ON THE REGULARIZING PROPERTIES OF THE GMRES METHOD
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Abstract. The GMRES method is a popular iterative method for the solution of large linear
systems of equations with a nonsymmetric nonsingular matrix. However, little is known about the
behavior of this method when it is applied to the solution of nonsymmetric linear ill-posed problems
with a right-hand side that is contaminated by errors. We show that when the associated error-free
right-hand side lies in a finite-dimensional Krylov subspace, the GMRES method is a regularization
method. The iterations are terminated by a stopping rule based on the discrepancy principle.
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1. Introduction. Let X be a real separable Hilbert space with inner product
<-->andnorm || -|| =< -,- >/2 and let A: X — X be a bounded linear operator.
The induced operator norm is also denoted by || - ||. Let R(A) denote the range of A
and assume that for every b € R(A) the equation

(1.1) Az =1b

has a unique solution = € X. Thus, the operator A has an inverse on R(A), which we
denote by A=!. We are interested in the situation when the solution z of (1.1) does
not depend continuously on the the right-hand side b, i.e., when the inverse operator
A~!is not bounded on R(A). Then the determination of the solution z of (1.1) is
an ill-posed problem in the sense of Hadamard, and we refer to equation (1.1) as
an ill-posed problem; see, e.g., Groetsch [7, Chapter 1] for a discussion on ill-posed
problems.

In many linear ill-posed problems (1.1) that arise in science and engineering,
the right-hand side b, which is assumed to be in R(A), is not available. Instead, a
perturbation b% € X of b is known. The difference b—b° often stems from measurement
errors and is referred to as “noise.” In the present paper, we assume that a bound
6 > 0 of the norm of the noise is known, i.e.,

(1.2) Ib— ¥ < 4.

We would like to compute an approximate solution of equation (1.1) with the
unknown right-hand side b by computing an approximate solution of the equation

(1.3) Az =1°.

Two possible difficulties may arise. The perturbed right-hand side b® might be in
X\R(A), and then equation (1.3) does not have a solution. Further, when b° € R(A),
the solution 2% of (1.3) may be a poor approximation of the solution = of (1.1) even
when b and b° are close, because A~ is not bounded. Therefore, the determination
of a solution of (1.3), if it exists, is an ill-posed problem.
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Due to these difficulties, we do not try to compute the solution z° of (1.3), even
if it exists. Instead, for a given right-hand side b° € X’ that satisfies (1.2), we replace
the operator A in (1.3) by an operator Aieg : X — X that approximates A and has a
bounded inverse on &X', and solve the equation

(1.4) Al =10
The replacement of the operator A by Aq‘feg is referred to as regularization, Aq‘feg as a

)

peg Of (1.4) as a regularized approximate solu-

regularized operator and the solution x

tion of (1.3). We would like to choose Afeq so that xfeq is a meaningful approximation

of the solution of the equation (1.1) with unknown right-hand side. When a bound
of the norm of the noise § in the right-hand side b° is known, the operator A‘Tseg is
commonly chosen so that the norm of the discrepancy

4., =b" — Ax)

reg reg

)

associated with z?, is of the order of magnitude §. Then Treg

reg

principle defined as follows.
DEFINITION (Discrepancy Principle). Let a > 0 be fized and let b° € X satisfy
(1.2) for some § > 0. The regularized approzimate solution x°,, of (1.8) is said to

reg

satisfies the discrepancy

satisfy the discrepancy principle if |b® — AxﬁegH < ad.

In the development below, we will keep o > 0 fixed and investigate the conver-
gence of mfeg to the solution of (1.1) as § converges to zero.

One of the most popular regularization methods is Tikhonov regularization, which

in its simplest form yields an operator Af_eg with inverse
(1.5) (A)eg) ™t = (A" At ul) = A%

see Groetsch [7] for a thorough discussion. Here A* denotes the adjoint operator
to A and I denotes the identity operator. The parameter u > 0 is referred to as a
regularization parameter. It determines how sensitive the solution 2, of (1.4) is to
perturbations in the right-hand side b° and how close xfeg is to the solution  of (1.1).

In the present paper, we define the operator Aﬁeg by applying a few steps of the
Generalized Minimal Residual (GMRES) iterative method, due to Saad and Schultz
[16], to equation (1.3). The GMRES method is a popular iterative method for the
solution of equations of the form (1.1) with a bounded operator A with a bounded
inverse. It is the purpose of this paper to investigate the behavior of the GMRES
method when it is applied to the computation of approximate solutions of equations
of the form (1.3) with a bounded nonsymmetric operator with an unbounded inverse
and a right-hand side that is contaminated by noise. We show that under appropriate
conditions on the unperturbed equation (1.1), the GMRES method equipped with a
stopping rule based on the Discrepancy Principle is a regularization method.

Related investigations for linear ill-posed problems (1.3) with a symmetric oper-
ator A have been presented by Hanke [8]. In particular, Hanke [8, Chapters 3 and 6]
shows that the conjugate residual method and a variant thereof, the MR-II method,
which are minimal residual methods for equations with a symmetric operator, are
regularization methods when equipped with a stopping rule based on the Discrepancy
Principle. Studies of the behavior of the conjugate gradient method applied to the
normal equations associated with (1.3),

(1.6) A*Ax = A*D°
2



can be found in [8, 9, 11]. Plato [14] studied simple iterative methods, such as Richard-
son iteration, for the solution of linear ill-posed problems (1.3) with a nonsymmetric
operator. We are not aware of investigations of more general Krylov methods for the
solution of linear ill-posed problems with a nonsymmetric operator.

When the regularized operator Afeg is defined by taking m steps of the GMRES
method, the number of steps can be thought of as a regularization parameter. In
order to emphasize the dependence on m, we denote the regularized operator defined
by taking m steps of the GMRES method by A? , its inverse by (A% )~! and the

computed solution of (1.4) with initial approximate solution xg =0by 2%, ie.,
(1.7) 20 = (A% )~1e.

We remark that the bounded linear operator (A2,)~! depends not only on the number
of steps m of the GMRES method and on the initial approximate solution xg, but
also on the right-hand side b°. Throughout this paper, we will choose the initial
approximate solution xg =0.

In general, the iterates 2°, do not converge to the solution x of (1.1) as the itera-
tion number m increases; in fact, ||z — 29, || typically grows with m, for m sufficiently
large. It is therefore important to terminate the iterations at a suitable step. The
following stopping rule terminates the iterations as soon as an iterate 2°, that satisfies
the discrepancy principle has been found.

STOPPING RULE 1.1. Let a and § be the same as in the Discrepancy Princi-
ple. Denote the iterates determined by the GMRES method applied to the solution of
(1.3) by 2%, m = 1,2,... . Terminate the iterations as soon as an iterate has been

m’
determined, such that

00 — Azl || < ad.

We denote the termination index by ms.

We say that an iterative method for (1.3) equipped with this stopping rule is a
reqularization method if there is a constant o > 0, independent of §, such that the
iterates ¢, , defined by (1.7), with m = m;s determined by the stopping rule, satisfy

(1.8) lim sup |z —2°, || =0,
N0 51| <5 "

where x solves (1.1).

This paper is organized as follows. Basic properties of the GMRES method are
reviewed in Section 2. Regularizing properties are studied in Section 3, and a few
computed examples that illustrate the behavior of the limit (1.8) are presented in
Section 4.

2. The GMRES method. Introduce the Krylov subspaces

g Ly e o

(2.1) K (A, b%) = span{b?®, Ab®, A%0°, ... A™~1p0}, m=1,2

The GMRES method by Saad and Schultz [16] applied to the solution of equation
(1.3) with initial approximate solution z§ = 0 determines iterates x9, that satisfy

(22) [[Azd, =¥’ = min Az —b°|, 2%, € Kn(A b)), m=1.2,....
TEK 1 (A,bY)
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Saad and Schultz [16] propose to compute the iterate 3, by first determining an
orthonormal basis {v? }72; of the Krylov subspace Ky (4, %) by the Arnoldi process.
In the description of the algorithm below, we tacitly assume that

(2.3) dim KC,,, (4, %) = m.

The condition (2.3) secures that the Arnoldi process does not break down before an
orthonormal basis {v9}" of K,,(A,b°) with m elements has been determined. We
will return to this assumption below.

ALGORITHM 2.1. Arnoldi Process
Input: A, b, m > 1;

Output: Nontrivial entries of upper Hessenberg matriz HS, = [hfyj] e Rmxm,
orthonormal basis {0}, of K (A, %), fo 4 € X;
=0

forj=1,2,...,m do
v}; = ff/ll{sfl\;
fipn = Av;
fori=1,2,...,7 do
5§ . f5 S <. £8 . f6 5 5.
hig =< fivn, v >5 Ji = Fia — hijvi;
endfor i;
if 3 <m then

h?-i—l,j = ||fg§+1||;
endif
endfor j O
Let e; = [0,...,0,1,0,...,0]7 denote the jth axis vector of R™, and define the
operator V2 : R™ — KC,, (A, b°) by

7

m

(2.4) Voy=> (ejy)v], yeR™

j=1
The relations of Algorithm 2.1 can be written as

(2.5) AV = Vo Hp, + [,

m*

We refer to (2.5) as an Arnoldi decomposition. It follows from the recursion formulas
of the algorithm that

§ ) .
<fm+1,'Uj >:O, j:1,2,...7m.

Let HJ, € R™+DX™ he the matrix obtained by appending the row || £3,; [leX, to HJ,.
When f2 4 # 0, the Arnoldi decomposition (2.5) can be expressed as

(2.6) AVS =V2 . HS,

where v, 1 = f9.1/|1f341]l. Throughout this paper, we omit the superscript § when
0=0.

We now return to the condition (2.3). Assume that the condition is violated.
Specifically, let

(2.7) m—1=dimK,,_1(4,b°) = dimK,,(4,°).
4



Then fJ, = 0 and Algorithm 2.1 breaks down after the basis {U? ;-":_11 of Kp_1(A, %)
has been determined. Lemma 2.3 below shows that the iterate x2, , computed by
the GMRES method solves equation (1.3). This result has been shown by Saad and
Schultz [16] for the case X = R™. We present a proof, because the lemma is important

for the development in Section 3. We need the following auxiliary result.
LEMMA 2.2. Assume that the operator A : X — X is invertible on R(A). Then

dim AK,, (A, 0°) = dim K,,, (A, b%), m=12,...,

where A, (A, b°) = span{ Ab°, A%6° ... A™bO}.

Proof. We have dim AK,,(A4,0°) < dimK,,(4,b?). Assume that
dim AK,, (A, 0%) < dim K, (A,0%). Then there exists z € K, (4,0%), 2 # 0, such
that Az = 0. Since A is invertible on R(A), it follows that Az = 0 if and only if
z = 0, contradicting the assumption. Thus, dim AK,,(A,b°) = dim IC,, (4, %). O

LEMMA 2.3. Let the operator A : X — X be invertible on R(A). Assume
that equation (2.7) holds. Then the iterate x| determined by the GMRES method
applied to equation (1.3) with initial approximate solution a:g = 0 satisfies
(2.8) Az b,

m—1 —

Conversely, assume that equation (2.8) holds. Then Algorithm 2.1 breaks down after
the orthonormal basis {v?};n;ll of Kim—1(A,b%) has been determined.

Proof. Assume that equation (2.7) holds. It then follows from Lemma 2.2 that
b € AK—1(A,b°). Thus, there is an element 20, | € K,,—1(A,b%), such that b =
Azl .

Conversely, assume that equation (2.8) holds. Since 28, _; € KC,n_1(A4,b%), it

follows that &% € AK,,_1(A,0%). But K, (A,b°) = span{b®, AK,, 1(A,b°)} and
therefore dim KC,,(A,b°) = dim AK,,_1(A4,b%). It follows from Lemma 2.2 that
dim AK,,—1(A,b°) = dim K,,_1 (A, b%). Thus, dim K,,(A,5°) = dim IC,,,_1(A,b%). O

We point out the following property of Krylov subspaces.

LEMMA 2.4. Assume that equation (2.7) holds. Then

Ke(A, ) = K1 (AD%),  £>m.

Proof. Since K,,—1(A, %) C K¢(A, %) for all £ > m, it remains to be shown that
(2.9) AV € K1 (AD%),  j>m.

Equation (2.9) can be shown by induction for increasing values of j using (2.7). O
We remark that if dim C,,(A,b°) = m for all m € N, then no breakdown of
Algorithm 2.1 will occur.
It follows from (2.6) and the fact that 3, = V.2, for some y,,, € R™, that when
ng # 0, the minimization problem (2.2) can be written in the form

5 5| : L — 5, _ 16
| Ay, —0°|| = meKI}nn&bé)HAx O = min [[AVny — b
= min ||V} 1 (Hpy — [[°]led) ]
yeR™
(2.10) = min [|[Hyy — [|6°[les]-
yeR™
Here and throughout the remainder of this paper ||| - ||| denotes the Euclidean norm on

R™ or the associated induced matrix norm. Denote the Moore-Penrose pseudo-inverse
5



of HS by (:fn)T Then the solution of the minimization problem (2.10) is given by
Ym = ||0°||(H2,) e1, and it follows that
(2.11) Ty, = Vi () 116l en

= V;ri( 711)T(V1§1+1)*V1§z+1”b6”€1

= Vi (Hp )N (Vi) "0,

where (Vniﬂ)* : X — R™*! denotes the operator adjoint to V;,41. It is given by
m—+1
(2.12) (Vo ) = Z < v‘f,x > e

Jj=1

Equation (2.11) yields an explicit representation of the operator (A2 )~! introduced
n (1.7) for the GMRES method,

(213) (A8)1 = V() (V)"
When f,‘;_H = 0, the right-hand side of (2.13) simplifies to
(2.14) (A7) 7H = Vi (H) "M (Vi)™
Let II,,, denote the set of polynomials of degree at most m, and let HS,?) ={pe
I, : p(0) = 1}. The iterate 2°, € K,,(A,b°) determined in step m of the GMRES
method applied to (1.3) with z§ = 0 can be expressed as
xls = qfn—l(A)b(sa

for some qfn_l € I1,,—1, and the associated discrepancy

), =b° — Az,
can be written as
(2.15) dy, = P, (A’

where
pon(t) =1 —tah, (1) € I
is referred to as the discrepancy polynomial. We remark that in the literature on

iterative methods, the quantity d’, is often referred to as the residual error and p?,
as the associated residual polynomial; see, e.g., Saad [15].

In view of (2.2), the discrepancy polynomial p?, satisfies

(2.16) 1%, (A || < [lp(AW°]l,  Vp € TIY).

We will use this inequality in Section 3.



3. Regularizing property of the GMRES method. For notational simplic-
ity, we will throughout this section assume that the operator A and right-hand side b
in (1.1) are scaled so that

(3.1) Al <1, ol < 1.

In this and the following sections, the initial approximate solutions for all iterative
methods considered for the solution of equations (1.1) and (1.3) are chosen to be
z9 =0 and 1:8 = 0, respectively.

The following example illustrates that iterative methods that determine approx-
imate solutions of the equation (1.3) in a sequence of Krylov subspaces (2.1) might
not define regularization methods unless additional conditions on the equation are
imposed.

Example 3.1. Let X = /5 and let A : X — X be the down-shift operator, i.e.,
A&, ... )T = (0,61,&,... )T for (&,&,... )T € X. Then A is bounded with
null space N'(A) = {0}. Define the right-hand side b of (1.1) by

= (1,0,0,... )7, b= Az =(0,1,0,...)T.
Let § > 0 and define b = b+ (0,6,0,0,... )T. Then b° satisfies (1.2) and

dim K,,, (A4, b°) = m, min  |[|° — Az| =1+, m=12,....
€ Cm (A,b9)
Thus, the GMRES method with initial approximate solution 23 = 0 is not a regular-
ization method for this example. Indeed, the GMRES method cannot even determine
a solution to the equation (1.1) with the unperturbed right-hand side . O
In order to circumvent the difficulties of Example 3.1, we assume that Algorithm
2.1 applied to {A, b} breaks down after ¢ steps have been carried out, with 1 < £ < 0.
Thus, the algorithm determines the orthonormal basis {v;}_; of K¢(A,b) as well as
elements f; € X, 1 < j <+ 1, such that

fi # 0 1<j <,
(82) {f£+1 = 0.

Lemma 2.3 shows that the iterate x, determined by the GMRES method when applied
to equation (1.1) with initial approximate solution 2y = 0 solves (1.1). Therefore, the
discrepancy polynomial p, associated with x, satisfies

(3.3) pe(A)b =0,

where p, = p) for § = 0, cf. (2.15). It follows from (1.7) and (2.14) that the solution
xp can be written in the form

(3.4) xo = Vo H,; Vb

In the remainder of this section, we assume that the positive constant o in Stop-
ping Rule 1.1 satisfies

(3.5) a > [lpe(A)l.

LEMMA 3.1. Let ms be the termination index determined by Stopping Rule 1.1,
with the positive constant « satisfying (3.5), when the GMRES method is applied to
equation (1.8) with initial approzimate solution xg =0. Then ms < £.
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Proof. Assume that ms > ¢ and let p‘g and py be discrepancy polynomials de-
termined by ¢ steps of the GMRES method applied to the equations (1.3) and (1.1),
respectively. It then follows from (3.5), (2.16) and (1.2) that

ad < [|lpj(A)p°|| < [[pe(A)p°[| = [lpe(A)(B° = b)]| < [pe(A)|II6° — b]| < ad,

a contradiction. Hence, ms < £. 00
Assume that § < ||b]| and let b° € X satisfy (1.2). Then b° # 0 and therefore
dim Kp(A,0°) > 1. Let

(3.6) n = min{/, dim Ky(A4, v°)}.

Clearly, the set {v‘?}?:l can be determined by Algorithm 2.1 applied to {A,b°} with
m = n. We proceed to show that n = ¢ for all § > 0 sufficiently small.

LEMMA 3.2. Let n be defined by (3.6), and let {v;}}_; and {115-5 7y be orthonor-
mal bases of K, (A, b) and K,,(A,b%), respectively, determined by Algorithm 2.1 applied
to {A,b} and {A,0°}. Then, for 1 < j k <mn,

(3.7) | < Av?,vg > v,‘if < Avj, v > vl < 2||vg — v,‘zH + |jv; — v?H.

Proof. The inequalities (3.7) follow from application of the Cauchy-Schwarz and
triangle inequalities using the bound (3.1) of A. O
Define recursively, for j = 1,2,...,¢ + 1, the constants

(3.8) 1, Jj=1,
. Wi = 2 j—1 2 :
T mHi—1t 220 ke 2SSO+ L

Note that in view of the properties (3.2) of the f;, the constants u; are well-defined
and positive.

THEOREM 3.3. Let the sets {f; ;L;Lll and {v;}7_, be determined by Algorithm 2.1
applied to {A,b}, and let the sets {ff ?Ll and {v“js "_y be determined by Algorithm
2.1 applied to {A, %}, with m = n. Introduce

5 j=1
3.9 0; = ¥ i1 N
(8.9) i {]nvjlv§1||+2zi_1||vkv;z|, d<j<ntl.

Then
(3.10) Ifi = fI <65, 1<j<nm+1,
2
(3.11) Jv; =)l € =6, 1<j<n.
‘ 151
Moreover,
(312) 5j S ,ujé, 1 S] S n + 1,

where the constants u; are defined by (5.8).
Proof. We first show the inequalities (3.10). It follows from (1.2) that || f1 — f7|| =
|b— 0% <6 =0d;. When 2 < j < n+ 1, it follows from the scaling (3.1) of A, the
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formulas for f; and ff in Algorithm 2.1 and the inequalities (3.7) that

j—1 j—1

Ilfi — ff|| = ||Avj_1 — Z < Avj_q, v > v — Av‘f_l + Z < AU?_l,Ug > )
k=1 k=1
j—1
< ||Avj_1 — Av;-s_1|| + Z (< Av‘?_l,v,‘i > vh— < Avj_1, v > vk
k=1
j—1
< lojor = o1 |+ D @llow = v}l + llvj—1 = v )
k=1
j—1
= jllvj—1 — o)1l + 2 ok — vpl| = 4.
k=1

We turn to the inequalities (3.11). The relations v; = f;/|| ;]| and 11 = f5/|\f5|| yield

. U= 1E 028 + 1280CEs — £9)
il = ||f5|| I
B =g - A 2 ) |
STUET T mD ST Al isise

Combining these inequalities with (3.10) establishes (3.11).
We are now in a position to show (3.12). It follows from the inequalities (3.11)
and the definitions (3.9) of the ¢; and (3.8) of the u; that §; < p16 and

i—10 + 2 —— k0 = 150, 2<j<n+1.
ny e Z ||f [
0
COROLLARY 3.4. Let p;, 1 < j < £, be given by (3.8) and define the positive
constant

. 15511
(3.13) 0= 1<J<€{ 2;‘7 } '

Then dim Ky (A, b%) = € for all b® € X such that ||b— b%|| < 6.

Proof. Assume that there is a b € X, such that ||b — b’ < 6 and n =
dim (A, %) < £. In view of (3.2), the element f,y1 € X determined by Algo-
rithm 2.1 when applied to {A,b} is nonvanishing. Moreover, Algorithm 2.1 applied
to {A,b°} with m = n yields f‘s #0for 1 <j<mnand f,, =0. But application of
(3.13), (3.12) and (3.10), in order yields

[fntall _ pngrllfoiall

= > fint10 > Ong1 > || fugr = fogall = [ gl
2 2pn 11

a contradiction, because || f,1+1]| # 0. We conclude that dim (A, %) = ¢ for all b’
such that [|b—b°|| < 4. O
LEMMA 3.5. Let § satisfy 0 < & < 8, where & is defined by (3.13), and let b° € X
satisfy (1.2). Let the operators Vi, and V¥ be determined by applying k < { steps of
Algorithm 2.1 to {A,b} and {A,b°}, respectively; cf. (2.4). Then
(3.14) Ve = V@I < Brd, 1<k<U,
9




where

koo
(315) B=y
= I

and the uj are given by (5.8). Furthermore, the adjoint operators (V2)* satisfy

(3.16) Vi = (VO | < Brd,  1<k<L

The norms || - || in (3.14) and (3.16) are the operator norms induced by the norms
Il Il on R and || - || on X.

Proof. Let 1 < k < . By Corollary 3.4, dim K1 (A,b°) = k for any b° € X with
[b—b?|| < &. Therefore k steps of Algorithm 2.1 can be carried out without breakdown
and the orthonormal basis {U? ;?:1 of Kx(A,b°) determined by the algorithm is well-
defined. Thus, the operators Vi, and V)2, defined by (2.4) with m = k, exist. The
bounds (3.11) and (3.12) yield

Vi = Vil = sup [|(Vie = Vi))yll < sup Z|€ ylllo; — 5|
R yERk Jj=1
H\y||| 1 lylll=1

2
< levj —0 <> 7 150
j=1 J

E

and (3.14) follows. The operator V;* — (V;)* is the adjoint of V}, — (V). Therefore
Ve = (V9)*|| = Vi — (V)] and the inequality (3 16) follows from (3.14). O

LEMMA 3.6. Let § satisfy 0 < < 5, where 0 is defined by (3.13), and let b° € X
satisfy (1.2). Let the matrices H) € R(’”l)x}“ and Hy, € REEDXE be determined by
k < ¢ steps of Algorithm 2.1 applzed to {A,0%} and {A, b}, respectively, cf. (2.6). Let
Br be defined by (3.15) and py41 by (3.8). Then the matrices Hy, and H} satisfy

(3.17) I1Hx = BRI < 20k + pe1)d, 1<k <L

Proof. Tt follows from Corollary 3.4 that the matrices Hj and H} exist. The
inequalities (3.10) and (3.12) with j = k4 1 can be used to establish the inequality

(3.18) 1Ay — HRll < 1Hk = HLN + Il frsr = S| < I Hyk — HRI + g1

It follows from (2.5) with m = k that H{ = (V)* AV}, and similarly Hy, = V;* AVj.
These identities, the scaling (3.1) of A, the fact that |[Vi| = |[V|| = 1, and the
inequalities (3.14) and (3.16) yield

(3.19) Il — BRI = Vi AVi — (V)" AVl
< NV = (Vi) AV + (V)" AV = V)
VR = (V) I+ 1IVie = VIl < 268,

Combining the inequalities (3.18) and (3.19) completes the proof. O
The following results discuss the sensitivity of the pseudo-inverse of a matrix to
perturbations.
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LEMMA 3.7. (Bjorck [2, Theorem 1.4.2]) Let B, E € R¥*J satisfy rank(B + E) =
rank(B) and n = ||| BY||||E|| < 1. Then

1
B+ E)|| < —|IB'|.
(IS bl 1_77H| Il

LEMMA 3.8. Let the matrices Hy, and I:[;j as well as the constants P, pr+1 and
0 be defined as in Lemma 3.6, and introduce the positive constants

_ T
(3:20) 7= s LI 26 + esn))
and
~ 1 -
(3.21) §= min{%,é}.

Let § satisfy 0 < 0 < 0 and assume that b° € X satisfies (1.2). Then
(3.22) ICEDT <207,  1<k<e

Moreover, when f,f+1 # 0, we have that

(3.23) DT — I < 222N HLIP 26k + ps1).

Proof. Let k satisfy 1 < k < £. Tt follows from Corollary 3.4 that the matrices
used in this lemma exist. We first show (3.22). Inequality (3.17) yields

WAL — HI < M55 + prs1)8 <6 <

N =

and by Corollary 3.4, we have
(3.24) rank(Hy) = rank(H}) = k.

Lemma 3.7 can now be applied to show that

. 1 _ 1 _
DI < I < _—WSHIHIIHI < 2|l

L— I Hx — H 1
We turn to (3.23). This inequality can be shown by using (3.22), (3.24) and
W& — EDI < 2" HLER — Hilll (R

The latter inequality is due to Wedin [17]. O

THEOREM 3.9. Let § satisfy 0 < & < 0, where 0 is given by (3.21), and let
b € X satisfy (1.2). Let k < £ and let xi denote the kth iterate determined by the
GMRES method applied to equation (1.3) with initial approzimate solution xg = 0.
Similarly, let xy denote the kth iterate determined by the GMRES method applied to
equation (1.1) with initial approzimate solution xg = 0. Then, there are constants oy,
independent of §, such that

(3.25) llzr — 28 || < owd, 1<k<t
11



Proof. Tt follows from Corollary 3.4 that dim (A, b°%) = ¢ and therefore it can
be seen from Lemma 2.3 that, for k < ¢, the approximate solution xi determined by
the GMRES method applied to (1.3) is well-defined. Introduce

o _{ Fo/If2alls it ||f§+1|\ >0,
+ Oa if ||f€+1” = Oa

and let the operators (Vfﬂ)* : X — R and (Voy1)* : X — R be defined by

¥ * ¥/ .
(3.26) { (Vﬁ[l) vo= Y <U,w > et < 00,7 > e,

v .
Vi = Y0 <vj,x>e+ < 0,1, > epq1.
The expression (2.11) yields

zp — a8 = Vk]illi‘{k*ﬂb - Vlj(]i[g)T(YliLl)*bév ifk </,
Ve HIVE b — VI(HD)T(VE )0, itk = £,

When k < ¢, it follows from the bounds (3.14), (3.16), (3.22) and (3.23), the scaling
(3.1) of b, and the fact that [|[V|| = [|(V/)*|| = 1 for 1 < j </ and all § > 0, that

ek — 2| = IV Vi1 b = ViE (D) (V2,1 )0 |
=|(Vk — Vké)HIIVk*Hb + Vké(HII - (E[Ig)T)(Vk6+1)*b6
+V15H11(Vk*+1 - (Vk5+1)*)b + V;fﬁg(véll)*(b )|
< Vi = VLI + N E — BT +0)
ANV — (V)™ Il + N EL IS
< GRS AL + 20 H] 226k + )51+ 8) + 1 HL 818 + | ] 16
= 2028 + pue ) I EL 2L+ 0)8 + (B + Brgr + DIHL]]6.

Thus, we can choose
o = 220k + ) IIE T (1 4 8) + Bk + Brsr + DIIHL-

A similar bound can be shown for k& = ¢ by using the operators (3.26) and the fact
that ||V, — (V2| < Be; cf. (3.16). O
Introduce the constant

b— Az,
(3.27) € = min M,
1<j<e 2(a+ 05+ 1)

where « satisfies (3.5) and the oj, 1 < j < ¢, are as in Theorem 3.9. Note that by
Lemma 2.3, ||b — Azk|| > 0 for 1 < k < ¢, and therefore € > 0.

THEOREM 3.10. Let § satisfy 0 < & < ¢, with € defined by (3.27), and let b° € X
satisfy (1.2). Apply the GMRES method, using Stopping Rule 1.1 with the positive
constant o satisfying (3.5), to the solution of equation (1.8) with initial approzimate
solution l‘g = 0. Then the termination index mg satisfies ms = £, where £ is the
number of GMRES steps required to solve (1.1) with initial approzimate solution xo =
0.

12



Proof. Assume that ms # (. It follows from Lemma 3.1 that ms < ¢, i.e,
|69 — Azl || < ad for some k < ¢. Theorem 3.9 and the scaling (3.1) of A yield

ad > [|b° — Azp|| > ||b — Ay || — || Az — Azl || — [Ib— 0| > [|b — Az || — 046 — 6
and, therefore,
|6 — Azk]| < (o + ok + 1)4.

It follows from 6 < e and (3.27) that
1
|b—Azi| < (a4 o0k +1)e < §Hb — Azl

a contradiction since ||b — Az || > 0. We conclude that ms = ¢. O

THEOREM 3.11. Assume that Algorithm 2.1 applied to {A,b} breaks down after
¢ steps, and let the right-hand side b° of equation (1.3) satisfy the same conditions as
in Theorem 3.10. Let the GMRES method applied to (1.3), using Stopping Rule 1.1
with the positive constant « satisfying (3.5), determine the approximate solution zfné,
where, as usual, the initial approximate solution is chosen to be xg = 0. Then

(3.28) lim sup |z -2, || =0,
N0 Jo—bs <5 ’

where x denotes the solution of (1.1).

Proof. Tt follows from Lemma 2.3 that the fth iterate z;, determined by the
GMRES method applied to equation (1.1) with initial approximate solution xy = 0
solves the equation, i.e., zy = x. Theorem 3.10 and the bound (3.25) show that
|z — 29, || = ||z — 29| < 046, and we obtain

sup |z — mme < g4d.
[b—b2[I<8

Letting 0 decrease to zero establishes (3.28). O

It follows from Theorem 3.11 that if the GMRES method solves equation (1.1)
in finitely many steps, then the GMRES method equipped with Stopping Rule 1.1
defines a regularization method.

We remark that the results of this section also hold when A is singular, provided
that equation (1.1) has at least one solution and the GMRES method can compute
a specific solution Z in finitely many steps. Discussions on the behavior of the GM-
RES method when applied to linear systems of equations with a singular matrix are
presented in [3, 4]. Here we only note that a difficulty that arises is that the Arnoldi
process may break down before a sufficiently large Krylov subspace has been generated
to contain the solution Z, i.e., the conclusion of Lemma 2.3 may be violated.

4. Computed examples. This section illustrates the behavior of the limit (1.8)
when the GMRES method is applied to two problems from the package Regularization
Tools by Hansen [10]. We compare the results of the GMRES method to those of the
conjugate gradient method applied to the normal equations (1.6). We use the imple-
mentation CGLS of Bjorck [2]. This implementation does not require the operator
A*A to be formed explicitly. All computations were performed on an Intel Pentium
workstation with about 16 significant decimal digits using GNU Octave.

13



Example 4.1 Example 4.2
1) ms (GMRES) ms (CGLS) | ms (GMRES) ms (CGLS)
1-1071 11 2 1 2
1-1072 32 7 3 3
1-1073 58 13 3 3
1-107% 90 20 3 4
1-107° 98 26 5 6
1-1076 99 41 5 6
1-1077 100 55 5 7
1-1078 100 79 5 8
1-107° 100 94 6 8
1-10710 100 98 7 8
1-10~4 100 98 7 9
1-10712 100 98 7 9
TABLE 4.1

Termination index ms for different values of 6 for Ezamples 4.1 and 4.2 for the GMRES and
CGLS methods equipped with Stopping Rule 1.1 with oo = 1.

Example 4.1. Consider the Volterra integral equation of the first kind,
(4.1) / k(T — 0)x(o)do = b(T), 0<7<1,
0

where the kernel is defined by
—3/2
2/

This equation is discussed by Carasso [6]. Let the right-hand side function b(r) be
chosen so that

r(7) = exp(—1/(472)).

757_27 OSTSl/lO,
3
_ ) 34200 —2)(3—207), 1/10 <7 < 3/20,
(4.2) H7) =9 3 xpa(3 - 207)), 3/20 < 7 < 1/2,
0, 1/2 <7<1

solves (4.1). We discretize (4.1) by the composite midpoint rule with 100 equidistant
nodes in [0, 1] using the Matlab code provided by Hansen [10] and obtain a linear
system of equations Az = b, where A € R199%100 and 2, b € R1%°, The matrix A is of
ill-determined rank, because its singular values “cluster” at the origin. The vector =
is a tabulation of the solution (4.2) at equidistant points.

Let the vector d € R'%Y consist of random entries that are uniformly distributed
in the interval [0,1]. We refer to the vector d as noise. Introduce the perturbed
right-hand side vector b° = b + éd, where § > 0.

We apply the GMRES method with initial approximate solution 23 = 0 to the
solution of the linear system of equations Az = b’ for right-hand sides associated with
several values of §. The iterations are terminated when Stopping Rule 1.1 with o = 1
is satisfied. The Arnoldi process has been implemented with reorthogonalization to
secure orthogonality of the computed Krylov subspace basis. We denote the computed
approximate solutions by z, . Figure 4.1 displays the points {log,o(4),logo(|lz —
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0, |I/l|z]))}, marked by “47, for § € {1-1077}12,. Adjacent points are connected by
dashed straight lines for clarity. The figure shows the convergence of the computed
iterates xfné to the solution z of equation (1.1) as a function of . The termination
indices mg for the GMRES method determined by Stopping Rule 1.1 for different
values of § are shown in Table 4.1.

Figure 4.1 also shows the corresponding graph for iterates xfné determined by
the CGLS method. In order to reduce the effect of round-off errors on the computed
iterates, we implemented the CGLS method with reorthogonalization of the residual
vectors r? = A*p° fA*A:cg associated with the normal equations (1.6) by the modified
Gram-Schmidt method. The points {log,o(8),log,o(||z — =3, ]//||lz]))} determined by
the CGLS method are marked by “o” and adjacent points are connected by continuous
straight lines. The termination indices mg for the CGLS method determined by
Stopping Rule 1.1 for different values of § are shown in Table 4.1. O

Example 4.2. We consider the Fredholm integral equation of the first kind,

/2
(4.3) /0 k(o,T)x(0)do = b(1), 0<7<m,

where k(o,7) = exp(ocos(r)) and b(7) = 2sinh(7)/7, discussed by Baart [1]. The
solution is given by x(7) = sin(r). We use Matlab code from [10] to discretize (4.3) by
the Galerkin method with 100 orthonormal box functions as test and trial functions.
This gives a linear system of equations Az = b, where A € R99x100 and z.b €
R90. The singular values of A “cluster” at the origin; the matrix therefore is of
ill-determined rank. We determine a “noise-vector” d and a “noisy” right-hand side
b% similarly as in Example 4.1. We solve the linear system of equations Az? = b° by
the GMRES and CGLS methods equipped with Stopping Rule 1.1 for several values
of § and a = 1. Figure 4.2 is analogous to Figure 4.1 and displays the 10-logarithm
of the relative error ||z — 22, |/||z|| as a function of § for iterates 9, determined by
the GMRES and CGLS methods with § € {1-1077}}2,. The termination indices m;s
determined by Stopping Rule 1.1 are shown in Table 4.1. O

The above examples show the iterates a3, , determined by the GMRES method
converge to the solution x of (1.1) as § approaches zero for two ill-posed problems
from [10]. Note that the relative error ||z — a9, ||/[|z| in Example 4.2 is considerably
smaller for small values of § for iterates x9, , determined by the GMRES method than
for iterates computed by the CGLS method.

Further comparisons of the GMRES and CGLS methods are reported in [5], where
we consider ill-posed problems (1.3) that arise in image restoration. The computed
examples there show the GMRES method applied to equation (1.3) require fewer
evaluations of matrix-vector products with the matrices A or AT and determine more
pleasing restored images than the CGLS method applied to the associated normal
equations (1.6).
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FiG. 4.1. Ezample 4.1: Relative error norms of the iterates zfna computed by the GMRES and

CGLS methods.
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FiG. 4.2. Ezample 4.2: Relative error norms of the iterates zfna computed by the GMRES and

CGLS methods.
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