SYMBOLIC MODELS FOR CONTROL SYSTEMS
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describe the evolution of continuous physical processes and the finite state models used in compu Gience

ABSTRACT. In this paper we provide a bridge between the infinite state models used in contrg €0
to describe software. We identify classes of control systems for which it is possible to co lent

(bisimilar) finite state models. These constructions are based on finite, but otherwise arbit titions of
the set of inputs or outputs of a control system.

1. INTRODUCTION

1.1. Motivation. The formal specification, design and analysis of%egs‘cems is usually based on the
use of finite state models such as transition systems, Buchi autontata] efc. This fact creates a real challenge
for embedded systems in which continuous components described finite state models, such as differential
equations, interact with software modules. Although much is kna#n about these hybrid systems, as can be
seen from the proceedings of the latest workshops on the subject [HSC02, HSC03, HSC04, HSC05, HSC06],
systematic design methodologies are still lacking. aper we propose an important step towards a
”correct by design” synthesis theory for embeddE S s by replacing infinite state models of physical

systems with equivalent finite state models. Thellpossibility of expressing the dynamics of control systems
through finite state models offers great promiSes ew design techniques addressing the requirements of
both continuous and discrete components. t only these finite state models offer a common framework
bridging control theory and computer sci but they also enable the use of algorithmic synthesis techniques
that are traditionally not considere % theory.

1.2. Contributions. The existence¥ef finite state models is addressed through two different perspectives: an
input and an output perspective. The input perspective is based on the specification of a desired input set
as a finite partition of thegxisting infinite input set. Each element of this partition can be identified with a

symbol and the obj e is tg construct an equivalent control system having these symbols as inputs. This
symbolic view of i is natural since embedded software/hardware can only influence the dynamics of the
physical world ghrough ite set of inputs. We show that these control systems with symbolic inputs always

exist and that dér suitable assumptions (linearity and controllability for example) they have a finite number

results encompass existing results by the author and coworkers [TP03b, TP03a, TP06] and also provide new
examples of systems which were previously not known to admit symbolic models.

1.3. Related work. The idea of using symbolic models for the control of continuous systems is not new and
motivated much research in the area of hybrid systems [NK93, ASL93, Lun94, SKHP97, CW98, RO98, VSST01,
MRO02, DMNO02, KA03, TMDO04]. Even though the use of symbolic models was advocated by these and many
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other researchers, the applicability of the proposed methods has always remained an open problem due to the
lack of results ensuring existence of symbolic models for control systems. Initial attempts to the construction
of symbolic models for control systems were based on integrals of motion [SKAO0I1, Bro99]. Integrals or
constants of motion are a quite natural way of defining state space partitions compatible with the continuous
dynamics. The results in this paper, however, apply to classes of systems for which constants of motion
do not necessarily exist and can therefore be seen as complementary to existing work, especially to [Bro99].
Another line of inquiry also related to the work presented in this paper is the study of quantized®control
systems [BMP02, PLPB02]. Symbolic models based on input quantization represent a different app
symbolic control. Quantized input models are obtained by selecting a countable subset of ; pace

contrasting with finite bisimulations which are obtained by selecting a finite partition of the state

appPrOa , further
h consists on
vdSdB04, HTPO05].
through the use

state space. Even though this observation seems to suggest a certain duality between these
research is still required to attest and formalize such duality. A different but related li
the study of bisimulations of purely continuous [vdS04, Pap03, TP04] or hybrid syst
The work described in these references represents another approach to complexity reducti
of bisimulation based abstractions.

In the case of dynamical systems the situation is much better understood. Starting with Alur and Dill’s work
on timed automata [AD94], a fair amount of work was done to push boundaries of the class of systems
admitting finite bisimulations. This work culminated with the pape%él, CH™95, HKPV98, HMO00]
introducing the decidable classes of multi-rate and rectangular T tomata. On the purely continuous
side, we mention the work of Lafferriere and co-workers [LPS00] which misgd o-minimality to ensure existence of
symbolic models. See also [BMRT04] for a simpler and more insightful pfoof of the same results. Unfortunately
the techniques based on o-minimality do not extend to control systems since the space of inputs is usually
infinite dimensional (for example the space of piece—wiW‘c functions) and thus fails to be captured by

o-minimal structures.

1.4. Organization. The results presented in ghis paper were developed in the setting of category the-
ory [Lan71] and in a framework very similar to one used in [WN94] to compare different models for
concurrency. However, for the sake o re@y, we limited the use of category theory to the notion of
morphism, essential for the results T ted, and to the notions of completion. In particular, all the
proofs are explicit and involve no cat y #heoretic concepts. The readers averse to abstract constructions
are invited to use the concrete results Presented in Corollaries 4.9 and 5.6 as motivation for the abstract
perspective taken in this paper

The paper is organized HO?VS. The class of control systems considered in this paper and the corresponding
morphisms are introdficéd in Section 2 while the notion of bisimulation is discussed in Section 3. Input
induced bisimulati ﬁtopic of Section 4 where their existence is proved. Finite bisimulations induced
by inputs are al ussed and conditions for their existence established. Section 5 focuses on output
induced bisimi#ation: xistence conditions are provided in this section for infinite and finite output induced
bisimulations. per finishes with some discussion of the presented results in Section 6. For completeness,
some r n eguivalence relations are collected in an Appendix at the end of the paper.

2. CONTROL SYSTEMS AND THEIR MORPHISMS

Control systems are usually defined by a differential equation:

d

—x=F(x,u

p (2, u)

where € R"™ denotes the state and u € R™ denotes the input. Consider for example a block of mass m
attached to a wall through a spring as displayed in Figure 1. From basic physics we know that the sum of

the forces acting on the block is given by ma where a is the acceleration of the block. The spring induces a
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FIGURE 1. Block attached to a wall through a spring.

force — K d proportional to the displacement d of the block and where K models the % properties of the
spring. If uw is an external force also acting on the block we have:

a=—-Kd+u

Noting that acceleration is the time derivative of velocity v and that velocity is the time derivative of the
displacement d we arrive at the following differential equation describing the evolution of the block:

d

—v = —Kd

dtv +

d

Zd =

dt
We can thus regard this systems as a control system, with F' and state x given by:

F(xz,u) = [—Kx “ x = B] cR?
and where u € R is the input.
Under standard regularity conditions ( ple Son98]) on the map F': R" x R™ — R" and on a curve
u: [0,7] = R™ with 7 > 0, there e e x:[0,7] — R™ satisfying:
F(x(t),u(t))

for almost all ¢ € [0,7 ’qu curve u is considered an input trajectory and it is chosen in order to ensure

that the resulting st trajec‘ory x satisfies certain desirable properties. We may be interested, for example,
in choosing u in to guarantee that the block in Figure 1 moves from d = 0 to some other desired
displacement. e dendte the set of all such input trajectories by U and if we denote by f the map sending

the pair (x(0)] x(7) we can regard a control system simply as a map:

fMxU—-M

is the state set and U the input set. When U only contains input trajectories defined on
of fixed length 7 > 0, we shall regard f : M x U — M as a discrete-time control system since,
time 0, the map f only describes the evolution of the continuous system for the discrete-time
: 0,7,27,37,.... This is the most common situation in applications where the input trajectory is the
outcome of a periodically executed task with period 7. When U contains trajectories defined on intervals of
all lengths 7 € R, then we regard f : M x U — M as a continuous-time control system as it describes the
evolution of the continuous system for every 7 € R. We shall not be too concerned with the distinction between
discrete-time and continuous-time when developing our results. We note, however, that independently on time
being treated as discrete or continuous, the set of states remains infinite (R? in the block example). Given the
above discussion we shall model control systems as a map:

(2.1) FiMxU—M
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describing the state f(z,u) € M resulting from applying input v € U at the state € M. In many situations
the resulting state f(z,u) cannot be observed directly but rather through an output map:

(2.2) r:M—P
transforming states © € M into outputs r(x) € P. This is the case in our block example if we only have a

sensor measuring the displacement of the block. Although we regard the state as an element (v,d) € R?, we
only have access to sensor measurements providing the displacement r(v,d) = d € R.

We will usually denote a control system by the pair (f,r) or by M x U Lo M T+ P whe to
emphasize the input, state and output sets. When P = M and r = 1; (1) is the identity fun n we
models

will simply denote a control system by M x U '+ M. Since our ultimate objective is to ghbai
for (2.1) we shall not require any additional structure on the sets M, U and P or on the %

Recall that in [WN94] a transition system is defined as a quadruple (S, i, L, Tran) wheré| S_is a set of states,
i € S is a distinguished state, L is a set of labels and Tran C S x L x S is a transitio ation. A control

system M x U I+ M also defines a transition relation given by the graph of f, that is, I'(f) = {(z, u,y) €
MxUxM| f(x,u) =y} C M xU x M. We thus conclude that both models are very close in the way
they capture the dynamics. However, control systems are not equipped withga distinguished initial state
but they are equipped with an observation map r : M — P. This dis%hes he models with respect to
observations. For control systems, observations are obtained thro h r acting on the state while for
transition systems observations are directly available as the label$! € f transitions in Tran.

The notion of morphism between control systems will be instrumentalfor the results developed in this paper.
Intuitively, a morphism between control systems is a triple of maps describing how inputs, states and outputs
of one system are related to inputs, states and outputs offan T system.

Definition 2.1. Let M x U oM Pand Nx Va <2+ N —2+ Q be control systems. A morphism
a:(f,r)— (g,s) from (f,r) to (g,s) is given by aftri maps a = (a1,a9,a3): M XU XxP—=NxVxQ
with oy : M — N, as: M xU — V and ag : @, making the following diagram commutative:

M P

(23) a1 X (6751 (0%}

g S

NxV - N - Q

. @ ..
that is, satisfying the wing equalities:

(2.4 Q wro ) = glon(e)xeu)
( ‘ Q3071 = S0Qq

N, r =1y and s = 1y we shall denote a morphism « simply as a pair a« = (a1, as) :

When P
M xU
Thé o lugéd notion of morphism is also very close to the notion of morphism between transition systems

‘ 4)) The important difference is that we work with totally defined maps and that the map as : M xU —
ng inputs (or labels) to inputs (or labels) is state dependent. It is easy to show that in both cases
morphisms carry trajectories or traces of one system into trajectories or traces of another system.

In a morphism o = (a1, 2) : f — g, map as can be many times determined from map «; as the next result
shows.

Proposition 2.2. Let M x U N M and N x V —2+ N be control systems and let oy : M — N be a map.
If the following inclusion holds:
@y © f($, U) - g(al(l‘),V)
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there exists a map g : M xU — V such that (a1, a2) is @ morphism from f to g. Furthermore, if g, : V — N
is injective for every y € an(M), then « is unique.

Proof. Assume that a0 f(x,U) C g(ay(z), V) holds. Then, for every (z,u) € M xU, ayof(x,u) € glar(z), V)
so that we can define oy at (z,u) to be any v € V satisfying:
(2.6) o o f(z,u) = g(on(x),v)

This construction immediately provides a map as : M x U — V making (a1, as) a morphism to g.
Assume now that g, is injective for every y € a1(M). Then, the choice of v € V satlsfy . umque
thus defining s uniquely.

We will also need to analyze the behavior of f in several steps and the following t 11 be very useful
in that regard. We denote by U* the monoid freely generated by U, that isSethe]set of all finite length
strings obtained by concatenating elements in U. Note that the string of zero length, denoted by e, also

belongs to U*. We will also have the opportunity to use USF to denote the set of all strings of length
smaller or equal than k¥ € N. If u = wjug...u, € U*, we will use u(i) to denote the ith element of the

string w, that is, u(i) = w; with the Conventlon that u(O) =¢ we will use u[i] to denote the first i
elements of u, that is, u[i] = ujus...u;. Several maps extend in a u waytto the sets U* and USF. Map
f*: M xU* — M is defined by f*(x,¢) = « and by the recur, ) = f*(f(x,u(l),u(2)u(3)...u(n))

for any string u of length n. Map f<* : M x USF — M is the%estfiction of f* to M x USF. We will also use

5: M x U* — V* to denote the extension of ag : M x U — V defiied by «(z,e) = = and by the recursion
ajs(x,u) = ag(z,u(l1))ad(f(x,u(l)),u(2)...u(n)) for any string u of length n. The notation f, and s, will be
used to denote the functions defined by f,(u) = f( oz (u) = o, u), respectively. Other notational
conventions used through the paper are as follows.%p ¢ : A — B we will denote by ¢(A), $~1(b) and
¢~1(C) with b € B and C C B, the sets UaeA{¢é}){ € A | ¢(a) = b} and U.ecdp!(c), respectively, and
|A| will denote the cardinality of set A.

MS AND BISIMULATIONS

The notion of bisimulation [Par8TNVI89p is usually defined by resorting to transition systems as operational
models. Although control systems als@gdefine transition relations we shall define bisimulation relations directly
for control systems:

[
Definition 3.1. Le X U‘i> M —"» Oand N xV —2+ N —2+ O be control systems with the same
output set O. A rélation R C M x N is said to be a bisimulation relation between (f,r) and (g, s) if for every
(z1,91) € R theffollowingsholds:

, f(z1,u) = x2 implies the existence of v € V' such that g(y;,v) = y2 and (z2,y2) € R;
9(y1,v) = yo implies the existence of u € U such that f(z1,u) = x5 and (z2,y2) € R.

's important difference between this notion and the one introduced in [Par81, Mil89]. We require

relaged’ states to match on outputs but we do not require transitions to match on labels. This modeling
choiée is motivated by control applications where the state carries important physical information about the
system and the desired behavior is described in terms of the state evolution. The input, however, is a signal
that we can arbitrarily manipulate in order to enforce the desired output behavior. It is not difficult to see
that bisimilar control systems exhibit the same output behavior and that this notion of bisimulation is still a
congruence with respect to parallel composition?.

LThe relevant notion of parallel composition forces the intervening control systems to synchronize on outputs rather than on
transition labels.
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Instead of working with Definition 3.1 it will be more convenient, at the technical level, to work with the
following class of morphisms.

Definition 3.2. A morphism « : (f,r) — (g, s) from control system M x U o M —+ Pto control system

NxV —2» N 2+ @ is said to be fiber surjective if ay : M x U — V is fiber surjective, that is, ag, : U — V
is surjective for every € M. Morphism « is said to be surjective if it is fiber surjective and both a3 : M — N
and a3 : P — @ are surjective maps.

The choice of fiber-surjective morphisms is justified by the following result.

Proposition 3.3. Leta : (f,r) — (g, s) be a fiber surjective morphism from control system

to control system N x V —2 v N—24+Q. The graph of the map a1, defined

M x N | ay(z) = y}, is a bisimulation relation between control system M x U oM
systemeV—g>N—s>Q.

Proof. Let (z,y) € T'(c1). Then a;(x) = y and it follows from (2.5) that az o r(z1) = so ai(x) = s(y) thus

showing that requirement (1) in Definition 3.1 is satisfied. q

Assume now that f(z1,u) = zo and «ai(x1) = y1. Then by 42 ve ai(ze) = ag o f(z1,u) =
glar(zy), aa(x2,u)) = g(y1,v) thus showing that requirement \(2) efinition 3.1 also holds with v =
()[2(-771,11:)-

Finally we prove requirement (3). Let aj(z1) = 31 and ¢(y;1,v) = yo. Since « is fiber surjective, there
exists u € U satisfying ao(z1,u) = v. If we denot e state f(z1,u), it follows from (2.4) that
ag(z2) = aq o f(xg,u) = glai(x1), az (1, u)) = g(y1, v ich concludes the proof. O

Note that not every bisimulation can be obtained/as th€ graph of a fiber-surjective morphism. However, this
kind of bisimulation will suffice for the results pr ed in this paper.

DUCED BISIMULATIONS

In this section we discuss the constructio# of bisimilar control systems induced by inputs. Consider the block
example described in the previous section and assume we want to develop a controller, to be implemented in
embedded hardware/sof re,.whose objective is to force the block to a desired displacement different from
zero. This controller change ®he displacement of the block through an actuator exerting a force u on the

block. However, t ctu can only enforce? a finite number of force values. Let us assume that these
values are —1, 0 and that the actuator transforms requests into forces according to the following map:
-1 ifu<-1
(4.1) as(z,u) = 0 if-1l<u<l
1 ifu>1

natural to construct a bisimilar control system with input set V' = {—1,0,1} describing the
f the original control system under these new inputs.

4.1. Existence of input induced bisimulations. Starting from a control system M xU J, M —+ Pand

amap as : M xU — V there may exist several possible ways to obtain a control system N x V' s N s Q
and a morphism « : (f,7) — (g,s). To make the problem well defined we shall require a unique factorization
property.

2Alternatively we can assume that although the actuator can generate a force with an infinite number of intensities, it can
only receive finitely many different requests from the software implementation of a controller.
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Definition 4.1. Let M x U ——~ M —"+ P be a control system and as : M X U — V a map. The as-
completion of (f,r) is a triple ((g,s), a1, a3) where N x V —%+ N —2+ Qs a control system, a; : M — N
and a3 : P — @ are maps making o = (a1, az,a3) : M x U x P — N x V x ) a morphism from (f,r) to
(g, s) with the following property:

for any control system N’ x V —2+ N’ —+ @’ and morphism o/ = (o}, g, ) : (f,7) — (¢, ') there exists
a unique morphism 3 = (81, 1v, 83) : (9,8) — (¢', ') satisfying o/ = o a.

Note that bisimilarity between f and its as-completion now follows trivially if one chog€S%e e fiber
surjective. However, we shall study as-completions for maps as that are not necessaril; o% ective since

this extra generality adds no additional complications.

To understand the unique factorization property required by Definition 4.1 let control system
M x U —Lv M with M = {z1, 29,23}, U = {u1,us,u3} and f defined on Table 1 also represented in
Figure 2. If the map ay : M x U — V is defined by as(z,u1) = v1 = as(z,u2) and e (z,uz) = vy for every
x € M and if V = {v;, v5}, then control systems N x V —» N and O x V "+ O defined on Table 2 and

represented in Figure 3 can be equipped with morphisms a = (a1,a0) : f — g and v = (11, 2) : f — h also
defined on Table 2.

x u  flz,u

A J
r1 U1 I
1 U I3
1 Uus T2
Z2 1
Z2 2
T2 WUs i)
3 T
U2 z1
us T2
TABLE efinition of control system f.

U1,U2

[
& T
@ FIGURE 2. Graphical representation of control system f: M x U — M.

V2
Y1 V1

[0}
;
V1 Y2 Vi Vo (_J
V2

F1GURE 3. Graphical representation of control systems g: N xV — N and h: O xV — O.

Among all the possible control systems equipped with a morphism from f, of which N x V' —2+ N and O x

V' —— O are two examples, the unique factorization property in Definition 4.1 isolates the "least constrained”
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x_ y o v gyv) hov) o1 m

hn U1 n
Y V2 Y2
Y2 U1 Y2
Y2 V2 n
o1 U1 01
02 U2 02
Z1 hn

: O
T3 Y1

T o1

T2 01

Zs3 01
TABLE 2. Definition of control systems g and &, and of maps «; and

solution. To illustrate this point, let us assume that O x V' "\ 0 sati the Whique factorization property.
Then, there must exist a unique morphism 8 = (81,1y) : h — gsatl B o~ = a. However, no such
morphism exists since if 81(01) = y1, then 81 o h(o1,v2) = Bi(di) Ayl # y2 = g(B1(01),v2). Similarly, if
0B1(01) = y2 we have (1 o h(o1,v2) = B1(01) = y1 # y2 = g(B1(01), v2). the other hand it is not difficult to
see that there exists a unique morphism (3 from g to h given by 81(#1) = 01 = B1(y2). Control system h is
thus over-constrained in the sense that too many states are_mapped by the map 7; into the same state. It is
in this sense that we can see the unique factorization r re t in Definition 4.1 as the specification of the

least constrained control system equipped with a morCis m (f,r).

The following result shows that output maps have ni tribution for the existence of as-completions. We
shall therefore assume throughout this section t output sets equal the state sets and that output maps are
the identity.

Proposition 4.2. Consider contro U LM BN M and the map ag : M x U — V. If the
ag-completion of (f,1a) exists, then agsfcompletion of M x U B VA also exists for any output

map r: M — P.

Proof. Let N x V —— be the ag-completion of (f, 157). We shall construct the ay-completion of
(f,r) from g. Consid maps r:M — Pand oy : M — N. There is a unique®, up to isomorphism, way
of constructing « nd t : N — R satisfying agor = toa;. Let X = P+ N (4 denotes disjoint
union) and let S equlvalence relation on X generated by the pairs (o (), r(x)) for every € M. Define
R=X/S, as and t = mgoiy where ip : P — X and iy : N — X are the natural inclusions and
mg: X - R= the natural projection. The equality az or =t oy follows immediately by construction
of R, « thermore, maps a3 and ¢ have the following property. For any other maps a : P — T and

exists one and only one map:

c:R—T
a = coas
b = cot

We leave to the reader to verify that the desired unique map c is given by ¢([p]) = a(p) and ¢([n]) = b(n) for
any p € Pand n € N.

3What we are about to construct is the push-out of r: M — P and a1 : M — N.
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We now claim that ((g,t), @1, a3) is the ae-completion of (f,r). It is obvious that « is a morphism from (f, )

to (g,t) since (o, ag) satisfy (2.4) and 3 satisfies (2.5). Let now (¢, s’) be any other control system equipped
with a morphism (o}, as,a4) : (f,7) — (¢',s"). Since (g, s) is the ag-completion of (f,r) there exists one and
only one map 31 : N — N’ making (1, 1y/) a morphism from g to ¢’ and satisfying (81, 1y )o(a1, az) = (af, ag).
To conclude the proof we only need to show existence and uniqueness of 33 : R — P’ satisfying 830t = s’ o 3;
and (O3 o ag = af. But this follows at once by taking a = af, b= "o 1 in (4.3) and (4.4), and f3 = c. a

We now arrive at one of the main contributions of this section. b
Theorem 4.3. The as-completion of a control system M x U o M eists for any map@ xU—V.

Theorem 4.3 shows that bisimilar control systems induced by as maps always exi class of control
systems considered in this paper. Furthermore, when s is fiber-surjective, thé resulting as-completion is
guaranteed to be bisimilar to (f,r).

Proof. The proof of Theorem 4.3 makes essential use of the following lemma which essentially states that

the forgetful functor mapping control systems M x U N M to the state set M and morphisms (aq, asg) :
MxU — N xUtoa; : M — N has a left-adjoint on the subcategory ofy¢o ta systems with a fixed input set
U. The existence of such adjoint underlies many of the generafization§ of realization theory to more abstract
contexts [Gog73, AMT74].

Lemma 4.4. Let sc: (M x V*) x V — (M x V*) be the control system defined by »((x,v1),v2) = (z,v1v2).

For any map v : M — N and for any control x V —2+ N there exists a unique morphism
§ = (01,1v) : 5 — g such that 61(x,€) = v(x).

Proof of Lemma 4.4. Map ¢; is defined by ¢ ,v). This choice results in a morphism since:
01 0 s((x,v1) T, V1V

) by definition of s
( ,U102) by definition of &1
),v1),v2) by definition of ¢g*

g (y(z
x,v1), 1y (v2)) by definition of §;

9(51(

Furthermore d1(z,¢) = g*(g(z),€) = y(z). To show uniqueness consider any other morphism (47, 1) : 2 — g.
We immediately have® (x,e) .= v(z) = 01(z,e). For any (z,v) € M x V* equality between §] and §; follows
from:

by definition of »

since (07, 1y) is a morphism

since &7 (z,¢) = v(z)

since 01(z,€) = y(x)

since (01, ly) is a morphism

by definition of »

We now return to the proof of Theorem 4.3

The desired completion N x V —2+ N will be obtained from control system s defined in Lemma 4.4. The
state set N is defined as the quotient of M x V* by the equivalence relation R generated by the pairs:

(4.5) ((f(z,u),e), (z, az(z,u)))
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and invariant under the family of maps maps {5, },ev (invariant under s« for short). Map «a; is the composition
mRr o4 where i : M — M x V* is the inclusion i(x) = (,¢). Finally, we define control system g by:

(4.6) 9([(z, v1)],v2) = [(z, v102)] = [e((w, v1), v2)]
It follows from invariance of R under h that g is well defined. To show that « is indeed a morphism consider
any (z,u) € M x U. The following sequence of identities:

ayo f(z,u) =mwgpoio f(x,u)
=7mr(f(z,u),€) by definition of 4 b
= [(f(x,u),e)] by definition of 7x Q
| by (45) Q
] by definition of s
) by definition of g
)
)

by definition of 7 and wg
by definition of o

shows that « is a valid morphism. ”
Consider now any other control system ¢’ : N’xV — N’ and any other m% M"— N’ making o/ = (o, a2)

a morphism from f to ¢’. Map o} factors as o} = §; o ¢ where i ; V* is the inclusion i(z) = (z,¢)
and 01 the unique map d; : M x V* — N’ whose existence is assertedi b Lemma 4.4. Map a1 : M — N also
factors as a; = mg o i. Provided that we can show that:

(x1,v1) = 01(z2,v2)

what we will now show by proving that the
,02)) € S when 01(x1,v1) = 01(x2,v2) is invariant

(47) 7TR(£U1,1)1) = WR(.’EQ,UQ)
we can define 8 : N — N’ by g([(z,v)]) = 01(z,v).
equivalence relation S on M x V* defined by ((z1,v @
under » and contains the pairs:

(z,02(z, u)))

Invariance under ¢ follows immediately fro that (61, lv) is a morphism from s to ¢’. Consider now
an arbitrary point (x,u) € M x U. Fromgt that o f — ¢’ is a morphism we have:

x), as(z,u))
Since o/ factors as o’ = (1, 1y) o (i, ag):

§10io0 f(z,u) =g (61 0i(x),an(x,u))

We now use the fact t o1, 1v, is a morphism from h to ¢’ to conclude:
0 (f(z,u = jo f(z,u
=g'(01 ), v o aa(w, u

) by definition of i
)

g W (z,8), aa(z,u)) by definition of i
)
)

since (01, 1y) o (i,2) = @ is a morphism from f to ¢’
01% s((x,€), 0z, u since (61, 1y) is a morphism from s to ¢’
= 01 (z, ag(x, u) by definition of s

W n€lude that S is invariant under s and contains the pairs:

((f(:L’, u)v 5)7 (l’, 042(217, u)))
Since R is the coarsest equivalence relation satisfying these two properties it follows that (4.7) holds and
B1: N — N'is well defined. The fact that (81,1y) is a morphism and unique is inherited from the same
properties of (d1,1y) proved in Lemma 4.4. The proof is therefore complete. a

Throughout the remaining paper we will be especially interested in as-completions for fiber surjective maps
«. In this case, as-completions admit the following simplified description that will later be used to establish
existence of symbolic completions.
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Proposition 4.5. The ag-completion of control system M x U BN M for a fiber surjective map asg :

M x U — V admits the following description:

(1) N =M/S where S is the coarsest equivalence relation on M satisfying for any x € M :
abs(z,w) = as(zue) = (f(z,w), ff(z,u)) €85

(2) ar=mg: M — M/S=N;
(3) g is defined by g(y,v) = a1 o f(x,u) for any (z,u) € M x U such that a(x,u) = (y,v).

Proof. Consider the equivalence relation R on M x V* defined by (4.5) in the proof of % 4.3. The
proof will consist in showing that every (z,v) € M x V* is equivalent under R to (f*(z, ), or any u € U
such that a3 (x,u) = v. This equivalence allows to identify each equivalence class n element of the

form (f*(z,u),€) thus showing that we can equivalently describe R by equivalenge relatiofs. The proof will
be done by induction on the length of v.

For |v| =1 the result follows from (4.5).

Let now |v| = [ + 1 and assume the result holds for all v/ € V!. We_will show that (z,v) is equivalent under
R to (f*(z,u),e). Consider (x,v[l]). Since v[l] € V! we know that ( 1), (h(x,u’),e)) € R for any v’ € U'

such that o3 (z,u’) = v[l]. We also know that S is invariant under h t:
(4.8) ((z, o[l + 1)), (f*(z, '), 06l +1))) € R
Since |v(l + 1)| = 1 it follows from (4.5) that:

(4.9) ((f*(z,u"),v(l + z,u'u”),e)) €R

1tivity of R applied to (4.8) and (4.9) now implies
(z,u),¢) where u = w/u” € U*?! is any element
]

that (x,v) = (x,v[lJv(l + 1)) is equivalent under
satisfying o (z,u) = v.

for any u” € U such that ao(f*(z,u),u”) = v(l —&—G)
td (f*

4.2. Existence of input induce bisimulations. In this section we characterize which «s-
completions result in control syst

require the notion of reachable co system.

Definition 4.6. A control system
surjective. ®

We will restrict
surjectivity will imply bisimilarity while finiteness of V' can be assumed without loss of generality since if

N x V —2+ N ¥{a control system with finite state set, then we need an input set V with no more than |N|
elements a

no more than |N| states that can be reached from any state in N.

Let M x U Lo M be a control system reachable from xo € M and let ag : M xU — V be a

Proof. Consider the family of sets {E, },cy <+ where each set E, is defined by the points € M for which the
following conditions are satisfied:

(1) there exists a u € USF such that f<*(zg,u) = z;
(2) of(wo,u) = v.

We first note that by Proposition 4.5 each set E, is totally contained in an equivalence class of S. We now
claim that S has no more than Ele |V|* equivalence classes. This follows from the surjectivity assumption
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on aj o fz Sk . U<k — N which implies that cardinality of N equals the cardinality of the image of a; o <’“

as (g, -), is bounded by Zi:l [V

<k _ <k
which, in view of ay o f = Jor (o) ©

Assume now that the az-completion g of f has finite state set, let yo = a1(zo) and let y € g, (V") for any
n € N. Fiber surjectivity of s implies fiber surjectivity of a4 from which we conclude existence of u € U"
satisfying o (xg,u) = v for any v € V" satisfying 9y, (v) = y. We now use the fact that « : f — g is a morphism
to conclude oy o f™(zg,u) = g"(yo,v) = g" (a1 (z0), a2(wo,u)) which shows that ay o f7! (U™) = gy ¥ ™). To
conclude the proof it suffices to show that g;, (V") = gygok (ng ) for some fixed k € N. But this follo nce
from the observation that finiteness of the state set of ¢ implies that y can be reached fro i ore
than k = |N| — 1 steps. ‘@ O

Even though Theorem 4.7 provides us with a necessary and sufficient condition for
pletions, we cannot test surjectivity of a; o ffok without determining . The folldwing coréllary strengths
surjectivity of a; o foOk to a condition not requiring a priori knowledge of ;.

Corollary 4.8. Let M x U N M be a control system reachable from xo € M and let ag : M x U — V be
a fiber surjective map onto a finite set V. If there exists k € N such that f<’~C USk — M is surjective then
the as-completion of f has finite state set

We can use Corollary 4.8 to identify concrete classes of control systemis admitting finite bisimulations.

Corollary 4.9. Let M x U N M be a control system satisfying any of the following properties:

(1) f is induced by a discrete-time controllable lin%}fem, that is, f(x,u) = Ax + Bu with x € R",

u € R™, A and B matrices of appropriate dimenstogs @fid the matriz [A"*B|A"~2B|...|B] has rank

n;

(2) f is induced by a continuous-time controldablesligear system, that is, f(x,u) = x(7) where 7 > 0, x

is the solution of the differential equati %x = Ax + Bu with x(0) =z € R*, u: [0,7] — R™ is an

element of the set U of all functio r ch x is uniquely defined on the interval [0,7], A and B
are matrices of appropriate di n%wd the matriz [A""1B|A"~2B|...|B] has rank n;
(3) f is induced by a controlla system generating a constant dimensional Lie algebra on a
compact manifold, that is, f( = x(7) where T > 0, x is the solution of the differential equation
jt = F(x,u) with F : M x R™& TM a smooth map such that the smallest Lie algebra containing
the vector fields {F(x, e VYuerm has the same rank at every x € M, M is a compact smooth manifold,

— R”f&:m element of the set U of all functions for which x is uniquely defined on the

mterval [0, is rédchable for every x € M.

then for any fibeslsungective®map as : M x U — V onto a finite set V', the ag-completion of f has finite state

Proof. e t ea@ cases follow from Corollary 4.8 once we establish the existence of xg € M and k € N
makmg — R" surjective.

ts in linear systems theory [Son98, AM97] guarantee that under the assumptions listed in (1)
the map f k : USF — R” is surjective for any zq € R” and k = n.

Standard results in linear systems theory [Son98, AM97] guarantee that we can find a 7 > 0 such that by
restricting attention to constant input trajectories defined on intervals of duration 7 > 0 we obtain a discrete-
time linear control system satisfying all the assumptions of (1).

Regarding (3) we only provide a sketch of the proof since it involves mathematical tools very different from
those used in this paper. It follows from standard results in geometric control theory [Jur97] that under the
assumptions of (3) if f*(x1,u) = x9 with u € U' then there is an open set O(x3) containing x5 such that for
every o € O(z3) there exists a v’ € U' satistying f(z1,u') = x}. Fix now a point x € M, let C = {O(2")}prenr
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and note that C is an open cover of M. Since M is compact there exists a finite subcover C’ of C. If we now

define 7 to be maximum of the length of the inputs taking z to points in the (finitely many) open sets in C’,
we see that f=F is surjective for k = .

O

We now illustrate Corollary 4.9 in the simplest discrete-time controllable linear system: Q

xl(t—i—T) = {132(15)
xot+7) = u(t) Q

where x = (21, 22) € R? is the state, u € R is the input and 7 > 0. Let ay be defi Qi.l):

-1 ifu<-1
(4.10) as(z,u) = 0 if-1l<u<l
1 ifu>1
For simplicity we will identify —1,0,1 with the symbols —, 0, 4+, respectively @and we introduce the sets U_ =
{u € R|as(u,z) = -1}, Uy = {u € R| ag(u,z) = 0} and U :%R ﬂzg(u,x) = 1}. Starting at the
origin and applying the inputs in the symbolic set V' = {—,0, e gonstruct the following sets:

(411) sz{($1,l‘2)€R2 | 1‘120/\1326Uj}, jE{-,O,-F}

representing points that are identified under equivalencegelation S defined in Proposition 4.5. Applying inputs
again we obtain a complete description of S given Wwing sets defining its equivalence classes:

(4.12) Sy ={(z1,22) €R? | 23 @372 € U;}, i,j € {—,0,+}

The resulting control system N x V' 2, N1 ned by:

g(Si,—) =582 SLOM= 55 g(Sh+) =51, ije{-0+}

(2

J

where N is identified with U; jer— o, } which has 9 elements.

the input. ThisNhotivates the study of symbolic models induced by outputs. We can use again the block
example t the need for this kind of construction. Recall that we are interested in developing
a co er implemented in embedded hardware/software in order to force the block to a non-zero
disp ince we do not know the initial displacement of the block, this controller will change the

pplied e u based on measurements of the block displacement. However, we only have a sensor providing
o% ement measurements and furthermore the controller implementation can only deal with finitely many
values!” We can thus assume, for example, that the state (v, d) is transformed into symbols to be used by the
controller software/hardware according to the following rule:

[
% [ 5. OUTPUT INDUCED BISIMULATIONS
A different ki@mp 10n can be obtained by specifying a map redefining the output rather than redefining
tr

-1 ifd< -1
(5.1) as(v,d) = 0 if-1<d<1
1 ifd>1

It is therefore natural to ask for the existence of an equivalent but simpler model of the continuous dynamics
describing the evolution of the symbols —1, 0 and 1 defining the new output set Q.
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5.1. Existence of output induced bisimulations. In this section we consider output completions induced
by a map a3 : P — @ and defined as follows:

Definition 5.1. Let M x U —+ M —+ P be a control system and let a3 : P — @ be a surjective map.

The as-completion of (f,r) is a triple ((g,s), a1, @) where N x V. —2» N —» @ is a control system and
1: M — Nand ag : M x U — V are maps making o = (a1, a9,a3) : M x U x P — N x V x @Q a surjective

morphism from (f,r) to (g, s) with the following property:

For any control system N’ x V' —2» N’ — @ and surjective morphism o/ = (o}, ab, a3) : b ')
there exists a unique surjective morphism 3 = (31, 52,1g) : (¢, s') — (g, s) satisfying « = 8o

Note that although the definition of as-completion is very similar to the definition of « -tion, there is
an important difference between the two: the direction of morphism (. Requiring @xistenceséf a morphism
B :(g,s) — (¢',s") would lead to the trivial solution (g,s) = (f,r) and a = 14, Hewever, this reversal
in the direction of morphism ( will require additional assumptions to guarantee existencé of as-completions.
Part of these assumptions have already been built in the definition of az-completion through the use of the

adjective surjective. In particular, requiring « to be surjective guarantees that as-completions are bisimilar
to (f,r). The remaining assumptions require the following notion of in ingui@bility.

Definition 5.2. Let M x U o p be a control sysfe
indistinguishability relations {[[a3]]; }ien induced by ag are recur

léet a3 : P — @ be a map. The
fined by:

[[as]]lo = {(xl,xg) EMXM | as or(:cl) = a3 r(xg)}
[[Oég]]iJrl = {(1}17.’172 043 0 ‘V Jus € U N Yup € U Ju; € U

Z‘Q,UQ S [[Oé3”}
Two states x1,29 € M are said to be distinguisha 1 by 3 in n € N steps if (21, 22) ¢ [[@s]], and they are
said to be distinguishable if there exists n € N that they are distinguishable in n steps. Two states that

are not distinguishable are said to be indistinguis
The indistinguishability relations int ﬁﬁmtlon 5.2 are no more than a variation of the sequence of

relations leading to the coarsest rela ompatible w1th the transition relation defined by f [Fer90, PT87].
The only difference is the fact that we a the pairs (f(x1,u1), f(x2,u2)) € [[as]]; to have different inputs u;
and us. This difference is a natural consequence of Definition 3.1 requiring matching of the outputs instead
of matching of the labels, [

el

Note that 1t follows f the degnltlon of indistinguishability relation that if there exists a k € N such that

[[as +1 [[e3 i for all ¢ > k. In general, the sequence of indistinguishability relations
need not stablhz a ﬁnlte number of steps. In this case we shall work with the limit relation (see the
Appendix for geyera ions related to relations):
[laa]] = lim [[aa]];
whic % bisimulation relation between (f,r) and (f,r). Since [[as]];+1 refines [[asz]]; and 7jjq,), =
P T[as]][[as]]o M/[[Oz:g]] Q satisfies:
Tles]lllasllo © Mlas]] = *3 0T
Existence of az-completions can now be characterized by resorting to [[as]].
Theorem 5.3. Let M xU BN M —"+ P be a control system with a surjective output map and let ag : P — @Q
be a surjective map. If for any (z1,x2) ¢ [[as]] the following equality holds:
(5.3) Tlag]] © (21, U)) = ‘F[[ag}] o f(z2,U)

then, the az-completion of (f,r) exists.
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Proof. We construct control system N x V —2» N with N = M/[[as]] and V any set of cardinality T [s]] ©
f(z,U)|. Set V is independent of the point x € M since by assumption (x1,22) ¢ [[as]] implies |mq,) ©

f(x1,U)| = |Tpay) © f(22,U)] and for (z1,72) € [[as]] it follows from the definition of [[as]] that |ma,y ©

f(x1,U)| = |mpaq) © f(22,U)|. Control system g is defined by letting g, : V' — N be any isomorphism between
V and mjq,) © f(x,U) where x is any point satisfying ma,)(2) = y. By definition of [[as]], for any z; and 2
such that mja,)(21) = ¥ = Tay)) (22) we have mjq,y © f(21,U) = @[ay) © f(22,U) thus showing that g, does
not depend on the choice of x. Furthermore, an isomorphism between V' and s,y © f(z,U) ays exists
since these sets have the same cardinality. If we now denote 7((,,) by a1 it follows by constructi g that
ajo f(xz,U) C g(ai(z),V) and that g, is injective. Therefore, by Proposition 2.2 there exfistS% e map
ag making (g, as) a morphism from f to g. Note that ay is necessarily fiber surjective sz‘o f(z,U) =
g(a1(z),V) and g4, (2) is a bijection between V' and g(ai(z), V). In view of (5.2) we dg g the output
map s = T[a,]][[as]]o- Lhis results in the desired surjective morphism o = (aq, o — (g, 8) where
surjectivity of s follows from surjectivity of r and as.

N
=

Let now N’ x V! =2+ N’ —2+ @ be any other control system equipped with a su¥jective morphism o/ =
(o, ab,a3) : (f,r) = (¢',8"). Since o is fiber surjective and oy surjective, the equivalence relation S C M x M
defined by (z1,z2) € S if o (x1) = &) (x2) is a bisimulation relation. Furthermore, ag o r factors through
mg = o since ag or = s’ o . However, [[as]] is the coarsest equlvmeﬁlon satisfying these properties

which implies existence of a surjective map mgjja,) = 51 : g 1 0Ts = T[as])- We also have:

promso f(z, U)—W[ag]]of

= 31 04g (a(x),ab(z,u)) = glai(x (z,v) since a; and o) are morphisms
= frog (ay(x), V') Cglar(z),V)=g ﬁl o),V since S refines [[as]]
It now follows from injectivity of g, and Proposition %2 tfe existence of a unique map 2 making (31, 52)
a morphism from ¢’ to g. Fiber surjectivity of 3§ ca shown by the same argument used to show fiber
surjectivity of an in the first part of the proof and i ws from 5100 = ay that (81, 82)0(af, ab) = (a1, as).
Furthermore, (51, 32) is unique, up to iso hism, since 3 is uniquely determined by a; and o) while 5,

the proof we only need to show th atisfied, that is, that s’ = s o 8; holds. But this follows from
soa; =agor =s oa) combin oy = a1 which results in s o 3 0 o] = s’ 0 o). Surjectivity of o}
allows to simplify the previous expressiofi and to obtain the desired equality s’ = s o 3. ]

is uniquely determined by 31 and g, a isyfmique up to the isomorphisms g, : V. — N. To conclude
(2%5

The assumption expressed by equality (5.3) cannot be dropped since this can prevent the unique factorization
property enJoyed by completlons This fact is illustrated in the following example. Consider control system

M xU —+ M wi {xl,wg, x3,x3}, U ={uy,uz2}, @ = {q1, 92} and defined in Table 3. In this case we
Q x  u | flzu) | as(x)
1 Uy 7 q1
1 U2 T3 q1
T2 Uy T2 q1
Q To Uz T4 a1

xr3 Ul T3 q2
xr3 U2 T4 q2
T4 U T4 q2
T4 U2 Ty q2

TABLE 3. Definition of control system f and map as.

have [[as]]o = [[as]]1 = [[as]]. In particular 7((,,); = as. Condition (5.3) is violated since:

‘Oégofiﬂl, ‘—2#1—’@30](.%3, )’
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Furthermore, the cardinality of the input set V' of g has to be 2 since |ag o f(z1,U)| = 2 and for simplicity
we will take V' = U. We will now show that no control system with state set N = M/[[as]] and input set U
satisfies the conclusions of Theorem 5.3. Existence of a morphism from f to g, implies that g satisfies:

ago f(x1,U) = {[1], [ws]} € g([21], V), azo f(as,U) = {[z3]} € g([ws], V)

At state [z1], ¢ is uniquely determined (up to isomorphism) by the fact that as o f(z1,u1) = a3 o f(z2,u1)
and ag o f(x1,u2) = as o f(ze,uz). We can thus define g([z1],u1) = [21] = azo f(z1,u1) = azo f(xamu1) and
g([z1],u2) = [x3] = az o f(x1,us) = az o f(x2,us). At state [x3] we must have g([z3],u1) = g([x3], U x3].
We will now show that there exists no fiber surjective map as : M x U — V making a = («
morphism such that for any other morphism o’ : f — ¢’ there exists a unique morphism 3 : g
Boa = a. For any fiber surjective map as we must have as(zs,u1) # as(xs3,us). % A

as(zs,u1) = uy and ag (3, us) = ug since the same argument works for as(x3,u1) = u
Consider now control system ¢’ = g and map o), : M x U — V defined by:

0/2(173,161) = U1, 0/2(903,“2) = U2, 0/2(:1;47’“1) = ao(wg,uz), 04/2(904,@) =

and inducing morphism o’ = (ay,a)) : f — ¢’. Existence of a morphism (3 : ¢’ — ¢ satisfying foa’ = «
implies that:

(5.4) Ba([xs),a) = Poo(ar,ah)(zs,a) = as(x =a ﬂ
(55) ﬂg([.ﬁg], u2) = 52 (e] (al, 0/2)(.’1}3,11,2) = — U
However, at x4 we have:

Ba([w4], (14, a)) = Ba([x3], ah (w4, a)) since ag(z4) = az(x3)

= Bo([z3], aa(xa, u2)) definition of o

= az(z4,uz) y (5.4) and (5.5), Ba[zy) = lu
We thus see that Ba([z4], ah(24,a)) = as(xyg,us) %a) thus violating the desired equality 8o o’ = a.
Therefore, no fiber surjective morphism 3 : ¢’ satiSlying 8o o’ = a can exist. Furthermore, the unique
factorization property of ag-completions is violat ven if we try to define g on a larger set N since in this
case there would be several choices of map [[as]] — N that could be completed to a morphism from

g to g.

5.2. Existence of output induced syambolic as-completions. We now turn our attention to existence
of symbolic as-completions. Since [[ag]] is the coarsest bisimulation relation between (f,r) and (f,r) satisfy-
ing (5.2) the following corollagy of Theorem 5.3 is immediate:

o
Corollary 5.4. Let o p be a control system with surjective output map and let ag : P — Q

be a surjective mapfonto a fipite set QQ for which the as-completion (g, s) of (f,r) exists. Control system (g, s)
has finite state set% ere exists a k € N such that any pair of distinguishable states by as is distinguishable
in k steps.

quating finiteness of as-completions to finite distinguishability, suggest that we should
of control systems generating the same outputs after a certain finite number of steps since
s stabilization of the indistinguishability relations after a finite number of steps. We formalize
in the next result.

Corollary 5.5. Let M xU I M —» P be a control system with surjective output map and let ag : P — Q
be a surjective map onto a finite set Q. If [[as]] satisfies (5.3) and for any x1,x2 € M and u € U* the following
holds:

ro f*(xy,uli]) = ro f*(xe,uli]) Vi >k

then the as-completion of (f,r) exists and has finite state set.

We can use Corollary 5.5 to identify concrete classes of control systems admitting finite bisimulations.
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Corollary 5.6. Let M x U N M —“+ P be a control system and let ag : P — @ be a surjective map
satisfying any of the following assumptions:

(1) f is a discrete-time controllable linear system, that is, f(x,u) = Az + Bu with x € R®, u €¢ R™, A
and B are matrices of appropriate dimensions and the matriz [A"~'B|A""2B|...|B] has rank n;
(2) f is a discrete-time linear system, as is a linear map and (f,as3) is output-controllable, that 18,

f(z,u) = Az + Bu with x € R™, u € R™, A and B matrices of appropriate dimensi
Czx € R° with C' a matrix of appropriate dzmenszons and the matriz [C A"~ 1B|C A"~ QE% has

rank o.

If [[as]] satisfies (5.3) then the ag-completion of f exists and has finite state set.

Note that even if [[a]] fails to satisfy (5.3) a finite state bisimilar control system s this is sufficient
for most of the applications.

Proof. Let us first assume that f(x,u) = Az 4+ Bu is in Brunovsky normal form. For m = 1 this normal form
is given by:

(5.6) yu(t+1) = (1)
By inspecting (5.6) we immediately conclude that W = (v(4),v(F+1),...,0(j +n)) for j > 0 which
ra

implies 7o f*(y, v[i]) = ro f*(y',v[i]) for i > n an ap 7 : R®™ — P. The assumptions of Corollary 5.5

are thus satisfied. For m > 1 a similar argu applies since in this case the Brunovsky normal form is
given by several blocks of the form (5.6). Faslgeneral controllable linear systems the result follows from the
previous argument and from the fact [Son98, 97] that any controllable linear system is isomorphic to a

linear system in Brunovsky normal for

By Kalman’s decomposition Th 8, AM97] any linear control system can be decomposed as:
SL‘1<t 1) A11 A12 l‘1<t) B1
(57) |:.Z‘2 t+ 1) 0 A22 Z‘Q(t) * 0 u(t)
where 21 (t+1) 412:102 )+ Bju(t) is controllable. It then follows from the previous argument that
any linear control equlpped with an output map r : M = R"™ — P admits a finite bisimulation provided
that r factors =s for any map s : R — P and for the projection m(x) = x;. This factorization
condition can ecked by determining if the matrix [CB|CAC]|...|CA" ' B] defines a surjective linear
transform r is a linear transformation and C' is its matrix representation. ]
again the simplest discrete-time controllable linear system:

:cl(t + T) = X2 (t)

xot+7) = ul(t)
with r(x1,29) = (21, x2) and let ag be given by:

-1 ifx <-1

(5.8) as(z) = 0 if-1<a;<1

The relation [[a3]]o is defined the following three equivalence classes:

S; = {(x1,22) €R? | 71 € X;},  j€{—,0,+}
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where X_ =] — o0, —1], Xo =] — 1, 1] and X = [1,00[. Relation [[as]]; satisfies [[as]]1 = [[a3]]2 and is defined
by the equivalence classes:

S;':{(Z‘l,l‘g)ERz |.Z’1 EXi/\LEQGXj}, jE{—,O,"I'}
The as-completion is now given by:
g(s;, X)) =87 (55, X0) =5 g(5;,X4)=5%,  ije{-0+}
where V' is identified with Ujcq_ o, 11{X;} and N identified with U; je—0.41{S;}. The fact t o
completion is the same as the as-completion presented in Section 4 for the same control syl 1 to
the fact that we have chosen a control system of a very special form (Brunovsky normal _for general,

ag-completions and as-completions are not isomorphic.

6. DISCUSSION

In this paper we have presented two very general constructions on the class of control systems: as-completions
and agz-completions. The first class of completions is mathematically very natural since no conditions are
necessary for its existence. This implies that Theorem 4.3 is valid in a\variety ifferent contexts obtained
by imposing different structure on control systems (linearity, smogthn lyticity, etc). This is in sharp
contrast with ag-completions which exist under stricter conditions. e of those conditions is surjectivity of
the involved morphisms which has to be considerably strengthened more structure is imposed such as
smoothness for example. This is a consequence of Theorem 5.3 being”based on the fact that every surjective
map ¢ : A — B can be seen as the projection from A/S where S is the equivalence relation on A
identifying points a; and ag when ¢(a1) = ¢(az).

A third type of completion could also be considered if@t ts with a control system and amap ay : M — N
between state sets. However, since our objective igsto in bisimilar models, either the graph of «; already
defines a bisimulation or there is no possibility btaining a bisimilar model by constructing a control system
with state set V. This fact justifies why QW ons have not been considered in this paper.

i

Even though we make a distinction bet i s and outputs this distinction is not natural in many systems
and it would be interesting to exten ults of this paper by dropping this distinction. Such behavioral
approach [PW97] could help understandyhow to relate the sufficient conditions for the existence of symbolic
models provided by Corollaires 4.8 and 5.5 and lead to a deeper understanding of which control systems are
essentially finite. ®

ing on%xtending and characterizing new classes of systems satisfying the sufficient
tenc finite completions. While Corollary 4.8 requires reachability in a finite number
of steps, Corollar§%g.Msequires a finite output controllability or tracking assumption ensuring that the effect of
the initial sta ill influence the output in a finite number of steps. Even though the conditions required
by Corollary 5! r to be stronger than those required by Corollary 4.8, the possibility of choosing the
output '@ appears to provide greater flexibility in the use of Corollary 5.5.

g APPENDIX

Recall that an equivalence relation R on a set A is a subset R C A x A satisfying:

On going research is
conditions for the

(1) Reflexivity: Va € M, (a,a) € R;
(2) Symmetry: Vay,as € M, (a1,a2) € R implies (az,a1) € R;
(3) Transitivity: (a1,a2) € R and (a2, a3) € R implies (a1,as3) € R.

Given an equivalence relation R C A x A, we denote by [a] the equivalence class containing a € A and by
mr : A — A/R the (surjective) natural projection map taking each point a € A to its equivalence class [a].
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Conversely, any surjective map ¢ : A — B defines an equivalence relation on A whose equivalence classes are
given by ¢~1(b) for each b € B.

An equivalence relation Ry C A x A is said to refine equivalence relation Ry C A x A if for every equivalence
class Fy of Ry there is an equivalence class E7 of Ry such that Ey C Fy. Equivalently, R, refines R; if there
exists a map Tg,R, : A/Ry — A/R; satisfying mgr,r, © Tr, = Tr,. Map mg,r, takes an equivalence class Fy
of Ry into the unique equivalence class Tg, g, (E2) of Ry containing FEs.

Any arbitrary relation R C A x A can be completed to an equivalence relation by adding the id elation
I = {(a1,a2) € Ax A| a1 = az} to R, resulting in R U I, and by closing R U I undéfug v and
transitivity. This closure R is called the equivalence relation generated by R and it is the o% equivalence

relation containing the pairs (a1, a2) € R in the sense that any other equivalence relati A
(a1,a2) € R is a refinement of R.

ng the pairs

Consider now an equivalence relation R C A x A and a map f : A — A. Relation R is,said to be invariant
under map f when (a1, a2) € R implies (f(a1), f(az)) € R. In this case f induces a mép f/R: A/R — A/R
defined by (f/R)([a]) = [f(a)]. Map f/R is well define since for any as,az € [a;] we have (f(az), f(a1)) € R
and (f(as), f(a1)) € R. Consequently, [f(a2)] = [f(a3)] = [f(a1)] = (f/R)(la1]). If an equivalence relation
R is not invariant under a map f, we can close it under f resultii@in th arsest equivalence relation R
containing the pairs (a1,a2) € R and invariant under f, that is, any quivalence relation containing the
pairs (a1,az) € R and invariant under f is a refinement of R.

Consider now a sequence of equivalence relations {R; };cn on a set ere for each i € N, R; 11 is a refinement
of R;. The limit of this sequence is an equivalence relation R = lim;_,,, R; refining every equivalence relation
R; and such that for any other equivalence relation & refining every equivalence relation R;, S is a refinement

of R.
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