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Abstract We study the online strip packing problem and derive an improved lower
bound of p > 2.589... for the competitive ratio of this problem. The construction is
based on modified “Brown-Baker-Katseff sequences” (Brown et al. in Acta Inform.
18:207-225, 1982) using only two types of rectangles. In addition, we present an
online algorithm with competitive ratio (3 ++/5)/2 = 2.618. ... for packing instances
of this type.
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1 Introduction

In the two-dimensional strip packing problem a number of rectangles have to be
packed without rotation or overlap into a strip such that the height of the strip used
is minimal. The width of the rectangles is bounded by 1 and the strip has width 1
and infinite height. Baker, Coffman and Rivest [2] show that this problem is NP-
hard, while Kenyon and Remila [3] present an approximation scheme for solving this
problem.

We study the online version of this packing problem. In the online version the
rectangles are given to the online algorithm one by one from a list, and the next rect-
angle is given as soon as the current rectangle is irrevocably placed into the strip.
To evaluate the performance of an online algorithm we employ competitive analysis.
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For a list of rectangles L, the height of a strip used by online algorithm ALG and by
the optimal solution are denoted by ALG(L) and OPT(L), respectively. The optimal
solution is not restricted in any way by the ordering of the rectangles in the list. Com-
petitive analysis measures the absolute worst-case performance of online algorithm
ALG by its competitive ratio

PALG = Sup
L

ALG(L)
{ OPT(L) }

Known Results Regarding the upper bound on the competitive ratio for online strip
packing, recent advances have been made by Ye, Han and Zhang [4] and Hurink and
Paulus [5]. Independently they showed that a modification of the well-known shelf
algorithm yields an online algorithm with competitive ratio 7/2 + /10 ~ 6.6623,
improving an earlier “shelf type algorithm” by Baker and Schwarz [6]. Another line
of research deals with the so-called asymptotic competitive ratio, cf. [6-8].

In the early 80’s, Brown, Baker and Katseff [1] derived a lower bound p > 2
on the competitive ratio of any online algorithm by constructing certain (adversary)
sequences in a fairly straightforward way—see Sect. 2. These sequences, that we
call BBK sequences in the sequel, were further studied by Johannes [9] and Hurink
and Paulus [10], who derived improved lower bounds of 2.25 and 2.43, respectively.
(Both results are computer aided and presented in terms of online parallel machine
scheduling, a closely related problem.) The paper of Hurink and Paulus [10] also
presents an upper bound of p < 2.5 for packing BBK sequences. Kern and Paulus
[11] finally settled the question of how well the BBK sequences can be packed by
providing matching upper and lower bounds of pppk = 3/2 + +/33/6 ~ 2.457.

Our Contribution Using modified BBK sequences we show an improved lower
bound of 2.589... on the absolute competitive ratio of this problem. The modified
sequences that we use consist solely of two types of items, namely, thin items that
have negligible width (and thus can all be packed in parallel) and blocking items that
have width 1. The advantage of these sequences is that the structure of the optimal
packing is simple, i.e., the optimal packing height is the sum of the heights of the
blocking items plus the maximal height of the thin items. Therefore, we call such
sequences primitive. We like to stress that all instances used so far to derive lower
bounds are primitive.

On the positive side, we present an online algorithm for packing primitive se-
quences with competitive ratio (3 + +/5)/2 = 2.618. ... This result shows that our
lower bound analysis of modified BBK sequences is fairly tight and, secondly, that in
order to derive new lower bounds for strip packing that are larger than 2.618. .. (and
thus to significantly reduce the gap to the general upper bound of 6.6623), instances
with a more complex structure (not just thin and blocking items) must be analyzed.
In this sense, the upper bound result can thus be taken as a hint to future research
directions, possibly leading to improved lower bounds.

The present paper is a journal version of an extended abstract that was earlier
published (without proof) in the proceedings of WAOA 2011 [12].
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Organization We start our presentation with a description of the Brown-Baker-
Katseff sequences and their modification in Sect. 2. In Sect. 3 we present our lower
bound based on these modifications and in Sect. 4 we describe our algorithm for
packing primitive sequences. A detailed proof of the main result (lower bound) is
presented in Sect. 5.

2 Sequence Construction

In this paper we denote the thin items by p; and the blocking items by g; (adopting
the notation from [11]). As already mentioned in the introduction, we assume that the
width of the thin items is negligible and thus all thin items can be packed next to each
other. Moreover, the width of the blocking items g; is always 1, so that no item can
be packed next to any blocking item in parallel. Therefore, all items are characterized
by their heights and we refer to their heights by p; and g; as well. By definition, for
any list L =q1, 92, ..., 9k, P1, P1, - - - » P¢ consisting of thin and blocking items we
have

k
OPT(L) = ; ma. ;.
(L) Zqﬂrl_:l’.fgpl

i=1

To prove the desired lower bound we assume the existence of a p-competitive al-
gorithm ALG for some p < 2.589... (the exact value of this bound is specified later)
and construct an adversary sequence depending on the packing that ALG generates.

To motivate the construction, let us first consider the GREEDY algorithm for on-
line strip packing, which packs every item as low as possible—see Fig. 1(a). This
algorithm is not competitive (i.e., has unbounded competitive ratio): Indeed, consider
the list L, = po, q1, P1, 92, P2, - - -»qn, Pn Of items with

po:=1,
qgi ‘=¢ forl <i <n,

pi=pi—1+¢ forl<i=<n

for some ¢ > 0. GREEDY would pack each item on top of the preceding ones and thus
generate a packing of height GREEDY(L,) =Y i g pi+ 2 i 1gi=n+1+ 2n’%e),
whereas the optimum clearly has height 1 4 2ne.

The GREEDY algorithm illustrates that any competitive online algorithm needs to
create gaps in the packing. These gaps work as a buffer to accommodate small block-
ing items—or, viewed another way, force the adversary to release larger blocking
items.

BBK Sequences The idea of Brown, Baker and Katseff [1] was to try to cheat an ar-
bitrary (non-greedy) online packing algorithm ALG in a similar way by constructing
an alternating sequence po, g1, p1, - - . of thin and blocking items. The heights p;, re-
spectively ¢; are determined so as to force the online algorithm ALG to put each item
above the previous ones—see Fig. 1(b) for an illustration. To describe the heights of
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Fig. 1 Online and optimal packings

the items formally, we consider the gaps that ALG creates between the items. We
distinguish two types of gaps, namely gaps below and gaps above a blocking item,
and refer to theses gaps as - and B-gaps, respectively. These gaps also play an im-
portant role in our analysis of the modified BBK sequences. We describe the height
of the gaps around the blocking item ¢; relative to the thin item p;. Thus, we de-
note the height of the «-gap below g; by «; p; and the height of the 8-gap above g;
by Bi pi. Using this notation, we are ready to formally describe the BBK sequences

L = po,q1, p1,q2, ... with

po:=1,
q1:=PBopo t+ ¢,
pi :=PBi—1pi-1+pi-1+aipi+¢ fori > 1,

qi :=max(aj—1pi—1, Bi—1pi-1,4i—1) +& fori >2.

In other words, each ¢; is chosen such that it is just too high to fit into one of
the preceding gaps. This is equivalent to saying that g; exceeds the preceding «- and
B-gaps as well as g;_1 (which in turn exceeds all previous gaps). Similarly, each
pi (except the first pg) is chosen just too large to fit into one of the gaps between
two consecutive blocking items. As mentioned in the introduction, Brown, Baker
and Katseff [1] used these sequences to derive a lower bound of 2 before Kern and
Paulus [11] recently showed that the competitive ratio for packing them is pppx =
3/2 4+ +/33/6 ~ 2.457.

The optimal online algorithm for BBK sequences that Kern and Paulus [11] de-
scribe generates packings with striking properties: No «- and $-gaps are created ex-
cept the first possible gap fo = ppsk — | and the second «-gap oo = 1/(pBBk — 1),
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which are chosen as large as possible while remaining ppkk-competitive. Observ-
ing this behavior of the optimal algorithm led us to the modification of the BBK
sequences.

Modified BBK Sequences By definition, the decisions of the online algorithm, in
particular, the gaps it creates, influence the sequence (construction): Creating large
a- or B-gaps “forces” the adversary to provide large blocking items in the next step.
When packing BBK sequences, a good online algorithm should be eager to “enforce”
blocking items of relatively large size (as each blocking item of size g increases the
optimal packing by g as well). Thus a good online algorithm should seek to create
large gaps.

Modified BBK sequences are designed to counter this strategy: Each time the
online algorithm places a blocking item g;, the adversary, rather than immediately
releasing a thin item p;y; (of height defined as in standard BBK sequences) that
does not fit in between the last two blocking items, generates a whole sequence of
slowly growing thin items, which “continuously” grow from p; to p;1. Packing this
subsequence causes additional problems for the online algorithm: If the algorithm fits
the whole subsequence into the last interval between g; 1 and g;, it would fill out the
whole interval and create an «-gap of 0 below g;. More generally, if the algorithm
fits a large part of the subsequence into the last interval between ¢;_1 and ¢;, it would
create a rather small a-gap below g;. On the other extreme, if ALG would pack a
thin item of height slightly larger than p; above g;, then the (relative) B-gap it can
generate is much less compared to what it could have achieved with a thin item of
larger height p; 1 (assuming that the p-items are packed as high as possible, subject
to p-competitiveness). Thus letting thin items grow continuously from p; to p;4
forces the online algorithm to either create smaller «- or smaller 8-gaps. The next
blocking item ¢g;41 will be released as soon as the sequence of thin items has grown
from p; to pit1.

This general concept of modified BBK sequences applies after the first blocking
item g is released. Since subsequences of thin items and single blocking items are
released alternatingly from this point on, we refer to this phase as the alternating
phase. Before that, we have a starting phase in which the algorithm is confronted
with a “continuously” increasing sequence of thin items. The starting phase ends
with the release of the first blocking item g;. The purpose of the starting phase is to
prevent the online algorithm from introducing a large gap in the first step (when the
first thin item arrives). Indeed, the optimal online algorithm by Kern and Paulus [11]
generates an initial gap Bo of maximal size to enforce a large first blocking item ¢ .
Since the first item has height 1, it must be “scheduled” at height Sp = ppgk — 1 in
order to not exceed the optimal ratio pgpk already in the first step. In the starting
phase, we seek to prevent the algorithm from creating a large So-gap as described in
more detail in the next section.

Summarizing, a modified BBK sequence simply consists of a sequence of thin
items, continuously growing in height, interleaved with blocking items which (by
definition of their height) must be packed above all preceding items, and are released
as described above, i.e., when the thin item size has grown up to the largest gap
between two blocking items, cf. Sects. 3 and 5 for more details.

We will use modified BBK sequences to prove
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Theorem 1 There exists no algorithm for online strip packing with competitive ratio

17 1 3 1
p<p= T + EC/Z2976—768«/78+ 5\3/359+ 124/78 ~2.589.....

3 Lower Bound

For the sake of contradiction, assume there exists an online algorithm ALG that is
p-competitive for online strip packing with p < p. Let § =p — p > 0. W.l.o.g. we
assume that § is sufficiently small. We feed ALG with a sequence 7y, 77, ... of thin
items, interleaved with blocking items arriving at certain times as described in the
following. The initial subsequence of thin items 7y, 2, ..., r; that precedes the first
blocking item defines the starting phase. The basic idea is to prevent ALG from
creating a large §- gap in the first step. So if ALG packs the first thin item r; “too
high”, we release a slightly larger thin item r;. The best ALG can do in this case is to
bottom-align r, with ry, yielding a slight decrease in the (relative!) -gap. Continuing
this way with an increasing sequence r3, r4, ..., ALG will eventually reduce its -
gap to almost 0 or decide to “jump”, i.e., pack some r; on top of the current packing,
leaving a new gap in between r;_1 and r; of reasonable size. In case this is (still) too
large compared to the current height of the packing, we continue with 7 etc.

Thus in the starting phase we seek to decrease the maximal size (relative to the
current packing height) of a gap. More specifically, let

h(maxgapa; g (ri))
ALG(ry)

be the max-gap-to-height ratio after packing r;, where h(maxgap,; g(r;)) denotes
the height of the maximal gap that algorithm ALG created up to item r; and ALG(r;)
denotes the height algorithm ALG consumed up to item r;. We say ALG is (p, ¢)-
competitive in the starting phase if ALG is p-competitive (i.e., ALG(r;) < pOPT(r;))
and retains a max-gap-to-height ratio of ¢ (i.e., h(maxgapa; g (ri))/ALG(r;) > ¢ for
i >1)forall lists L =rq, ra, ... of thin items.

In the analysis of the starting phase in Sect. 5.1 we show that an increasing se-
quence of thin items (the starting phase) forces any p-competitive algorithm to reach
a state with max-gap-to-height ratio less than
p—2p—1

¢= —
p—1

Thus there must be a first item r; that ALG packs, causing a max-gap-to-height
ratio of less than ¢. The starting phase ends with the release of the first blocking item
q1 of height ¢ - ALG(r;) and we enter the second phase which we call the alternating
phase. (For p as in Theorem 1 this yields a rather small value of ¢ = 0.04275....
This means that ALG might equally well pack the first item rq of size r; = 1, say,
at height ¢ = 0.04275..., very close to the bottom of the strip—in which case we
would enter the alternating phase immediately.)
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In Sect. 5.2 we analyze the alternating phase, more precisely, we investigate, how
the competitiveness of ALG in the alternating phase is influenced by its max-gap-to-
height ratio in the starting phase. We show that an algorithm with max-gap-to-height
ratio of ¢ in the starting phase cannot retain p-competitiveness in the alternating phase
for p < p in case

1—4p2 =125 +5

2(0—1)

¢=

Thus our two phases fit together for

p—2yp—1 1—4p>—12p+5
0

6—-1 20—1

¢ =

)

which is satisfied for

/3=—+—\/22976 768+/78 +—\/359+12 ~2.589..

We present the proof of Theorem 1 in Sect. 5. We end this section by observing
that modified BBK sequences show a completely different behavior as compared to
“ordinary” BBK sequences. The optimal online algorithm dealing with ordinary BBK
sequences is such that the sequence becomes stationary after a few steps (cf. [11]),
whereas modified BBK sequences continuously grow to infinity.

4 Upper Bound

In this section we present the online algorithm ONL for packing instances that consist
solely of thin and blocking items. We prove that the competitive ratio of ONL is
p =3+ +/5)/2~2.618. We distinguish two kinds of packings according to the
item on top: If the item on top of the packing is a blocking item, we have a blocked
packing, otherwise we have an open packing. Initially, we have a blocked packing
(consider the bottom of the strip as a blocking item of height O “on top of”’ the initial
empty packing).

The general idea of the algorithm ONL is pretty straightforward: First note that
we might assume that the thin items are increasing in height (a thin item that has
smaller size than a previous one can always be packed in parallel to the larger one). If
a thin item arrives at a blocked packing and the item does not fit into one of the gaps
between two blocking items—we say that a “jump is unavoidable” in this case—then
we pack it on top of the current closed packing, leaving a B-gap of relative height
p — 2 (ie, (p —2) times the height of the thin item) between the newly placed
thin item and the preceding blocking item. Note that placing a thin item on top of a
blocked packing results in an open packing. The relative size (8 = p — 2) of the gap
induced by this new “top” item is determined so as to ensure a competitive ratio of p
in the long run (cf. the proof of Theorem 2 below. Subsequent thin items are placed
bottom-aligned with the thin “top” item causing the jump, so as to not deliberately
diminish the current 8-gap. Any arriving blocking item is packed as low as possible,
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i.e., in case it fits into one of the gaps, we pack it there, otherwise it is put on top
of the current packing, resulting in a closed packing. The fact that we pack blocking
items as low as possible amounts to saying that we work with «-gaps equal to 0.
Summarizing, we apply the following algorithm.

Online Algorithm ONL for primitive sequences

Initially the packing is considered to be blocked.
WHILE a rectangle r; is released
IF r; is a blocking item, pack r; at the lowest possible height
ELSIF r; is a thin item
IF the packing is open, pack r; bottom-aligned with the top thin item
ELSIF the packing is blocked, try to pack r; below the top item.
If this is not possible, pack r; at distance (o — 2)r; above the packing.
ENDWHILE

The above algorithm does not even try to cope with a “starting phase” in any
respect. Nonetheless, it turns out to yield a rather good competitive ratio:

Theorem 2 ONL is a p-competitive algorithm for packing primitive sequences for

3445
2

~2.618.

p:

Proof We show that ONL is p-competitive for p = (3 4 +/5)/2 by induction on the
number of items. As to the inductive step, observe that whenever we pack a blocking
item of height, say ¢, then the current height of the ONL-packing increases by at most
q, whereas the optimum packing height increases by exactly g. Further, whenever we
pack a thin item into one of the gaps, the ONL-packing height does not increase at
all, so the algorithm stays trivially p-competitive in this case. Summarizing, the only
critical case occurs when we pack a thin item r; at distance Br; with B = p — 2
above the current closed packing, i.e., when a new top item r; is placed due to an
“unavoidable jump”.

We denote the thin items that are packed when generating a new gap by s; for the
i-th jump. Let s; be the highest thin item that is bottom-aligned with s;. Note that the
blocking item that blocks the packing after the i-th jump is packed directly above s .
See Fig. 2 for an illustration. We may assume w.l.0.g. that the sequence starts with a
thin item (otherwise, a blocking item is put on the bottom of the strip in the first step,
increasing the height of both ONL as well as OPT without any further consequences).
So s7 is the first item and this is packed at distance (o — 2)s; from the bottom line,
so the competitive ratio after the first stepis p — 1 < p.

For the induction step we assume ONL(s;) < p OPT(s;). Before a jump can
become unavoidable, new blocking items of total height greater than Ss; (where
B = p — 2) need to arrive as otherwise the gap below s; could accommodate all of
them. Let A’ be the height of the blocking items that are packed into the B-gap below
s; and let 2" be the total height of blocking items that arrive between s; and s; 1 and
are packed above s;. See Fig. 2. We have i/ < (p — 2)s; and i/ +h"” > (p — 2)s; as
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Fig. 2 Packing after jump 3
i + 1. Blocking items released Si+1 H
after s; shown in darker shade.

By definition, s; 1 is the first

thin item that does not fit into a Bsii
gap. Thus, in particular,

Sig1 >8] +Bsi —h

b

»

/
Si

‘BSZ h/

-1

otherwise no blocking item would be packed on top. As further blocking items could
be packed even below s/_, we get

OPT(s;41) > OPT(s;) + 1 + K" +s5i41 — 51,
ONL(s;+1) = ONL(s;) + Sl{ —si+h"+ Bsit1 + Sit1-

And thus we have

ONL(si+1) < pOPT(si+1)
&  ONL(sj) +s; — si + h" + Bsit1 + sit1
< ,o(OPT(si) +h +h" 4 s — s,~)
& (p=Dsi+si—ph'—(p—Dh" <(p—1-P)si+1.

Asp—1—pB=1ands;y >s/+ (p —2)s; — k' this is satisfied if

(o —Dsi+s;—ph'—(p—Dh" <s{+(p—2)s; —h'
& si<(e-D(H +n")
& si<(e—Dp—2)si =s;.

The last equality holds since p = (3 + \/5)/2 and thus (p — 1)(p —2) = 1. O

So the true best possible competitive ratio for packing primitive sequences is
somewhere in between the two values specified by Theorems 1 and 2. We have rea-
sons to believe that it is strictly in between these two. But perhaps an even more
challenging question is whether or not (or to what extent) primitive sequences pro-
vide worst case instances for online packing in general. So far, all lower bounds for
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online strip packing are based on primitive sequences. Theorem 2 states that this ap-
proach is limited. In order to achieve significant further improvements (towards the
upper bound of 6.6623), suitable non-primitive sequences have to be designed.

5 Detailed Proof of Theorem 1
5.1 The Starting Phase

In this section we describe the lower bound for the starting phase. As we explained
before, the key parameter of this phase is the max-gap-to-height ratio. We will show
that for p < p, any p-competitive algorithm can be forced into a state with max-gap-
to-height ratio less than ¢. In this section we use the definition

A P=2yp—1

C=—F77""—.

p—1
The starting phase ends as soon as a state is reached with a max-gap-to-height ratio
less than ¢. To derive a contradiction, we assume that the p-competitive algorithm
ALG is (p, ¢)-competitive, i.e., retains a max-gap-to-height ratio of ¢.
Let n > 0 be some very small constant and consider the adversary list Ly =

r1,r2, ... consisting of thin items

rr=1 and

ri=ri—1+n fori>2.

Recall that we denote the thin items by r; instead of p; here to be able to designate
certain items that correspond to the thin items p; from the BBK sequence in the
analysis of the alternating phase

The sole function of the positive term 71 is to gradually increase the height of
items (we substituted ¢ from the BBK sequences by 1 because we use ¢ later in our
analysis). To simplify the calculations, however, we assume that 7 is chosen small
enough such that single instances of 1 can be omitted from the analysis. (The careful
reader might want to check that the bounds we derive for the competitive ratio are
actually continuous functions of 7 and therefore we are well allowed to take the limit
(n— 0))

In the following analysis we consider the phases between the creation of new gaps.
See Fig. 3(a) for an illustration of the following notations. We refer to the first items
in each phase as the jump items s1, 52, ... and we denote the last item in each phase
by s{ , sé, .... As we argued above, we assume s; | = slf . Furthermore, we denote the
gaps that ALG creates by g1, g2, ... and refer to the maximal gap after ALG packs
an item r; by maxgapay g(r;). Note that the height of the gaps might change when
further items are packed (in case ALG packs them such that they reach into the gap
from above or below). We denote the initial height of gap g; by A;s; and the gap
height directly before the next jump, i.e., in the moment s; is packed, by A.s;. Note
that the height of gap g; is always given relative to the corresponding jump item s;.
Finally, we denote the packing height up to gap g; by w;s;, again relative to s;. We
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(a) Notations in the starting phase (b) Situation when ALG packs s, below s;

Fig. 3 Starting phase. Lemma 1 shows that the gap sizes are increasing with each jump and Lemma 2
shows that ALG needs to pack s/ next to s;

have ALG(s;) = w;s; + Ais; +s; and w;s; > ALG(s]_,) as s;_, is packed below g;
but other items might even reach higher than s_,.
Since OPT(s;) = s; and ALG(s;) = (i; + A; + 1)s; we directly have

(mi +A; +1)s; < ps; foralli >1 and thus

wi+r<p-—1 foralli > 1. )

Before we are ready to prove that ALG is forced to reach a state with max-gap-to-

height ratio less than ¢, we have to show some assumptions that we can make on the

algorithm ALG. First, we show that we can assume that ALG generates a packing

where the gap preceding s; is the maximal gap until s;41 is packed for all i > 1. Or,
in other words, ALG generates a packing with increasing gap sizes.

Lemma 1 We can assume that ALG generates a packing that satisfies
maxgapa g(rj) =g forrj € {si,....s}}.

Proof The intuition of this proof is simple: A new gap g; that is not maximal (as long
as it is the current gap) is unnecessary and can therefore be omitted. We do this by
bottom-aligning all items from s; to r; with the top of the previous gap.

More formally, let maxgapa; g(7;) = gk # gi be the first violation of the condition
forr; € {s;,...,s}. The modified algorithm ALG’ simulates ALG with the exception
that it bottom-aligns those items from {s;, ..., 7;} that were previously packed above
gk with the top of g.
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As items have only been moved downwards, ALG’ remains p-competitive. More-
over, for the altered algorithm we have

maxgapay 7 (r¢) = maxgapa; g(rj) =gr forrge{s;,...,r;} and
hr, (k) = hr;(gk) = CALG(rj) = ¢ALG (r¢) forrg € (s, ..., rj},

where /,,(gi) denotes the height of gap g in the moment r; is packed. The second
inequality is due to our assumption that ALGis (o, ¢)-competitive, so the height of the
max-gap at any time is at least ¢-times the current packing height. The last inequality
shows that also the modified algorithm retains a max-gap-to-height ratio of ¢. So
(p, ¢)-competitiveness is not violated.

In total, the altered algorithm ALG’ potentially even saves packing height in com-
parison with the original algorithm ALG. We can apply this method to all violations
of maxgapay g(rj) = g by induction. O

Now we show that the space below a jump item s; is not large enough to accom-
modate s; before ALG makes the next jump. The implication of this statement is that
any (p, ¢)-competitive algorithm needs to place new items next to the current jump
item.

Lemma 2 ALG cannot generate a gap with an item s; | when the last item s; is
packed completely below the previous jump item s;.

Proof For the sake of contradiction assume that ALG generates such a gap with item
si+1 while the last item s/ was packed completely below the previous jump item s;—
see Fig. 3(b). As we will see, the proof of this lemma does not require to consider
that ALG retains a max-gap-to-height ratio of ¢.

By inequality (1) we have 5] < (u; + A;)s; < (p — 1)s; as s; is packed below ;.
Thus s; > s;/(p — 1). With our assumption s/ = s; ;1 we have

1
ALG(si+1) > 5] +8i + 8i41 > (2+ = 1>Sz'+1-
The contradiction follows with p < 2.618... as

I>(p-=2(p—-1

1
& <2+ )Si+1 > 0Si+1
p—1

=  ALG(si+1) > pOPT(s;i+1). O

Lemmas 1 and 2 state that each jump is larger than the previous jump and that
w.l.o.g. ALG bottom-aligns the items next to the current jump item until a subse-
quent jump is carried out. This gives us sufficient information about the structure
of the online packing to derive a contradiction. More specifically, the next two lem-
mas show that the relative gap height A; is decreasing by a constant in every step,
which contradicts the trivial lower bound of A; > ¢/(1 —¢) - (u; +1) >¢/(1 —¢) as
Aisi > C(pisi + Aisi + ;).
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Lemma3 A <p—1andforanyi > 1

hsp—2- 0D
Ai—c(p—1)
Proof The first part, A1 < p — 1, follows directly from the p-competitiveness.

By Lemma 1 we know that maxgap,y g (s;) = g. Since ALG preserves a max-
gap-to-height ratio of at least ¢, we have A’s; > ¢ ALG(s]). Moreover, by Lemma 2
we have ALG(s)) > u;s; + A;s; +s; and thus

Msi = EALG(s]) = &((pi + AL)si +5])

)\.;Si — é(ﬂi + k;)si
z .

@

Now we consider the packing height jt;41s;+1. We have w;y1si41 > ALG(s)) >
(i + A0)s; + s/ and thus

/
Si S

pis1 = (i + 1) — + —
Si4l  Sitl

. Clui + 1)
T A — (i + A
Ep—1
S Y
Ai—c(p—1)

+ 1 by inequality (2)

The last step holds since

9 ( clui + 1) > _COG =i + ) — e(pi +A) (1 —¢6)

[ AVIEETETRY A (A —E(ui +21)?
—C i

T = i+ A))?

<0 asu; >0

C(pi+A))
A —C(pi+2])
inequality (1).

Using this lower bound for u;41 we get

and thus is minimal for A; maximal, which is A} =2; = p — 1 — u; by

Ait1 <p—1—p;41 by inequality (1) fori + 1

<p_p__o=b
i —¢&(p—1) -

Using this upper bound for the relative gap height A;+; we will show that no (p, ¢)-
competitive algorithm exists. We already gave the lower bound of A; > ¢/(1 —¢). On
the other hand, the following lemma shows that the relative gap heights are gradually
decreasing over time. This gives a contradiction to the assumption that ALG can
retain a max-gap-to-height ratio of ¢. Thus ALG is either not p-competitive or we
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reach a state with a max-gap-to-height ratio of less than ¢, which ends the starting
phase.

Lemmad4 )\, | <A; — ¢ for some fixed ¢ > 0.

Proof Lete =¢(p) =2y/¢(p—1)—p+2+¢(p—1). By Lemma 3 we have A; 1 <
Ai — & since

cp—1 = R
p_z_g<A,~—2\/c(p—l)+p—2—6(p—1)

hi—cC(p—1)
cp—1) ~ .
< —mf)\z—z co—D—clp—1

1= (Ve = 1) +ép = D)
>—(p—1)—=2Vé(p— Dé(p—1) =& (p— 1)*
& 2= (2Velp— D +2ep — D)
>—(p—1)—=2yé(p— Dé(p—1) —&*(p— 1)°
& (- (ep-D+éip-1))’
> (Veo =D +é(p— 1) —ép—1)
~2/é(p—Dép—1) = (p—1)°

=0.

Thus it only remains to show that e(p) > 0.

With ¢ = % “’571 we have ¢(p) = 0 since

e(p)=2ve(p—D)—p+2+c(p—1
=20/p—2vp—1—p+2+p—-2/p—1

and
Wp—2vp—1—p4+2+p—-2y/p—1=0
& Up—2Vp—1=2yp—-1-2

& 4p-2/p—1)=4(p—-1)—-8/p—1+4.

Note that this calculation actually defines the lower bound of ﬁ_% ‘f)_l for ¢. Now

observe that ¢ = % “’f_l does not depend on p and thus we have

S aap—D—pt2+ip—1)=
ap

~

Cc
Vep—1)

—14c.
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This derivative is negative as

¢

— < (1-0)?
p—1

5—%@—1(<@—1—ﬁ+%@—bz

& — - by definition of ¢
(o—D(G -1 -1 Y
—1
& ,6—2\/;3—1<(2\/ﬁ—1—1)2.%
4p—1)—4Jp—14+1 1 1
& p—-2/p—-1< (=D > p + as'(z >§f0r,022
5=
& 3.5
— < 0.
5 <h

Thus &(p) is strictly decreasing with respect to p and £(0) = 0. Hence £(p) > 0 for
0 < p and the lemma follows. O

Thus the A; decrease by a fixed amount in each step, contradicting the lower bound
Ai > ¢/(1 —¢) for any i > 1. Thus our original assumption that /ALG/ cannot be true.
In other words, we have proved

Lemma 5 Any p-competitive algorithm ALG can be forced to reach a state where
the max-gap-to-height ratio is less than

5.2 The Alternating Phase

In this section we describe the lower bound in the alternating phase. In this phase we
use that by Lemma 5, any p-competitive algorithm ALG is forced to reach a state
where the max-gap-to-height ratio is less than ¢ = % ”ffl, As explained earlier

in Sect. 3, we seek to analyze how ¢ and ¢ must be related so that an algorithm
that finishes the starting phase with a max-gap-to-height-ratio of ¢ cannot stay p-
competitive for p < ¢ in the alternating phase. The outcome will be that the two
values must be related by the equation

1—4p2 =125 +5
2(0—1) '

é:

Thus, if ¢ satisfies both equations above, then no p-competitive algorithm can exist
for p < p. Solving the two equations above yields p &~ 2.589... and ¢ ~ 0.04275. ...
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qi+1 qi+1

C\/ p*
* * i1 0+1 * * ’
@i1Pit1 T Qi1Pit1 1 Di

Py BPi ||P;
Pl =pi || pi

B; Z), - @ ﬁ,pl @
i alp? 4 al=0
apil @ o aip;

ilﬁ—l Pioy ilp?—l Piy

(a) Notations. a-gaps below blocking items with height (b) Structured packing according to the assumptions by
o p; in the moment g; is packed and final height o}p;. Lemmas 6, 7. Here we illustrate the case 8; > 0 and thus
(B-gaps above blocking items with height 5] p; o =0and p; = p;

Fig. 4 Order of the released items. (1) Thin items up to p;kil; (2) blocking item g; ; (3) and (4) thin items
up to p;." (including the jump item p;); (5) blocking item g; | and (6) further thin items up to plf

Our adversary sequence in the alternating phase starts with the first blocking item
g1 and then continues with the list of thin items of gradually increasing height from
the starting phase interleaved with further blocking items. Let n > 0 be some very
small constant and let r¢ be the last item that was released in the starting phase. Then
we continue with the list Lajternating = q1, k+1, 'k+2, - - - Where

q1 =¢-ALG(ry) and
ri=ri—1+n fOrle+1

To understand when the blocking items are inserted, let us first introduce the no-
tations in this phase—see Fig. 4(a).

Similar to the starting phase, we consider the jump items, i.e., the thin items that
are the first to be packed above a blocking item ¢;, and denote them by p;. The
thin item directly before the jump item is denoted by p;_, (we will later see that we
can actually assume that p!_, is the last item that is packed below ¢;). We denote
the interval between the blocking items ¢;_1 and ¢; by I;. As in the standard BBK
sequences, the thin item whose height exceeds the height of the previous interval
plays an important role. We denote the first item that exceeds the height of /;_; by
p; and describe all further heights relative to these designated items.

As described in the introduction, we distinguish «-gaps (directly below blocking
items) and B-gaps (directly above blocking items). As the gap heights can change
during the packing (as further thin items are packed into the same interval) we have
to be specific about the moment in which we consider these heights. Let o« p} be the
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height of the «-gap below ¢; in the moment g; is packed and let o p¥ be the final
height of the a-gap below g;, i.e., the height in the moment p is packed (as after-
wards no further item can be packed into /;_1). The notation is due to our assumption
that p;_, is the last item that is packed into /;_1 (which we show later). Regarding
the B-gap we get along with a single definition: Let 8 p; be the height of the B-gap
above g; in the moment p is packed.

The blocking item g; 1 is released directly after p?. This ensures that the online
algorithm jumps before a new blocking item is released (as the height of p} exceeds
the height of the previous interval). We set the height of the blocking items to

q1:=¢-ALG(ry) as already mentioned above and

gi =max(ej_ pi_ ;. B\ pf1.qi-1) +n fori>2.
Note that we use the final height o p* of the a-gap in this definition. This definition
ensures that the blocking items are always packed above all previous items.

Again the function of the positive term 7 is to gradually increase the height of
thin items and to ensure that the blocking items are always packed above all previous
items. As before, we make the assumption that 7 is chosen small enough to be omitted
from the analysis. Thus we assume that g; = max(alf _\Pi_1» B P qi—1) and that
the height of p equals the height of the previous interval /; _; throughout this section.
(Again, this is justified by taking the limit (n — 0).)

We use succ(r;) and prec(r;) to denote the thin item that succeeds and that pre-
cedes r;, respectively. Using this notations we can rephrase the input list including
the blocking items to

*
Lalternaling =4q1:sTk4+15 -+ p] > 41, SUCC(pT), LR} p;s q2, Succ(p;), LR

We also refer to Fig. 4 for an illustration of the order in which the items are released.
5.2.1 Overview

We prove by contradiction that no p-competitive algorithm exists for p < 6. Thus
we assume to the contrary that a p-competitive algorithm ALG exists. By the anal-
ysis of the starting phase we already know that we can force ALG to reach a state
with a max-gap-to-height ratio less than ¢. In accordance with the notation given
above we introduce the parameter y;* to measure how much ALG improves upon the
p-competitiveness. Let y* be defined through

ALG(p}) + v p{ = p OPT(p}).
Using this value, we introduce the potential function
Qi =y +B;

Note that moving p} (together with all other thin items packed on top of ¢;) up or
down will increase resp. decrease the value of ,3;“ and, at the same time, decrease
resp. increase the value of y;* by the same amount. Thus, such a move would not

@ Springer



58 Theory Comput Syst (2015) 56:41-72

affect the potential @;. (This phenomenon seems to be a characteristic feature of
suitable potentials, cf. also, e.g., [11] or [13].) Yet, of course, the online algorithm’s
decision on where to pack the thin items above g; determines the current 8-gap and
influences subsequent items and potential values.

Obviously, any p-competitive algorithm needs to keep @; non-negative over time.
We aim at deriving a contradiction by showing that @; decreases by a constant
amount in every step. Unfortunately, there is one possible exception to this rule, mak-
ing the proof substantially more involved: @; might increase exactly once. We will
show that even in this case, @; is properly bounded from above and cannot increase
a second time.

We start our analysis with some preliminary results (Lemmas 6—11) on the struc-
ture of a packing generated by ALG. The general theme is that if a p-competitive
algorithm exists, then there also exists a p-competitive algorithm that generates pack-
ings with the assumed structure. In other words: If ALG does not generate such a
packing, we can alter the packing (or rather the algorithm) such that the conditions are
satisfied and p-competitiveness is not violated at any point. In addition, a few help-
ful estimates are derived, essentially lower and upper bounds for «-gaps: Lemma 7
states that for the online algorithm it is not wise to generate both a nonzero o and a
nonzero f-gap, as one large §-gap is more promising. Lemma 8 states that the online
algorithm should better not work with small nonzero «-gaps, as these could better be
replaced by S-gaps. Thus the size of nonzero «-gaps can be bounded from below and,
of course, also from above (Lemmas 9 and 10), as the online algorithm is assumed to
be p-competitive. The “preliminaries section” then concludes with Lemma 11, say-
ing how exactly @; 11 depends on @; and the parameters (gap- and item sizes) in
step i.

Then follows the subsection “induction” (Lemmas 12—16) where we prove that
the potential decreases by some fixed amount in each step (except possibly once).
The proof will be by induction as we need to upper-bound the potential—as well
as current g/ p-values—in each step. Intuitively, a small potential indicates that the
online algorithm is in a bad position, as the potential upper bounds both the (rela-
tive) distance from the allowed packing height (p-times OPT ) and the current 8-gap.
Lemma 12 states that the initial potential is small, due to the fact that the online
algorithm enters the alternating phase with a small max-gap-to-height-ratio. In Lem-
mas 13 to 16 we investigate the change in the potential depending on how ¢ | is
defined (via the «- or B-gap or g;). In each case we conclude that the potential de-
creases, assuming that it was low already. The only exception is when g;+1 = ¢;.
This has also been the critical case for standard BBK-sequences, where the optimal
online algorithm’s strategy would create a sequence that becomes stationary after a
few steps and items are packed without any gaps. This works only if (in the stationary
part) the blocking items ¢ are sufficiently large compared to the thin items p. (In the
stationary part, OPT increases by g in each step, while the online height increases
with p+ ¢, sothatg + p < pq, i.e., % > p—il is required.)

In the case of modified BBK-sequences that we consider here, we shall see that
such relatively large blocking items cannot be generated and therefore the optimum
online algorithm will never induce a stationary sequence. Indeed, the blocking items
stay small in size (relative to the corresponding thin items, c¢f. Lemmas 12—16 below).
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Even in the critical case where g; 1 = ¢;, the potential decreases in case the current
q/ p ratio is small enough (Lemma 15) or—in case the g/ p ratio is slightly larger—it
will get small enough in the next step (Lemma 16), so that, eventually, the potential
is shown to decrease in each except possibly one single step.

5.2.2 Preliminaries

The following lemmas (6-11) provide some simplifications, i.e., “w.l.0.g. assump-
tions” on the structure of the packing that ALG generates in this phase—see Fig. 4(b)
for an illustration.

Lemma 6 We can assume that ALG generates a packing such that

1. the items p;, ..., pF, ..., p; lie in interval I;,
2. the items p;, ..., p} are bottom-aligned,
3. the items succ(py), ..., p; are bottom-aligned at the top of q;.

Proof By definition the items p7,..., p! are taller than the previous interval I; i
and thus all lie in interval /;. Assume that an item from p;, .. ., prec( p;“) does not lie
in interval /; and let r; be the tallest such item. Then we can move down the items
Dis ..., prec(r;) and bottom-align them with r;. This redefines p; to succ(r;) and
hereby satisfies condition 1. Observe that moving down the items p;, ..., proc(r;)
does not violate p-competitiveness and as «; and B are not changed, the further
packing remains unchanged.

If the items p;, ..., p} are not packed bottom-aligned, we move them downwards
until they are aligned with the lowest item of this list in order to satisfy condition 2.
And to satisfy condition 3 we move the items succ( p;k), el pl’. down until they are
aligned with the top of g; if these items are not bottom-aligned at the top of ¢;. In
both cases the alteration is possible as the height of the interval /; and thus the height
of p¥ ', remains unchanged. Moreover, the height of ¢; does not change (as B} is not
changed). The values of o "\ and o 41 can actually change, but only become larger.
But as the heights of /; and p .1 remain unchanged, the parameter o 1 only affects
gi+1 and the value of g; 1 contributes to the packing height of OPT and ALG to the
same extent. Thus increased values of o 1 and (xlf 1 cannot cause a violation of the
p-competitiveness. d

Recall that ¢; 1 = max(a;p’, B/ p}, ;). Depending on the way in which g;
is actually defined, we can assume that the other value(s) are zero as the following
lemma shows. (Intuitively, as a good online algorithm should seek to create large
gaps, it does not make sense to create both an «- and a 8-gap.)

Lemma 7 We can assume that ALG generates a packing such that

1. if giy1 = max(B} p¥, qi), then we have o] =0,
2. if qiy1 = max(«; p}, q;), then we have B} =0.
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Proof First, assume that ¢; 11 = max(B p¥, ¢;) and « > 0. By construction of the
adversary sequence, the height of p* does not depend on «; and is predetermined
at the moment ¢; is packed. Thus a reduction of ¢, which corresponds to packing
further thin items into the previous interval, does not change g;+1 and p}. So we can
alter ALG such that all items from succ(p;_l), e, pre(p;"), are packed into [;_1.
This reduces «; to 0 and thus satisfies condition 1 without implying any change to
the packing after p.

Now assume that gj+1 = max(oclfpl?“,q,-) and ,B;“ > 0. In this case a reduction
of B} does not change g; 41 and p}. So we can alter ALG to set 8/ to 0, i.e.,
bottom-align the items p;, ..., p/ with the top of ¢;, without implying any change
to the packing after p; and hereby satisfy condition 2. This alteration increases &, |
and might increase oclf L1 88 well—as we saw in Lemma 6, this does not violate p-
competitiveness. O

Observe that by Lemma 6 we have p}' | = B p} + p; + o7, p}, | and thus

1+8F

* i
=i,

3

*
Pit1=
Using this equation, we are ready to show the following assumption.

Lemma 8 We can assume that ALG generates a packing such that if o, > 0, then we
have

o= De
HT T (o - D

Proof We assume that o; > 0 and o, | < (p — De;/(1 + (p + 1)}). By Lemma 7
condition 2 we have B/ =0 and thus p; ; = p;/(1 — ] ;). We can alter ALG to
save a packing height of o/ p without violating p-competitiveness by changing the
o-gap to a B-gap. To do that, we move down ¢; and all items that are released after
p;_, with the exception of p; by &/ p;". In other words, we close the o] p; gap between
pi_, and g; by moving down ¢; and all items above g;. The only exception is the item
pi that we keep at its position to retain a S-gap at the moment this item is packed.
Hereby, we keep a gap of the original size ] p;* above g;. See Fig. 5 for an illustration
of the altered packing.

Note that this alteration changes the adversary sequence: As there does not remain
any o;-gap, the item ¢, 1 is released directly after p; is packed—also redefining p
to p;. This is the only change in the adversary sequence since the size of g;41 is
not changed and also the height of interval /; stays constant. Since the optimal value
changed as ¢; 1 is released earlier than before, we have to check whether the altered
packing is actually feasible.

We denote the optimal algorithm for the altered instance by OPT’ and the al-
tered algorithm by ALG’. With o p} we refer to the height before the alteration.
The height o, pf, | remains unchanged. We have OPT'(g; +1) = OPT(p;) +¢qi+1 =
OPT(p;) + o;p; and ALG'(gi+1) = ALG(p:) + o, pf | + gi+1 = ALG(pi) +
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Fig.5 If

af | < (p=Daj/(1+(o—Day),

then we can move down g; and qi+1 N op*
all items that are released after [ - (G Qi1
p}_y» with the exception of p;, a;erlij;; ‘

|
m |
[P
‘(@Hll)iﬂ
|

/
by o p}. Hereby the o-gap \
becomes a B-gap and p; T
becomes the new p;‘ as the
interval /;_1 shrinks

2t n i

qi A [ QP
o/l \alp; [ Qip;
1pi \ T

: Hp§—1 : : ‘

/
Pi—1

* * /%
iy Piyy +o;p;- Thus

ALG'(gi+1) < p OPT'(gi+1)
& of  ph < pOPT(pi) — ALG(pi) +(p — Dej pf

>0

< ol pi == Daip;
& oy Pl = (0= Doj(1—efyy)piyy, by 3) with g7 =0

. _ (=D

< ST D

which we assumed to be true. Thus g;4+1 can actually be packed by the altered algo-
rithm. The feasibility for all other items in the altered packing is obvious. 0

On the other hand, it is not possible for ALG to create an arbitrarily large gap
when packing a blocking item g;41. We capture this fact in the following lemma.

Lemma 9 We have

v+ (p—HiE
L+ B4yt + (o= DI

k
@i =

Proof The value of & | can be bounded by observing the moment when g; 4 is
packed. We have

OPT(gi+1) = OPT(p}) + gi+1,
ALG(qi+1) = ALG(p]) + a1 piy + qit1-
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And since g;+1 needs to be packed p-competitively by ALG we get

ALG(gi4+1) < pOPT(gi+1)

& QP =V (p—Dagivi

o v+ —DiE
<:> l+1 S i by(3)
I—ofy, L+ B/
. V,'*‘i‘()o_l)q;,_;l
& o < —.
B A O

The parameter o/ plays an important role in the analysis as the height of the pre-
ceding blocking item depends on it. With the next lemma we get an upper bound for
this parameter.

Lemma 10 We have (p — Do < y/*.

Proof The idea of the bound is that if ALG jumps early, i.e., with an alf > 0, then it
generates a packing where p; = p! +a; p;. This additional height directly contributes
to the value of y;* with a factor of p — 1 (as ALG and OPT increase by the same
amount).

Formally, we have ALG(p}) = ALG(p;) + «; p, OPT(p}) = OPT(p;) + ;] p;}
and ALG(p}) + /" pj = p OPT(p}). And since p; was feasible we have ALG(p;) <
p OPT(p;) and get (0 — De; pf <y p;. O

Similar to Kern and Paulus [11] we get the following lemma that bounds the po-
tential function in terms of the parameters of the previous interval.

Lemma 11 We have

v+ o= DI+ (- DA -1

1 +/3,* (1 _Oll?k-i-l)

Qit1 =y + B =
+(p —2aj .

Proof See Fig. 6(a) for an illustration of the packing. We consider the change be-
tween p; and p;,, and with p/ | = B/ p} + p; + o p}, | from (3) we have

OPT(p}',,) = OPT(p) +qi+1 + Py — P}
=OPT(p}) +qi+1 + B + o104

ALG(p}y,) = ALG(p}) + oy 1 piy + qivt + Bi Pl + Pl

=ALG(p]) +of  piyy + i1 + B pi + B P+ P+ i
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Dit1 U I Pi 1
Blapia
qi+1 P |pi
. . QD
Qi 1Piv1 o
Bipi
* / ql
Pi BDP;i || Pi qu)lk ] a/lp’{
,,,,, e
Bip; H
qi ALG(ry
O/fp*f ffffffffff a;p 7* < k>
1 13
|p?~1 Hpéfl il
(a) In this illustration we disregard Lemma 7 (b) Here we show that ALG can pack further
(which would give o = 0 or 3; = 0) to show items aligned with the bottom of the strip be-
the general case fore generating the gap 57 pi

Fig. 6 Illustrations for Lemmas 11 and 12

Thus with y* pf = p OPT(p}") — ALG(p]) we get
ALG(pyy) + v 1 piy1 = POPT(pfy)
& VP B — (0 = Def pi
=¥"pi + (o = Dgis1 + (0 = DB P} = b}

By (3) we have (1 — ;) p;", | = (B + 1) p; and finally get

qi+1
Via B — (e =Dy, VT DRE - DA

1—af 1+8f ' O

This completes our preparations for the induction that we show next.
5.2.3 The Induction

In this section we show the intended contradiction: Any p-competitive algorithm
needs to satisfy @; > 0, however the potential @; decreases indefinitely.

We start the induction with the next lemma, giving a maximal initial value of
p — 2+ (p — 1)¢ for the potential. Afterwards, we distinguish three cases according
to the definition of g; 1. If g1 = B p} or qiy1 = o p¥ we show &; | < &; — ¢ for
some & > 0. The case g;+1 = ¢; is more involved. Either we also get a decreasing
potential or the potential might actually rise, but is still lower than the initial value.
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Therefore, this rise can only happen once, as we finally show when we bring together
all parts.

In the following calculations (which are very technical) we basically derive a series
of upper bounds on the potential @; ;. In detail, we get

20p — DN&; — 1

@H_l < T in case qgi+1 = ﬂt*pt* (4)
plp—1)d; —1 . % %
and ¢, < —mF—— incase g;.1 = B¥p’
i+1 = 1+ p®; qdi+1 ﬂz pi
20— 1DHP; — 1 .
and ¢i+1 < W mcase gj+1 = Oll/p,*
and @; <'0('0_1)@[-’_'02_3'0-’_1 in case g;+1 = g;
it o+ 2p— 1 qdi+1 =di

_ @it (p=Deé=Dp -1

and @; < =
" p(p—2+(p— Do)

p—2 incaseqi+1 =q;i.

All these conditions eventually imply @;+) < &; — ¢ for some ¢ > 0 and p < p.
Just for condition (4) we additionally require the induction hypothesis @; < p —
2 4+ (p — 1)¢. This is actually exactly the condition that gives us the value of ¢ =
1—A/4p2—12/+5

2(p—1) :
We now start with the induction hypothesis. Not only do we give an upper bound

for the initial potential @1, but also for the ratio g1/ p7. This is needed later when we
bring the different parts together.

Lemma 12 We have

P <p—-24((p—-1)¢ and
q 1
i _ -2

ri P

Proof Consider the packing of ALG and the optimal packing after p] is released—
see Fig. 6(b). Recall that ALG(ry) is the packing height at the end of the starting
phase and that g, = ¢ ALG(ry). As pj equals the height of the interval below ¢g; we
have

OPT(p}) = p} +¢q1 = p} + ¢ALG(ry) and
ALG(p}) = pi+q1 + Bipt + pi =2p% + EALG(ry) + B p?.

Moreover, we have pj = ALG(r¢) + o p] and thus p} = %‘%"). We get

=(p —2)p] + (p — DEALG(rx) — B1 p
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A . ALG(r,
= D=y +B=p—2+(p—Dé1—af) since p] = 1o fx’]‘:)
-
<p—2+(p—1c.
Finally, observe that

q1 cALG(rp) . 1

—<———=C<-.

P~ ALG(rk) o O

With the next two lemmas we show that the potential decreases if ;1 = ] p; or
gi+1 = a;p}. At the same time we show that g +1/p], is bounded, which we need
in the last case ¢;+1 = ¢q;.

Lemma 13 If &; < p —2+ (p — 1)C and q;1 = B} p}, then

Dy <P, —¢ forsomee>0 and

gi+1 _ Pi+1 qi+1
= or — —.
Py p—1 Py P

Proof By Lemma 7, condition 1 we can assume «; = 0. Thus Lemma 11 yields

v/ 4200 — DB — 1
1+ 87

Piy1= (I =afyy) + (0 =Dy
Note that this function is linear in o" 1~ Thus @; 1 attains its maximum for maximal
or minimal o« ;. We show for both cases that ®@; ;| < ®@; — ¢ for some ¢ > 0.

i+1°
If &@;4) is non-increasing in o; L we have

_Y A2 - D -1

D1 < asaj >0
1+ B ’
@+ 2p—3)BF — 1
i
_2p—1oi—1
- 1+ @

The last step holds as 8] < ®; and the function is increasing with respect to 8. With

2200 1V —A(p—1)—(p— _ .
e =g(p) = =D ‘((5_11))(14(_"6) DO=2+1 e have @, < P; — ¢ since

2(0 — DHP; — 1 <P —g
14+ @; -

& PP—(2p—3+e)®;ze—1

& (p=240p-18) " —Qo—=3+8)(p—2+(p—1é)=e—1
asP;, <p—-2+(p—1cand2®;, —2p+3—-e<2(p—1c—-1<0
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(p=24+(p—D&>—2p=3)(p—2+(p -1 +1 -

l+p—24(p—1)¢ -
62(/)—1)2—5(/)—1)—(p—1)(p—2)+1:S
(p—D(A+0) ‘

=

It remains to show & = £(p) > 0. We have ¢(p) = 0 since
FEG-1?=p-D—-(p-DE-2+1=0

1—+/4p2—12/+5

for ¢ = 3= . Now observe that ¢ is strictly decreasing with p since

@ =D —-D*=(p*-2p+2)

= <0
(0 —D2(1+0)

ad
% (8(,0)) =

as ¢ — 1 <0and p —2p +2 > 0. Thus we have ¢ = &(p) > &(p) = 0 in this case.
Now, if @; ] is increasing in ¥, ;, we use Lemma 9 to get

i+1°
* 4200 — DB — 1 * 4 (p— DB * 4 (p— DB
¢i+1§y’ G *)ﬁ’ -(l——y’ 'f )'il)-l-(p—Z)'—yl ('Z )il
1+ B L+ v+ pB; L+ "+ pB;
F+2(p - DB -1 1+ Bf F+(p— DB}
S)/z P *,31 ) *ﬂ; *—i-(p—z)'%
1+ 8 L+ v+ pB; L+v" + pB;
_(e=Dy+plp—DB—1
L+y*+ pB
- +(p— 12— 1
_ =D+ (-1 as yF + B = @,

14+ ®; +(p— DB
_Plp—Doi—1
1—|—p¢i

Again, the last step holds as 7 < @; and the function is increasing with respect to B
Withe =3 —p —1/p > 0 (for p < p) we have ®; | < @; — ¢ since
plo =D& —1 _

1
<® —3+p+—
1+ p®; ’ P

1
© Po= DO = 1B =3+ 04—+ @] =3P+ 0’0+ @

Thus in both cases we have @; 1 < @; — ¢ for some ¢ > 0.
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It remains to show

giv1 _ Pin giv1 1
< or <

Py~ p—1 Piy1 P
1
p+| 1+ﬁ*(1 af ) by 3). If B < o1 we have
qi+1 B B 1 1 1 1 1
*_=1+113*(1_al*+1)51+lﬁ*< _]1 1 = _]IZ_
Piti i i P to= P -1 P
Otherwise, we have /Sl.* > ﬁ and thus
qi+1 B Djt1
l* = : * (1 _a;k-i-l) = l_
Py 148 p—1
& (p-DE =¥ +20 - DB 1+ (0= +p} >$i
i+1
>0
& 1=y +(p-Dpf
. 1
< B pEE 0

Lemma 14 If ®; < p — 2+ (p — 1)¢ and q; 11 = a; p} then
@iy <P; —¢ forsomee >0, and
gi+1 1

<

Py P

Proof In this case we can assume B = 0 (by Lemma 7, condition 2) and hereby have
@; = y;*. Thus by Lemma 11 and with (0 — e < y;* = &; by Lemma 10 we have

Piy1 = ((pi +(p = Dej — 1)(1 - a;k+1) +(p = 2aj
< @ — (1 —afyy) + (0 — Daf.
We consider the derivative with respect to oc;k 1 and with @; < p — 2+ (p — 1)¢ we

get

(@i (1 —afy) + (- 2y ) =p— 120
al-‘rl

>3—p—2(p—1c>0.
Thus ;1 increases with a;“ ol and since by Lemma 9

- yE+ (o — Daj - 2y 29
’H_I—I—yl—i—(,o—l)ot 14+2yF 1429
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we get

b <0 —D1- 22 )4 (222
i+1 = e 1+20,) " T T 20,

20— D®; — 1
1429

With e = /2p — p+1/2 > 0 (for p < p) we have @; | < @; — ¢ since

20p — D&; — 1
1+ 29;

1
& 207+ (2-2/5)0 > T p— 1

1-v20\*_ (1=V2p\*> V2o—p—1%
< <¢i+42 p> 2( > ,o) + ,02,0 2

1
5‘15:'—\/2,0+/0—5

=0.

Thus we proved the first part of the lemma.
It remains to show

giv1 1
¥ <
Piy1 P

With 7 =0 we have pf,, = p}/(1 —a},}) by (3). Using a},; > 1225, b
Lemma 8 and & < o < 1 (by definition of " as a fraction of p¥) we get

/

! %k
gi+1 _ % P; / * % 1
P Pha (1= ein) = T =] = 5
This finishes the proof of this lemma. g

Finally, we consider the case g;+1 = g;. First, we show that the potential definitely
decreases if ¢; / p} < 1/p.

Lemmal5 If®; <p—2+ (p — 1)¢ and % < % and qi 11 = q; then

Dy <P; —¢ forsomee >0, and

giv1 1
¥ <
Piy1 P

Proof The second part is trivial since gi+1 = gi, pj | > p; and q;/p; <1/p.
To show the first part we assume o = 0 and B = 0 according to conditions 1
and 2 of Lemma 7. Thus we have @; = y;* and with Lemma 11 we get

Dit1 = (‘Pi +(p— 1)% - 1)(1 —af) + (0= Doy

1
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We consider the derivative with respect to o', | and get

0 qi . p—1
— (@it)=p—-1-&;—(p—1D)—>1—-(p—Dc——>0.
aam D; o)

Thus &; increases with ", | and since by Lemma 9

¢i+(p—l)%
o < —
! 1+<1>,-+(,0—1)%

we get
(b= D@ +(p— D& 1
Dy < 7
I+ & +(p =D
4 (=1?
(p—l)(bl—i—T—] qi 1
< 30-1 as — < —
P; + L= b;
P
_plp—DPi+p*—3p+1
p®; +2p—1
With

3p—p*—1 3p—p*—1
&= > —~ >
pPPi+2p—1" p(p+(p—1c)—1

O»

as @ <p—2+(p—1éand3p —p?—1>0for p <p, we have ;| < P; —¢
since

plo—®i+p>=3p+1 _ . 3p—p’—1
oPi+2p—1 Yop®i+2p—1

& p(o—D®i+p>—3p+1<pd?+2p—1)P; —3p+p* +1

& 0<pd}+(3p—p>— 1)@
which is satisfied as 3p — p% — 1 > 0 for p < §. O

If we do not have ¢;/p; < 1/p we can still assume that g;/p; < (0 — 2
+ (o — 1)¢é)/(p — 1) by Lemmas 13 and 14 (as &; < p —2 + (p — 1)¢ and this
ratio does not increase in case ¢j 1 = g;).

We use this bound to show that either the potential still decreases or we can bound
the potential by p — 2 and the g; 41 /p;‘_H ratio is less than 1/p. So from this point on
we remain in the case of the previous lemma and the potential decreases by a constant
in every step.
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Lemma 16 If®; < p—2+(p —1)¢ and % < %”1_1)6 and q; 1 = q; then either

Diy1<p—2 and

giv1 1
¥ <
Piy1 P

3

or

@iy <P; —¢ forsomee >0, and

qi+1 <p—2+(p—1)€‘
Pl p—1

Proof Asin Lemma 15 we have o} =0, g =0, &; = y;* and

Dy = (d)i + (o — 1)% - 1)(1 — i)+ (p =2y

1

Again, @;4) increases with &, ;. We distinguish two cases according to the value of

TR 1
p—
Ifa;k+1>l—mthen
qgi+1 _ qi ¥ p—=2+(p—1)c o—1 1
¥ 2_*(1_0‘5+1)< : N
Piy1 P p—1 plp—=2+(@—-1¢c) p

As @; is increasing with e, | we use Lemma 9 to get
(p—=D®i+(p— 1)2% -1
1+@; +(p— )L

2 =Dl =2+(p=-D) -1
14+2(p =2+ (p—1)0)

D41 <

asd?i5p—2+(p—1)6and%§%ﬂ*1)é.Wehave
2(0—1)(p =2+ (p—1)¢) — 1
14+2(p—24(p—1)0)
& 20-D(p=2+(@-1&)—1<p=2+2(p—2)(p =2+ (p— 1)¢)
& 2(p—2+(,0—1)5)<p—1

<p—2

& 2(p—-1e<3-p,

1

Y -t S
A =T then we have

which holds for p < p. We showed that if o} > 1=
@iy1 <p—2andgit1/pf <1/p.
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Otherwise, we have “i* <1

p—1
1 == Sy and get

(q)i-l-(,O—l)%—l)(P—l) ) (p—2)(p—1)
 —+p-2- -
pp—2+(-Dd T b2+ (- Do)
_@i+(p—Di-Dp—1D) 6 _p=2+(p-Dé

= +p—-2 as— <
p(p—24(p—1)0) 2 p—1

Dt <

. 1—(p—1)é—®)(p—1 .
With e = &; + ¢ p((‘;)iz)i(pi)]()% ) _ p+2 we have @, < ®; — ¢ since

(@i +(p—1)c—1D(p—1)
p(p—2+(p—1)0)
<d B — (1—(p—1)6—<1>i)(pA—1) Lon.

pp =2+ (p—1)0)

It remains to show that ¢ > 0 . To see this, observe that ¢ is increasing with respect
to &; as

9 <(p. (I-=(p=De=P)(p—-1
0d; \ ' p(p =2+ (p—1d)

+p-2

p—1
— >0
plp—2+(p—1)¢)

—p+2>:1—

for 2.55 < p < p (here we assume § = p — p is sufficiently small). As &; > 0 we
have

(1—=(p—Do)(p—1)
&> -
T p(p—=2+(p—1)0)

p+2>0.

Of course,
q’jlgq—igp_z-’_(p_l)c
Diy1 P p—1
.. . p—1 ]
holds trivially. We showed that if ozl?" 1 = 1— A= then we have @; | <

®; —efore >0andgit1/pj < (p—2+(p— 1)¢)/(p — 1). This finishes the proof
of this lemma. O

This ends this extensive induction. Let us summarize the complete induction and
show that it actually gives the desired contradiction.

Recall that our induction hypothesis in Lemma 12 states that &1 < p—2+ (o —1)¢
and q1/p; < 1/p.

First assume that whenever we need to apply Lemma 16, then the second condi-
tion holds, i.e., @41 <P; —¢e and gi+1/p; < (p—2+ (p — 1)¢é)/(p — 1). Then
Lemma 13 (for g;1 = B p}), Lemma 14 (for ¢; 1 = ] p}) and Lemmas 15 and 16
(for gi+1 = g;) show that the potential decreases by a constant in every step.

Now if Lemma 16 is applied and the second condition does not hold, then ®@; | <
p — 2 and gi1+1/p; | < 1/p. Thus Lemma 13 (for g;+1 = B; p;’), Lemma 14 (for
gi+1 =«a; p;) and Lemmas 15 (for g;1 1 = g;) show that the ¢;/p] ratio remains less
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than 1/p. So the precondition for Lemma 15 is always satisfied if g;+1 = ¢; and
we do not need to apply Lemma 16 anymore. Thus from this point on, the potential
decreases by a constant in every further step.

Summarizing, we derived a contradiction to @; > 0 for all i > 1, thereby proving

Theorem 1.
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