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Selection of quasi-stationary states in the stochastically forced

Navier-Stokes equation on the torus

Margaret Beck? Eric Cooper? Gabriel Lord! Konstantinos Spiliopoulos*

Abstract

The stochastically forced vorticity equation associated with the two dimensional incompressible
Navier-Stokes equation on Ds := [0, 27d] x [0, 27] is considered for § = 1, periodic boundary conditions,
and viscocity 0 < v < 1. An explicit family of quasi-stationary states of the deterministic vorticity
equation is known to play an important role in the long-time evolution of solutions both in the presence
of and without noise. Recent results show the parameter ¢ plays a central role in selecting which of the
quasi-stationary states is most important. In this paper, we aim to develop a finite dimensional model
that captures this selection mechanism for the stochastic vorticity equation. This is done by projecting
the vorticity equation in Fourier space onto a center manifold corresponding to the lowest eight Fourier
modes. Through Monte Carlo simulation, the vorticity equation and the model are shown to be in agree-
ment regarding key aspects of the long-time dynamics. Following this comparison, perturbation analysis
is performed on the model via averaging and homogenization techniques to determine the leading order

dynamics for statistics of interest for ¢ ~ 1.

1 Introduction

Consider the 2D incompressible Navier-Stokes equation,

Ou
U LAu-— (u- _
5 = VAu (u-V)u—Vp (11)

V-u=0,

on the possibly asymmetric torus (z,y) € Ds := [0, 276] x [0, 27| with § ~ 1, periodic boundary conditions,
and viscosity 0 < v < 1. To obtain the equivalent vorticity formulation of the equation, take the curl of
the vector field u and set w = (0,0,1) - (V x u) to find

_ _ [ 9u(=A7H)
Ow = vAw —u - Vuw, u= (—é(—A*)) w. (1.2)

The relation between u and w is known as the Biot-Savart law. The periodic boundary conditions

insure |’ ps @ =0, and therefore A~!w is well-defined.
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Adding random forcing to the system allows to account for stochasticity /genericity in the system, see
for example [17, [5, [16]. In particular, we add a stochastic forcing term to (1.2)) to obtain the stochastic 2D

vorticity equation,
A1
Ow =vAw —u-Vw + a(;/tv, u= (—%ﬁ(—A‘%) w. (1.3)

The noise is white in time, colored in space, and takes the form, for k= (k1,k2) # (0,0),

Wit,z,y)=vVor > opee/otky) g (1), (1.4)

kekcz2\{(0,0)}

with spatial correlation o and K to be commented on below. Here 3(t) = {5;(t)} is a collection of i.i.d.

Wiener processes.

Notice that with the noise , the equation is now stochastic. To insure the random vorticity
remains real valued for all times ¢ > 0, the following complex conjugacy conditions are imposed, oz = o_z
and BE = [_g- Additional assumptions are often placed on the noise coefficients, o, to insure certain
smoothness properties of solutions. In particular, we assume that there exist fixed positive constants Cjy
and ag such that |o7| < CoelF® 5o that solutions will then be analytic in space [I4]. Since the boundary
conditions force solutions of the deterministic equation to satisfy | DsW = 0, we choose () = 0 so this
property is preserved. Note that if oz = 0 for all k € 72 then reduces to the deterministic vorticity

equation.

Although an L? energy estimate shows solutions of (1.2) have a time-asymptotic rest state of zero,
certain quasi-stationary states, known as bars and dipoles, rapidly attract nearby solutions and correspond
to transient structures that play a key role in the long-time evolution of solutions [I], 2 6, [8] 9] [12 19, 20].

These quasi-stationary states are members of an explicit family of functions given by,
w(z,y,t) = e_é%t[al cos(z/8) + agsin(x/8)] + e *[as cos(y) + ay sin(y)]. (1.5)

If 6 = 1, then any member of this family is an exact solution to the deterministic vorticity equation.
If § # 1, then (1.5 remains a solution if and only if a; = as = 0 or if a3 = a4 = 0. These members, which
only depend on one spatial variable, are called bar states, and they are also known as unidirectional or

Kolmogorov flow. The x- and y-bar states are members of this family given by

t

Wabar (X, 1) = e~ 37t sin(z/9), Wybar (Y, 1) = €~ siny,

or similarly with sine replaced by cosine. The associated velocity fields are given by

_v 0 _ cos Yy
xoar 7t = _5 52t 9 ar 7t - vt }
Usbar (2, 1) ¢ < cos(z/9) ) Uypar(9,1) = € ( 0 )

respectively. The dipoles are also members of the family (1.5)) and are given by
Waipote(,y,t) = ¢ 32" sin(x/8) + ¢ siny,

or similarly with sine replaced by cosine, with velocity field

e Vtcosy
Baiple (0000 =\ st cos(afs) )



For illustration, contour plots for the bar and dipole states for fixed ¢ = 0 on the symmetric torus
(6 = 1) are shown in Figure

(a) x-bar: wype,r = sin(x) (b) y-bar: wypar = sin(y) (c) Dipole: wgipote = sin(z) + sin(y)

Figure 1: Contour plots of the three quasi-stationary states on the symmetric torus

When v = 0, equation becomes the Euler equation. It is reasonable to expect that stationary
solutions of the Euler equation could play an critical role in the evolution of the Navier-Stokes equation for
0 < v < 1. However, there are infinitely many stationary solutions, including the bars and dipoles, and so
it is not immediately clear how to determine which would be most important. In [20], entropy arguments
and extensive numerical studies were conducted in the case § = 1 and suggested that the bars and dipoles
should be the two most important stationary solutions of the Euler equations. Although both states were
observed after initial transient periods in the evolution of the Navier-Stokes equation, interestingly the
dipole seemed to emerge for a large class of initial data, whereas the bar states only emerged for a special
class of initial data. Subsequent work, again for the deterministic system, showed that indeed the bar
states attract nearby solutions at a rate much faster than the background global decay rate, confirming
their importance as quasi-stationary states. Results in the case 6 = 1 can be found in [2, O] and results
for more general values of ¢ are in [12] [19]. The stochastic system was numerically analyzed in [0]
where, after an initial transient period, metastable switching between the bars and dipoles was seen, with

the dipole being dominant for § = 1 and the bar states being dominant for § # 1.

In this paper we develop a low dimensional model that captures how the dominant quasi-stationary
state in the stochastically forced Navier-Stokes equation is selected by the aspect ratio of the spatial
domain, 6. Among the existing results, those that most greatly motivate this paper can be found in [I]
and [6]. The results of the latter paper [6], briefly described above, to our knowledge were the first to
suggest that 0 could provide such a selection mechanism. The former paper [I] was our previous work
focusing on the deterministic vorticity equation, , in which we derived a finite-dimensional model that
captured the selection mechanism via the parameter 6. We now seek to use that same finite-dimensional
model, but with the addition of noise, to numerically investigate the selection mechanism for the stochastic
equation . Indeed, one can see from the sample paths of Figure @ that individual sample paths

exhibit transitions between z-bar and y-bar states, as it has also been observed in [6].

The rest of the paper is organized as follows. In §2] we review the finite-dimensional model originally
derived in [I] and the theoretical results of that work regarding the selection mechanism in the deterministic

setting. In addition, we also add noise to that model to obtain the stochastic differential equation (SDE)



model that is the focus of this current work. In §3], to determine the validity of the SDE model, we compare
statistics related to a direct simulation of the stochastic vorticity equation with those of the SDE.
We demonstrate numerically that the statistics of the two equations agree in all cases, § > 1, § < 1 and
6 = 1. In particular, solutions to both systems evolve towards an z-bar, y-bar, and dipole in the three
respective cases. In §4 we further examine the SDE model by viewing it as a perturbation in the limit
as |02 — 1] and v converge to zero. We show that, after appropriate time-space rescalings, the system can
be viewed as a slow-fast system and classical averaging and homogenization techniques apply. Via the
backward Kolmogorov equation, a system of PDEs that governs the leading order dynamics of a key order
parameter, E[Z,.4(t)], defined in , is derived. This gives us an additional formal approximation to
the expected value of the order parameter, which we can use to show the selection of the quasi-stationary
state. Numerically solving the PDEs allows us to approximate the evolution of E[Z,.4(t)] for values of §

close to 1, at least on some initial finite interval of time. Conclusions and future directions then follow in

P

2 Fourier space representation and model reduction

Due to the form of the family of solutions ([1.5]), it is most convenient to express the stochastic vorticity

equation in Fourier space. Hence, letting

w(z,y) = Z @Ee1(k1x/6+kzy)7 (’DE =175 /D w(z, y)eﬂ(klm/6+k2y)dxdy7
k#(0,0) °

we obtain, for 7, kand [ # (0,0), the following system of infinitely many coupled SDEs,

V=, <El7f> ~ ~ o
= s lKl3ep — 0y =t o+ Vavoyfy

5 =i
v ) 1 1 (2.1)
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where
B3 = k7 +0%K3, kT = (ka,—kn). (2.2)

Viewing the system in Fourier space allows us to use the relative energy in certain modes to mea-
sure the proximity of solutions to an z-bar, y-bar, or dipole state. The z-bar states, e 52t cos(z/9) and
e a7t sin(z/d), correspond to solutions with energy only in the k = (+1,0) modes and the y-bar states,
e~ cos(y) and eV sin(y), correspond to solutions with energy only in the k = (0, +1) modes. Solutions
with energy in both the k£ = (+1,0) and k = (0, +1) modes correspond to the dipole state. These four
modes are the lowest in the system and will be referred to as the “low modes”. They correspond to modes
with the lowest value of |k|s defined by (2.2). Any mode @ with k| > max{1,462} will from here on be

referred to as a “high mode”.

To measure the relative energy in the low modes, we define the stochastic order parameter,

|©a1,0)(8) [
|e,0) ()2 4 |@(0,1) ()]

Z’UOTt(t) = (23)



where @ o) and @ (g 1) solve (2.1). Due to the condition, W, k,) = @(*kl,*k2)’ the relative energy in all of
the low modes can be captured by Z,o¢(t). The value of Z,44(t), bounded between 0 and 1, corresponds
to the proximity of the solution to an z-bar, y-bar or dipole state. If the dynamics drive Z,,+(t) to increase
to 1, there is more energy in w(; o) relative to w(q 1), indicating the system is in an z-bar state. Conversely
if Zyort(t) falls toward 0, the system would be observed to be in a y-bar state. If Z,,,+(t) instead stays

near 1/2, the system is in a dipole state with relative energy in the low modes comparable in magnitude.

The finite dimensional system that we will use to model ({2.1) will be defined in terms of the lowest

eight Fourier modes, which for notational convenience we denote as

>

&

w1 iEW0), W2 T W-10), W3iT W), Wi = W0,-1),

(0
B1_1)- (2.4)

Ws = Wa1), We 1:@(—1,1)» Wr = Wa,-1); W8 =

>

The variables w234 correspond to the low modes, while wsg 7 represent the role of all the high
modes. Since the solution w(z,y) of (2.1 is real valued, the following complex conjugacy relationship
must still hold,

w1 = Wg, W3 =0wW4, W5 =0wy, W7 =Wws. (2.5)

Thus the reduced model will be an eight dimensional approximation to the dynamics of (2.1). To
derive the model, we apply a center manifold reduction to (2.1]) with op = 0 for all k to obtain an eight-
dimensional deterministic ODE, which is the model studied in [I], and then add noise back to that system

to obtain the final eight-dimensional SDE model we study here.

To carry out the center manifold reduction onto the lowest eight modes, assume for w; with k ¢

{(£1,0),(0,£1),(£1,£1)} =: Ko, that there exists a smooth function H(wi,...,ws;k) such that the

eight-dimensional manifold defined by
M={b:0;=H(w,...,ws;k), k¢ Ko}

is invariant for the deterministic dynamics of with o = 0 for all k. We refer to this as a center
manifold because it is defined in terms of the lowest eight modes, which have the weakest linear decay
rates. Based on this assumption, one can then in principle compute the coefficients of the Taylor expansion
of H(, E) to any order for each k by taking the derivative of each of the low modes in two ways (via the
function H and with o7:_,) and equating coefficients. See [I] for the details of the derivation.

The reduction is local and will only be valid in a size O(v) neighborhood of zero due to the small
spectral gaps for the operator vA. Additionally, while the existence of a finite dimensional (inertial) model
of the system that describes the global dynamics cannot be expected [21], the model still provides
meaningful insight into the role § plays in selecting the dominant quasi-stationary state for small initial
conditions. For additional examples in which similar reductions of the Navier-Stokes equation to a finite

dimensional model have been used to understand global dynamics see [7} 15].

Adding independent (real) Brownian motions Wi 357 to each equation of the resulting ODE model



leads to our final SDE model
v 1 366

= =gt sy e Sl + 5oy gl ) + Vaveuhs
, o _ 362 ) ) :
w3 = —vw3 + m[m% — wiwr] + {1+ 091+ 52)2W3(\w5| + |w7|?) + V2vo3Ws
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Ws = —v—g—ws — —g W — o eyl — o ma ey elesl + v2vesivs
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(2.6)

Note that (2.6) with 01357 = 0 corresponds to the ODE model derived in [I]. To compare the
dynamics of this model to that of Z,,¢(t), defined in (2.3]), we define the analogous order parameter for
the SDE model,

- w1 (£) 2
Zred(t) == w1 ()] + |ws(t)]?’

which again is used to determine towards which quasi-stationary state the system trends. Here, wi(t)
and ws(t) are solutions to the reduced system (2.6). The Monte Carlo simulation of the reduced model

finds that the dominant quasi-stationary state depends on the aspect ratio of Ds in the same way as

(2.7)

the deterministic model, studied in detail in [I]. The main result there, which describes the selection of

quasi-stationary states in (2.6) with 01357 = 0, can be described by the following theorem.

Theorem 2.1. [1, Theorem 3.4] For § € <\ﬁ, \/g), under the dynamics of with 01357 = 0, if
§ > 1, then Z.eq(t) — 1, indicating evolution to an x-bar state. Conversely if 6 < 1, then Z,.q(t) — 0,
indicating evolution to a y-bar state. For § = 1, there exists a one-dimensional center manifold of fized
points in the phase space that determines the asymptotic limit of Z.eq(t). This center manifold is foliated
with co-dimension one stable manifolds in which solutions converge to the corresponding fixed point. Ezxactly
one of these manifolds corresponds to each of the limits Zyeq(t) — 1 and Z,eq(t) — 0. Thus, generic initial

conditions are seen to evolve to the dipole state.

Remark 2.2. The order parameter considered in [1] was instead the ratio R(t) = |wi(t)[?/|ws(t)|?. The-
oremfmmes the result in terms of the order parameter Z,.q(t). The choice to now consider Z,¢q(t) is

for convenience with regards to numerical simulation due to its being bounded between 0 and 1.

Remark 2.3. A straightforward computation shows that, for any §, the set {Im(w;) = Im(w3) = Im(ws) =
Im(w7) = 0} is invariant under the dynamics of (2.6|) with 01357 = 0. Since the real subsystem is invariant
in the deterministic setting, we simulate the reduced model where the modes, w1 357, as well as the Wiener

processes, W13 57, are all real valued.

3 Numerical simulation of the vorticity equation and reduced model

This section provides simulations of the vorticity equation (2.1]) and of the reduced model (2.6). Via Monte
Carlo simulation, the average evolution of the order parameters Zyor¢(t) and Z,.q(t) will be plotted for
several values of § near 1. It will be seen that the reduced model captures the selection of the quasi-

stationary states via the parameter §. In particular, in both models, for a particular value of § ~ 1, the



system’s selection of its dominant quasi-stationary state is consistent with the motivating results, given by
Theorem In particular, the system selects, as the dominant quasi-stationary state, a dipole for 6 = 1,
an x-bar for § > 1, and a y-bar for § < 1.

The simulation of (2.1]) is done via a spectral method which includes Fourier modes wg with kek =
{Ig = (k1,ko) € Z% : 0 < |k1|, |ko| < 64 and (ky, k2) # (0,0)}; see [13]. A condition of exponential decay is

imposed on the noise coefficients o seen in ([1.4),
o] < el (3.1)

_ |2 .
aolKl® — 1 For our set K, this means ag &

Similar to [6], simulations are conducted with ) (Feky €
0.349. Time was finely discretized and a tamed semi-implicit Euler-Maruyama method was implemented

to simulate the stochastically forced reduced system.

We verify the selection of the dominant quasi-stationary state using Monte Carlo simulation where
the average path over N trials is plotted. Individual runs will be denoted by Z!,.(t) and Z!_,(t), for

i1 =1,... N, with corresponding averages given by
1., 1.,
Zyort(t) = N Z Zyort(t), Zred(t) = N Z Zyeq(t).
i=1 i=1

Similarly, we define the empirical variances to be

Vt—lNitZtQVt—lNitZt2
vort()—miZI( vort()_ vort()): red()_]\f—l;( ’red()_ red())'

It will also be useful to plot the time averages of these Monte Carlo averages. To produce a meaningful
average we introduce a “burn-in time”, 3, and ignore the initial period during which Zvort(t) and Zmd(t)
have not yet stabilized. Define this time average for any function f(¢) defined on tpy, <t < T to be

1 T

A(fa tburn) = f(t) dt.

T — tyurn thurn
3.1 Vorticity Equation

Plotted in Figures are Zyort(t), the time average A(Zyort,tpurn), and the 95% confidence intervals

defined via

CTE(8) = Zuon () £1.96 | V2t

Also included are average contour plots for the vorticity. We use N = 200 and for each trial use zero
initial conditions and v = 0.001. For § = 1, Figure shows Zvort(t) remains near 1/2 for the duration
of the simulation. We use a burn-in time of tp,,., = 0 when computing the time average since on the
symmetric domain it is clear there is no transient initial period. In Figure the average contour plot for

each individual trial are themselves averaged over the N = 200 trials, reflecting a dipole.
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(a) Zyort(t) with 95% confidence interval. (b) Average contour plot of vorticity.

Figure 2: Vorticity aligns on average as a dipole for § = 1.

The simulations exhibited in Figures [3a] and [3b] show that, for § = 1.1, the order parameter increases
initially and the average contour plot looks like that of an x-bar state. In Figure tourn = 100 is used

when computing the time average.
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(a) Zyort(t) with 95% confidence interval. (b) Contour plot of vorticity.

Figure 3: Vorticity aligns on average as an x-bar for 6 = 1.1.

Lastly for 6 < 1 the simulations exhibited in Figures [fa] and [Ab] show that, for § = 0.9, the order
parameter decreases over an initial period of time and the average contour plot looks like that of a y-bar

state. Here we again set tpy-, = 100.



-0.04
09

0.8
-0.045

0.7

0.6

-0.055

0.1

0 100 200 300 400 500 600 700 800 900 1000
t

(2) Zyort(t) with 95% confidence interval. (b) Average contour plot of vorticity.

Figure 4: Vorticity aligns on average as a y-bar for § = 0.9.

Provided in Figure [5| are plots of Zyen¢(t) for § = 1.10, 6 = 1.0 and ¢ = 0.90 averaged over N = 1000
trials. This is to show that as the number of trials increase, the variance is decreasing without changing the
mean behavior. The variances all remain generally between 0.06-0.08. While the variance does decrease,

the limiting value of Z,,.¢(t) remains relatively unchanged compared to what is seen when averaging over
N = 200 trials.
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Figure 5: Plot of Z,,+(t) and of 95% confidence level error bars with N = 1000 trials and v = 0.001.
For completeness, see also the discussion in §5], we also include in Figure[6]a simulation with v = 0.001

that represents a single sample path for § = 1.04, the value of § for which transitions among the quasi-

stationary states were observed in [6].
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Figure 6: A single trajectory and the Monte Carlo average Zyo(t) for § = 1.04.

Figure [6a] shows that individual trajectories exhibit transitions between quasi-stationary states, vis-
iting the dipole and both bar states, as also observed in [6] for the same value of §. However Figure
shows that E[Z,0r¢(t)] picks the dominant state. We now compute the time average of a randomly selected
individual trial, given by A(Zyort, tyurn), to confirm that it tracks the Monte Carlo average, Zyo+(t). Figure
[7| shows two things. First, for the given values of §, a sample path may experience many transitions among
the quasi-stationary states. Second, the time average of the sample path does eventually track the Monte

Carlo average.

0 0
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t t t

(a) § = 1.10 (b) 6=1.0 (c) 6 =10.90

Figure 7: Comparing individual time average of a sample path with Monte Carlo average

3.2 Reduced Model

We now turn our attention to the reduced model (2.6). We confirm numerically that the reduced model
captures the qualitative dynamics of the full vorticity equation with regard to the dominant quasi-stationary
state.

As we mentioned in Remark we will be working with the real system in which wy 357, as well as

the Wiener processes, W1 357, are all real valued. This leads to the following system which serves as the

10



acting reduced model in the upcoming simulations.

. v 1 356 , ) .
= =g sy e — sl gy e (B ) Vv
w__VwJFL[WW_WW]‘F 30° w (w3 + w?) + V2vos W
BT VW gy s T T o) T 467) (1 02)2 B\ T 5 W3
w Vl + 6 & - 1w w
5= 7 ws — 1wW3
526(3 +6%) ’ 14 362 (3-2)
— 2 _ 2 .
2v(4+02)(1 + 52)605(,01 2062(1 + 462)(1 + 52)w5w3 +V2vo5 W
148 N 6% —
W7 = —V 52 w7 5 wiws
6 2 1 2 '
§5(3 4 62) wr? + 36 ois? 4 VoW

W@+ +62) T 2062(1 4+ 462)(1 + 62)

To be consistent with the spatial decay of the noise in the simulations of the stochastically forced
vorticity equation (2.1)), given by (3.1]), we choose

g 2

o13=¢€" and o057 =e€"

First we aim to establish that the reduced model (3.2) can serve as a good approximation to the
vorticity equation with noise, (2.1f), for 6 ~ 1. Second, it will be established that the selection of the bar
or dipole state that dominates is consistent with the results of [I] for the deterministic equation: z-bar for
6 > 1, y-bar for 6 < 1, and dipole for § = 1.

Figure [§] shows numerical evidence supporting that the dynamics of the order parameter, governed

by the reduced system ([3.2)), follows the same trend as when the full vorticity equation is simulated.

L 1 L I L I L 1 L
0] 200 400 600 800 1000 1200 1400 1600 1800 2000
t

Figure 8: Simulation of Z,..4(t) with noise for v = 0.001.

The plots of these Monte Carlo simulations (averaged over N = 200 trials) show that the trend
toward the appropriate quasi-stationary state is captured by the reduced model. Starting with zero initial
conditions, when the noise is added, the simulations show that for § > 1, the order parameter increases

toward 1, indicating evolution to an z-bar state. Conversely, for § < 1, the order parameter decreases

11



toward a value corresponding to a y-bar state. Finally, when § = 1, Z,¢4(t) remains near 1/2 indicating
the system is in a dipole state. Figures serve to compare the evolution of Zyo.¢(t) and Z,..q(t)taken
over N = 200 trials, for values of § close to 1. The bars denote the error for the 95% confidence intervals
for Zyors (bold) and Z..q (thin).
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Figure 9: Comparing Zyr¢(t) and Z,.4(t) averaged over N=200 trials with v = 0.001. Corresponding 95

% confidence error bars are also included.

One can see that Z,,4(t) and Z,.4(t) both trend in the same direction, with similar variances (typically
between 0.06-0.08 for 0 < ¢ < 2000). Furthermore, their respective confidence intervals begin to converge
until they overlap. Indeed the model can be used to determine towards which quasi-stationary state the

system evolves for a given value of §.

4 Perturbation Analysis

Motivated by the numerics from this section investigates the expected behavior of Z,..4(t) as § — 1 while
viewing the problem as a perturbation from the § = 1 and v = 0 case. Using the backward Kolmogorov
equation associated to , the goal is to derive a system of PDE that will provide insight on how the
expected value of Z,..4(t), to leading order, depends on values of ¢ close to 1. To do this we pose the
problem as a perturbation of the spatial domain, setting 62 = 1 + epe. Here, 0 < € < 1 acts as the small
perturbation parameter and ey = 1 determines which dimension of the torus is longer. Following known
homogenization techniques, see for example [18], we scale (3.2) in a way that reveals a slow-fast system

of SDE. Then, we write the backward Kolmogorov equation to reach the ultimate goal of determining

12



equations that govern the limiting evolution of E[Z,.4(t)] as € — 0 once the fast variables are averaged out.

First, for ease of notation, rename the dependent variables as follows,

p:=Re(wi), ¢:=Re(ws), 7:=Re(ws), §:=Re(wr).

Now (3.2) can be expressed as

. v 1 o 346 a2 12 .

Po= Pt sy D T ey st T P+ Vave i

i= it o8t L G(IF* + 151%) + V2vosWs (4.1)
(1+02) 20(1 + 462)(1 + 62)2

: 1+462_ 62-1 853+ 6%) 5 1+ 362 5 :

L - L S1512 =\ 77 2

’ v T s M gy P T et + V2vas s

: 1+62. 6%2-1 §9(3 +62) 5 1+ 362 9 :

s = = 5 pq — 3lp|° — 51g 2 :

5 v St P s e P T e s aena o7 4 + Voo

Before inserting the Taylor expansions in e for the coefficients with 62 = 1 + ¢pe, we first scale
appropriately to obtain a clear slow-fast system. As in [I], the low modes represented by p and ¢ correspond
to the slow variables while the high modes, 7 and s, represent the fast variables. Below, we give a more
general version of the scaled equations for just the p (analogous to ¢) and 7 (analogous to §) equations.
We use the following space-time and parameter scalings: v = etvg, p = €p, § = €q, ¥ = €'lr, § = €'s,
and 7 = €7t. To simplify the scaled equations, we will relate u, &, n and v to put the resulting system in
a more desirable form. We neglect the ¢ dependence of p, ¢, 7 and s for readability. Below, the “prime”
notation denotes differentiation with respect to the scaled time variable, 7.

1 36°
sa+onde 200(4 1 0%)(1 + 02)
52_1(pq)—625#71 ( §5(3 + &%) g 4 1+ 342 7«2)
) 2(4+62)(1+ 6?) 2(1+462)(1 + 62)

P =) e — ) @ 0002+ ) + € T B ()

1+ §2
52

+e 7 T 2o W (1)

Now set 2n = p+v,28 =p—vy=v=p—2§ with 0 <y <& < § <n < p Then the fully scaled

7= (—uy ) — X7

system (still neglecting Taylor expansions of § in € for now) becomes

6

ro_ 2o 5; B 30 2 2 /

Ho= ) s+ g gyl 1)+ Ve W ()
53 362
I 26 3 _ 2 2y L oW 4.2
1+52 52 -1 59(3 + 6%) 1+ 362

I 26 [ 3{ 2nY - _ 2(§—n) 2 2

7= (i) - 5= (o P ey

+et 77\/21/0<75VV5(7'

1+52 -1 §5(3 + 462) 1+ 362
ro_ 26 _ 36— 277 _ 2(é-m) 2 _ 2
s ¢ ( Yo >+ Ty e <2y0(4+52)(1+52)3’ - St sl )

+€571/ 20 O'7W7 T)

For the scaled SDE (4.2)), let b = (bj, by, by, bS) denote the drift vector and X(p, ¢, 7, 8; 01,03, 05, 07)

denote the diffusion matrix so that (4.2)) can be expressed, for X = (p, ¢, r, s) and ‘%V = <dgf , %, %, dgf) ,
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as
dxe aw
=P 4.3
dr + dr (4.3)

Now replacing the § coefficients appearing in (4.2)) with their Taylor expansions for 62 = 1 + ege up
to O(e®), the drift vector is given by (still supressing e dependence of p, g, 7, s),

1/3 27 117 123
e — — (=2 L T R S 2, 2
r T <4o 0500 T 4000 ~ 5000)’7(7' )
1 7 3
+éf (2 — %Oe + EGQ — ;063> q(s—r) — 6251/0(1 —ege+ €2 — oed)p (4.4)
1 /3 3 117 93
e — — (2 _ 2 2 3 2, 2
“ v <40 50T 2000 ~ 20000 >Q(T )
1 1
+€t (2 + %0 - 862> p(r —s) — g
171 1 373 1
be = M| _Zr(p? 4 ¢?) — ege——1(51p% — 31¢%) — E——r(p® + ¢*) — e’ 379p? — 4109¢>
r L TP ) — coegr(G1p ) =~ 100" W T4 ~ @0 15agg" (379 v)
1 3
—6251/0(2 — epe + €2 — €g€d)r — 62 (eoe — 562 + 86063> g
171 1 373 1
b = 6T | _Zs(p? + ¢°) — epe——5(51p? — 31¢%) — €2 24+ %) — gé? 379p% — 4109¢>
s T | T ) —coeqgs(GIp ) = € 19005 T4 ~ €0 1500° (379 v)
1 3
—€2£V0<2 — epe + €% — €g€d)s + 32 (eoe — 562 + 86063> pq
and the diffusion matrix by
2V001 0 0 0
0 \/211003 0 0
X(p,q,r, 8;01,03,05,07) = . 4.5
(p,q 1,03,05,07) 0 0 &N ST 0 (4.5)
0 0 0 =/ 2vy07

With H(u¢) denoting the Hessian matrix of u¢, we now write the backward Kolmogorov equation for

(4.3]), which is defined as

aue N X € 1 €\2 € : 4
5o = b Vet + T[S H(u)],  in R x [0,7] (46)
u(p,q,7,5,0) = ¢(p, q), on R* x {0}.

The backward Kolmogorov equation has the useful property that the evolution of u®(X€, 1) gives
u(p,q,7,8,7) = E[p(pr,qr)| pr(0) = p, ¢-(0) =g, r-(0) =7, s:(0) = s].

. . . . . o, . . . . 2
Thus one ultimately is interested in initializing (4.6) with ¢(p,q) = Zreq = prqQ, but for now we
proceed with a general initial condition, ¢. We seek a solution to (4.6) that takes the form

ue(p7 q7 T? S7T) = uo(p7 Q7 T? 87 T) + 6u1<p7 q7 T? 87 T) + 62u2<p7 q7 T? 87 T) + A (4'7)

and wish to find the limiting dynamics, u® as € — 0. As the goal is to identify the leading order expansion

for u¢ we determine a system of PDEs for wug, u1, and us. We present now the calculations that lead to
the characterization of wug, u1, and ug, see (4.16)).
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Define L€ to be the operator acting on the right hand side of (4.6)), so that % = L. Decomposing

L€ by powers of € using the expressions for b¢ and 3¢ given in (4.4) and (4.5)), we write

LU = EEM Loy + SEMHLL ¢ 4 HETMT2 L0 4 2ETMH3 £y6
Lyus + eLsu + €L + € Lruf

ELgus + e Lous + €2 L1 0uf + €T3 L0

X Liou + € Lisut + 2L uf + 3L 5uc

63£f2n+1[’16ue + 63572n+2£17ue + 6357277+3[’18u6‘

+ o+ o+ o+

A select few of the operators, £;, i = 1,...,19, that are most important in computing the leading
order equations is provided in (4.8]). A complete list of the expressions of the 19 operators can be found in

the appendix.

b= 1001/ (51" _31q)<rgu+522>

fa = 4;”VO(T2+32)< g+ gq)+2V0< ;:2+U§§;> (4.8)
b = 2(T2+8)<2207O ZZ 530‘1(37;)

S

Now we choose explicit values for & and 7 to obtain a simpler, but still representative system: n = 2,

310). Note that this choice of parameters is not unique. Our goal is to

€=1, hence p =3 (v =¢€'vy=c¢
make a choice that makes the computations that follow tractable, preserves a clear slow-fast system in the
scaled equations and results in a system that exhibits qualitatively the same behavior as the original
system in terms of the selection mechanism to x-bar, y-bar and dipole states depending on the values of

0. With this choice, the generator L€ of the PDE becomes

LU = e 2Lou + e Liut + (Lo + Ly + Lig) u® + € (L3 + L5 + Lg + Lg) uf (4.9)
+ € (L6 + Lo+ L12 + L1g) u® + e (L7 4 L1o+ L13) u® + ¢t (L11 4+ Lig) v + €5£15u6.

The ansatz given in (4.7) can now be inserted into the backward Kolmogorov equation (4.6|) using
the expression of L€ given above in (4.9). Matching coefficients on both sides of the equation yields the

following leading order equations,

O(e?): —Loug=0 (4.10a)

0(671) ;. —Lour = Liug (4.10b)
0

O(l) : —Louy = —% + Liug + (ﬁg + L4+ /-:16) (4.10C)
ouy

O(e):  —Lousz = —W + Lyug + (Lo + L4+ Lig)ur + (L3 + L5 + Lg + L17) up. (4.10d)
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Equation (4.10a)) implies ug lies in the kernel of Ly, which elliptic PDE theory tells us contains only
functions constant in r and s. Since £ is also a differential operator in 7 and s only, (4.10b|) implies that

uy is constant in  and s as well. One can also see that up and u; are in the kernel of each of £33 16,17 (see
appendix). Hence the leading order system given by (4.10a))-(4.10d]) can be reduced to

O(e7?): —Loug = 0 = up = uo(p, ¢, 7) (4.11a)

O(eh): —Lowr = Liug = w1 = w1 (p, ¢, 7) (4.11b)

O): —Loug = —%uf + Laug (4.11c)
0

Oe): —Loug = —% + Liug + Lyuy + (L5 + Lg) uo, (4.11d)

where Ly, L1, L4, L5, and Lg are presented in (4.8). Let p>(r,s;p,q) be the stationary density that

satisfies the adjoint problem

£6poo (’I”, D, (]) =0.

Once p* is known we can integrate against the invariant measure to obtain the solvability conditions

for equations (4.11c|) and (4.11d))

% = Laugp™(r, s;p, q)drds (4.12)
67' R2

8u1 00

— = (Lyug + Laug + (L5 + Lg) ug) p=(r, s;p, q)drds.

67' R2

Before we consider the integrals in (4.12)), p>° must be identified. The operator,

1 1 9 0\, 1( 4w 0 e
Lo=(— " 02t ——s(2+?)). (L < 5 ’ 5
0 < IV r(p* +q°), 51/08(p ) or’ ds * 2 0 41/00% ‘%22 |

corresponds to the backward Kolmogorov equation for the following system, parameterized by the fixed

(slow) variables p and g.

) 1 .
Fo= —57(p2+q2)f+05\/%W5
0

VAP
I

1 ) .
—57%(}92 + q2)s + o7V 21/0W7.

These processes are independent Ornstein-Uhlenbeck processes and are therefore Gaussian. The equi-

librium (stationary) density which corresponds to p®(r, s;p, q) is that of the bivariate Gaussian distribution

with 5 5 5 5
5 5
r~N<o,2”0"52>, s~N<0, 2”0072>.
P +q P +q

Therefore the invariant joint density is

2 2 p2+q? r2 | s2

+ oz (L2 toz)

P21 ,p,0) = e 0 o E
10mvgos07

To aid in the computations of the integrals given in (4.12]), the following integral evaluations will be

useful and can be simply obtained through the mean and variance of the stationary distribution.

5V2
2 2\ 0o 0
T S T, 8P, dT’dS Y
/2( +8%)p>(r, 5, q) DR

/(r—s)poo(r,s;p,q)drds = 0. (4.13b)
R2

(02 + 02) (4.13a)
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Next consider the solvability conditions (4.12) one at a time. From the ug equation and the integral

(ET33).

% Lyugp™drds
6’7’ R2

0
21 (O’% o2 + o3 Bre

2vg (02 O uy 2 0%ug

)

3 8UO 8u0 9 9
5 tag (1, 5:p, q)drd
+ 40V0 (p ap q aq > /]Rz (7' +s )p (T’, S D, Q) ras
3, 9 | 9 ( p  Oug q 8U0>
Loy (. Ow  a Ouo)
8 (05 07) p2 + q2 ap p2 T q2 8(]

From this we obtain the effective equations for p and g for small € after the fast variables r» and s are

averaged out. The slow motion can hence be approximated, for 0 < € < 1, by p and g governed by,

—/

8

LS

8

3u
—0(03 +

%(Ug +

2y D /
07) —5——= + o1V 21pW
7)p2 + q2 1

2 q /
05)—=——= + o321y Ws.
7)p2 + q2 3

(4.14)

Since €y dependence does not appear in the first order equations, we will need to determine uq to

see its effects. Consider the solvability condition for u; in (4.12). Computing this integral requires us to

evaluate the following integrals.

I

I

In evaluating these, we see

€0

foie

Iy

(

1

/11&2 2 Op

82u1
2 i
IZ40) <0'1 8p2 +

8'&0

3V()
+ 8

07000,

27 6u0

200" op
27

2 2
Scoro(o5 + o7) (2001?2 +@2 dp PPt 3@1)

2 2
or + o —_—
(05 7)<102—i-q2 Op

(51p* —

/ Lsugp™drds
R2

Lgugp™drds
RZ

Lauqp>drds
RQ

Liugp™drds.
R2

9uo
qaq
p

) 62+ s -

Oug qg Oug

6u0

(455 =9 52) = )= sip.a)drds =0

2 82U1

730¢ >

ouy qg Oup

: )
p? +¢? Jq

8UQ 8uQ
1 2 00 . .
31q )/R2 <r8r —I-s—as > p>°(r, s;p, q)drds

(4.15)

Since us depends on the fast variables, this final integral cannot yet be computed. It will eventually
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be handled numerically. Thus, formally, we have u¢ = ug + eu; + €2us + . .. satisfying,

Ouyg 319, o 9 p  Oug q Oug 5 02y 5 0
—_— = — — — 2 4.16
or 8 (o5 + 07) p?+q* Op + p?+ ¢ Jq A Op? Ty 0q? (4.16)
Oouy 30, 5 9 p  Ou qg Ow 5 0%u1 5 0%
g 270 I At SR S diad 92 vl sl
or 8 (o5 +07) p?+q% Op + p? +q% dq HCASE op? A 0q?
27  p  Oug qg Oug €0 9 9 / Oug Oug
5 2452 (2L P U0 4 T 51p% — 31 T2 1582 ) gp
+ Seoro(os +o7) (200p2 T E o i og) 1000 ) )\ s )
0
—Louz = 22— Lyug
or

We shall consider the system (4.16|) together with the initial conditions
UO(pv q, 0) = ¢(p7 q)7 Uy (p> q, 0) = 07 and U2(p, q,7, 8, 0) = 0.

The PDE for ug immediately stands out as the backward Kolmogorov equation corresponding to the
system given in . Despite its simple looking form, the regularity at the origin of the coefficients on
the first derivative terms turn out to be a borderline case with regards to well posedness, see for example
Chapter III, Section 1 of [I1]. Nevertheless, we proceed formally and solve for ug, u1, and ug numerically

after providing the initial condition
2

p
¢(p, q,0) = o)
so that u®(p,q,r,s,7) = E[Zyea(T)|po = p, 90 = ¢, ro =7, so = s]. The simulations of the system
provide an approximation to the deterministic evolution of E[Z,.4(7)] after averaging out the fast motion.
The simulations of the system provided in this section were conducted via finite differences on the
domain (p, q,r,s,7) € [=5,5]* x [0, T] with Neumann boundary conditions.

When € = 0, which implies 6 = 1, the system is unperturbed and ug(p, q,t) = E[Z,cqa(T)|po = P, qo =
q]. In this case, the results of the simulation show that the expected value of the order parameter Z,.q(7)
converges to 1/2 for any initial values py = p and gy = ¢ of , independent of r and s. This indicates
that the unperturbed system evolves to a dipole state, even if the initial state is close to an x- or y-bar
state. Figure illustrates the evolution to a dipole for € = 0 for several initial conditions (p,q) chosen

within the domain.

up(p,q,7)

I L I L
0 0.2 0.4 0.6 0.8 1
T

Figure 10: For e =0, E[Z,¢q(T)] — 1/2
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We conclude this section by comparing the numerical approximation to E[Z,.4(7)], given by uf(7) to
the average path of the order parameter Z,.q(t), i.e. Z,cq(t), as computed via Monte Carlo simulation in
Since the two models evolve on different timescales, we rescale 7 so that our averaged PDE model
is evolving on the original timescale. As such, suppressing the spatial (p, q,r, s) dependency, let 4(t) :=
uo(t/€) + eui(t/e) = uo(7) + eui(7) denote the O(€) approximation to u in the original timescale, and let
Zyed(t) denote the Monte Carlo average path of the order parameter under the dynamics of obtained
via the Monte Carlo simulations described in

Since the Monte Carlo simulation of (2.6)) used zero initial conditions, we plot the approximation
u¢(p, q,t) for (p,q) = (0.1,0.1), close to the origin. With this choice, figures and show that in the
perturbed system, the O(e) approximation to u(7) = E[Z,.q(7)] evolves toward 0 or 1 depending on the

sign of € := ¢qe.

Fred
1 T T T T T T T T T nar iy + &1 | 7
Zrcd
09 wy + ey | [1E: Ry
081 1 arf
0.7 1 1 06+

0.6 [ Lk}

0.5

0.4 '
0.4 b 0ar
0.3 1 02
0.2 7 alr

0.1

I I I I I L L L I
a 100 200 300 400 500 800 TOO  BOOD 900 1000

0

O 100 200 300 400 500 600 700 800 900 1000
(b) Approximation evolves to an z-bar state for é =

(a) Approximation evolves to an y-bar state for ¢ = 0.1. —0.1.
Figure 11: Approximation follows the evolution of the Z,.4(t) for small e.
Using these simulations with v scaled, we now explore how the intervals on which 4€ serves as a good

approximation to Z,..4(t) depend on the perturbation parameter. Figure [12|shows the relative error (RE)
given by

o 80 = Zeea®)]
Zred(t
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=1

LR o EwllL0G
E=-{L05
é=-k1

Relative Emor
]
(4]

On some initial interval of time, the PDE approximation, ¢ indeed serves as a close approximation to

Zreq(t). Furthermore, as expected, the smaller the perturbation parameter €, the longer the approximation

is valid.

5 Concluding remarks and future directions

In this paper, we developed a finite dimensional SDE model that can be used to elucidate the dynamics
of the 2D Navier-Stokes vorticity equation with noise. Monte Carlo simulation of the reduced model
showed that the major qualatative property of the system, i.e. the dominant quasi-stationary state,
can be determined from the model. In particular, as has been observed numerically and rigorously, the
existence and attracting nature of these quasi-stationary states play an important role in the evolution
of the stochastic Navier-Stokes vorticity equation. Specifically, the aspect ratio of the periodic domain,
Ds = [0,2m6] x [0, 27], determines whether generic solutions evolve toward an z-bar state (6 > 1), a y-bar

state (0 < 1), or a dipole state (§ = 1).

Perturbation analysis then shows that the proposed reduced model can be viewed as a slow-fast system,
Subsequent averaging and homogenization methods show the leading order behavior as the perturbation

parameter § =~ 1 goes to § = 1, in relation to how the viscocity parameter v vanishes.

The numerical studies in §3|show that, on average, the system prefers to trend toward the appropriate
quasi-stationary state as determined by d, see Figure[6b] However, one can see from the sample path plotted
in Figure [6a] individual sample paths do exhibit transitions between z-bar and y-bar states, as it has also

been observed in [6].

In regards to future directions, there are a number of interesting questions that one can ask and hope
to answer. To begin with, the perturbation analysis of is formal and one would like to prove both
well-posedness of (4.16)) and validity of the perturbation expansion.

In addition, the numerical studies of suggest that while there are transitions at the individual
sample path level, the system tends to converge to the preferred state depending on whether § < 1 or

6 > 1. One would like to make this mathematically rigorous. Furthermore, one could potentially use the
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reduced model of §2] to build a related large deviations theory describing probabilities of the system being

in, and exit times for leaving, one of the quasi-stationary states.

Furthermore, the form of the noise used in and , with scaling factor /v, is common in the
literature, see for example [16] and the references therein. One of the important questions in the literature
is the investigation of the convergence of the corresponding invariant measure as v — 0 to that of the 2D
Euler equation, see [10]. The support of the limiting invariant measure (i.e. as v — 0), is in general still
an open question, see [16], and it has been resolved in special cases in [3] and [4]. In our work, we study
the long time behavior of the vorticity equation as ¥ — 0 and in particular the selection mechanism for the
dominant quasi-stationary states. It is reasonable to expect that there is a relation between the selection
mechanism and the support of the limiting invariant measure. This is an intriguing question that is left

for future work and it is beyond the scope of this work.

6 Appendix

The complete list of operators in the Kolmogorov equation (4.6) is given by

Lou = _51V(p2+q2)( g+ ?9>+21/0< 222+ 3?2)
b = 100 (51p° - 31¢°) <r+s>
Lsw = ~1500 0(379p ~4100¢?) <g+g“>

3 5 ou ou 5 02 5 02

- === D) il g

Lau 100 (r°+s°) <p6p + q@q + 2 | 07 052 + o3 0
Lou = @ (2 + %) ( 27 Ju 3 8u)

1/0 200" Op 507 0q
0T, (0u O
Lov = 000w " +S)<p8p+q3q
@, 123 du | 93 du
Lru = =0 (r +S)<5ooo Pap T 20000994
1 8u 6u
€0 ou ou
_ € u  Ou 1
ton = G- (a5 +05) (6.1)
1 7 Ou ou
Liow = glr=s )<2 Top pé‘t])
Liiu = eozq(r—s)gz
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ou ou ou ou
Lipu = —w|(p +q7q+2 "o T 5%,

ap 1o ar s
Lizu = ey <p8u + r@ + Sé)u)
dp or 0s
Ligu = —vp p@ + 7’@ + 88u>
dp or 0s
Lisu = ey <p8u + r% + 88u>
dp or Js
Ligu = —eopq <8u - au)
or  0Os
Lizu = }pq <8u - 8u>
2 or 0Os
Ligu = —60§pq (8u - 8u>
8 or  0s
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