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Abstract

The existence of traveling and standing waves is investigated for
chains of coupled pendula with periodic boundary conditions. The
results are proven by applying topological methods to subspaces of
symmetric solutions. The main advantage of this approach comes
from the fact that only properties of the linearized forces are required.
This allows to cover a wide range of models such as Newton’s cradle,
the Fermi-Pasta-Ulam lattice and the Toda lattice.
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A chain of coupled pendula is a device of hanging limbs from an elastic
rod. When this device is set in motion, each limb behaves like a pendu-
lum that interacts with its neighbors by torsion forces. When the forces
are approximated by Hooke’s law, the equations describing the pendula are
equivalent to the discretized Sine-Gordon equations.

Another device of interest is the Newton’s Cradle. This system consists
of beads suspended by inelastic strings. In the absence of contact between
beads, they have pendular motion; when beads collide with their neighbors,
they repel each other with a Hertz’s type force.

The paper aim is to study a model that includes the mentioned pendula
among other situations of interest, such as the Klein-Gordon, Fermi-Pasta-
Ulam and Toda lattices.
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The movement of n coupled oscillators, ¢;(t) € R for j = 1,...,n, with
periodic boundary conditions, ¢; = ¢;n, is described by equations

— i =U'(q;) + W'(g; — gj—1) — W'(gj+1 — q;), (1)

where potentials U and W represent the dynamic and nonlinear interaction
of the oscillators, respectively.
The dynamic of a pendulum is governed by

U(r) = w*(1 —cosx), w? = cg/l, (2)

where ¢ is the acceleration due to gravity and [ is the length of the pendulum.
The constant ¢ represents the coupling strength after a rescaling, i.e. the
normalized Hooke’s Law is given by

W(x) = =2,
and the Hertz’s contact force by
2
W(r) =< 2”2 if <0, W(z)=0ifz>0. (3)

We assume that equations ([Il) have homogenous equilibria of the form
¢(t)=a forj=1,..n

These properties hold true in the coupled pendula and the Newton’s cradle
when a = 0 and a = 7. Under these considerations, the nonlinear equations
(@) have periodic orbits arising from the homogenous equilibria.

The study of periodic orbits in Hamiltonian systems goes back to Poincare.
Lyapunov proves the nonlinear continuation of periodic orbits from normal
modes of elliptic equilibria under non-resonant conditions. Later on, the
Lyapunov center theorem was extended to consider the multiplicity of peri-
odic orbits and the global properties of the families. Regarding multiplicity,
the Weinstein—-Moser theorem (1973) proves multiple periodic solutions of
Hamiltonian systems with fixed energy, while the Fadell-Rabinowitz theorem
(1978) considers fixed period. In [I], Alexande-Yorke (1978) prove the global
property of Lyapunov families. The proofs of these theorems make use of
topological invariants that consider the S'-symmetry induced by time trans-
lations. These theorems have been generalized to consider spatio-temporal



symmetries, for instance, see [3 [I8] for fixed energy, [3| [6] for fixed period
and [2, [7, [I5] for global bifurcation. Other equivariant approaches can be
found in [5], 12 23] and references therein.

In the context of equation (), in [IT], local bifurcation of periodic solu-
tions is proven in the case U = 0 and W”(0) # 0, and in [I3], a Weinstein-
Moser theorem is proven in the case U” = 1 and W”(0) # 0. The present
paper proves the bifurcation of periodic solutions using Brouwer degree in
spaces of spatio-temporal symmetric functions, including a Zs-symmetry in-
duced by the reflection in time. In contrast with the results in [I1] and [13],
this procedure has the advantage that allows to prove the global property.

Theorem[8. Assume W”(0) # 0, which is the case in the coupled pendula.
For each k € [1,n/2) NN such that

v = \/U"(a) + (2sin kr/n)2W"(0) > 0 (4)

is non-resonant (Definition [7]), the homogenous equilibrium has three global
branches of 27 /v-periodic solutions; for k € {n/2,n}, only one branch exists.
The frequencies v along the branches converge to v, as the solutions approach
the equilibrium and the bifurcating branch is a continuum that either goes
to infinity in Sobolev norm or period, or ends at other bifurcation point.

In the coupled pendula, at the equilibrium a = 0, the non-resonant condi-
tion of 14 holds true except for a finite of parameters w (Section 4.1). For the
resonant parameters the theorem proves only the existence of the branches
with the higher frequency v; = lv;.

When W”(0) = 0 all frequencies are resonant,

v, =/ U"(a) for k € {1,...,n}.

These resonances make impossible to obtain multiple periodic solutions by
means of topological degree; instead, the existence of multiple standing waves
is proven with the Fadell-Rabinowitz theorem for odd potentials given in [6].

Theorem [11. Assume W”(0) = 0 and U”(a) > 0, which is the case in
Newton’s cradle. The homogenous equilibrium has at least n/2 — 1 bifurca-
tions of 27 /v-periodic solutions with symmetries (@) and (7). The frequency
v of the periodic solutions is arbitrarily close to 1, but the bifurcation does
not necessarily form a local continuum.

The periodic solutions have the symmetries of traveling and standing
waves. This fact is proven exploiting the equivariance of equations ([II) under
the action of the group

D,, x O(2),
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where D,, is composed by permutations of the oscillators and O(2) shifts and
reflects time; see Definition [I1

The symmetries presented in Section 3 are valid along the global branches,
while the estimates shown in Section 2.1 are valid locally. We reproduce
here the simple case n odd and £ = 1. The symmetries for £ = 1 have
been analyzed previously in [I1] and [I2]. The present paper completes the
classification of the symmetries for all £’s.

Symmetries and estimates. Let

¢ =27m/n, ¢;(t) = a+ x;(vt),

where z;(t) is 2m-periodic and v is the frequency. The branch of traveling
waves has symmetries and local estimates,

2 (t) = Tn_j(—t) = x40 (t =€), (5)
z;(t) = reos(t + j¢) + O(r?),

where 7 is a parameterization of the branch and O(r?) is a 27-periodic func-
tion. The branch of standing waves has symmetries and local estimates,

(1) = wny(t) = 2;(=1), (6)
2j(t) = rcos(j¢) cost + O(r?),

and the other,

ri(t+m) = 2p(1) = 2;(=1), (7)
z;(t) = rsin(j¢) sint + O(r?).

Traveling waves for Newton’s cradle have been estimated asymptotically
in [16], and for beads in [I7] and [22]. In these papers, traveling waves
are constructed by means of a reduction to a single equation with delay.
This procedure is commonly used in many problems; see [19] and the ref-
erences therein. However, the reduction to one equation cannot be used to
prove existence of standing waves, and then, one of the achievements of the
present paper is the construction of them for the Newton’s cradle. Neither
the Weinstein—Moser theorem in [13] is applicable to the Newtons’s cradle be-
cause it assumes non-resonant conditions over W”(0). Through Proposition
4, a Weinstein—Moser theorem can be proven for the Newtons’s cradle.

In the case of beads, W”(0) = 0 and U = 0, the topological approach
used to establish the existence of standing waves cannot be used due to the
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fact that v, = 0 for k = 1,...,n. In [I7] is shown that standing waves exist
even for homogenous potential W with v, = 0. Therefore, further work is
necessary to investigate the existence of standing waves in the beads problem.

In Section 1, we set the bifurcation problem and make a global reduction
to a finite number of Fourier components. In Section 2.1, we prove the
global bifurcation in the case W”(0) # 0. In Section 2.2, we prove existence
of standing waves in the case W”(0) = 0 and U”(a) > 0. In Section 3,
we describe the symmetries. In Section 4, we apply the theorems to the
coupled pendula and the FPU and Toda lattices. In Section 4.3, we present
a comment about the existence of standing waves in the case of a homogenous
potential W with v, = 0.

1 Setting up the problem

Let ¢ = (q1, ..., qn) and

n

V() =Y [U(g) + W(g; — gj1))- (8)

j=1
Equations (I]) can be expressed in vectorial form as
—i = VV(q).
Hereafter, we assume that the potential V' is twice differentiable and
a=(a,...,a)

is an equilibrium, VV'(a) = 0. This is equivalent to assume that U’(a) = 0
and W'(0) = 0.
Using the change of variables ¢(t) = a + z(vt), the system of equations
become
—1*i =VV(a+u).
Let H3 (R™) be the Sobolev space of 2m-periodic functions. We define the
operator f from H3 (R") in L3 _(R") as

f(z;v) = =2 — VV(a+uz). 9)

Since a is an equilibrium, then f(0;v) = 0 for all v. Therefore, the branches
of 2m /v-periodic solutions emanating from the equilibrium a correspond to
zeros of f(x;v) bifurcating from (0, vp).
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Definition 1 Let D,, be the subgroup of permutations generated by
C(j)=7+1, k(j)=n—j modulus n.
Let p: D, x O(2) — GL(L3,) be the homomorphism generated by

P, s ) = (Ty(1)s -, Ty(m)) (10)

for v € D,, and for ¢,k € O(2),

plp)a(t) = x(t+¢), p(R)x(t) = z(-t). (11)

Then p defines a D, x O(2)-representation of L3 (R™) and induces the left
action in L3 _(R™) gwen by p(v,z) = p(y)z .

Since V() is invariant by the action of D,,, then VV () is D,,-equivariant.
Thus, the operator f(x) is D,-equivariant. Given that the equations are
autonomous and reversible in time, then f(z) is D, x O(2)-equivariant.

1.1 Lyapunov-Schmidt reduction

In the case W”(0) # 0, we will prove existence of periodic solutions using
a global Lyapunov-Schmidt reduction and Brouwer degree. Although an
application of Leray—Schauder degree can provide similar results without
reductions, we prefer this approach because the reduction is required in the
Newton’s cradle anyway. The idea of the global Lyapunov-Schmidt reduction
is taken from [15].

The Fourier expansion of x € L2_ and the projection P are defined as

x(t) = leei” and Px = Z ze™
=yA 7] <lo
Let x; and x5 be the components of x, given by
x; = Pu, xy = (I — P)x.

The components of f are given by f; = Pf and fo = (I — P)f.
We realize the global Lyapunov-Schmidt reduction in the set 2, x A,
where
Q,={r € H;,: ||93||H§ﬂ < p}, A.={v >¢e}.



Proposition 2 There is a ly such that xs(xy,v) is the only solution of
fo(xi + x0,v) = 0 in Q, x A.. Thus f(x1 + Xo,v) = 0 if and only if
¢(x1,v) =0, where

o(x1,v) = fi(x1 + Xa(x1,v); V) (12)

= —120yx; — PVV(a+x; + x3(x1,v)).
Furthermore, the reduced map ¢(xq,v) is D, x O(2)-equivariant, where the
action of ¢,k € O(2) in the l-th Fourier component is given by
plp)ay = ez, p(R)y = 1.
Proof. If we find a positive constant a such that
[0y f2 (%1 + %X2)y2ll 12 = allyall s

for all (z,v) € €, xA., the global implicit function theorem due to Hadamard
(Theorem 5.1.5 in [4]) implies existence of a unique function x»(x;, ~) such
that fo(x; + Xo(v,x1),) = 0. Using the uniqueness of xy(xy,v), it can be
proven that fi(x; + xa(x1,v),v) is D, x O(2)-equivariant.

Let yo € (I — P)HZ . Since V € C?*(R") and ||:L’Hcgﬂ < cpforall z € Q,,
then | D*V(a+ )|y < Cp for all z € Q,. Therefore,

|(1 = P)D*V(a+ x)yzﬂng < Cpllyallzz. < CO/I) lyallmz -

Using the previous estimate and |20, ys|| = 2 ||y mz for v e A, we
have ) )

10w, fotll iz, = (|2 0uell . — |1 = PYD*V(a+ )l ;> allyellyg, .

where a = 2 — C(p/13). We conclude that o > 0 if I, > C'\/p/e. Note that
the number of Fourier components [y goes to infinity as ¢ — 0 and p — oo.
]

Using Taylor’s expansion of the map fo(x1 4+ X3), we obtain the estimate

o, )l < (13)
for z close to 0. Thus, the linearization of the reduced map at (0,v) is

¢(0;0)x1 = =12 0px; — D*V(a)xy = »_ M(Iv)x, (14)

[1[<lo

where
M(lv) = (lu)2[ — D2V(a).



1.2 Irreducible representations

In this section we identify the irreducible representations of O(2) x D,,. In
the [-th Fourier component, the action of O(2) is
plp)e, = e, p(R)z = .

The Fourier components are subrepresentations of the group O(2); then, we
need to find the irreducible representations of x; € C™ under the action of
D,.
Let ( = 27/n and e, € C" be

ep = 71—1/2(61(2'/%)7 e2(ik()7 - en(ikg‘))' (15>

The vectors e, for k = 1,...,n are orthonormal and their direct sum is the

whole space C". Therefore, we can expand x; = ), _, ¥4, where Z, =
{1,...,n}, and
x(t) = Z xmekem.
(k,1)EZn X7

Proposition 3 For k =n/2,n the action of the group D, x O(2) in xy, € C
s given by

p(Cp)any = e¥apy,  p(k)aes = zpy,  p(R)Try = T, (16)
with negative sign for k = n/2. Fork € [1,n/2)NN, the action in (Tp 1, Tn—g1) €
C? is given by

ik —ik
“O(e Cﬁ%la e ¢

p(C, ) (Th 1, Tnp) = € Tn—k,1), (17)
P(R) (@1, Tnk1) = (Tnok1, Tr),
P(R) (@1, Tp1) = (Tn—k1s, Th)-
Proof. The actions of ( and k in ¢ are
p(C)er = n~ V2 (e2H0) (3RO | onlih) o(ik0)) — (k¢

(e(—DIkC o(n=2ikC (2ikC (LikC onikl) _ o

p(r)er =
Moreover, the action of &k € O(2) is
p(R)epz = n~Y2(e7Hz o 2z e~ (mDikiz ommikizy — o 7.

The result follows. m
By the previous proposition, the subspaces generated by e,, e, and
er ® e, for k € [1,n/2) NN are irreducible representations.
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1.3 Isotropy groups

In this section, we identify the maximal isotropy groups of the irreducible
representations presented in Proposition

The action of D,, x O(2) in the subspaces generated by e, and e,/ are
given by (@), where the minus sign corresponds to the representation gen-
erated by e,/». The subspace x,,; € R has isotropy group

T, ={(¢,0), (r,0),(0,%)), (18)
and the subspace /51 € R,
T"/2 - <(C> 7T)a ('%a 0)7 (Oa R)> : (19)

Both isotropy groups Ty for kK = n,n/2 have fixed point spaces of dimension
one.

Definition 4 Let h be the mazximum common divisor of k and n,

k= - andﬁzﬁ.

h h

The cases k € [1,n/2) NN are analyzed in the appendix. We reproduce
here the main results.

Proposition 5 For k € [1,n/2) NN, the representation ey & e,_j has three
maximal isotropy groups with fixed point spaces of dimension one. An isotropy
group 1S
Ty = <(<> _k<)> (K'> R)> (ﬁCa O)> :
For n odd, the other isotropy groups are
Sk = <(l{, O)a (O> R)a (ﬁ<> 0)) ’ §k = <(KJ> 7T)a (O> Wk)a (ﬁCa O)> .

The case n even is given in the appendix.

These isotropy groups are relevant because the reduced map
o™ (x;v) : Fix(H) — Fix(H)

is well defined and under non-resonant conditions, the linearization D¢ (0, v)
has a simple eigenvalue in the kernel.



1.4 Linearization
The Hessian of V is
D*V(a) = U"(a)I +W"(0)A,

where A = (a;;)};—, is the matrix defined by a;; = 2 if i = j, a;; = —1 if
li — j| = 1 modulus n, and a; ; = 0 otherwise.

Proposition 6 The matriz M (v) = v?I — D*V (a) is diagonal in the basis
{6k};
=Y amer, M@z =)_ Mp)uer, (20)

kE€Zn k€EZn

where the eigenvalues are
Me(v) =12 = U"(a) — (2sin k¢ /2)*W”(0). (21)

Proof. Since the j-th coordinate of ej is n~'/2€¥¢, then the j-th coordinate
of Aey, is

(2 — (e_ikc + eikc))n_lpeijc = 4sin2(k:(’/2)n_1/26ij<.
We conclude that Aej, = 4sin*(k(/2)e;, and
M(l/)ek = [1/2] — U//(CL)] k — W”(O)Aek = )\k(l/)ﬁ’k.

[ ]

The fact that A\, = A for k € [1,n/2) NN is consequence of Schur’s
lemma. That is, since e, @ e,_, is an irreducible representation, Schur’s
lemma implies that M(v) = A\ in e @ e, .

In the basis z;, we have

GO 0)x = > M)y ene™. (22)

\l|§l0 k€Zn

2 Main results: Bifurcation theorems

We proceed to prove two bifurcation theorems.
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2.1 Coupled pendula

If W"(0) # 0, we avoid resonant frequencies by assuming that D?V(a) is
invertible, which holds if U”(a) and W"(0) are positive.

Definition 7 We say that the frequency

v, = /U"(a) + (2sin km/n)2W"(0) (23)
is non-resonant if lvy # v; for j € (k,n/2] NN and | > 2.

Theorem 8 Assume W”(0) # 0 and D*V (a) is invertible. For each k €
0,n/2] NN such that vy > 0 is non-resonant, the equilibrium a has three
global bifurcations of 27 /v-periodic solutions emanating from v = vy, with
isotropy groups Ty, Sy, and Si.

Proof. The linear map ¢/(0; v) has I-th Fourier block M ({v) with eigenvalues

A1) = (1) =12,
for j € [0,n/2] N N.

For [ = 0, the matrix M(0) = —D?*V (a) is invertible by hypothesis. For
[ > 2, since W”(0) # 0, frequencies v; are increasing in j. Thus (v, > v; for
j € [0,k] NN and, by hypothesis, lv, # v; for j € (k,n/2] " N. Therefore,
matrices M (lvg) are invertible for [ > 2. Given that M(lv) is continuous in
v, the blocks M (lv) are invertible for v close to v .

For | = 1, since v is increasing in k € [0,n/2] NN, then v — 17 # 0
for j # k. Therefore, the linearization ¢'(0;v) is invertible for v close to vy,
except for the block that corresponds to the representation (xy i, k1) €
ex D en—t,

()] : C? = C2. (24)

Set H equal to T}, Sy or Sy. Since the group H has fixed point spaces
of real dimension equal to one in e, @ e,_g, the restriction D¢ (0; 1) has a
simple eigenvalue crossing zero in (24]). Using Brouwer degree as in Theorem
14 in [9] or [15], we conclude existence of a local bifurcation in the fixed point
space of H.

The global property follows from assuming that the branch is contained
in the set fo x A, for some £ and p, unless it is an unbounded continuum
set with period or Sobolev norm going to infinite. Applying Brouwer degree
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to the reduction in Qf x A, we conclude that the sum of the local degrees
at the bifurcation points is zero, as in Theorem 5.2 in [15] or Theorem 15 in

9. =

Remark 9 In the case U = 0, the Hessian D?V (a) has a zero-eigenvalue
corresponding to the conserved quantity Zyzl q; = 0. If this is the only zero-
eigenvalue, we can extended the previous theorem using the restriction of f
to the subspace

X:{xeL;F:ij:O}.
j=1

Also, analogous theorems can be proven in the case of D, -equivariant long
range interactions, W(q, ..., qn)-

Under non-resonant considerations, the local reduction can be realized on
the 1-th Fourier component

X; = g zett.

=1

Let r be a parameterization of the amplitude of the local branch, where
the frequency v is a functions of r. The branch with isotropy group 7} has
eigenvalues corresponding to the coordinates (1, Z,—x1) = (r,0) (see the
appendix). We conclude that the projected component x; can be estimated
by

x,(t) = r(e'ey, + eitey) + O(r?).

Moreover, since e'ey, + ete, = 2 cos(t + jk() and xa(xy;v) = O(r?), then
zj(t) = 2r cos(t + jk¢) + O(r?), (25)

where O(r?) is a 2m-periodic function of order 2,
Similarly, the coordinates for the isotropy group Sy are (xj1,Tp_k1) =
(r,7), then

x,(t) = r(e'ey + eltey, + een_y + eite, 1) + O(r?).

We conclude
x;(t) = 4r cos jkC cost + O(r?). (26)
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For the group §k and n odd, the coordinates are (zy1,Zp—k1) = (1, —7),
then
zj(t) = —4rsin jkCsint + O(r?). (27)

For n even, the coordinates are (w1, 7, 1.1) = (r, 7€), then
zj(t) = —drsin(jk¢ — ¢/2) sin(t + ¢/2) + O(r?). (28)

Note that for n odd, since sin(27j/n) = 0 for j € {n,n/2} NN and
cos(2mj/n) # 0, standing waves Sy and Si have nodes of different orders, r
and 7?2 respectively.

2.2 Newtons’s cradle

For Newtons’s cradle, W is given by @) and U(z) = w?(1 — cosz). Since
v, = w for k = 1,..,n, the previous theorem cannot provide the existence
of many periodic solutions. In this case, the application of Weinstein—Moser
theorem guaranties the existence of at least n periodic solutions in each
constant energy surface,

H(g.p) = 5 ol + V(@) (29)

However, these solutions may agree with the n traveling waves found in [16],
and the symmetries have to be considered in order to obtain new solutions.

Definition 10 Let S = S* and S be the group generated by (1, m) (0,7%) if
n is odd, and (k(,0) and (0,(R) if n is even.

We will prove existence of standing waves using the fixed point spaces of
the groups S and S, which are the isotropy groups S; and S; without the
generator (7, ).

Since v, = w for all k, the 1-Fourier component is non-resonant with
other Fourier components. Thus the local reduction of Section 1.1 can be
realized on the 1-th Fourier component,

x; = z1e" + Tre” ",
and the local bifurcation map is defined by ¢(x;;v) : C* — C" for (z,v)
close to (0,w).

13



Since the operator f(z) is the gradient of

F@y:A%<§MmE—V@0d%

we can conclude (see Section 1.9 in [15]) that ¢(x;) is the gradient of the
reduced potential
(I)(Xl) = F(Xl + X2(X1)).

That is, ®'(x1)h = (p(x1), h)Lgﬁ-

Since Lyapunov-Schmidt reductions preserve equivariant properties, the
potential ®(z1,v) is D, x O(2)-invariant. Setting H equal to S or S, this
implies that the restriction ®# : Fix(H) — R is well defined and the gradient
is

Vol = ¢ . Fix(H) — Fix(H).

Furthermore, the element 7 € O(2) is contained in the Weyl group of H
and acts multiplying by —1 the fixed point space of H (see appendix), then
@H(Z'l) = (I)H(—l’l).
Using a = 0, V(0) = 0, D*V(0) = w?I and xy(x1;v) = O(|x;]*), we
estimate
Oz, v) = 27(v® — w?) |21 |* + oz [%). (30)

Therefore, the Fadell-Rabinowitz theorem in [6] implies that the odd po-
tential ®7(x,,r) has at least dim Fix(H) branches of critical points. Since
dim Fix(H) > n/2 — 1 for H equal to S and S (see the appendix), the fol-
lowing theorem holds.

Theorem 11 Set H equal to S or S. If (x1,v) = (0,w) is an isolated point
of the potential ®(x,,v), then f(x,v) has at least d_ zeros for v < w and
d, for v > w in the fized point space of H. The zeros converge to (0,w) as
v —w and

Therefore, there are at least n/2 — 1 bifurcations of periodic solutions
with symmetries S and S emanating from the homogeneous equilibria. The
information about the symmetries of these n/2 — 1 bifurcations can be im-
proved if one considers similar procedures in the fixed point spaces of Sy and

Sk
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Another proof of the previous theorem can be given with Zs-equivariant
Conley index. The idea in [3] consists on using the invariant property of
the Conley index and the change in the unstable set of the gradient flow
generated by ® which has dimension dim Fix(H) for v < w and 0 for
v > w.

Using Proposition[I4land Theorem 9.9 in [3], we can prove that the energy
surface H~'(g) for small e contains at least n/2 — 1 solutions with isotropy
groups S and S (Weinstein—Moser theorem). These kinds of solutions are
called brake orbits in [3]. A Weinstein—Moser theorem for coupled pendula
was proven in [I3] using results of [18].

3 Description of symmetries

The isotropy groups Ty, Sy and Sy have the generator (n¢,0). Functions
fixed by (n(,0) satisfy
z;(t) = @j4n(t),
where h is the maximum common divisor of k and n, k = k/h and n = n/h.
Therefore, the oscillators in these solutions form a wave of length n that is

repeated h times along the pendula. In the following discussion, we describe
only the wave of length 7,

(X1, ey Ti).

3.1 Traveling waves

The group T} has generators ((,—k() and (k, &), solutions with isotropy
group 1} have symmetries

2(t) = Tnj(—t) = 2 (t — k(27/7)), (31)

For k = 1, two consecutive oscillators have a phase shift of 27 /7,
73(t) = Tyt — 21/m).

For k # 1, the solutions are just permutations of the case k = 1.
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3.2 Standing waves of the first kind

Standing waves have different behavior depending on the parity of n and

n/2. We present three cases for each kind of standing waves. Given that

cases k # 1 are permutations of k = 1, we present only the case k = 1.
Hereafter, we denote

w3 (t) = x(t + ).

n odd

Since the isotropy group Sy has generators (x,0) and (0, k), functions fixed
by Sk have symmetries

z;(t) = a—;(t) = x;(—1).
Setting n = 2m + 1, the wave of length 7 is
(0, T1y eoey Ty Ty oy 1), (32)

where z; are even functions for j = 0,...,m.

n/2 odd

The isotropy group Sy has generators (x,0), (3¢, ) and (0, &), solutions in
the fixed point space of S}, satisfy

7j(t) = wa—(t) = Tj15p2(t) = x;(=1).
Setting n = 4m + 2, the wave of length n is

*

* * * *
(X0 T1y wees Ty Ty ey Ty Ty Ty ey Ty Ty oy 1) (33)

Y m?

where x; are even functions for j =0, ..., m.

n/2 even

Setting n = 4m + 4, we conclude that the wave of length 7 is

*

I * k% _
(X0 Ty ooy Ty = Ty ey Ty Ty Ty ey Tt = Ty ey T1)), (34)

where z; are even functions for j = 0, ...,m and z,, is T-periodic.
Observe that, although solutions (33 and ([B34]) have the same isotropy
group, the solutions are qualitatively different at the oscillator x,,.
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3.3 Standing waves of the second kind
n odd

The isotropy group Sy, has generators (k,7) and (0, 7%). Functions fixed by
Sk have symmetries

z;(t) = v j(t +m) = z;(m — t).

Setting n = 2m + 1, the wave of length n is

*

(anxla"'axmaxm>"'ax>{)7 (35)

where z;(- + m/2) are even functions for j = 1,...,m and x(¢) is even 7-
periodic.

n/2 odd

Since the isotropy group Sy has generators (k¢,0), (3¢, m) and (0, (), solu-
tions in the fixed point space of S satisfy

2j(t) = Tn—(41) (1) = 594 5(t) = 2;(2m/n — 1),
Setting n = 4m + 2, the wave of length n is

K ok k% *
(X0 L1y ooy Ty = Ty ey Ty Ty Ty Ty ey Tt = Ty ey T1, L), (36)

where z;(7/n + -) are even for j = 0,...,m and z,, is m-periodic.

n/2 even

For n = 4m + 4, we conclude that solutions with isotropy group Sy satisfy

ey Ty Ly weey Ty Ty ey L) (37)

eey m?

*
(Z0y vey Tomy Ty -

where z;(7/n + -) are even for j =0, ..., m.
Solutions (36]) and (B7) are different close to the oscillator x,,.
4 Applications
In most applications the potential W is convex. If U is also convex, the
frequencies v, are always positive; if U is concave, the frequencies vy are

positive for k € [ko,n/2] N N.
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4.1 Coupled pendula

The coupled pendula via torsion springs are governed by the dynamics of
U(z) = w?(1 —cosz) and W(z) = 2?/2. Since U'(0) = w? sinx and W”(0) =
1, the homogenous equilibria are 0 = (0, ...,0) and 7 = (7, ..., 7).

Given that U”(0) = w? and U”(7) = —w?, the condition that gives the
existence of bifurcation is

Ve = /Fw? + (2sinkm/n)? > 0,

where the minus sign correspond to 7. For the 0 equilibrium, the frequencies
v are always positive. For the 7 equilibrium, despite the fact that the un-
coupled system is unstable, the coupled system has 27 /vy-periodic solutions
near the equilibrium for k € [ko, n/2] NN, where

ko ~ (n/m) arcsin(w/2).

In Theorem B, the non-resonant condition of v, is equivalent to w? #
+w,(j) for integers { > 1 and j > k, where

L (2sinkm/n)? — (2sinjn/n)?/1?
wild) == =1/ |

(38)

For the 0 equilibrium, the non-resonant condition w? # w;(j) holds true
except for a finite number of resonant parameters w;(j), and for 7, except for
countable number of parameters —w;(j) — 2sinkn/n as | — oo.

The same statements are true for the discrete Klein-Gordon equation
with potentials U = w?z? 4+ 2% and W (z) = 2?/2 in [20], and for the bistable
potential U(z) = w?(1 — 2?)?/4 for equilibria with a = 0 and a = +1.

4.2 FPU and Toda latices

In this section, we consider oscillators with U(z) = 0 and nonlinear interac-
tions

Wi(x) =2?/2 + Zﬁkxk.
k=3

The FPU lattice corresponds to W(x) = 2?/2 + f23/3 and Toda lattice to
W(z)=e"+x—1.
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Since W/(0) = 1, then 0 is an homogeneous equilibrium. Therefore, for
each k € [1,n/2] NN such that

v = 2sinkm/n

is non-resonant, the equilibrium has three global bifurcating branches of
periodic solutions. The non-resonant condition v; # [y is equivalent to
wi(j) # 0.

Actually, in [21I] is proven that resonances (v; = ly;) and higher order
resonances do exist. In these cases, Theorem [§ only proves the existence of
the bifurcations with the higher frequency v; = lv. In [14] a two dimensional
family of superposed traveling waves is constructed for resonances (v; = lvy)
but in the context of infinite FPU lattices.

4.3 Homogeneous lattices

In this section we discuss the existence of standing waves when v, = 0 for all
k’s. We reproduce the case U = 0 and W (z) = 2 |z|*/? presented in [1.
Equations ([l) have standing waves of the form ¢;(t) = a;¢(t) when

—4=W'(q) (39)

and
—a; =Wl aj —a;) = Wa; — aj-1). (40)

Since W (x) is convex, equation (B9) has only periodic solutions.
Let b; = W'(a; — aj_1) be the momentum of a;. Equation ([£0) is equiv-
alent to
—a; =bjp—b;,  a;—a;a =b b

Let ¢ : R? — R? be
é(a,b) = (a Fhl Y b~ (a+ b\brl/?’)) . (41)

The orbits (a;);ez of ¢ are solutions of (A0).

In [I6] is shown that the map ¢ is conservative and has many invari-
ant orbits near (0,0). These invariant orbits correspond to periodic and
quasiperiodic (in space) standing waves. These arguments exhibit existence
of standing waves even in the case that topological methods cannot be ap-
plied. Therefore, further investigations are required to establish existence of
standing waves for the beads problem studied in [16] and [22].
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Appendix

The action of D,, x O(2) in the irreducible representation (z1, z5) € €1 e, 1
is given by

p(C7 90)(317 Z2) = ei@(eiCZh e—iCZ2)’ (42>

Proposition 12 The representation (43) has three mazimal isotropy groups

with fized point spaces of real dimension equal to one. The isotropy groups
are:

Parity | Orbit points Generators Isotropy group
n = any (r,0) (¢, =¢), (K, R) T
n = odd (T> T) (Ka0)> (Oa"{) "il

(r,—r) (r, ), (0, 7F) Si
(r7) (1, 0), (0, ), (7, ) S1
(r,re) | (k¢,0), (0, CR), (7, 7) S

n = even

Proof. We need to analyze isotropy groups of orbit types. By applying x, we
can assume that z; # 0, unless both coordinates are zero. Using the action

of S, we can assume that (z;,2) = (r, pe®¥) with r > 0. Moreover, by the
action

PG, =1C)(r, pe™) = (r, peV72)),
we have that ¢ € (—(, (], and by the action of (k, <) that ¢ € [0,]. There-
fore, we need to analyze only isotropy groups of

(Zh 22) = (T7 pew}) for ¢ S [07 C]
Actually, for n odd, the element 2( generate the group Z, and we can take

b€ 0,¢/2].
The elements (I¢, ), (klC, ) € D, x S* act as

(I, @)(r, pe™?) = (refleHe) pei@=icHe)),
(RIC, ) (7, pe®) = (pei—1E+), o)),
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The first coordinate r is fixed by (I(, ) if ¢ = —I(, and by (kI(, p) if p =
I¢ — 1 mod 27. These elements act as

p(IC, —IC) (r, pe') = (r, pe'~219)), (43)
p(RIC,1C = P)(r, pe™) = (p, re’®™¥)). (44)

Thus, we need to find out when these elements fix the second coordinate.

For p = 0, elements (I(,—I() always fix (r,0). For p # 0, elements
(I¢, —=I¢) fix (r, pe'?) if ¢ — 21¢ = or I{ = 7 (mod 27). That is, the element
(7, 7) is in the isotropy group of (7, pe™) when n is even.

For p # r, elements (kI(,I( — 1) never fix these points. For p = r,
elements (kl(,1¢ — ) fix (r,re™) when 21 — v = 9 (mod 27) or ¢ = I
(mod 7). Then (k1,0) is in the isotropy group depending on the parity of n.
If n is odd, the element (k,0) fixes ¢» = 0, and (k, 7) fixes the point ¢ = 7.
If n is even, the element (k,0) fixes ¢ = 0, and (k(, 0) fixes the point ¢ = (.

We conclude that the orbit points in the table are fixed by the generators.
Moreover, the fixed point spaces of the isotropy groups are the set of orbit
points (in the table) for r € R. Therefore, in the irreducible representation,
the fixed point spaces have real dimension equal to one. m

The action of D, x O(2) in the irreducible representation e, @ e,_j is
given in Proposition B This action is similar to ([42]), except that ¢ € D,
acts as

p(Q) (21, 22) = (21, €7 2,).

Proposition 13 Fork € [1,n/2) NN, the representation ey, ® e,y has three
isotropy groups with fixed point spaces of real dimension equal to one. The
isotropy groups are:

Parity Orbit P Generators Isotropy G
n = any (r,0) (¢, —kQ), (x, k), (n¢,0) 1y,

_ (r,r) (k,0),(0,R), (n¢,0) Sk
i e (s, ). (0,7R). (R, 0) S
_ (r,7) (k,0),(0,%), (2m(,7), (n¢,0) Sk
M= (reme) | (kmC,0), (0,mGR), (3mC, 7). (AC,0) | S

where m € N is the modular inverse of k (mk = 1 mod 7). Furthermore, the
Weyl groups of these isotropy groups contain the element m € S that acts
multiplying by —1 the fized point spaces.
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Proof. The action of ¢ € D,, can be expressed as
,O(C)(Zla 22) _ (6i15(2w/ﬁ)zl’ 6_i%(2ﬂ/ﬁ)22).

The factor k acts as a permutation because k and 7 are coprime numbers.
Since mk = 1 modulus 7, then

p(m() = (e'C7/M e~/ (gmé) =—1, p(n¢) = 1.

The results in the table can be obtained using the previous proposition with
m(¢ = 27 /n instead of (. Furthermore, the element = € O(2) leaves invariant
the fixed point spaces and acts as —1. Then 7 is contained in the Weyl
groups.

The 1-th Fourier mode x; € C" is the direct sum of the irreducible rep-
resentations e, e,/; and e, @ e, for k € [1,n/2) N N. Let

Fix(H) ={z, € C": p(y)z1 = 21,7y € H}.

Proposition 14 For n odd,

dimg Fix(S) = n/2 + 1/2, dimg Fix(5) = n/2 — 1/2, (45)

and for n even,

dimg Fix(S) =n/2+1, dimg Fix(S) = n/2. (46)

Proof. For n odd, the group S is generated by (,0) and (0,%) and S by
(k,m)and (0,7k). For k € [1,n/2)NN, the point (21, 22) € ex®e, i is fixed by
S'if 2y = zp € R and by Sifz = —2 €R. Then, the fixed point space of the
groups S and S have dimension one in e, ®e,_; . We conclude that the total
dimension of the fixed point space for the representations k € [1,n/2) NN is
(n —1)/2. For k = n, the point z,,; € C is fixed by S if z,,; € R, and by S
if Tn,1 = 0.

For n even, the group S is generated by (k¢,0) and (0,(R). For k €
[1,n/2) NN, we have the actions

p(O, Cl_i) (Zl, 22) = (eiCZQ, €i<21),
p(KC,0)(21, 22) = (€729, €™ 2y).
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Thus, the point (z1, 20) € e @ e, is fixed by S if z; = 25 € R, and by S if
2 = €%, and 2 = !#*+D<%, Both conditions define subspaces of dimension
equal to one. Therefore, the total dimension of the fixed point space, for
kell,n/2)NN,isn/2 — 1. For k = n/2,n, the point z;, € C is fixed by S
if 1, € R. Moreover, the representation k = n is fixed by S if Tp1 = re.
[
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