx A — R¥N*No with1 < N, < N,
pi[0,T)]xOxA—=RYN f:00,T] xOxA—=R,v:90 xV — RN with V C RV2 being an open set
containing B, g : [0,T] x 00 x B — R, and ¥ : O — R.

If A= {a} and B = {b}, for some a € R¥4 and b € RV2 and v(x,b) = n(z), with n(z) being the unit
outward normal vector to O at x € 00, then reduces to a standard linear parabolic equation with
Neumann boundary conditions. In the general case, and after a simple change of the time variable in
order to write in backward form, the HJB equation appears in the study of optimal control of
diffusion processes with controlled reflection on the boundary 9O (see e.g. [27] for the first order case, i.e.
o =0, and [26, [T1] for the general case). Since the HJB equation is possibly degenerate parabolic,
one cannot expect the existence of classical solutions and we have to rely on the notion of viscosity
solution (see e.g. [16]). Moreover, as it has been noticed in [25] 27], in general the boundary condition in

(1.1)) does not hold in the pointwise sense and we have to consider a suitable weak formulation of it. We
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refer the reader to [27, [6] and [16] 4} 5] 24] [12], respectively, for well-posedness results for HJB equations
with oblique boundary condition in the first and second order cases.

The study of the numerical approximation of solutions to HJB and, more generally, fully nonlinear sec-
ond order Partial Differential Equations (PDEs), has made important progress over the last few decades.
Most of the related literature consider the case where © = R” | or where a Dirichlet boundary condition
is imposed on the boundary 90. We refer the reader to [19] 20, [30] and the references therein for the state
of the art on this topic. By contrast, the numerical approximation of solutions to has been much less
explored. Indeed, to the best of our knowledge only the methods in [31] 1] can be applied to approximate
in the particular first order case (¢ = 0). Moreover, in [3I], where a finite difference scheme is
proposed, the function defining the boundary condition has the particular form L(t,z,p,b) = (n(x),p).
On the other hand, both references consider Hamiltonians which are not necessarily convex with respect
to p. Let us also mention the reference [2], where, in the context of mean curvature motion with nonlinear
Neumann boundary conditions, the authors propose a discretization that combines a Semi-Lagrangian
(SL) scheme in the main part of the domain with a finite difference scheme near the boundary.

The main purpose of this article is to provide a consistent, stable, monotone and convergent SL scheme
to approximate the unique viscosity solution to . By the results in [4], the latter is well-posed in
C([0,T) x O) under the assumptions in Sect. [2| below. Semi-Lagrangian schemes to approximate the
solution to when O = RY (see e.g. [I3,[17]) can be derived from the optimal control interpretation
of and a suitable discretization of the underlying controlled trajectories. These schemes enjoy the
feature that they are explicit and stable under an inverse Courant-Friedrichs-Lewy (CFL) condition and,
consequentely, they allow large time steps. A second important feature is that they permit a simple
treatement of the possibly degenerate second order term in H. The scheme that we propose for O # RY
preserves these two properties and seems to be the first convergent scheme to approximate with the
rather general asumptions in Sect. |2} In particular, our results cover the stochastic and degenerate case.
Consequently, from the stochastic control point of view, our scheme allows to approximate the so-called
value function of the optimal control of a controlled diffusion process with possibly oblique reflection on
the boundary 0O (see [1I]). The main difficulty in devising such a scheme is to be able to obtain a
consistency type property at points in the space grid which are near the boundary 0O while maintaining
the stability. This is achieved by considering a discretization of the underlying controlled diffusion which
suitably emulates its reflection at the boundary in the continuous case. We refer the reader to [28] for
a related construction of a semi-discrete in time approximation of a second order non-degenerate linear
parabolic equation.

The remainder of this paper is structured as follows. In Sect. 2] we state our assumptions, we recall the
notion of viscosity solution to and the well-posedness result. In Sect. [3| we provide the SL scheme
as well as its probabilistic interpretation (in the spirit of [28]). The latter will play an important role
in Sect. [4] which is devoted to show a consistency type property and the stability of the SL scheme.
By using the half-relaxed limits technique introduced in [7], we show in Sect. [5| our main result, which
is the convergence of solutions to the SL scheme towards the unique viscosity solution to . The
convergence is uniform in [0,7] x O and holds under the same asymptotic condition between the space
and time steps than in the case @ = RY. Next, in Sect. |§| we first illustrate the numerical convergence of
the SL scheme in the case of a one-dimensional linear equation with homogeneous Neumann boundary
conditions. In this case the numerical results confirm that the boundary condition in is not satisfied
at every x € 00, but it is satisfied in the viscosity sense recalled in Sect. [2] below. In a second example,
we consider a two dimensional degenerate second order nonlinear equation on a circular domain with
non-homogeneous Neumann and oblique boundary conditions. In the last example, we consider a two-
dimensional non-degenerate nonlinear equation on a non-smooth domain. Due to the lack of regularity
of 00, our convergence result does not apply. However, the SL scheme can be successfully applied, which
suggests that our theoretical findings could hold for more general domains. This extension as well as
the corresponding study in the stationary framework remain as interesting subjects of future research.
Finally, we provide in the Appendix of this work some theoretical results concerning oblique projections
and the regularity of the distance to 9O, which play a key role in the definition of the scheme and in the
proof of its main properties.
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2. PRELIMINARIES

As mentioned in the introduction, it will be simpler to describe our approximation scheme when
is written in backward form. This can be done by a simple change of the time variable and a possible
modification of the time dependency of H. Let us set Or := [0,T) x O and Or = [0,7] x O. We consider
the HJB equation

—Owu+ H (tx, Du,DQu) = 0 in Op,
(HIB) L(t,z,Du) = 0 on [0,T) x 00,
uw(T,z) = ¥(z) in O,

where H and L are respectively given by (1.2]) and (1.3)).
For notational convenience, throughout this article, we will write v,(z) = vy(z,b) for all z € 9O and

b € B. Our standing assumptions for the data in (HJB) are the following.
(H1) O CR¥Y (1 < N < 3) is a nonemtpy, bounded domain with boundary O of class C3.

(H2) The functions o, u, f, g and ¥ are continuous. Moreover, for every a € A, the functions o(-, -, a)
and u(-, -, a) are Lipschitz continuous, with Lipschitz constants independent of a € A.

(H3) The function v is of class C'. We also assume that
(V (2,0) €00 x B) - |w(x)| =1 and  (n(z),w(z)) >0,
where, for every z € 0O, we recall that n(z) denotes the unit outward normal vector to O at .

We now recall the notion of viscosity solution to (HJB) (see [4]). We need first to introduce some
notation. Given a bounded function z : Or — R, its upper semicontinuous (resp. lower semicontinuous)
envelope is defined by

(2.1) (V(t,z) € Or) 2*(t,r):= limsup z(s,y) |resp. z(t,x):= liminf z(s,y)
(s,9)€0T, (s,9)€0T,
(s,y)—(t,z) (s,y)—(t,z)
Definition 2.1. [Viscosity solution] o
(1) An upper semicontinuous function ui : Or — R is a viscosity subsolution to (HIB) if for any
(t,z) € Or and ¢ € C*(O7) such that uy — ¢ has a local mazimum at (t,x), we have

(2.2) — 00(t,x) + H(t,z,Do(t, ), D*¢(t,x)) <0,

if (t,z) € Orp,

(2.3) min {—0,¢(t, ) + H(t,z, Do(t,x), D*¢(t,x)), L(t,z, Do(t,x))} <0,
if (t,x) € [0,T) x 00 and,

(2.4) up(t, z) < ¥(x),

if (t,z) € {T} x O.
(ii) A lower semicontinuous function us : O — R is a viscosity supersolution to (HIB) if for any
(t,z) € Or and ¢ € C*(Or) such that uy — ¢ has a local minimum at (t,z), we have

(2.5) — 0(t,x) + H(t,x, Do(t,x), D*p(t, ) > 0,
if (t7 :L') € Or,
(2.6) max {—0;$(t, ) + H(t,z, D(t,x), D*¢(t, x)), L(t,x, DP(t,x))} > 0,
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if (t,x) €[0,T) x 00 and,
(2.7) us(t, ) > U(x),

if (t,x) € {T} x O. B
(iil) A bounded function u : Op — R is a viscosity solution to (HIB) if u* and ., defined in (2.1),
are, respectively, sub- and supersolutions to (HIB).

Remark 2.1. As shown in [12, Proposition 6], relation can be replaced by

(2.8) min {—8t¢(t,x) + H(t,z, Dp(t,z), D*¢(t, x)), us(t, ) — \If(x)} <0,

if (t,x) € {T} x O, and

(2.9) min {—9,¢(t, z) + H(t,z, Do(t,x), D*¢(t,x)), L(t,z, Do(t,x)),u1 (t, x) — ¥(z)} <0,
if (t,x) € {T} x 0. Similarly, condition can be replaced by

(2.10) max {—8,5(;5(15,30) + H(t,z, Dp(t,z), D*¢(t, x)), us(t, ) — \I/(x)} >0,
if (t,z) € {T} x O, and
(2.11) max {—@(b(t,x) + H(t,z, Do(t,x), D*¢(t,x)), L(t, x, DP(t, x)), uz(t, x) — ‘1/(33)} >0,

if (t,x) € {T} x 90.
The following well-posedness result for (HJB) has been shown in [4, Theorem II.1] (see also [I1]).

Theorem 2.1. Assume (H1)-(H3). Then there exists a unique viscosity solution u € C(O) to (HIB).

Remark 2.2. (i) [Comparison principle and uniqueness| The ezistence of at most one solution to (HIB)
follows from the following comparison principle (see [4, Theorem I1.1] and also [11l Proposition 3.4]).
If up : O — R is a bounded viscosity subsolution to (HJB) and us : O — R is a bounded viscosity
supersolution to (HIB), then
Ul S u m 6T.

(ii) [Existence] Once a comparison principle has been shown, the existence of a solution to (HIB) follows
usually from the existence of sub- and supersolutions to (HJB) and Perron’s method. In Sect. @ we
construct sub- and supersolutions to (HIJB) as suitable limits of solutions to the approzimation scheme
that we present in the next section. Together with the comparison principle, this yields an alternative
existence proof of solutions to (HIB).

An different and interesting technique to show the existence of a solution to (HIB) is to consider a
suitable stochastic optimal control problem, with controlled reflection of the state trajectory at the bound-
ary 00, and to show that the associated value function is a viscosity solution to (HIB). This strategy has
been followed in [11].

(iii) [Continuity] The continuity of the unique viscosity solution to (HIB) follows directly from the com-
parison principle and the continuity properties required in the definition of sub- and supersolutions to
(HJB). Notice that, as usual for parabolic problems with Neumann type boundary conditions, we do not
require any compatibility condition between ¥ and the operator L at the boundary 0O.

3. THE FULLY DISCRETE SCHEME

We introduce in this section a fully discrete SL scheme that approximates the unique viscosity solution
to (HJB). Throughout this section, we assume that (H1)-(H3) are fulfilled.

3.1. Discretization of the space domain O. Let us fix Az > 0 and consider a polyhedral domain
Oaz € RY such that

(3.1) d(0,0n,) = inf {|z —y| |z € O, y € Op,} < O(Az)?,

for some C' > 0. A construction of such a domain Oa, can be found in [8, Section 3] for N =2 or N = 3,
which explain the dimension constraint in (H1). However, the results in the remainder of this article
can be extended to N > 3, provided that a numerical domain O, satisfying exists. Let Ta, be a
triangulation of Oa, consisting of simplicial finite elements T with vertices in Ga = {x; |i=1,..., Nas}
(for some Na, € N). We assume that Az is the mesh size, i.e. the maximum of the diameters of T € Ta,
all the vertices on d0a,, belong to 0O, at most one face of each element T € Ta,, with vertices on 9Oa,,
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intersects 0Oa,, and Ta, satisfies the following regularity condition: there exists § € (0, 1), independent
of Az, such that each T € Ta, is contained in a ball of radius Az/é and contains a ball of radius dAz.
As in [I8], we introduce an auxiliary exact triangulation ?Am of O with vertices in Ga,. The boundary
elements of ?Am are allowed to be curved and we have

o- U 7

TeTax
Denoting by pt the projection on T € Ta,, the projection pa, : O — Oa, N O is defined by

paz(x) =pr(z), ifxe Te %Ax

and the element T € Ta, has the same vertices than T.

Set Za, = {1,...,Nay} and denote by {t;|i € Za,} the linear finite element Py basis function on
Taz. More precisely, for each i € Za,, ¥; : Oar — R is a continuous function, affine on each T € Ta,,
0 <1 <1, 9Y(x;) =1, ¢i(z;) =0 for all 4, j € Ta, with i # j, and Zf\;ﬁz Y;(x) =1 for all z € Oa,.
For any ¢ : Ga, — R its linear interpolation I[¢] on the mesh Taq is defined by

Nagz

(3.2) I1[¢](z):= Z Yi(paz(x))d(x;), forall z € O.

Lemma 3.1. Let ¢ € C?(O) and denote by ¢|g,, its restriction to Ga,. Then there exists a constant
Cy > 0, independent of Ax, such that

(33) p [6() = 1 [6les, ] ()] < Cala)”

Proof. Let z € O and let T € Ta, and Te ?Az be two elements having the same vertices and such that
x € T. By the triangular inequality

0(x) = I [¢lga.] (@)] < [o(x) = o(pr(2))| + [¢(pr(2)) — I [Plga, ] (x)]-

Using that ¢ is Lipschitz, we deduce from the existence of C; > 0, independent of Az and z € O,
such that |¢(z) — ¢(pr(z))| < C1(Az)?. In addition, by standard error estimates for IP; interpolation (see
for instance [I5]) and (3.2)), there exists Co > 0, independent of Az and z € O, such that |¢(pr(z)) —
I¢lg,.] (z)] < Ca(Ax)?. Relation follows from these two estimates. O

€T;e

FIGURE 1. Reflection: reflected characteristic gj ;(a) (red square) starting from z; (black
circle), which exits from O and arrives in y; ;(a) (black square). The red segment repre-
sents the oblique direction 7;, and the black circle the projected point p7(y; ,(a)).
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3.2. A semi-Lagrangian scheme. Let At > 0, set Na; := |T/At], Zar := {0,...,Na¢} and I}, =
Iae \ {Nr}. We define the time grid Ga; := {tx |t = kAL, k € Ta,}. Given (k,i) € Th, X Zag, a € A,
and £ =1,...,N,, we define the discrete characteristics

(3.4) Yei () =z + Aty (t, 71, 0) £ /No Ao (ty, 21, a).
Let T ={+,—} x{1,..., Ny} and let ¢ > 0 be a fixed constant. For any J > 0 we set
(00)s := {xz € RN |d(z,00) < §}.

By Proposition in the Appendix, there exist R > 0 and two C' functions (90)g x B > (z,b) —
p"(z) € 00 and (00)r x B 3 (x,b) — d"(z) € R, uniquely determined, such that

(3.5) x=p"(x)+d"(@)w(p(z)), forall (z,b) € (00)r x B.

Therefore, there exists At > 0 such that for all At € [0, At], (k,i) € Zxh; X Zaz, a € A, b€ B, and s € T,
the reflected characteristic

s 0 p) . d YRa(@) if y; ;(a) € O,
(3.6) yk,z( ,b) {pr(yi7i(a)) _ 5\/&%@% (yzl(a))) otherwise

is well-defined. In Figure [1| we illustrate how the reflected characteristic is computed from the projection
P (y;.:(a)) of y; ;(a) onto OO parallel to ;. Let us also set

B 0 if y$,(a) € O,
3.7 ki(a,0) = )
(3.7) ria,b) {d””’ (yzl(a)) +&VAt  otherwise,
0 if vz ;(a) € O,
3.8 r.i(a,b) = |
( ) gk,z(aw ) {g (tk,p’}’b (ylsc,z (a)) ,b) otherwise.

Notice that if y} ;(a) ¢ O, then (3.5), (3.6)), and (3.7) imply that

(3.9) it .i(a,0) = yi i(a) = i ;(a, D) (07 (47.4(a)) -
For (k,i) € A, X Tn, and @ : gm — R, let us define Sk ;[®]: A x B — R by

(3.10) Snil®] 2N [ a,0)) + di, (0, )G, (a,B) | + ALf(tx, i, a)
and set
(3.11) Spil® = inf  Sy.[®](a,b).

acA,beB

In the remainder of this work, we will consider the following fully discrete SL scheme to approximate
the solution to (HIB).

Uki = SkilUkt1,()], for (ki) € I, X Taz,

(HJBdisc) )
UNavi = (), fori € Zag.

3.3. Probabilistic interpretation of the scheme. The fully-discrete SL to approximate the solution
to (IJB) in the unbounded case, i.e. @ = R?, has a natural interpretation in terms of a discrete time,
finite state, Markov control process (see e.g. [13] Section 3]). We show below that a similar interpretation

holds for (HJBgi.)). The latter will play an important role in the stability analysis of (HJBg;..)) presented
in the next section. Given k € Z3, and a € A, b € B, let us define the controlled transition law

(3.12) Dh,i,j (@, b) 2Ng EE;BJ (a,b)), foralli, j€ Za,.
S

We say that (Wk)kezzt is a Na¢-policy if for all k € Z3, we have 7y, : Gay, — A x B. The set of Nas-policies
is denoted by Ily,,. Let us fix k € 7}, and, for notational convenience, set X; = ng“*kﬂ. Associated
to x; € Ga, and 7 € M, there exists a probability measure P*%™ on 2** (the powerset of X;) and a

Markov chain {X,, |m =k, ..., Na:}, with state space Ga., such that
(3.13) Pk’zi’ﬂ(Xk = Z‘Z) =1 and Pk’zi’ﬂ(Xm+1 =Tj | Xm = l‘i) :pm,i,j(ﬂ'm(xi))v
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for m = k,...,Na; — 1. Now, consider a family {&xy1,...,&n,, } of RVo-valued independent random
variables, which are also independent of {X,, |m =k, ..., Na:}, and with common distribution given by
1
P(&n = tep) = TN form=k+1,..., Naq;and £ =1,...,N,,

where e, denotes the /-th canonical vector of R™¥=. By a slight abuse of notation (see (3.4)), for m =
k,....,Nat — 1, x; € Gaz, and a € A, let us set

(314) ym(xu a) =x; + Atu(tma T, a) + NUAtU(tma T, a)§m+1~
Form=k,...,Na; — 1, ; € Gas, a € A, and b € B, define the random variable
0 if ym(xiaa’> 6@7

I MBSO 2y 1000) + VR gl 57 (i) othervise

For all i € Zn,, and 7w € Il,,, let us define

Jk,i(ﬂ-) = EIP”“vTi»” (ETNnA:t}g_l [Atf(twuva am) + h(tm,Xm, amvﬁm)] + \IJ(XNAt)) s
JNAM'(W) = \I’(‘TZ)’

where, for notational convenience, we have denoted, respectively, by «,, and 3, the first N4 and the last
Np coordinates of m,,(X,,). Notice that, by construction and (3.10)), we have that

Jri(m) = Skl Jrg1, ) (7)) (e, Bre)-
Moreover, setting
Upi = infreny,, Jri(m),
UNAt;i = U(x;),

for all i € Ga,, the dynamic programming principle (see e.g. |23, Theorem 12.1.5)) implies that {Uy ; | k €

Iat, @ € Ing} satisfies (HJBgiso). Since the latter has a unique solution, we deduce that Uy ; = Uk,i for
all k € Ta; and i € Ta,.

Remark 3.1. Scheme (HJBgi.|) can thus be interpreted as a Markov chain discretization of an stochastic
control problem with oblique reflection in the boundary (see e.g. [11]).

4. PROPERTIES OF THE FULLY DISCRETE SCHEME
In this section, we establish some basic properties of (HJBgisc)-

Proposition 4.1. The following hold:
(i) (Monotonicity) For all U,V : Ga, — R with U <V, we have

Sk,i[U] < Ski[V], fork e Zx, and i € Ia,.
(ii) (Commutation by constant) For any ¢ € R and U: G, — R,
SkilU +¢] =Sk i[Ul+ ¢, forkeZx, andi € Tay.
Proof. Both assertions follow directly from and . O
‘We show in Proposition below a consistency result for . For this purpose, let us set

(41) H(t,.’ﬂ;p, M, (1) = _%TI‘ (0(t,1‘7a)0—(t,$7a)TM) . </J,(t,{£, a)7p> B f(t’x’ a)7
for (t,x,p, M,a) € Op x RY x RN*No x A

<’Y($,b),p> - g<tax7b)7
for (t,x,p,b) € [0,T] x 00 x RN x B,

and for all k € ZX,, i € Taz, s€Z, g € RN, a € A, and b € B, define
0 if ylz,i(a) 667

L (tk, " (yi .(a)), q, b) otherwise.

(4.2) L(t,z,p,b)

(4.3) L; (g, a,b) =
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Proposition 4.2 (Consistency). Let ¢ € C* (O) and denote by ¢|g,, its restriction to Ga,. Then the
following hold:

(i) For allk € Z},, 1 € Iaz, a € A, and b € B, we have
Skildlga.)(a,b) — d(ai) = —AtH(ty, xi, D(x:), D*¢(x:), a)
~ a3t Sk, 0) (£:(D6(w), .0) — VAIK i(0.1)
+0 (Atx/E + (Ax)2> :

where the set of constants {K}, ;(a,b) [k € I};,1 € Iny, s €L, a € A, b € B} is bounded, indepen-
dently of (At, Ax).
(ii) For all k € I}, and i € Ia,, we have

Sk,i[(b'gAz] - ¢($2) = — Ssup {At}l(tkn Ly D¢($2)> D2¢<$l)7 (l)

a€A, beB

ok St(a) (E,(Dot),a.b) - VAL (a.0) |
+0 (At\/ft + (Ax)2) .

Proof. In what follows, we denote by C' > 0 a generic constant, which is independent of k, i, s a, b, At
and Az. Since assertion (ii) follows directly from (i), we only show the latter.

For every s € Z, (3.4) and (3.7)) imply that 0 < Jz’i(a, b) < Cv/At. Thus, by (3.4), (3.9), and a second

order Taylor expansion of ¢ around x;, for every £ =1,..., N,, we have
6 (7 (a,0))
= ¢ () + AHDG(x;:), plt, , a)) + NPUD2p ()0 (tr, 24, @), 0 (e, w4, a))
+V/N,AHD(x;), 0 (b, w1, ) — dif (a,b) <D¢(xi),5/,ff(a, b)>
dtap))’ - .
HLEOL (Do) (a,0), 35 @ 1)
FVNGATd ! (a,0) (D20(2:)75 (a,0), 0 (b, i, 0) ) + O (AVAL)
where, for every s € Z,
0 if y; ;(a) € O,
:Yli,i(av b) =
Yo (p"’b (yzz(a))> otherwise.
This implies that
3o (1 (@) + 10 (7 (a.0)
= ¢(I1) + At <D¢(I’L)7 :u’(tka Ly, a)> + NUTAt <D2¢(xi)gl(tk7 Ly CL), Uz(tka Ly, a)>

4.4
o =df ! (a,0) ((Do(w), 37 (a,0)) = VALK, (a.0))
a7 () (Do), 3 (a,0)) — VAT (a.0)) + O (AtVAT),
where
d=(a,b
K (a,b) :’;’lj%)w%(mﬁf(a, D). 7 (@)

F VN (D?¢(:)7, (a,b), o' (th, 75, a)).
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Multiplying by 1/N, and taking the sum over s € Z, we obtain
2117(, ze:zd)(gli,i(a’ b))
= ¢(x) + A{DP(x;), pu(te, x5, a)) + %Tr (O‘(tk,l’i, a)o(ty, x;, a)TDQ(b(:Ei))
— L dia(a,b) (D). 3¢ 4 (a,0)) = VALK (a.0))
sel
+0 (atvAt)
which, by Lemma yields
NS Ezf[qﬁ\gm](ﬂi,i(a, b))
sE
= ¢(z) + AUDG(z;), u(ty, zi,a)) + %Tr (o(tk,xi, a)o(ty, i, a)TD2¢(:17,-))

~ 3t S dha(a.) (Do), 3 0)) — VAU, (a,0))

+0 (At\/E + (Am)Q) .
The result follows from the previous expression, , and . ([l
For k € I};,, and a € A, let us define
(4.5) (Vk eIy, VacA) Tila):={z;€Gars|Is€Z, y;,(a) ¢ 0},

and recall from Sect. that given z; € Ga, and a policy m € Ily,,, the Markov chain {X,, |m =

k,...,Na;} is defined by the transition probabilities (3.13). As in Sect. we denote by a,, and S,

(m=k,...,Na; — 1), respectively, the first N4 and the last Ng coordinates of m,,(X,,). Finally, given

D C R%, we denote by Ip the indicator function of D, i.e. Ip(z) = 1, if 2 € D, and Ip(z) = 0, otherwise.
The following technical result will be useful to establish the stability of .

Lemma 4.1. The following holds:
Np—1 c
40 ez D ey, T (Z “fm<am><Xm>) = VA
where C' > 0 is independent of (At, Ax) as long as At is small enough and (Ax)?/At is bounded.
Proof. The argument of the proof is inspired from [28, Lemma 1]. Let € > 0, set
D.={z€0|d(z,00)>¢}, 0D.={xe€O|d(x,00)=c¢},
L. ={zx €O |d(x,00) < e},
and define O >z we(z) = d* (z, D) € R. By Lemma v) in the Appendix, there exists n > 0 such
that w, € C3(O \ dD,)) with bounded third order derivatives on the connected components of O \ dD,,.

Let us fix this n and, for notational convenience, let us write w = w,,. Let M > 0 and, for any k € Za¢,
define

(4.7) 050 Wile) = {34@_’5’“””(””) iZif\it €R.

By , with f=0and g =0, for all a € A and b € B, we have

(4.8) Ski[Witlga,J(a,b) = Wi(zi) = —MAt+ Spiwlga,](a,b) — w(x;),

(19) = MAC g S Tul((0,) — w(),

7 seT

Moreover, assumption (H2) implies the existence of C' > 0 such that

(4.10) - {|yz,i<a> i

Now, let us fix k € ZX,, i € Za,, a € A, and b € B. We have the following cases.

k€TIr, 1 €TIag, a€ A, seI} < CVAt.
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(i) z; ¢ T'x(a) and d(z;,0D,) > Cv/At. The first condition implies that yr.ila) € O, for any s € T,
and, hence, (3.6) yields g3 ,(a,b) = yf“(a) The condition d(x;,dD,) > CVAt, ([4.10), and standard
error estimates for IP; interpolation (see for instance [15]), imply that

1] (5% 40, ) = w(7.,(a,5)) + O(A2)?) = w(y} 1(a)) + O((Az)?).
Since, by second order Talyor expansion, sy~ > o7 w(yj ;(a)) — w(z;) = O(At), [4.9) yields
(4.11) SkiWit1lga, (@, b) = Wi(z;) = —MAt + O (At + (Az)?).
(ii) ; ¢ Tx(a) and d(x;,0D,) < CV/At. Condition d(z;,dD,) < Cv/At and (4.10) imply that w(z;) =

K3
O(At) and, for any s € Z, d*(y;, ;(a), 9D,)) = O(At). Since the cardinality of J := {j € Ta. |¥;(y; ;(a)) >
0} is independent of Az and, for all j € J, |y; ;(a) — ;| = O(Az), we deduce that

Hwl(yii(a)) = 2jeq ¥ilupi(a)w(z;)

< Yieq ¥ilvii(a)d?(z;,0Dy)

Yjeq ViR i(a)d* (v ;(a), 0Dy) + O((Ax)?)
O(At + (Az)?).

Thus, since g3 ;(a,b) =y, ;(a), (4.9) implies that (4.11)) still holds.
(iii) z; € Tx(a). Let 0 < § < 7. Since p and o are bounded, there exists At > 0, independent of k, i
and a, such that

(4.12) T'y(a) C Ls C Ly,
if At < At. By (4.8) and Proposmon i), with f =0 and g = 0, we have
Sk,i[Wk+1|gM](a, b) — Wi(z;) =

(4.13) ~MAt — 533 7 d;. (a,D) <Dw(xi); Vo (p”b (yi,,»(a))»
+0 (At + (Az)?).

By Lemma [7.1] -(v in the Appendix, for any z € L,, we have d(z,0D,) = n — d(z,00). Thus,
Lemma [7.1(ii) implies that Dd (x,9D,) = n(pao(x)), and hence

(4.14) Dw(z;) = 2d (x;,0Dy) Dd (x;,0Dy,) = 2d (x;,0Dy) n(pao(z)).

On the other hand, in view of [22, Proposition 1.1(v)], there exists C' > 0 such that |d? (z;)| < Cd(xz;, 9O).
Thus,

A

[P (1) — poo ()| < [P (x:) — x4| + |2i — pao(xi)| = [d7 (x)] + d(zi,00)
< (C + 1)d(z1,00).

Since x; € T'x(a), we have d(z;,00) = O(V/At) and hence |[p*(z;) — pso(x;)| = O(VAt). Proposition
[7-I] implies that v, and p?* are Lipschitz and hence, for any s € Z,

(4.15) W (07 (9i4(@)) = 3 07 (@) + O (VAEL) =% (poo(w:)) + O (VAL) .
Since, for all s € Z, dj, ;(a,b) = O(v/At), from (£.13)-(E.15) we obtain
Sk,iWe+1lga,(a,b) = Wi(z;) =
(4.16) —MAt — N > ser d(xi, 0Dy ) ds 2.i(a,b) ){n(poao(x:)), 1 (Poo (i) )
+0 (At + (Ax)?).

Since z; € I'k(a), there exists fk,z‘ C Z # 0 such that Jzﬂ-(a, b) > 0, for any s € ik,z* In addition, (4.12))
implies that d(x;,0D,) > n —§ > 0. Thus, assumption (H3) implies that

5)
Sri[Westlga, ](a,b) — Wi(a;) < —MAt — 77 3" dia(a,b) + 0 (At + (Az)?),
SEIk1
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and hence (3.7) yields the existence of C' > 0, independent of k € Z},, i € Zag, a € A, and b € B, such
that

(4.17) Sl Wit1lga,(a,b) — Wi(z;) < —MAt — OVAt + O (At + (Az)?).

As long as (Ax)?/At is bounded, we have that O (At + (Az)?) = O(At). Thus, from cases (i)-(iii) we
can choose M large enough such that

(4.18) Sk,ilWikt1lga,l(a,0) — Wi(z:) < —CV AL, (o) (i)

Now, set qx(zi, a,b) = Wi(2;)— Sk i[Wi+1lga,](a,b). Then the probabilistic interpretation of the operator
Sk.,i (see Sect. implies that, for any policy 7 € Ily,,,

Npr—1
Wk:(-rz) = EIP”“#’&»’“ < Z qm(Xm7am;Bm) +U)(XNT)> .

m=Fk

Since (4.18)) implies that qx(z;,a,b) > CVAtlp, (o) (2;) for k € IT},, 1 € Tanz, a € A and b € B, we deduce
that for any policy 7 € Ily,, we have

Np—1
_ 1
Ept.a;.m ( ylybikl]lr‘m(am)(Xm)) < WEP’C)”J ( Z qm(Xmaamaﬂm)>

m=k
_ Wk(wz) — ]:E]P)k,:ri,ﬂ' (w(XNT))
CVAt ’
Finally, using that W}, and w are bounded, (4.6]) follows. |

Proposition 4.3. (Stability) The fully discrete scheme (HJBgi.)) is stable, i.e. there exists C > 0 such
that

4.19 U..|<C
(4.19) kezf;l,ai)éIAJ kil <G,

where C' is independent of (At, Ax) as long as At is small enough and (Ax)? /At is bounded.

Proof. Let us fix k € I}, and i € Za,. Then the probabilistic interpretation of the scheme in Sect. [3.3]
and the definition of h in (3.15)) imply the existence of a constant C' > 0 such that

Na¢—1
Ukl < sup Epk,mi,w( Z [At|f(tm,Xm,am)}
TreHNAt m—k

o [Pl Xons ms B[] + [ (X, ) )

Nat—1
< ¥ + Tl flloc + CVALgllc sup  Epro,.x ( > Hrm(am)(Xm)>-
m=k

mEllN,,

Thus, (4.19) follows from Lemma [4.1] O

5. CONVERGENCE ANALYSIS

In this section we provide the main result of this article which is the convergence of solutions to
to the unique viscosity solution of . The proof is based on the half-relaxed limits technique
introduced in [7] and the properties of solutions to investigated in Sect.

Let At > 0, let Ax > 0 and let (Uk)llcvﬁé be the solution to associated to the discretization

parameters At and Az. Let us define an extension of (Uk)iv 2t to Op by

(5.1) (v (t,x) € 67“) uAt’Am(t,x) = I[UU/AtJ](x),

where we recall that the interpolation operator I[] is defined in (3.2). Now, let (At,,, Az, )nen C (0, +00)?
be such that lim,_, o (At,, Az,) = (0,0) and the sequence (Ax, /Aty )nen is bounded. For every (t,z) €
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Or, let us define

u(t,z) == lim sup Uar, Aw, (SnsUn),
. n—oo
(5.2) OTB‘(s'n,yTL)a(t,x)
u(tﬂp) = llnlgloléf U’Atn,Aa:"(Sn7yn)-

O13(sn,yn)—(t,2)

From Proposition we deduce that #: O — R and u: Oy — R are well-defined and bounded.
Moreover, from [3, Chapter V, Lemma 1.5], we have that @ and u are, respectively, upper and lower
semicontinuous functions.

Proposition 5.1. Assume that (Ax,)?/At, — 0, as n — oo. Then U and u are, respectively, viscosity

sub- and supersolutions to (HJB]).

Proof. We only show that @ is a viscosity subsolution to , the proof that u is a viscosity supersolution
being similar. Let (£,z7) € Or and ¢ € C°°(Or) be such that u(t,z) = ¢(f,7) and © — ¢ has a
maximum at (¢,Z). Then by [3, Chapter V, Lemma 1.6] there exists a subsequence of (uat, Az, )neNs
which for simplicity is still labeled by n € N, and a sequence (8., Yn)neny C O such that (uays, Az, )nen is
uniformly bounded, uat¢, Az, — ¢ has a local maximum at (s,,y,), and, as n — 00, ($p,yn) — (f,Z) and
UAL, Aw, (Sn, Yn) — (L, T). Moreover, by modifying the test function ¢, we can assume that uay, Az, —@
has a global maximum at (s, yn), i.e. setting &, := uar, Az, (Sn, Yn) — @(Sn,Yn), we have

(5.3) (V (t,z) € Or) wunat, Az, (t,x) <o(t,z)+ &, with &, — 0.
We distinguish now the following cases.
(i) (¢,z) € [0,T) x O. In this case, for all n large enough, by (3.I]), we have y,, € (’)Am Let k: N —

Tj,, be such that s, € [te(n)s th(n)+1)- As n — oo, we have ty(,) — t and, from and ., with
t = tg(n)+1, We have

(5.4) (V2 €0) IUkm)@) < Gltnyes, @) + En.

From Proposition [{:I} we obtain

(5.5) (Vi€ Zaz) SkilUkn)+1] < Sk il Pr(ny+1] + &ns

where, for all k € Za¢, we have denoted @y := ¢(tx,-)|g,,, - In particular, by we get

(5.6) (Vi€ Zae) Urm)i < Sk il®rin)+1] +&n-

The monotonicity of the interpolation operator (3.2)) yields

(5.7) (V2 €0) uar,.am(5n:2) < Y ¥i(Pas, () Sk, il@r(ny+1] + &,
7/€IAzn

and hence, by taking x = y, and using the definition of ,, we obtain
(5.8) O(sn,yn) < Z Vi(Yn) Sk i [ Prin)11]-
i€TAq,
Since (Z, f) [0,T) x O and A, B are compacts, if n large enough, for all a € A;b € B and for all s € T
we have d87 ;(a,b) = 0 for all i € ZTa, such that ¢;(y,) > 0. Using Proposition 1} and inequality

7 we get
(SnsYn) Z Vi(Yn) |D(tr n)+17$l)

’LGIAzn

Atnsug H (tk(n)7 Ty, D¢(tk(n)+17 -Ti)a D2¢(tk(n)+1u ‘ri)7 a):|
ac

+0 (At /Aty + (Azy)?) .

Then following the same arguments than those in [14] Theorem 3.1] (see also [19, Theorem 4.22]) we
conclude that

(59) 7at¢(t77i') +H({,i‘,D¢({,f),D2¢(ﬂf)) S 07
and, hence, holds.
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(ii) (,7) € [0,T) x 90. If

L(t,7,D¢(t,7)) <0 or  —do(t,T) + H(t, T, Dp(t, 1), D*¢(t, 7)) <0,
holds, then (2.3) holds. Thus, let us suppose that

(5.10) L(t,z,Dp(t,z)) >0 and — 0,¢(t,z)+ H(L,z,Do(t,z), D*¢(t,Z)) > 0.
Letting k : N — {0,..., Ny — 1} as in (i), we have t;(,) — ¢, (5.7)) holds true, and hence,
(5.11) Gsnn) < > Yi(paz, Wn) Sk il Pr(ny+1]-

1€LAZ,

On the one hand, from Proposition [4.2f(ii]) we get

0 < Z wz (pAa:n (yn)) (AtTLat¢(tk(n)a in)

1€LAL,

- SU-E {Ath(tk(n)a T, D¢<tk(n)+17 xi)a D2¢(tk(n)+17 xi)v (l)
acA,
beB

ke X ul0,0) (i (D taty2,20,0.0) — VB K (1)) | )

s€l

+O (Atn\/Ktn + (Awn)2)

and hence, for all a € A and b € B, we have

S Gilpas, <yn)){ At D tany, 1)

ieIAzn
+Ath(tk(n)7 Zi, D¢(tk(n)+17 xi)a D2¢(tk(n)+1a xi)a a)
(5.12)

+aam Y dii(a,b) (EZ(n),i)(D¢(tk(n)+1axi)a a,b) = VAL K 5 (a, b)) }

sel
+0 (Atn\/Atn + (Axn)‘l) <0.
On the other hand, since A is compact, there exists a € A such that
H(t,z, Do(t,z), D*¢(t, 7)) = H(t,z, Do(t, z), D*¢(t, ), a)

and

> bi(paw, (Yn)) (—0:(tim), =)

1€LAL,

(513) + H(tk(n)> Ty, D¢(tk(n)+1a mi)? D2¢(tk(n)+1a l'i)a @))
— —09(t,7) + H(t,Z, Do(t,z), D*¢p(t,7)), asn — oo.

13

Let us set d* = max {JZM(&) |seZ, ic IA%} and take a = @ and an arbitrary b € B in (5.12)). If
there exists a subsequence, still labelled by n, such that ci;"L = 0, then dividing (5.12)) by At,, and letting

n — oo, (5.13)) yields
—8@(5, "E) + H(t_a z, DQS(t_, j)v D2¢(£ﬂ j)) < 07

which contradicts ((5.10). Otherwise, by (3.7)), for all n € N, large enough, we have ~,*1 > ¢/At,,. Notice

that the second relation in ((5.10) and (5.13)) imply that, for n € N large enough,

0< 1/% x, \Yn _at(btnai
(5.14) ie%n (Paz, (Yn)) (—0ep(tr(ny, i)

+7_[(tk(n)7 Zi, D¢(tk(n)+1a xi)a D2¢(tk(n)+17 xi)a d)) .
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Therefore, inequality (5.12) with a = a implies that for all b € B

Z wi (pA:rn (yn)) { Z Cilsc",i <é7 b) (Ez,L,i(D¢<tk(n)+lv xi)7 a, b)

(5.15) i€TAm, s€T

—- VAL K}, (@, b)) } +0 (Atn\/ﬂn + (Axn)z) <0.

Since the set 7 = {+, —} x{1,...,d} is finite, there exist § € Z, {¢° [ s € Z\{8}} C [0,1], and i(n) € Ta,,
such that, up to some subsequence, d}, = di(n),i(n)(d) and, for all s € T\{8}, dj,,) ;) (@)/d;, = ¢°. Recall
that d* > ¢/At, and (Az,)?/At, — 0 as n — co. Dividing (5.15) by d* and taking the limit n — oo
yields

(Vbe B) > ¢+ 1| Lz, De(E 7),b) <0
seZ\{s}
and hence (Vbe B) L(t,z,Do(t, z),b) <O0.
Thus, L(¢,Z, D¢(t,z)) < 0, which contradicts (5.10).
(iii) (¢,7) € {T} x O. Let us first assume that (¢,Z) € {T'} x O. Thus, for n € N large enough, we
have y, € O. By taking a subsequence, if necessary, it suffices to consider the cases s,, € [0,T), for all
n €N, and s, =T, for all n € N. In the first case, proceeding as in (i), we get

(5.16) — 0y9(t, %) + H(t, 7, Do(t, &), D*¢(t, 7)) < 0.
In the second case, (5.1)) implies that uat, Az, (Sn:Yn) = I[¥|ga,](yn) and hence letting n — oo we get
(5.17) u(t, ) = ¥(z).

Now, assume that (t,Z) € {T} x 00. As before, it suffices to consider the cases s,, € [0,T'), for all
n €N, and s, =T for all n € N. If s,, € [0,T), then, proceeding as in (ii), we get
(5.18) L(t,z,Dg(t,2)) <0 or — (¢ z) + H(t,z,Dé(t, ), D*4(f, 7)) < 0.

Finally, if s,, = T, for all n € N, we have uay, Az, (Sn,Yn) = I[¥|ga,](yn) and hence @ holds.
Altogether, and imply that holds if (£,z) € {T'} x O, and (5.18) and imply
that (2.9) holds if (£,7) € {T} x 9O.
Thus, from cases (i)-(iii) and Remark [2.1] we obtain that % is a subsolution to (HJB]. O

Theorem 5.1. Assume (H1)-(H3) and that (Axz,)?/At, — 0, asn — oo. Then

Unt, Az, — u  uniformly in Or,
where u is the unigque continuous viscosity solution to (HJB).

Proof. By (5.2)) we have u < @ in O7 and, by Proposition and the comparison principle for sub- and
super solutions to (HJB|) (see Remark (i)), we obtain that u > @ in Op. Thus, v = u = W and the
result follows from [3, Chapter V, Lemma 1.9]. |

6. NUMERICAL RESULTS

In this section, we present some numerical experiments in order to show the performance of the
scheme. We consider first a one-dimensional linear parabolic equation, with homogeneous Neumann
boundary conditions, and both the first and second order cases. In the former, the boundary conditions
are not satisfied in the pointwise sense at every point in the boundary, but they hold in the viscosity sense
(see Definition . The second example deals with a degenerate second order nonlinear equation on a
smooth two-dimensional domain. We consider both non-homogeneous Neumann and oblique boundary
conditions. In the last example, we approximate the solution to a non-degenerate second order nonlinear
equation with mixed Dirichlet and homogeneous Neumann boundary conditions on a non-smooth domain.
Because of the presence of Dirichlet boundary conditions and corners, the scheme has to be modified and
the convergence result in Sect. [4] does not apply. However, the scheme can be successfully applied to solve
numerically the problem.

The problems in the first two tests have known analytic solutions. This will allow to compute the
errors of solutions to the scheme and to perform a numerical convergence analysis. In the examples
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dealing with two-dimensional domains, we have considered unstructured triangular meshes, constructed
with the Matlab2019 function initmesh.

In the simulations we have chosen time and space steps satisfying At = Az or At = Ax/2, which are
in agreement with the assumption in Theorem [5.1

6.1. One-dimensional linear problem. Let ¢ > 0, set AT = (1 + /1 + 4¢)/2¢, and define

3_¢ e (e)‘; - 1)

eAEw (1 e)\j)
flto)==—— |1+ (=) + ——="(1-eX)

e eAd M oAl
+ - - +

1 e (e’\f — 1) ere® (1 — e )

+-lz+ — + =
2 X _exe ed _ex ’
- +
3—t et —1 + 1 — e -
u(t,r) = — o+ —FeM T T ||

2 A (e>‘6+ — e)‘g) Az (e*s+ - eA?)

for (t,x) € [0,1]%. Then u. is the unique classical solution to
—Ou—ed2u+d,u=f in[0,1) x (0,1),
(6.1) Ozu(-,0) = dzu(-,1) =0 1in [0,1),
u(l,-) =wu.(1,-) in [0,1].
Similarly to [16, Example 7.3], we have

2

ue(t, ) = uo(t, z) = (x+e™*), uniformly on [0,1]

and ug is the unique viscosity solution to
—Ou+ d,u=f in[0,1) x (0,1),
(6.2) Opu(-,0) = Ou(-,1) =0 in [0,1),
u(1,-) =wup(1,-) in [0,1].
Notice that for ¢ € [0,1] we have —9yu(t,1) + dyu(t,1) — f(¢,1) < 0 and dyu(t,1) > 0. Thus, at (¢, 1)

the boundary condition is satisfied in the viscosity sense but not in the pointwise sense.

Using (HJBgi.), we approximate u. for ¢ = 0.05, ¢ = 0.03, and ¢ = 0. For these choices, we
plot in Figure [2| respectively the approximations of u.(1,-) and wu.(0,-), computed with the steps sizes

Az =3.125-1072 and At = Az /2.
We show in Tables 1 and 2 the errors
Eo = max|Up; —u(0,2;)|, E1=Azx Z |Uo,s — u(0, ;)]

i€las €T
and the corresponding convergence rates po, and p, for e = 0.05 and € = 0, respectively. In all cases, an
order of convergence close to 1 is obtained.

In the simulations, we have chosen ¢ := 0.025 4 ¢/2, where o = v/2¢ is the diffusion parameter. With
this choice, the larger the value of o, the more the characteristics are reflected further into O.

TABLE 1. Errors and convergence rates for problem (6.1]) with ¢ = 0.05.

At = Ax | At = Azx/2
Ax Eo £y Po D1 Fu E, Poo D1
5.00-10~2 399-10"2 257-107%2 - - 2.16-10"2 2.03-1072 - -
250-1072 2.25-1072 1.06-1072 0.83 1.28 1.26-10"2 6.22-10"° 0.78 1.71
1.25-10~2 1.17-1072 6.13-10=3% 0.94 0.79 5.87-1073 5.64-10=3 1.10 0.14
6.25-10° 5.38-107% 249.107% 1.12 1.30 3.17-10~% 2.95-10~3° 0.89 0.93
3.125-1073% 2.15-10~% 1.77-10~°® 1.32 049 1.62-10~° 1.50-10=3 0.97 0.98
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TABLE 2. Errors and convergence rates for problem (6.1) with ¢ = 0.

At = Ax | At = Ax/2

Ax E Ey Do P1 Ex E, Doo D1
500-10"2 2.83-1072 1.95-102 - - 2.26-1072 1.86-10"2 - -
250-1072 1.42-1072 1.01-1072 0.99 095 1.15-1072 9.97-10"° 0.97 0.90
1.25-1072  7.08-1073 5.39-10"3 1.00 0.91 5.88-10"3 5.42-10~3 0.97 0.88
6.25-1073 3.54-107% 291-107% 1.00 0.89 3.04-10~3 2.97-10~° 0.95 0.87
3.125-1073 1.77-103 1.59-10~3 1.00 0.87 1.68-10~3 1.63-10~3 0.86 0.87

S o[ P
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FIGURE 2. Exact final condition u.(1,-) (left) and numerical approximations of u.(0, -)
(right) for e = 0.05, ¢ = 0.03, and ¢ = 0, with step sizes Az = 6.25 x 1072 and
At = Az/2.

6.2. Nonlinear problem on a circular domain. Let T = 1, O = {2 = (21,12) € R?| |2| < 1},
o(t,z) = v2(sin(zy + x3), cos(x; + 2)), and

flt,x) (3 —t) sin(z1) sin(z2) + (2 — ¢) (\/cog?(xl) sin®(z2) + sin’ (1) cos?(z2)
—2sin(z1 + x2) cos(x1 + x2) cos(z1) cos(xz) |,
g(t,z) = (2 —1) (21 cos(z1)sin(zs) + 22 sin(z1) cos(zz)) .

Then Or 3 (t, 21, 22) — 4(t,z1,2) = (3 — t) sin(z1) sin(zz) is the unique classical solution to

Ou— 3Tr(co" D?u) + |[Du| = f inOp,
(6.3) (n,Du)y = ¢ in[0,T)x 90,
uw(0,2) = @0,z) inzel.

In Figure [3] we show the numerical solution at the final time 7" = 1 computed on an unstructured
triangular mesh Ga, with mesh size Az = 1.25-107!. On the left, we plot the result together with the
contour lines. On the right, we plot the approximation together with the mesh used to compute it.

Given an element 7" of the triangulation, we denote by x its barycenter and by |T | its area. We show
in Tables 3 and 4 the errors

(64) Ey = ZgllaAX |UNT77: - ’a(tNT’xi)lv E, = Z |T||I[UNT,()](xT) - a(tNTVxT)
) TeTax

)
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F1GURE 3. Numerical solution at time 7' = 1 of problem in subsect with Neumann
boundary condition, computed with Az = 0.125 and At = Az/2.

and the corresponding convergence rates po, and p;. In each table, we specify in the first column the mesh
size Axz. To obtain the results shown in Tables 3 and 4, we have chosen ¢ in and as ¢ = 0.25
and ¢ = 0.5, respectively. For both choices of ¢, we observe similar errors and an analogue behavior of
the convergence rates. As in the previous example, an order of convergence close to 1 is obtained.

TABLE 3. Errors and convergence rates for the approximation of (6.3 with ¢ = 0.25.

At = Ax At = Azx/2
Ax Eo FEy P D1 FE Ey P D1
250-101  2.73-107! 2.95-10"1 - - 1.22-1071 1.07-107' - -
1.25-1071  1.24-107' 1.12-107! 1.14 1.40 5.54-10"2 4.57-1072 1.14 1.24
6.25-10"2 555-1072 4.72-1072 1.16 1.24 239-10"2 2.11-1072 1.21 1.11
3.125-1072 249-10~2 2.16-1072 1.16 1.13 1.22-107%2 1.10-10~2 0.97 0.94

TABLE 4. Errors and convergence rates for the approximation of (6.3)) with ¢ = 0.5.

At = Ax ‘ At = Azx/2
Ax Ey Ey P P11 Fsx Ey P D1
250-100Y  2.65-10°F 255-10°1 - - 1.18-1071 1.02-10°1 - -
1.25-100T 1.23-107T 1.12-10°' 1.11 1.19 5.60-10"2 4.72-102 1.08 1.11
6.25-1072 5.74-1072 5.06-10"2 1.10 1.15 2.64-10"2 2.27-102 1.08 1.06
3.125-1072 270-1072 239-1072 1.09 1.08 1.22-10°2 1.10-10° 2 1.11 1.05

Next, we consider the same problem but with oblique boundary conditions. More precisely, for x =
(z1,22) € OO we set

~¥(z) = (z1 cos(m/6) + x2 sin(7/6), x2 cos(m/6) — x1 sin(7/6))
and
glt,z) = (2 —1t) [(w1cos(m/6) + z2sin(m/6)) cos(zy) sin(w2)

+ (w2 cos(m/6) — 1 sin(m/6)) sin(z1) cos(xz)] in [0,T) x DO.
Then u is the unique classical solution to

Ou— 3Tr(oo" D?u) + [Du| = f inOp,
(6.5) (v,Du) = g in[0,T) x 90,
u(0,2) = w(0,2) inzeO.
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The solution u is approximated by using the same unstructured meshes as in the previous case. We show
in Tables [5| and |§| the errors computed with ¢ = 0.25 and ¢ = 0.5, respectively. As in the previous
case, we observe similar errors and an analogue behavior of the convergence rates for both choices of ¢.
We also observe a slight degradation of the errors and the convergence rates in the more complicated case
of oblique boundary conditions.

TABLE 5. Errors and convergence rates for the approximation of (6.5) with ¢ = 0.25

At = Ax | At = Ax/2
Ax Eo E Po D1 Ex E, Poo D1
2.50-10T 3.06-10"T 4.38-10"T - - 1.50-10"T 2.08-10"1 - -
1.25-1001  156-10T 2.25-107' 097 096 7.96-102 1.17-10"' 091 0.83
6.25-10"2 810-1072 1.21-10°' 095 0.89 4.36-10"%7 6.84-10~2 0.88 0.77
3.125-10"2 4.47-1072 7.17-1072 0.86 0.75 2.58-10"2 4.26-10"2 0.76 0.68

TABLE 6. Errors and convergence rates for the approximation of (6.5) with ¢ = 0.5.

At = Ax At = Ax/2

Ax E Er Po P11 Eo E, Doo D1
250-10-T 294.10°7 381-10°T - - 1.42-10F 1.69-10"T - -

1.25-107! 1.49-10"' 1.88-10"' 0.98 1.02 7.22-1072 8.56-10"2 0.98 0.98
6.25-1072 7.55-1072 9.33.1072 098 1.01 3.79-107%2 4.63-10"2 0.93 0.89
3.125-1072 3.95-10~2 5.02-1072 093 0.89 2.12-10=% 2.75-10"2 0.84 0.75

6.3. Nonlinear problem on a non-smooth domain with mixed Dirichlet-Neumann boundary
conditions. In this last example, we deal with a problem of exiting from a bounded rectangular domain
with an circular obstacle inside of it. We model this problem by considering a modification of
including mixed Dirichlet-Neumann boundary conditions, with a large time horizon 7" in order to reach
a stationary solution. We consider the space domain

0= ((—1, 1) x (—0.5, 0.5)) \ {z € R?| |z — (—0.5,0)| < 0.2},

a control set A = {a € R?||a| = 1}, a drift u(¢,z,a) = a, a diffusion coefficient o (¢, z,a) = 0.115, where
I is the identity matrix of size 2, a running cost f = 1, and an initial condition ¥ = 0. We impose
constant Dirichlet boundary conditions on some parts of 9O, representing the exits of the domain, in
order to model some exit costs. More precisely, Dirichlet boundary conditions (or exit costs) v = 0 and
u = 0.2 are imposed on 001 = {z = (z1,22) € 00 |z1 = —1,|z2] < 0.2} and 003 = {z = (z1,22) €
00 | z1 = 1, |z2| < 0.2}, respectively. We also consider homogeneous Neumann boundary conditions on
the remaining part of the boundary.

We treat the Dirichlet boundary conditions by using an extrapolation technique. This approximation
has been proposed in [I0] and has been shown to be more accurate with respect to the methods proposed
in [29] 9]. We show in Figure 4| the numerical approximation computed on an unstructured mesh with
mesh size Az = 0.01, a time step At = Ax and final time T' = 3. Figure [f] diplays the quiver plot of
—Du at time T = 3.
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7. APPENDIX

In this appendix we first study the existence of the projection of x onto OO parallel to 7, in a
neighborhood of 0 and for b € B. These projections play an important role in the construction of
our scheme in Sect. [3] The following result is an extension of a result in [22] Section 1.2] to the regularity
that we assume in this paper and, more importantly, to the dependence of v on b. Recall that in (H3)
00 is assumed to be of class C®. However, the result in Proposition below is also valid if 0O is only
of class C?.

Proposition 7.1. There exists R > 0 such that, for any x € RY satisfying d(x,00) < R and for any
b € B, there exist a unique p"*(x) € 00 and a unique d"(x) € R such that

(7.1) r=p"(x) +d" (@) (" ().

The mappings (x,b) — p"(x) and (z,b) — d(x), called respectively the projection onto OO parallel to
v and the algebraic distance to OO parallel to 7y, are of class C.

Proof. We use the same outline and, as much as possible, the same notations than those in [22].
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Let us fix (s,bg) € 90 x B. Let g°: U® — 0O be a C? parameterization of 9O in a neighborhood of
s, with U?® being an open subset of RV =1 z5 € U®, and ¢*(2¢) = s. By (H3) the function
Us xR x V3 (2,\b) = G (2,\,b) = (¢°(2) + Mp(g°(2)),b) € RN x RN®

is of class C!. The Jacobian matrix of G* has the form
P = (Zal A LACAD),

ONB,N ‘ INB
where J, A(z, A, b) coincides with J(z, A) of the Appendix A of [22], that is

Jea(2,A,0) = | 02,9°(2) + A0z, 1(9°(2)) | -+ | Oan19°(2) + A0z, (9% (2)) | W(9°(2))

In particular, for A = 0,
Jea(2,0,0) = | 0:,9%(2) | -+ | Ozy_19%(2) | W(9°(2))

is invertible since its N — 1 first columns span the tangent space to O at ¢g*(z) and, since

(n(g°(2)),(9°(2))) > 0,
its last column is non tangent to 00. It follows that J°(z,0,b) is also invertible, and we can therefore
apply the inverse mapping theorem to G* at (29,0, bg) to obtain the existence of a neighborhood V%o
of (s,bp) and C! mappings V% > (2,b) — p”(z) € 00 and Vb0 3 (z,b) — d"(x) such that
holds for every (x,b) € Vb, The compactness of 00 x B C U(SJ,O)Ea@XBVS’bO enables to consider a
finite number of (s, (bg);), 1 < i < k, such that 00 x B € UF_, V(%) Then there exists R > 0 such
that {y € RY | d(y,00) < R} x B c Uk_,V*-(bo)i_ In particular for any x such that d(x,00) < R and
any b € B, there exist a least a point p? (z) and a scalar d"(x) such that holds. We claim that
there exists R € (0, R) such that for any x satisfying d(z,00) < R and any b € B, p"(x) is unique
(and as a consequence d (z) is also unique). Assume that this is not the case. Then (considering for
example R = %) one can build a sequence (zy,by)ren converging (after extraction a subsequence) to
some point (8§, B) € 00 x B and such that for all ¥ € N, z; has two distinct projections pzb’“ (zx) with
associated algebraic distances dzb’“ (x1), i = 1,2. At the limit point 3, we consider G° which is a local
diffeomorphism on a neighborhood of (2,0,b) (with g%(2) = 8). Since z; — § € 0O, then P (zk) — 3
and d"* (z1,) — 0,7 = 1,2. Let 24 be such that ¢°(z;x) = p,"* (%) and i x = d,"* (xx), i = 1,2. Then
(Zi,k Ai ks bRy © = 1,2, are distinct sequences that both converge to (2,0, lA)) and have the same image
G*(2i ks Nik, k) = (21, bg). This contradicts that G*® is a local diffeomorphism on a neighborhood of

(2,0,0). O
For any € > 0 let us define

(7.2) D. ={x € O|d(z,00) > ¢},

(7.3) OD. ={z € O |d(z,00) = ¢},

(7.4) L. ={x € O|d(x,00) < ¢e}.

Now we focus on the existence of projections of x € L. onto 0D, and the regularity of L. 3 x +—
d(z,D.) € R. These results are important in order to show Lemma which is the key to obtain the
stability of the scheme in Proposition 4.3

Lemma 7.1. The following hold:
(i) There exists n > 0 such that on L,, the projection pso onto OO is well-defined and C*.
(ii) The distance function L, 3 x +— d(x,00) € R is C*, and Dd(-,00)(z) = —n(pso(z)).
Let § € [0,n]. Then the following hold:
(iii) ODs is of class C? and, denoting by ns(x) the unit outward normal at x € dDs, we have ns(x) =

n(poo(z)).
(iv) For every x € Ls, p = pao(z) — dn(pso(x)) is a projection of x onto dDs.
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(v) The function z +— d(z,0Ds) is of class C® on Ls and d(x,d0) + d(z,0Ds) = § for every x € Ls.

Proof. (1)&(ii) See |21, Lemma 14.16].
(iii) This follows from (ii) and (7.3)).
(iv)&(v) Let us first show that p € dDs. We have d(p, 00) < |p — pso(z)| = ¢. Thus, p € Ls and, by (i),
poo(x) = pso(p), which implies that d(p, 00) = ¢ and hence p € D;. Since

z = poo(x) — d(z,00)n(pso(x)),
we obtain d(z,0Ds) < |p — z| = 6 — d(x,00). Assume that d(x,0Ds) < § — d(z,00). Then there exists
p’ € ODs such that | — p’| < § — d(z,00). This implies that

6 =d(p',00) < Ip" — pao(z)] < |p — 2| + |z — poo(z)| <4,

which is impossible. Thus

|p — x| = d(x,0Ds) = § — d(x,00).
The first equality above implies that p is a projection of x onto 0Ds. Since x € L; is arbitrary, the second
equality above and (ii) imply that (v) holds. O
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