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Abstract

Running is the basic mode of fast locomotion for legged animals. One of the most
successful mathematical descriptions of this gait is the so-called spring—mass model
constructed upon an inverted elastic pendulum. In the description of the grounded
phase of the step, an interesting boundary value problem arises where one has to
determine the leg stiffness. In this paper, we find asymptotic expansions of the stiff-
ness. These are conducted perturbatively: once with respect to small angles of attack,
and once for large velocities. Our findings are in agreement with previous results and
numerical simulations. In particular, we show that the leg stiffness is inversely pro-
portional to the square of the attack angle for its small values, and proportional to the
velocity for large speeds. We give exact asymptotic formulas to several orders and
conclude the paper with a numerical verification.

Keywords Singular perturbation theory - Boundary value problem -
Poincaré—Lindstedt series - Elastic pendulum - Running - Spring—mass model

Mathematics Subject Classification 34E10 - 34B15

1 Introduction

One of the fundamental achievements of evolution is the ability of various animals to
move efficiently throughout the natural terrain. Something as mundane as a running
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human or dog is itself a complex interplay of motor, neural, and muscular systems
(Dickinson et al. 2000; Gordon et al. 2017). Therefore, the research on movement is
intense and spans many disciplines such as biomechanics, sports medicine, applied
mathematics, and robotics (Biewener and Patek 2018; Daniels et al. 1978; Tibshirani
2005; Collins et al. 2005). Building a complete model of running can be prohibitively
difficult and, thus, to proceed one may just focus on some particular features or simplify
matters with a use of low-dimensional conceptual models (Dickinson et al. 2000).
There are many approaches to that problem. For example, in sports one usually is
concerned about finishing the race in a shortest time. Hence, a particular model can
focus only on several relevant parameters such as runner’s power, air drag, or race
strategy. This was a basis for a conceptual model of Keller proposed in the second half
of the twentieth century (Keller 1973) (which, in turn, stemmed from fundamental
ideas of Hill forwarded about fifty years earlier Hill 1925). An interested reader can
find some more modern accounts of competitive running models in Woodside (1991),
Pritchard (1993), Aftalion (2017), Aftalion and Martinon (2019).

In this paper, we are mainly concerned not in race performance but rather the very
mechanism of running. In particular, we analyse the classical spring—mass model
that has been highly successful in describing the motion and dynamics of legged
locomotion. The model has been firstly analysed in seminal papers (Blickhan 1989;
McMahon and Cheng 1990) where authors compared theoretical predictions with
real data. This model is based on an inverted elastic pendulum which acts in two
phases: grounded (stance) and aerial. As was noted in Blickhan and Full (1993),
despite of tremendous diversity of various locomotion modes, anatomical differences,
and sizes of particular animals, the spring—-mass model describes the fundamental
mechanical principles of bouncing gaits very accurately. Therefore, this simple model
is very robust and has been investigated in many studies from different vantage points:
experimental (Farley et al. 1991, 1993; Dickinson et al. 2000) and biomechanical
modelling (He et al. 1991; Geyer et al. 2005). Further, the spring—mass model was a
starting point of many projects in robotics (where it is usually called the Spring Loaded
Inverted-Pendulum (SLIP) model). From the first SLIP-based hopper (Raibert 1986)
to more advanced modern robots (Rummel and Seyfarth 2008; Akinfiev et al. 2003;
Armour et al. 2007), this seemingly simple dynamical system inspired the design of
many fast legged robots. A very readable survey about locomotion in robotics can
be found in Aguilar et al. (2016). Apart from that, the basic spring—mass model has
been generalized and extended in many different directions. For example: multiple leg
hoppers (Gan and Remy 2014; Geyer et al. 2006), dynamic swing leg motion when
the attack angle is not constant (Gan et al. 2018), damping (Saranli et al. 2010), and
various control problems (Ghigliazza et al. 2005; Sato and Buehler 2004; Takahashi
et al. 2017; Shahbazi et al. 2016). On the other hand, from the mathematical point
of view, the spring—mass model possesses interesting dynamical properties such as
complex bifurcation diagrams (Merker et al. 2015) or periodic gait stability issues
(Geyer et al. 2005; Seipel and Holmes 2007; Hamzacebi and Morgiil 2017). A detailed
numerical analysis of the dynamics has recently been conducted in Zaytsev et al.
(2019). Moreover, in certain situations one aims to find approximate solutions of the
considered model since they can be used in studying global dynamics under certain
assumptions. This programme has been conducted for example in Geyer et al. (2005),
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Schwind and Koditschek (2000), Ghigliazza et al. (2005), Saranl et al. (2010) and
also in the prequel of our present investigations Plociniczak and Wréblewska (2020)
which we conduct in a similar spirit. An interested reader will find a very thorough
account of running models formulated as dynamical systems in Holmes et al. (2006).

The spring stiffness present in the model has to be adjusted accordingly in order to
smoothly move from the grounded phase into the aerial. This gives rise to an interesting
nonlinear boundary value problem. In our previous work (Ptociniczak and Wréblewska
2020), we have proved that it has a unique solution for sufficiently small angles of
attack (realistic assumption). We have also provided several asymptotic expansion of
the solution for small angles. As a by-product, we have obtained a useful approximation
of the important parameter being the leg stiffness. This work expands and completes
several ideas born therein. While in Ptociniczak and Wréblewska (2020), we were
concerned mostly about various properties of solutions, here we are mainly concerned
about the leg stiffness, its asymptotic form, and dependence on several other physical
parameters. Since it is impossible to find an exact form of the stiffness, we have to use
other methods to infer about its behaviour. In particular, we prove a rigorous result
that gives a two-term asymptotic expansion of the stiffness for small angles. In the
leading order, it coincides with our previous heuristics. Moreover, we consider the
mathematically interesting singular case of large velocity in which we have to use
a two-parameter perturbation. These results give very simple expressions that reveal
some biomechanical properties of the running or hoping leg. Furthermore, numerical
analysis shows that they are accurate and, hence, may be used in practical work. To sum
up, this paper extends, formalizes, and improves the estimate on leg stiffness found in
Plociniczak and Wréblewska (2020) along with additional material concerning large
velocity asymptotics.

In the next section, we introduce the model and devise the main boundary value
problem. The subsequent section deals with perturbation methods and asymptotic
solution. There, we state our main results. Throughout the paper, we include some
numerical examples that illustrate the theory.

2 Model and Problem Statement

The schematic of the model setting is depicted in Fig. 1. One leg is modelled as
an inverted elastic pendulum with an axis on the ground. By equating forces in the
Cartesian coordinates, we can write (for details, see Blickhan 1989; McMahon and
Cheng 1990; Ptociniczak and Wréblewska 2020)

2
mC:l?;C =k(lo —\/xz—i-yz) sin 6, 0
m% =k (lo —Vx2+ yz) cosf —mg,

where [ is the equilibrium length of the spring and £ is its stiffness. We supplement
the above system with initial conditions
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. dx dy
x(0) = —Ipsina, E(O) =u, y(@0)=Iycosa, E(O) =, 2)

where u and v are, respectively, horizontal and vertical velocities, and « is the angle of
attack. As we noted in Ptociniczak and Wréblewska (2020), it is much more convenient
to analyse (1) in polar coordinates. Transforming and rescaling leads us to

d0 dLdo .
L— +2—— =sind,
dr? dr glt 3)
d’L de
— =) L=K0—-1L)—cosb,
dr? dt

where L = /x2 + y2/ly, and the nondimensional stiffness is given by

k= ko )

mg’
The initial conditions now have the form

do dL
6(0)=—a, E(O) =Ucosa—Vsina, L0O)=1, E(O) = —Usina—V cosa,
(5)

with the horizontal and vertical Froude numbers
u v

U=—, V=——. 6
NG NG ©

Data from McMahon and Cheng (1990), Farley et al. (1993) indicate that for a wide
variety of animals we have

a~02-05 U=08-2.6, V=005-0.5, (7

therefore o and V can be considered small, while U is of order of unity.
In the above biomechanical setting, a certain boundary value problem naturally
arises. It is to find the stiffness K* and the smallest time ¢* for which we have

Lat* K% =1, 0(* K*) =a. ®)

Thatis to say, we have to determine the stiffness for which the leg has travelled an angle
2« precisely at the time of returning to its original length (see Fig. 1). In Ptociniczak
and Wréblewska (2020), we have shown that this problem has a unique solution at
least for small o and provided some approximations to K* and ¢*. Specifically, we
have found that for U of order of unity we formally have

tt &~ . 9
7 9

K~ (J‘[(Ucosoz—Vsinoc)>2 . i
b /_K*
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7

Fig. 1 A schematic of the main model (taken from Plociniczak and Wréblewska 2020)

In what follows, we show that the above approximations are indeed the leading order
expansions as « — 0, more precisely we prove that

rU\?> [(#2v 2 U
K*=[="— 2 (1-U+2VH) ) =+ 0@,
(m) +<2+V( + )>a+ (@)

20 2(7°+8)
U n2U?

asa — 0T,
= o+ 0(@a?),

(10)
Moreover, we also consider an interesting case of large U for which

3V - 0
K* = s~ T O0Wa )+ 0", N
o
. o +4Voe3 +0(U72 5+ 0w asU - ocanda — 0. (11)
= — _— o .
U 502

In this way, we prove that K* depends linearly on U for large velocities what has
been observed before with numerical means only. Notice that above formulas are
asymptotic also for small «. However, led by our analytical results we also show that
K* can be very accurately approximated with the following quasi-empirical formula
for all meaningful angles

* Ao 12
K* ~ 1—}—501 , U — oo. (12)
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The above extrapolates the small-angle leading order asymptotic behaviour of K* into
the larger interval « € [0, 1].

3 Asymptotic Solution

We begin by noticing that the main equation (3) for L can be written as

d2L+ P i ’ L=K 0 (13)
— —| = = K —cosf.
dr? dr

It follows that the nature of the solution depends on the relative sizes of K and d6/dt.
The latter, in turn, has a magnitude of order of U. Loosely speaking, the solutions are
either of trigonometric or hyperbolic nature. This makes a profound difference for the
solution of the problem (8). Below, we explore these two regimes perturbatively.

Because of alarge number of different quantities, the scope of below two subsections
is local. This means that all introduced variable names are valid only within the
respective subsection. Specifically, x and y are different in each of them.

3.1 Small Angle

The solution of the boundary value problem (8) requires that K = K («). We start our
analysis with an observation that K (o) is bounded when o — 0. This makes the
subsequent perturbation theory possible. Moreover, this result has important implica-
tions since previously the angular dependence of K * has been known only numerically.

Lemma1 Let (K*(«), t*()) be the solution of the boundary value problem (8). Then,

2772
U
lim o?K*(a) = 2—— (14)
a—0F 4
Proof Start by using a new time scale
T=+Kt. 15)

Then, the 6-equation in (3) can be transformed into the integral form by multiplying
it by L and integrating twice. We have

U — Vi T 1 [T
0(F) = —a  ——2*— 7 e L(s)_zds+—/ G (T —s)sinf(s)ds, (16)
VK 0 K Jo

where G is the kernel whose explicit form can be found. Setting 6 (7) = «, we obtain
an implicit equation for K*

2 Ucosa — Vsina ?*L( )—zd + ! /?* G(T — 5)sinf(s)d (17)
" s 5+ — T — s)sin6(s)ds.
VK* 0 K= Jo
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Now, in Ptociniczak and Wréblewska (2020) we have shown that there exists a mono-
tone relation K* = K™*(«) for sufficiently small @. Moreover, K*(a) — oo and
T*(a) — m as o — 0%, If we take the same limit in the equation above the second
term on the right vanishes since, as can be checked with an elementary calculation, G
is uniformly bounded for each «. Our previous results (Ptociniczak and Wréblewska
2020) also indicate that in this limit L — 1 and hence, for the both sides to be equal to
each other we should have K (o) ~ 72U%a~2/4 asa — 07 . This finishes the proof. 0

Since we are interested in solving the boundary value problem (8), we will rescale
the relevant variables in a natural way to simplify matters. First, set

Lij(@)=Usina + Vcosa, 0;(a)=Ucosa — Vsina, (18)
which are initial conditions for L and € as in (5). Then, we put

_ Lalw) |
VK@)’

for new dependent variables x and y. As we can see x measures the spring departure
from initial length while y is normalized angle. The magnitude of 1 — L is chosen
according to the asymptotic analysis done in our previous work (Ptociniczak and
Wréblewska 2020) (but see also Geyer et al. 2005). As for the time scale, we choose
the one balancing L” with L in (3)

0 =a(l—2y), 19)

VK (x)

7, w@)=14+wa+ wra?, (20)
w(a)

=

where t is the strained fast time variable introduced because of the frequency mod-
ulation. Notice that w is terminated after the second-order term. We will not conduct
the higher-order expansion. In these new variables, Eq. (3) has the form

_4a2a)(a)2«/K(a) n

w@)2x" 4+ (1 — 4w (@)?y?)x =

| La(a)
+m COS(Ol(l — 2y)), (2])
- <1 _ La@ X> 1 @y 2O G~y
VK (@) K (o) T 20K () Y

with initial conditions

B 0a(a)
200w (@)K @)

Here, prime denotes the derivative with respect to the fast time t. We can see that due
to Lemma 1 the derivative y’(0) is bounded as o — 0.

x(0)=0, YO =1, y0 =1 y (0= (22)
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Now, we make the following perturbation expansions for the solutions of ODEs

x(7) = x(0) +x1(Da+ 20+, y(1) = yo(r) +y1 (D +y2 (Da® +- - -,
(23)
and the unknown stiffness

k—
VK@) = — +ko+kia+--- (24)
where we notice that it is more feasible to expand the square root of K. Plugging these

into (21), collecting respective powers of ¢, and using initial conditions (22) yields
the following systems

x§ +x0 = 0, x0(0) = 0, x(0) = 1,
0. U
=00 O =1, 30 = —5—,
2k_q
1 dk_1 ,
xy +x1V: Vi~ Ty(’) —2w1xy, x1(0) =0, x{(0) = —wy,
ol Ly = o (2x5vh + X0 » y1(0) =0,
y(/)(O) = —W (—Vk_l + Uk() + Uk_l(,()l) .
-1
(25)
The o equation can immediately be solved
. U
xo(t) =sint, yo(r)=1-— T. (26)
2k_q
Now, since x(/)’ (t) = —sint we can remove the secular terms from the o! equation
only by taking w; = 0. The corresponding solution will then have the form
(0 = ——( - U )
x1(t) = —{ — —CoST),
! Vk_
uv 1
y1(1) =—T(l—cosr)—l——z(Uko—Vk_l)t. 27
k 2k~

Further, the second-order correction to the frequency w; can be determined from the
o? equation
502 U U -1
2 4 : 2 2
a1 xy+x2= |20+ —— smr——(l—U +2V)+ ko. (28
2 +x2 ( 2 kﬂ) Vi ViZ, 0. (28)

Therefore, by removing the secular terms we have

5 U?

S 29
@) e (29)
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The process can be continued in a standard way however, as can be seen, equations
become very cluttered. Nevertheless, we have all the expansions needed to determine
k_1 and kg. Our systematic expansions can be compared with more heuristic approach
in Geyer et al. (2006) where Authors find some accurate approximations, couple them
with the aerial phase, and investigate the stability of such model.

We require that K () ~ K*(a) as @ — 07 that is to say, coefficients k; have to be
chosen to asymptotically solve the boundary value problem (8). To this end, we make
the further expansion for the time ¢*

@) =0+ 110+ 10t + (30)
Now, #; and k; can be found by perturbatively solving

0 = x(t"(a)) = x0(t™ (@) + x1 (T (@)t + - -+,
0= y(r*(@) = yo(r* (@) + y1(t" (@) + - -- €1V

Using (26), (27), and collecting respective powers of «, we obtain a series of linear
systems

sintg = 0,
0. U-L'
a 0
1-— =0,
2k_1
1 —U?)(1—cost 32
1 (costo)t1+( )( 0)=0 (32)

a Vk_; ’
Ukoto — Uk_1t; — Vk_179 +2UV (1 — cos tg9) = 0.

Solving the above leads us to

41 — U? U 4(1 — U? 8+ V2
A S L . ) FBFT)VE a5
uv 2 27V

lh=m, n

It is now only a matter of returning to the original time scale 7 and squaring /K (o).
Therefore, we have proved the following result.

Theorem 1 Let (K*(«), t*(«)) be the solution of the problem (8). Then, the expansion
(10) holds.

The numerical example of the above expansion is depicted in Fig. 2. We have plotted
the relative error of the asymptotic approximation K* of the numerical solution K* of
(8). Here,i € {—1, 0, 1} denotes the largest order of « taken in the expansion. Clearly,
all errors converge to O for small angles and what could have been anticipated, K}
looses accuracy for larger values of a (say, @ > 0.3). We can see that K provides a
reasonable approximation even for larger angles.
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Relative error

0.8 -
0.6
[ — K*_
0.4
. -——- K%
....... K*1

02l

-0.2
Relative error
0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

Fig. 2 Relative error of the asymptotic approximation K i* of the solution K* to the problem (8). Here
i = —1,0, 1 denotes the largest order of « taken in the expansion. The plot below is the magnification of
the above for « € [0, 0.1]

3.2 Large Velocity

Similarly as in the previous section, we begin by finding the leading order of the
expansion K = K(U) when U — oo. Here however, we determine only how fast
K (U) approaches infinity as U increases.

Lemma2 Let (K*(U), t*(U)) be the solution of the boundary value problem (8). Then
KU)U™! is bounded when U — .

Proof Similarly as in the proof of Lemma 1, we start by introducing a faster time scale

T =Kt. (34)
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Now, we have K = K (U) and the initial derivatives have the form

Ucosa — Vsina
KU)

Usina + V cosa
KU)

Lo = o= 35)
v CodT

Since, by assumption (8) has a solution for U — oo the derivatives has to stay bounded
in the limit. We have then two possibilities: either U /K (U) — Oor U/K(U) — C >

0 what means that K (U) — oo. Moreover, in the former case (3) becomes

d’L do\? a2 _dLdo
— —2L{—=) =0, L-—45 +2—=—==0. (36)
dz? dz dz? dT d7
with initial conditions
do dL
00) =—-a, —=(0)=0, LO)=1, —<(@©0) =0 37
dT dT

Notice that the equation for 6 can be rewritten as a conservation of angular momentum

d do

—(L°= ) =0, (38)

dT dT
which, using the initial conditions, yields (T) = —a for all T which is a contradiction
since it is impossible to have 8 = «. Therefore, we are left with U /K (U) > 0 for
U — oo what concludes the proof. O

Thanks to the above result we know that K(U) o U for large U. This observa-
tion has been made before in McMahon and Cheng (1990) but only on the basis of
numerical calculations. In what follows we will find the proportionality constant in
this dependence. It appears that this problem is more difficult than the one considered
before since the first-order perturbation equation does not posses an analytical solu-
tion. However, we will see that further expanding in the small o can help to obtain
useful results.

We start by introducing appropriate scaling. Let

2a
L=x, 0=a(l—-2y), t:F'c. 39

We have thus rescaled the angle according to its range in the considered problem.
The time scale has been chosen based on the linear approximation to 6 for which
0(t) ~ —a+ (U cosa—V sina)t. Then, 6 (1) ~ o whent ~ 2a(U cosa—V sina) ™!
which gives the above chosen time scale for large U and small «.

Now, Eq. (3) transforms into

x" —4a?xy? = €2 (K (e)(1 — x) — cos (a(l — 2y))),
2 sin (a(1 — 2y)) 40)

o

xy// _"_ 2x/y/ —
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where we have denoted the small parameter

e @1)
€:= — ,
U
and the prime denotes a derivative with respect to t. The initial conditions (5) have
the form

\%
x(0) =1, x'(0) = —2asina—eVcosa, y0)=1, y'(0)=— COS(X+62— sin a.
o
(42)
Therefore, we can see that both dependent variables and their derivatives are now of
order of unity.
We are ready to make the perturbation expansion

x(7) = x0(v) + x1(0)e + O(€?),  y(r) = yo(r) + y1(2)e + O(€?),
K(e) = Kje + O(€?) as e — 0T, (43)

for which (40) becomes an array of equations

0. {x(’)/ — 40[2)6())762 =0, x0(0) = 1, x,(0) = —2asina,
x0yg + 2%y =0, y0(0) =1, y5(0) = —cosa,
| x{ — 402 (x1y62 + 2xoy(’)yi) = Ki(1 — x0), x1(0) =0, x;(0) = —VV cos a,
) o)+ xyl 2 (<) + X vp) =0, y1(0) =0, ¥(0) = 5- sina.
DT
Notice that the above equations are nonlinear in all orders. However, the €? system
can be exactly integrated in a closed form. To see this notice that from the second
equation we have the conservation of angular momentum

/
(x3v5) =o0. (45)
From which it follows that cosa
o= — xg . (46)

Plugging it to the first equation, we obtain a single nonlinear ODE

xgx§ = 4a’ cos’ a. (47)

This equation has an analytical solution which can be obtained by reduction in order

x0(t) = /1 — drasina + 4a22. (48)

After returning to yp and integrating, we have

(49)

2T Ccos o
1 —2tasine )

1
yo(r) = 1 + — arctan <
20
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Notice that this equation is degenerate in the sense that it does not contain the K
coefficient but, nevertheless, automatically solves (8). To wit, note that the leading
order time of the solution is .

sin o

Ty = pt (50)

for which we have both xg(7*) = 1 and yp(t*) = 0.

In order to gain some insight how does the solution of (40) behave for small positive
€ we have to analyze the €| equation in (44). Unfortunately, we cannot obtain its closed-
form solution. However, since « is small, we can at least try to find the subsequent
perturbation approximation. To this end, put

x1(v) = x10(0)+x12(D*+0 (@), y1(r) = yio(r)+y12(0)a’+0(@*) as o — 0.
619
Notice that we expand only in the even powers of « since both €' equation and the initial
conditions (44) have even a-expansion. Plugging the above expansion into (44) and
using the found leading order solution (48)—(49), we obtain the following equations

o [*0=0 x10(0) = 0, x{,(0) = —Vv,
ol
yio - 2x;0 =0, y10(0) =0, )’10(0) = 5
1 1%
xi’z =4 (x10 — 2yi0 + EKlr(r — 1)) R x12(0) =0, xiz(o) = 7
2.
TN v =— (87 =8t + 1) xfg — 2t(t + Dy + 2x), ) — 0. 0y — -
=4t — 1) (x10 + ¥lo) ’ o 12

(52)
This system is easy to be solved explicitly yielding
x10(2) = —7V, x2(0) = % (31 =202V — Ky (z = 2)72),
yio(t) = % (1 =21), ypp(1) = % (2K (5 —20)13 +5V(24r(r — DQRT — 1) — 1))
(53)

Having these expansions in hand, we can proceed to the solution (8). To this end, we
set

™€) =1 + ety + O(e) as € — 0T, (54)
and then require that
1= 20(r*(@) + € (110(T(€) + ¥2(T* (€D + 0eh)) + O(€Y),

(55)
0= 30t (€) +¢ (10T + ya(t* @) + 0@h)) + O(€D),
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as € — 07 and @ — 0. The asymptotic solution of the above algebraic system is 7
given by (50) and

r*—ﬂ+0(a3) K—6—V+0( 0y 0t 56
= , 1= a’) as a— 0", (56)

which coincides with (11) after returning to the original time scale. Therefore, we
have proved the following result.

Theorem 2 Let (K* (), t*(a)) be the solution of the problem (8). Then, the expansion
(11) holds.

Notice that according to (56), we have K| Va2 for small angles. Since our
approximation is only the asymptotic leading order for angles and not the exact
solution, it is interesting to extend this result numerically and find the empirical pro-
portionality constant valid for a larger set of «. Let

~ 6V
K| = — 57
o

The ratio of K; to the numerical value of K found by solving the boundary value
problem (8) corresponding to Eq. (40) is plotted in Fig. 3. As we can see, the analysed
quantity is almost independent of V. Whence, it is motivated to stipulate that

- 6V
Ki~K) = — Gla. (58)

for some G with G(0) = 1. Numerical calculations plotting K/ K, are shown in
Fig. 4. We can see that the sought form of G(«) is approximately quadratic and the
least squares best fit is given by

1
G@)=1+051a>~ 1+ —a?, (59)

[\

with the determination coefficient R> = 0.999. The accuracy is thus very good for
o € [0,1].

On Fig. 5, we plot the relative error of the approximation (11) to the solution of
the problem (8) for the original Eq. (3). Notice that the approximations achieve an
accuracy of several percent for U = O(10?). Also, the corrected coefficient f(:p as in
(58) performs very well even for large angles while the leading order term K; does
not converge to O for such.

4 Conclusion

The perturbation analysis conducted above helped us to determine the asymptotic form
of the solution of (8). As was shown, the physically important case of small angles, in

@ Springer



Journal of Nonlinear Science (2020) 30:2971-2988 2985
K1/k1
| 0—0--0—0-0—0-0—0--0—0--0— O —O O —O- -0—0--0—0 - O
1.15F
—e— =0.1
110' V¥ - V¥ V¥V V¥ V¥ —-——A—= =0.2
annalpan a=03
- o- o4 0—o—o0—0—o0—4 4 4 &0 -0 -0--0--0--0-0-8-0 --o-- a=04
1.05f —¥— a=05
[ €--0-6-0-0-0-06-0-0-0-¢-0-0-0-0-90-0-9-
- *et —o— =06
| AAA A AA A NANANAANANANANANANMADMNA
| e—e—o_ o a
1.00F - -““=--=-_ o a a
" 1 " " " " 1 " " " " 1 " T " " 1 V
0.5 1.0 1.5 2.0

Fig.3 A ratio of K| found from the numerical solution of the boundary value problem (8) for Eq. (40) and
its approximation K defined in (57). Here, € = 1074

K1 /k1
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Fig.4 A ratio of K| found from the numerical solution of the boundary value problem (8) for Eq. (40) and
its approximation K| defined in (57). Points represent numerical calculations while solid line is G («) as in
(59). Here, € = 10~* and V = 0.1

principle could have been resolved for any required order. However, the complexity
of expressions forced us to stop at two meaningful terms. Nevertheless, the rest can
be obtained in a standard way with a use of some symbolic manipulation environment
such as Wolfram Mathematica as was in our case. Moreover, found analytic formulas
proved to be very accurate in their region of validity and explained how does the leg
stiffness depends on the attack angle and velocities.

The case of large (horizontal) velocity also proved to be attackable with the per-
turbation theory. However, the leading order equations were nonlinear forcing higher
orders not to be resolvable analytically. Despite this difficulty, we have been able to
use the additional expansion in small angles and find leading order behaviour in two
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Fig. 5 Log-log plot of the relative error of the approximation K 1,p to the boundary value problem (8).
Here, V = 0.1

parameters. This let us to determine the form of dependence of the leg stiffness to
other physical parameters and, thanks to that knowledge, to empirically extend the
approximation for all meaningful angles.

Asymptotic analysis was only possible due to the fact that we firstly have found the
leading order behaviours of K*(«) and K*(U) in the respective limits. Moreover, the
key step was to perturbatively look for expansions of the stiffness K* and the time ¢*.
Of course, this programme can be carried over to higher orders with a symbolic manip-
ulation software. However, our findings are sufficient to understand the fundamental
relations between stiffness and various physical parameters. We hope that this research
will contribute to the understanding of various gaits in locomotion and robotics.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Aftalion, A.: How to run 100 meters. SIAM J. Appl. Math. 77(4), 1320-1334 (2017)

Aftalion, A., Martinon, P.: Optimizing running a race on a curved track. PLoS ONE 14(9), 0221572 (2019)

Aguilar, J., Zhang, T., Qian, F., Kingsbury, M., McInroe, B., Mazouchova, N., Li, C., Maladen, R., Gong,
C., Travers, M., et al.: A review on locomotion robophysics: the study of movement at the intersection
of robotics, soft matter and dynamical systems. Rep. Prog. Phys. 79(11), 110001 (2016)

Akinfiev, T., Armada, M., Montes, H.: Vertical movement of resonance hopping robot with electric drive
and simple control system. In: Proceedings of the 2003 IEEE Mediterranean Conference on Control
and Automation (2003)

Armour, R., Paskins, K., Bowyer, A., Vincent, J., Megill, W.: Jumping robots: a biomimetic solution to
locomotion across rough terrain. Bioinspiration Biomim. 2(3), S65 (2007)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Journal of Nonlinear Science (2020) 30:2971-2988 2987

Biewener, A., Patek, S.: Animal Locomotion. Oxford University Press, Oxford (2018)

Blickhan, R.: The spring—mass model for running and hopping. J. Biomech. 22(11-12), 1217-1227 (1989)

Blickhan, R., Full, R.J.: Similarity in multilegged locomotion: bouncing like a monopode. J. Comp. Physiol.
A 173(5), 509-517 (1993)

Collins, S., Ruina, A., Tedrake, R., Wisse, M.: Efficient bipedal robots based on passive-dynamic walkers.
Science 307(5712), 1082—-1085 (2005)

Daniels, J.T., Yarbrough, R.A., Foster, C.: Changes in VO, max and running performance with training.
Eur. J. Appl. Physiol. 39(4), 249-254 (1978)

Dickinson, M.H., Farley, C.T., Full, R.J., Koehl, M.A.R., Kram, R., Lehman, S.: How animals move: an
integrative view. Science 288(5463), 100—-106 (2000)

Farley, C.T., Blickhan, R., Saito, J., Richard Taylor, C.: Hopping frequency in humans: a test of how springs
set stride frequency in bouncing gaits. J. Appl. Physiol. 71(6), 2127-2132 (1991)

Farley, C.T., Glasheen, J., McMahon, T.A.: Running springs: speed and animal size. J. Exp. Biol. 185(1),
71-86 (1993)

Gan, Z., Remy, C.D.: A passive dynamic quadruped that moves in a large variety of gaits. In: 2014 IEEE/RSJ
International Conference on Intelligent Robots and Systems, pp. 4876-4881. IEEE (2014)

Gan, Z., Jiao, Z., David Remy, C.: On the dynamic similarity between bipeds and quadrupeds: a case study
on bounding. IEEE Robot. Autom. Lett. 3(4), 3614-3621 (2018)

Geyer, H., Seyfarth, A., Blickhan, R.: Spring—mass running: simple approximate solution and application
to gait stability. J. Theor. Biol. 232(3), 315-328 (2005)

Geyer, H., Seyfarth, A., Blickhan, R.: Compliant leg behaviour explains basic dynamics of walking and
running. Proc. R. Soc. B Biol. Sci. 273(1603), 2861-2867 (2006)

Ghigliazza, R.M., Altendorfer, R., Holmes, P., Koditschek, D.: A simply stabilized running model. SIAM
Rev. 47(3), 519-549 (2005)

Gordon, M.S., Blickhan, R., Dabiri, J.O., Videler, J.J.: Animal Locomotion: Physical Principles and Adap-
tations. CRC Press, Boca Raton (2017)

Hamzagebi, H., Morgiil, O.: On the periodic gait stability of a multi-actuated spring—mass hopper model
via partial feedback linearization. Nonlinear Dyn. 88(2), 1237-1256 (2017)

He, J.P.,, Kram, R., McMahon, T.A.: Mechanics of running under simulated low gravity. J. Appl. Physiol.
71(3), 863-870 (1991)

Hill, A.V.: The physiological basis of athletic records. Sci. Mon. 21(4), 409-428 (1925)

Holmes, P., Full, R.J., Koditschek, D., Guckenheimer, J.: The dynamics of legged locomotion: models,
analyses, and challenges. STAM Rev. 48(2), 207-304 (2006)

Keller, J.B.: A theory of competitive running. Phys. Today 26(9), 42-47 (1973)

McMahon, T.A., Cheng, G.C.: The mechanics of running: how does stiffness couple with speed? J. Biomech.
23, 65-78 (1990)

Merker, A., Kaiser, D., Hermann, M.: Numerical bifurcation analysis of the bipedal spring-mass model.
Phys. D 291, 21-30 (2015)

Plociniczak, L., Wréblewska, Z.: Solution and asymptotic analysis of a boundary value problem in the
spring-mass model of running. Nonlinear Dyn. 99, 2693-2705 (2020)

Pritchard, W.G.: Mathematical models of running. SIAM Rev. 35(3), 359-379 (1993)

Raibert, M.H.: Legged Robots that Balance. MIT Press, Cambridge (1986)

Rummel, J., Seyfarth, A.: Stable running with segmented legs. Int. J. Robot. Res. 27(8), 919-934 (2008)

Saranli, U., Arslan, O., Ankarali, M.M., Morgiil, O.: Approximate analytic solutions to non-symmetric
stance trajectories of the passive spring-loaded inverted pendulum with damping. Nonlinear Dyn.
62(4), 729-742 (2010)

Sato, A., Buehler, M.: A planar hopping robot with one actuator: design, simulation, and experimental
results. In: 2004 IEEE/RS]J International Conference on Intelligent Robots and Systems (IROS) (IEEE
Cat. No. 04CH37566), vol. 4, pp. 3540-3545. IEEE (2004)

Schwind, W.J., Koditschek, D.E.: Approximating the stance map of a 2-dof monoped runner. J. Nonlinear
Sci. 10(5), 533-568 (2000)

Seipel, J., Holmes, P.: A simple model for clock-actuated legged locomotion. Regul. Chaotic Dyn. 12(5),
502-520 (2007)

Shahbazi, M., Babuska, R., Lopes, G.A.D.: Unified modeling and control of walking and running on the
spring-loaded inverted pendulum. IEEE Trans. Rob. 32(5), 1178-1195 (2016)

Takahashi, K.Z., Worster, K., Bruening, D.A.: Energy neutral: the human foot and ankle subsections combine
to produce near zero net mechanical work during walking. Sci. Rep. 7(1), 15404 (2017)

@ Springer



2988 Journal of Nonlinear Science (2020) 30:2971-2988

Tibshirani, R.: Who is the fastest man in the world? In: Anthology of Statistics in Sports, pp. 311-316.
SIAM (2005)

Woodside, W.: The optimal strategy for running a race (a mathematical model for world records from 50
m to 275 km). Math. Comput. Modell. 15(10), 1-12 (1991)

Zaytsev, P., Cnops, T., David Remy, C.: A detailed look at the SLIP model dynamics: bifurcations, chaotic
behavior, and fractal basins of attraction. J. Comput. Nonlinear Dyn. 14(8), 081002 (2019)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Asymptotic Solution of a Boundary Value Problem for a Spring–Mass Model of Legged Locomotion
	Abstract
	1 Introduction
	2 Model and Problem Statement
	3 Asymptotic Solution
	3.1 Small Angle
	3.2 Large Velocity

	4 Conclusion
	References




