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Abstract

A key starting assumption in many classical interatomic potential models for materials
is a site energy decomposition of the potential energy surface into contributions that
only depend on a small neighbourhood. Under a natural stability condition, we con-
struct such a spatial decomposition for self-consistent tight binding models, extending
recent results for linear tight binding models to the nonlinear setting.
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1 Introduction

Electronic structure models are widely used to calculate many optical, magnetic and
mechanical properties of materials and molecules (Finnis 2003; Martin 2004; Kittel
2004; Szabo and Ostlund 1996). Self-consistent (nonlinear) tight binding models are
simple electronic structure models that are interesting in their own right but also pro-
vide convenient prototypes for the much more complicated density functional theories.
A paradigm example is the density functional tight binding (DFTB) method (Koskinen
and Mikinen 2009; Seifert and Joswig 2012; Elstner and Seifert 2014).

In contrast to previous works on the linear tight binding model (Chen et al. 2018;
Chen and Ortner 2016; Chen et al. 2019), the present work allows for the “on-site”
Hamiltonian matrix entries to depend on the local electron density through a potential
term. This results in a nonlinear model since the electron density itself depends on the
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Hamiltonian via a self-consistency condition. The present work therefore represents a
key stepping stone between linear tight binding and more accurate nonlinear models
such as Kohn—Sham density functional theory.

The self-consistency introduces the interesting issue of stability of the electronic
structure problem; the main additional technical difficulty when compared to the linear
model. Therefore, under a suitable stability condition (E and Lu 2010), we show that the
potential energy surface in this model can be decomposed into exponentially localised
site contributions, thus justifying many classical interatomic potential (IP) and multi-
scale methods.

Despite the relative simplicity of tight binding models, a naive implementation
demands O (N?3) computational cost, where N is the number of particles in the system.
It may therefore be advantageous to instead implement an IP model. In this case, the
relevant parameters can be fitted to high accuracy by machine learning techniques
together with theoretical data resulting from a high-fidelity model (Bartdk et al. 2018,
2010; Behler and Parrinello 2007; Shapeev 2016). In most IP models for materials, a
necessary starting assumption is that the potential energy surface can be decomposed
into localised site contributions. That is, for atomic positions y = {y, }, the total energy
E = E(y) may be written

3/ Ee(y)

_O2D) | e S e, (1.1)
Ay - 0yn,

E(y)=) Ei(y) with
14

for some 1 > 0.

Typically, classical IP models are short-ranged and thus only justified if the exponent
nin(1.1), which measures the interatomic interaction range, is not too small. Therefore,
in the present paper, not only are we interested in obtaining a site energy decomposition
asin (1.1), but we also wish to describe the exponent.

Also, in the context of QM/MM multi-scale methods, a minimal starting assumption
on the QM model is the strong locality of forces (Csanyi et al. 2005). This condition
is implied by the strong energy locality condition (1.1) that we consider in the present
paper. Moreover, the exponent 7 from (1.1) gives a guide for the size of the (compu-
tationally more expensive) QM region that must be imposed (Chen and Ortner 2016,
2017; Csanyi et al. 2005).

In addition to the partial justification for IP and multi-scale models, our results
also allow the thermodynamic and zero Fermi-temperature limit results of Ortner and
Thomas (2020), Chen et al. (2018) to be extended to the nonlinear setting. We sketch
the main ideas in the concluding remarks in Sect. 5.

1.1 List of Assumptions

The analysis requires a number of assumptions on the tight binding model, the atomistic
configuration and associated electronic densities.
In general, we require the following assumptions:

L) p. 4 Uniform non-interpenetration with non-interpenetration constant m > 0
(TB)  p. 5 Nonlinear tight binding Hamiltonian H(u; p)
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(SC)  p. 7 Self-consistent electronic density p
(STAB) p. 8 Stability of the configuration with stability operator .Z (u; p)

In addition to the above, we require the following assumptions for the particular
case of point defects in insulating multi-lattice materials:

(REF) p. 9 Multi-lattice reference configuration A™ with reference density
ref

P
(GAP) p. 10 Insulating material (band gap in the system) with gap g™ > 0

(STAB™) p. 11 Stability of the reference configuration with reference stability
operator .Z"°f

P p. 11 Point defect reference configuration A

(FF) p. 11 Far-field assumption on the electronic density

1.2 Summary of Results

The results of this paper are divided into two sections: we discuss general locality
estimates in Sect. 2 and improve these results for the specific case of point defects in
insulating multi-lattice materials in Sect. 3.

General Locality Estimates

The previous works (Chen et al. 2018; Chen and Ortner 2016) provide partial justifica-
tion for (1.1) in the setting of linear tight binding models at finite Fermi-temperature.
However, in general, we can only expect

17~/3_1 as B — oo

where B is the inverse Fermi-temperature, meaning that for low-temperature regimes
the practical value of (1.1) is limited. However, in the case of insulating multi-lattice
materials (where there is a spectral gap in the system), the locality estimates are
improved (Chen et al. 2019), and extended to the zero Fermi-temperature case. In this
setting, the exponent 7 is linear in the spectral gap.

In Sect. 2, we simultaneously extend both Chen and Ortner (2016); Chen et al.
(2018) (in the case of finite Fermi-temperature) and Chen et al. (2019) (for insulators
at finite or zero Fermi-temperature) to the nonlinear setting.

Point Defects in Insulators

Simulating local defects in materials remains an issue of great interest in the solid
state physics and materials science communities (Pisani 1994; Stoneham 2001). See
Cances and Le Bris (2013) for a mathematical review of some works related to the
modelling of point defects in materials science.

When considering point defects in the material, “pollution” of the spectrum may
enter band gap which a priori affects the exponent n in (1.1). However, by approxi-
mating the defect as a low rank perturbation, we show in Sect. 3 that the locality results
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only weakly depend on the defect and the estimates resemble the defect-free estimates
for sites away from the defect core. That is, the exponents in the locality estimates
depend only on a local environment of the particular atomic site. This extends results
of Chen et al. (2019) to the nonlinear setting.

1.3 Notation

For an operator 7', the discrete spectrum (isolated eigenvalues of finite multiplicity) and
essential spectrum are denoted by oisc () and oess (T'):=0 (T') \ 04isc (T'), respectively.

For sequences v, the ;i entry is written [¥]; and the €2 norm is ||| 2. For
bounded C-valued functions, we denote by || - || oo the supremum norm. For matrices
(or operators with matrix entries only nonzero on a finite sub-matrix) M, we denote
by | M ||max:=max;; |M;;| the maximum-norm. For operators 7" on 22, || - || denotes
the Frobenius or Hilbert—-Schmidt norm and || - ||,2_, ;2 the operator norm.

On R" or C, we will denote the Euclidean norm by | - | and the open balls of
radius § about a and 0 by Bs(a) and Bs:=Bs(0), respectively. For a subset A of
R"” or C, we write Bs(A):={x: dist(x, A) < &} where dist(b, A):=inf,cy |a —
b|. The Hausdorff distance between two sets A and B is denoted dist(A, B):=
max{sup,¢ 4 dist(a, B), sup, g dist(b, A)}.

Wewriteb+ A ={b+a:aec A},A—b:={a—b:a e AlandrA:={ra: a € A}.
If A is finite then #A denotes the cardinality of A. For an index set A, we denote by
d;; the Kronecker delta function for i, j € A. The set of non-negative real numbers
will be denoted by R..

The symbol C will denote a generic positive constant that may change from one line
to the next. In calculations, C will always be independent of Fermi-temperature. The
dependencies of C will be clear from context or stated explicitly. When convenient to
do so we write f < g to mean f < Cg for some generic positive constant as above.

2 Results: General Locality Estimates
2.1 Tight Binding Model

For a locally finite reference configuration A  R? and displacementu: A — R?, we

write r g (u): =0 + u(€) —k —u(k) and re; (u):=|r gk (u)|. We consider displacements

u satisfying the following uniform non-interpenetration condition:

(L) There exists a non-interpenetration constant m > 0 such that rg; (1) > m|¢ — k|
forall £,k € A.

We consider Ny, atomic orbitals per atom, indexed by 1 < a,b < Ny. For given
displacements u, and corresponding electronic densities, p: A — R, we define the
two-centre tight binding Hamiltonian as follows:

(TB) Forl,k € Aand 1 < a, b < Ny, we suppose that the entries of the Hamiltonian
take the form

H(us p)§g:=hy (rex(w)) + v(p(0)8ekSap 2.1
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where hﬁ’ : R?Y — R are v times continuously differentiable for some v > 1
and v is a bounded smooth function on (0, co) with bounded derivatives.

Further, we assume that there exist ig, 9 > 0 such that, foreach I < j < v,

W@ < hoe ! and

PHPE| <hoe e vecR!  @2)

for all multi-indices € N¢ with |a|; = j.

Finally, we suppose that h%’(é) = h%(—&) forallé e R4, 1 < a,b < Npand
b ke A

Remark 1 (Tight binding Hamiltonian)

(i) Despite being able to define the tight binding Hamiltonian for any fixed electronic
density p, we will be concerned with the case that p satisfies a self-consistency
condition p = F(u; p) (see (SC) on page 7 for the definition of F'). This equation
introduces the nonlinearity to the model; the main departure from the previous
works (Chen and Ortner 2016; Chen et al. 2019).

(ii) The constants i and yy in (2.2) are independent of the atomic sites.

(iii) The symmetry assumption in (TB) means that the Hamiltonian, H(u; p), is
symmetric and thus the spectrum is real. Moreover, o (H(u; p)) C [o, o] for
some o, o depending on m, d, ho, ¥, ||v||lcc and are independent of the size
of the system and the displacement u satisfying (L) with the constant m. In
fact, by generalising the proof of (Chen and Ortner 2016, Lemma 4) to the set-
ting we consider here, we obtain explicit bounds on the width of the spectrum:
o (H(; p)) C l|vlloo + Caho(yom)~“[~1, 1].

(iv) The pointwise bound on |h%{’ | in (2.2) is more general than many tight binding
models which impose a finite cut-off radius. The assumption for |¢| = 1, states
that there are no long range interactions in the model and so, in particular, we
assume that Coulomb interactions have been screened, which is typical in prac-
tical tight binding models (Cohen et al. 1994; Mehl and Papaconstantopoulos
1996; Papaconstantopoulos et al. 1997).

Following (Chen and Ortner 2016; Chen et al. 2018; Ortner and Thomas 2020;
Chen et al. 2019), we consider finite energy displacements. For u: A — R, ¢ € A
and 0 € A — £, we define the finite difference Dyu(£):=u (£ + o) — u(£) and the full
finite difference stencil Du(£):=(Dyu(£))seA—¢. We then let Wl’z(A) be the set of
finite energy displacements: for T > 0,

V/I’Z(A):z{u: A— R || Dull?, =Y Y e lD,u))? < oo}
T lteAoeA—¢

which is well defined since all the semi-norms || D - || @ are all equivalent for T > 0
(Chen et al. 2019). For the remainder of this paper, we fix an exponent T > 0. In
this section, we require perturbations to have finite energy (see Lemma 2), whereas
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when considering the improved estimates in the case of point defects in Sect. 3, we
also require the configurations to be given by finite energy displacements.

2.2 Spatial Decomposition of Quantities of Interest

Letu: A — R? satisfy (L) and suppose p is an associated electronic density.

2.2.1 Local Quantities of Interest

We suppose 0: R — R is a function that extends analytically to an open neighbour-
hood of o (H(u; p)) in C and define the corresponding local quantities, Oy (for £ € A),
by

l aa
Ocu: py=— 5= 75&0 0| (s p) =27 dz 23)

where 6, is a simple, closed, positively oriented contour contained within the region
of holomorphicity of o, encircling o (H(«; p)) and such that

do:= m(igr)l dist(z, o (H(u; p))) > 0. 2.4)

Z€06o

For finite systems, we may diagonalise the Hamiltonian, H(u; p) = >, As|¥s) (sl
(where (Ag, V) are normalised eigenpairs), and note that many quantities of interest,
including the Helmholtz free energy, grand potential and the particle number functional
(Chen et al. 2018; Chen and Ortner 2016), may be written as a sum of the local
contributions (2.3) for some appropriate choice of o:

D 0wy =Y D o0l =) ok 2.5)

leA leA N s
1<a< Ny

This decomposition is well known and follows from a spatial decomposition of the
total density of states (Ercolessi 2005; Chen and Ortner 2016; Finnis 2003; Chen et al.
2018).

Our motivation comes from viewing (2.5) as the total energy of the system and
(2.3) as a spatial decomposition of this energy. The aim of the present paper is to
show the exponential localisation of (2.3) with respect to perturbing atomic positions,
which, in the case of site energies, justifies IP and multi-scale models as discussed in
the introduction.

2.2.2 Self-consistency

The electronic structure of the system is obtained by assigning electrons to the eigen-
states of lowest energy, according to the Fermi-Dirac occupation distribution and
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subject to Pauli’s exclusion principle. We now make this precise for (possibly infinite)
atomic systems.

After fixing an inverse Fermi-temperature § > 0, we define f(z — n) = (1 +
ePE=1)~1 {0 be the Fermi-Dirac occupation distribution where . is a fixed chemical
potential. We let €’ be a simple closed contour encircling o (H(u; p)) and avoiding
the singularities of f(- — ). That is, avoiding u + ixf~'(2Z + 1) and such that
dri= minzecgf dist(z, o (H(u; p))) > 0. In general, we may choose € so thatdy >
%. However, for insulators, as we shall see in Sect. 3, this constant may be chosen to
be linear in the spectral gap at u.

For the case of zero Fermi-temperature, we take the pointwise 8 — oo limit and
define f(z—):=X(=o0,n) (z)—i—%x{#} (z). For insulating systems, there is a spectral gap
at u (that is, with g:=inf[u, +00) N o (H(u; p)) — sup(—oo, u] No (H(u; p)) > 0)
and so f(- — w) is analytic in a neighbourhood of o (H(u; p)). In this case, we
let € be a simple closed contour encircling o (H(u; p)) N (—oo, u) and avoiding
o (H(u; p)) N[, 00) withdy = minzecgf dist(z, o (H(u; p))) = %g.

For fixed B8 € (0, oo] as above, we can therefore define

Fo(u; p):=0¢(u; p) with o= f(-—pu) and €, =%r (2.6)

as in (2.3). To simplify notation in the following, we will write F(u; p) =
(Fe(us; p))eea.

For a given displacement, we consider corresponding self-consistent electronic
densities, giving rise to the nonlinearity of the problem:

(SC) For a displacement u: A — R? satisfying (L), we say that p is an associated
self-consistent electronic density if p = F(u; p).

Remark 2 (Self-consistency) For a finite system, the self-consistency equation (SC)
takes the following form:

p0) =" fOs — WY1, 2.7)

where H(u; p) = Y Ag|s) (| for normalised eigenpairs (A, ¥). Written in this
form, we can see that f(Ay — ) represents the occupation number for the electronic
state s.

2.2.3 Stability

We wish to show that, for fixedu: A — R and an associated self-consistent electronic
density p, the quantities Oy (u; p) are exponentially localised. As shown in Chen
et al. (2019) for the linear model (that is, neglecting the v(p(€))d¢ term in (2.1)), the
exponent in these locality results are linear in d, from (2.4). For the more complicated,
nonlinear model that we consider here, the locality also depends on the stability of the
model, which we will now discuss.

Supposing that (u, p) satisfies a natural stability condition (defined in (STAB) on
page 8, below), it is possible to rewrite the local quantities of interest as a function
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of the displacements. That is, for # in a neighbourhood of u, there exists a locally
unique o = p(u) in a neighbourhood of p such that (i, p(i)) satisfies (SC) and we
can therefore write

0 (i):= 0y (it; p()). (2.8)

Moreover, the mapping & — O;°() is v times continuously differentiable in a neigh-
bourhood of u#. See Lemma 2 for the rigorous statement.

We can now consider the derivatives of the local quantities of interest with respect
to the perturbation of atomic positions. Using (2.3), it is sufficient to consider the
derivatives of the resolvent operators. Since the linear contribution has been studied
in Chen et al. (2019), we are only concerned with the additional nonlinear part, which
involves derivatives of the electronic density. Due to the self-consistency, we obtain
the formula

dp (L) B _ . —1 .(m)
—B[M(m)]i_[(l L )¢ ]e 2.9)

where the stability operator, £ (u; p), is the Jacobian of F (u; p) with respect to p and
¢ € £2(A) satisfies |¢ém)| < e for some i > 0. Therefore, the following

stability condition, which we take from E and Lu (2010, 2012), is the minimal starting
assumption required for the analysis:

(STAB) We say (u, p) is stable if I — % (u; p) is invertible as an operator on 22(A)
where £ (u; p) is the Jacobian of F(u; p) with respect to p. For a stable
configuration (u, p), we write

d o:=dist(1, £ (u; p)) > 0. (2.10)

Remark 3 (i) Equivalently, (2.10) states that || (I — £ (u; )~} lp2p2 < d‘_g].
(ii) A simple calculation reveals that £ (u; p): 22(A) — £%(A) has matrix entries

No 2

1 ab

L P = 5~ yi fe—m Y] ([(H(u; P) ‘Z)]Lk> dzv'(p (k).
°f a,b=1

(2.11)

2.2.4 Locality

We are now in a position to state general locality estimates for B € (0, co) and for
insulators in the case 8 = oo:

Theorem 1 (General Locality Estimates) Suppose (u, p) satisfies (L), (SC), (STAB)
and letd,, dy, do > 0 be the cqnstantsfrom (2.4) and (2.10). Then, for 1 < j <,
teAm=(my,...,mj)e A and 1 < iy,...,i; <d, there exists C; > 0 such
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that

07 0" (u) <Cje? S0 remy ()
u(m)li ... 0[ulmj)li;

where n:=c min{ 1,do,dy, Cfdg}, Cfl=d§c min{l, d‘;-“} and c is a positive constant
depending on yy, ho, m, Ny, d, j, ||Du||£%r, V' loo and on the length of €.

Proof The proof of this result follows the analogous proof in the linear case (Chen
et al. 2019), together with bounds on the nonlinear contribution (2.9). Full details are
presented in Sect. 6. O

3 Results: Point Defects in Insulating Materials

Now we consider the specific example of point defect reference configurations. In this
case, we show “improved” locality estimates in which the pre-factors and exponents
behave like the corresponding reference constants.

3.1 Point Defect Configurations
We suppose that A™ ¢ R¢ is a multi-lattice and p™f is a corresponding self-consistent
electronic density:

(REF) We suppose that there exist a non-singular matrix A € R?*¢ and a unit cell
I' ¢ R such that I” is finite, contains the origin and

A=) (1 +Ay).
yezd

Moreover, we require the Hamiltonian to satisfy the following translational
invariance property: hZzA)/l,k‘i’A)/z &) = h?,f(é‘) forall y1,y, € Z4, & e R?
and 1 < a, b < Ny. Further, we suppose p™ is a translational invariant, self-
consistent electronic density: (x| prefy satisfies (SC) where x™f: A™f —
A™ is the identity configuration on A™ and p™f (¢ 4+ Ay) = p™f (¢) for all

Cerlandy e 77

It is possible that there are many electronic densities p™' satisfying the conditions
of (REF). However, this is an issue that we will not concern ourselves with here, and,
for the remainder of this paper, we will simply fix any electronic density p™f satisfying
(REF).

The translational invariance property of the Hamiltonian states that all £ + Ay are
of the same atomic species.

To simplify notation, when we consider the reference configuration (A = A™),
we will write,

ref

Href:zH(O; pref) and Diﬂret:g(o’ pref).
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By exploiting the translational invariance of the reference configuration, and by use
of the Bloch transform (Kittel 2004), we may conclude that o (") and o (.Z"") can
be written as a union of finitely many spectral bands:

a(erf)zu,\n(r*) and o(.zfef)zugn(r*) (3.1)

where I'™* Cc R4 is a compact, connected set and A, and ¢, are continuous functions.
Full details follow the calculations of E and Lu (2010) and are given in Appendix 1
for completeness.

In the following, we consider insulating materials and thus assume that there is a
band gap in the reference Hamiltonian:

(GAP) We assume ¢ o (H™") and define
gref :=inf(a(erf) 0 (e, oo)) — sup(a(Href) N (=00, u)) - 0.

Therefore, in the finite temperature case (8 < 0o), we may consider a contour ¢’ as
in (2.6) with drj‘?t:z min, e, dist(z, o (He)) > %dist(u, J(Href)). In particular, we
have d_rfe»f #> 0 in the zero temperature limit. On the other hand, for zero temperature
(B = 00), we may choose ¢r as in (2.6) with dr]‘?f = %gref.
Further, we suppose that the reference configuration is stable:
(STAB™) 3 dig > 0 such that I — Z"f is invertible with ||(] — .Z"f)~! l2p2 <
3"

Now, given a reference, A as above, we consider a point defect configuration, A,
satisfying:

(P) There exists Rger > O such that A\ Bg,,, = A™ \ Bg,, and A N Bg,, is finite.

We will consider electronic densities p : A — R satisfying the following mild
technical assumption on the far-field behaviour:

(FF) w}im [v(p(£)) — v(p™ (£))| = 0 where p™ is the fixed electronic density
—00
satisfying (REF).

This assumption is explained in more detail in Remark 4, below.

We now restrict the class of admissible configurations by considering finite energy
displacements, u € #12(A), and show that, for such displacements, the spectra can
be described in terms of the reference spectra.

Lemma 1 (Perturbation of the Spectrum) Ler u € V/l’z(A) satisfy (L) and p be an
associated electronic density satisfying (SC) and (FF).

Then, for all § > 0, there exists Ss such that #(0 (H(u; p)) \ Bs(o (Href))) +
#(0 (L w; p) \ Bs(0 (L") < Ss.

Proof We may apply Lemmas 6 and 7 together with (Chen et al. 2019, Proof of
Lemma 3) to conclude. O
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Supposing that (GAP) is satisfied, Lemma 1 states that there are at most finitely
many isolated eigenvalues lying inside the band gap and bounded away from the band
edges.

3.2 Improved Locality Estimates

Just as in the linear case (Chen et al. 2019), a Combes—Thomas resolvent estimate
(Combes and Thomas 1973) applied to the spectral projections corresponding to the
finitely many eigenvalues bounded away from the edges of the bands, together with
a finite rank update formula (i.e. the Woodbury identity), allows us to approximate
(H(u; p)—z) " and (I — L (u; p))~! by finite rank updates of the reference resolvents
(H™" — z)~! and (I — £™")~!, respectively. Therefore, by applying the locality
estimates of Theorem 1 on the reference spectrum, we obtain the following improved
estimates for point defect configurations:

Theorem 2 (Improved Locality Estimates) Suppose that the reference configuration
AT ol satisfies (REF), (GAP) and (STAB™). Moreover, we fix A satisfying (P),
u € W2(A) and p satisfying (L), (SC), (STAB) and (FF). Then,

(i) forl < j<v,leAm=m,...,mj)€ Al and 1 < i1,...,1j < d, there
exists positive constants C; = Cj(€,m), nj = n;(£, m) such that
3/ 05 (u)
u(mp)li, ... olu(m)li;

J
< Cje D1 Temy ()

where nj:=c; min{l, droef, det cr(L, m)di%f}, cj > 0 depends on j, yo, ho, m,

d, ||V'llcc and on the lengths of €, €y and cy is a constant depending only on ¢,

m, drfef and dy.

(ii)) C;j(£, m) is uniformly bounded and c (£, m) is uniformly bounded away from
zero independently of £ and m. Let C;efzij (¢, m) and c}ef:Cf (¢, m) when
A=Ay =0and p = p™. Ift,my,...,mj € BR(&) for some R > 0, then
Cit,m) — C;.ef and cy(€, m) — c;ef as |E| — oo, with exponential rates.

Remark 4 Here, we briefly give examples of when the assumption (FF) is satisfied
and we show that it is equivalent to || o — p"f|| 2 < 00.

(i) Derivative of v sufficiently small. If ||v'|| is sufficiently small, we may treat
the nonlinear tight binding model as a nonlinear perturbation of the corresponding
linear model and would thus expect the main assumption |v(p(£)) — v(p"f (0)] —
0 to be satisfied. In fact, we now show that if ||v'|| is sufficiently small, then the
stronger condition ||p — p™f || 2 < oo is satisfied. Using the Combes—Thomas
estimates (Lemma 3) for the resolvents we can conclude that there exists n > 0
such that

PO =] < c| 3 fg F = [ p) = A0
a !
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(ii)

< C sup Z ‘[%z(u; p)(Href — H(u; p))%gef]%

€%
<C Z e—ﬂ(w—llH‘wl—le‘lfz—ll)|Dl2_€|u(€1)|
£1,62
+C Y e P (o) — v(p™ ()] (3:2)

£

where %, (u; p):=(H(u; p) — z)~! and %zef:z(Hmf -z~ L

Here, we have abused notation as the operators %, (u; p) and %’gef are defined on
different spatial domains. This issue is resolved in (Chen et al. 2019, Sect. 4.3) and
also briefly explained on page 22. After squaring (3.2) and summing over £ € A,
we obtain

f),2 2 f),2
o= o lp < Ci+ Callv' IS lle — P N2

Therefore, if Col|v'||Z, < 1, then |p — ™12, < C1(1 — C2[lv/[13) ™.

Stability of the electronic structure. Another approach involves integrating along
a path between p and p™'. In order to compare u and reference configuration, we
must assume that (FF) is satisfied for p(0), a self-consistent electronic density
associated with the identity configuration on A. By the translational invariance of
the Hamiltonian (i.e. for all ¢ € RY, H(u; p) = H(u + ¢; p) where (u + ¢)(£) =
u(£)+c), we obtain translational invariance of the quantities of interest (as in Chen
et al. 2018). In particular, the quantities of interest may be written as functions
of the finite difference stencil Du(¢) for some £ € A. Therefore, the electronic
density solving p = F(u; p) can also be written as a function of Du({). Now

9p(6) ‘ < e (see (6.10)), we formally obtain

simce 3u(m)

! dp; (L
[0(p(0) = v(P"™ ()] < [V ]loo / > %vau(z)dr
0 Lca—e ocu(l)
+10(p(0)(€) — v(p™ (©))]
S D0 e NDu ()] + [w(p0) (@) — v(p™ (1))

oeA—L

(3.3)

where p;:=p (t Du(f)). Therefore, by taking £ — co we may conclude. However,
in (3.3), we have assumed that along the linear path between u and 0, the electronic
density is a well-defined differentiable function of the displacement. Generalising
the argument above, we only need to assume that there exists a sequence of dis-
placements such that we can integrate along a piecewise linear path between u and
0. That is, along the path, we need unique self-consistent electronic densities, the
uniform non-interpenetration assumption to be satisfied with a uniform constant
and, in the case of zero Fermi-temperature, the spectrum of the Hamiltonian must
avoid the chemical potential.
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(iii) An equivalent assumption. We claim that (FF) is equivalent to the (a priori

stronger) condition that ||p — p™f|| 2 < 0o. Indeed, by assuming that [v(p({)) —
v(p™ (£))| — 0, the diagonal operator defined by Dyg:=v(p(£)) — v(p™ (£)) is
compact and so Lemma 6 (given below) allows us to approximate the Hamiltonian
H(u; p) with a finite rank update of ™", We can therefore use (3.2) to obtain
the following stronger bound: for all § > 0, there exists a Hilbert—Schmidt oper-
ator P® such that ||P?||r < § and |p(€) — p™(€)] < Cse "I + P},. This is an
argument similar to (Chen et al. 2019, (4.18)—(4.20)).
We have simply written |v(p(£)) — v(p™ (£))] = Oasan assumption in Lemma 1
and Theorem 2 to simplify the presentation and avoid the technical issues detailed
above. We briefly remark here that this is the minimal assumption needed for our
analysis to hold. Indeed, if (FF) is not satisfied, then the operator H(u; p) — Href
is not compact and thus the compact perturbation results which we rely on in the
proofs cannot be applied.

4 Applications: Geometry Optimisation

As well as justifying a number of interatomic potential and multi-scale methods (Chen
and Ortner 2016, 2017; Csdnyi et al. 2005), we may use the locality results of this
paper to formulate limiting variational problems for infinite systems. That is, for a
fixed configuration u( with associated self-consistent electronic density po such that
(ug, po) is stable, we can renormalise the total energy and define

G =y (6w - Gl wo) 1)

leA

where Gf is given by (2.8) with gﬂ () = %log(l — fp(z — w)) for finite Fermi-
temperature and g>°(z) = 2(z — i) X(—o0, ) (2) in the case of zero Fermi-temperature.
By the stability of the configuration (i, pp), it follows from the locality results of
this paper together with Chen et al. (2019) that (4.1) is well definedina || D - || 2.
neighbourhood of u.

We can then consider the following geometry relaxation problems

7 € arg min{ G (u): u € By(uo; |1D - 2 satisfies (L)} (4.2)

where “arg min” denotes the set of local minimisers. We emphasise here that, in order
to define these problems, we require the differentiability of the site energies and so
can only define these problems locally around stable configurations. We may follow
the proofs of Ortner and Thomas (2020), to extend the results to the case of nonlinear
tight binding models. For example, we may show the following:

Theorem 3 Suppose that u is fixed such that (GAP) is satisfied and that u solves (4.2)
for B = oo such that (§*G®(@)v, v) > co||Dv||§2 for all v € #V2(A) and some
T
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co > 0. Then, there exists ug solving (4.2) with B < oo such that |D(ug — ﬁ)||z%r <
e—<P.

Sketch of the Proof Here, to distinguish between the finite and zero Fermi-temperature
cases, we will write FP (u; 0), P (u; p) and F*°(u; p), L°°(u; p), respectively.
Firstly, we note that there exists a locally unique electronic density p = F°°(u; p).
By stability, I — Z°°(u; p) is invertible and so it follows from zero Fermi-temperature
limit results (see Ortner and Thomas 2020, Lemma 5.9) that [ — £ (u; p) =
(I — ZL®@;p)) — (LP@;p) — L°@@;p)) is also invertible for all sufficiently
large B. This means that for « in a neighbourhood of u, there exists a locally unique
electronic density pg satisfying pg = F B (u; pp). Therefore, for u in a neighbourhood
of u, we may write Gf(u)::Gf (u; pg). This means that, for B sufficiently large, we
may apply the inverse function theorem on 8G# about # as in (Ortner and Thomas
2020, Theorem 2.3). O

In Theorem 3, we restrict ourselves to the grand-canonical ensemble where there
is a fixed chemical potential. By following the proofs of Ortner and Thomas (2020),
one can also show analogous results for the canonical ensemble where the Fermi-level
arises as a Lagrange multiplier for the particle number constraint.

5 Conclusions

We have extended the locality results of Chen et al. (2019) to nonlinear tight binding
models. More specifically, the results of this paper are twofold: (i) we have written
analytic quantities of interest (which includes the total energy of the system) as the sum
of exponentially localised site contributions. Moreover, (ii) under a mild assumption on
the electronic density, we have shown that point defects in the material only weakly
affect the locality estimates. That is, away from the defect, where the local atomic
environment resembles that of the corresponding defect-free configuration, the locality
estimates resemble that of the defect-free case.

We have formulated variational problems for (possibly infinite) atomic systems
and extended the zero Fermi-temperature limit results of Ortner and Thomas (2020)
to the nonlinear setting. We believe that the thermodynamic limit results of Ortner
and Thomas (2020) can also be extended to nonlinear tight binding models. The
only additional technical detail is to show that the limiting configuration gives rise
to stable configurations defined along the sequence of finite domain approximations.
This means the choice of boundary condition and the number of electrons imposed
plays a key role in the analysis. While we do not see any problem in extending the
results of Ortner and Thomas (2020) for a supercell model, it is much less clear how
and when the boundary effects may inhibit the stability of the electronic structure
when considering clamped boundary conditions, for example.

The results of this paper represent a first natural stepping stone between the linear
tight binding results of (Chen and Ortner 2016; Chen et al. 2018, 2019) towards more
accurate electronic structure models, such as Kohn-Sham density functional theory.
The strong energy locality estimates of this paper and the previous works (Chen and
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Ortner 2016; Chen et al. 2019) require an implicit screening assumption to justify the
short-ranged Hamiltonian. Therefore, the key question of incorporating long-range
Coulomb interactions into our analysis remains an important direction for future study.

6 Proofs: General Locality Estimates

In order to simplify the notation in the following, we will write H (u; p) = HY(u) +
HNE (p) where HY (u)42:=h4P (rr (u)) and HNE ()2 = v(p(€))8ex8qp- Further, we
denote the resolvent operator by Z, (u; p):=(H(u; p) — z2)~ L

6.1 Preliminaries

Firstly, we prove that we may write the local quantities of interest as a function of the
displacement, (2.8):

Lemma 2 Suppose that (u, p) satisfies (L), (SC) and (STAB). Then, there exist

8us 8p > 0 such that for all i: A — R? with | D — u)||ezT<A) < 8, there exists a

unique electronic density p = p(ut) satisfying ||p — pllg2(ay < 8p and p = F (&; p).
Further, the mapping U — p is smooth.

Sketch of the Proof 'We apply the implicit function theoremon T (i4; p):=p—F (ii; p),a
smooth map in a neighbourhood of (u, p). Since p satisfies (SC), we have T (u; p) = 0.
By (STAB), we have: for each & in a neighbourhood of u, there exists a locally unique
p = p(u) with p = F(u; p).

The fact that F is indeed a smooth map in a neighbourhood of (u, p) follows from
the fact that small perturbations in « and p lead to small perturbations in o (H (u; p))
Kato (1995). This means that the fixed contour ¢y, which depends on (u, p), can be
used in the definition of F in a neighbourhood of (u, p).

For full details in a slightly different setting, see (E and Lu 2010, Theorem 5.3). O

We now state a Combes—Thomas type estimate Combes and Thomas (1973) for the
resolvent:

Lemma 3 (Combes—Thomas Resolvent Estimates) Given u € 7/.1’2(/&) satisfying
(L), suppose that T (u) is an operator on EZ(A x {1,..., Np}) given by

[Twwltay=Y_" Y Twwlk;b) where |T(u)§y| < cre 7™
keA1<b< Ny

for some ct, yr > 0. Then, if z € C with 0:=dist(z, 0 (T'(u))) > 0, we have,
ab
“:(T(u) - Z)fl] ' < 20 Le—rerre )
tk

where ycT:=cyr min{1, c;ly;lb} where ¢ > 0 depends only on ||Du||€gf, mand d.
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Proof The proof is analogous to (Chen and Ortner 2016, Lemma 6) where the claimed
0-dependence can be obtained by following the same proof and calculating the pre-
factor in (Chen et al. 2019, (4.4)).

That is, it can be shown that

1
sup ZCTe_VTNk(M)(eVCTer(u) -1 < CZ_THVCTv Yyer < E)/T 6.1)
ted on Yr

for some C > 0 depending only on || Du|| @2om and d. The proof follows by choosing
ycr > 0 sufficiently small such that the right hand side of (6.1) is less than %D. O

Remark 5 More careful analysis reveals that the above proof gives

1 my\d+1 do D )
YCT'=3VT min 1: (_) L where ||Dl,t||gooj: sup sup M
2 2 d!||Dullg=ct teAper—t 1Pl

Here, we have used the fact that || D - ||;~ defines a semi-norm that is equivalent to
D - ||£%»r Chen et al. (2019).

By applying Lemma 3 to H(u; p), we obtain locality estimates for the resolvents
X, (u; p): for z € C with dist(z, o (H(u; p))) = 0 > 0 we have

‘%z(”; p)%g < 20 Lo @ra() 6.2)

where y;(0):=cmin{1, 0} and c is a positive constant that depends only on kg, o,
||Du||l%r, m and d. We will apply (6.2) for both z € €y (withd = dy) and z € %,

(with 0 =d,).
Therefore, by (2.11), we have

‘-i”(u; )Y

< Cd}ze_z}’r(df)rkk(u)‘ (6.3)

Therefore, applying Lemma 3 again with T replaced with .Z(u; p) (and with z = 1),
we obtain,

—1]* =1 ,=ysrek(u)
(7= 2@ ™| | <2d50e (6.4)

where d ¢ is the constant from (2.10) and ys:=c1 y;(d f) min{1, d?yrd d ¢ }. By expand-
ing y; interms of d r, we obtain ys = ¢ mini 1,dyg, d?dg, d‘;ﬁdg} forsomecy > 0

depending only on Ay, Yo, ||Du||£%, m, d, the length of €, ||v'||oc and Np.
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6.2 Proof of Theorem 1: General Locality Estimates

We are now in a position to prove the locality estimates. Since we may write O} as
an integral of the resolvent operator, derivatives of 0;“ can be written as derivatives
of the resolvent operators.

We start with the case j = 1: for z € C with dist(z, o (H(u; p))) = 0 > 0, we have

aa

[H (u; p)]
ou(m)];

%, (u; p)1yf _

L ml; —[%’z(u; P)

%(u;p)]
e

C M) ]
- |:<%az(u, P)Wﬁz(% ,0)j|

—Z%([%(u;p)]z,’;) Vw20 65
o [T,

144

Here, we have used the fact that,

A[Hu; PP aHL( u)4? ap (L)
= SekBab-
3L (m)l; ol U PO gy, et

The first contribution in (6.5) can be treated by applying (6.2) as in (Chen and Ortner
2016; Chen et al. 2019):

L aa
a[H (u)]ﬁz(u; )i| < Co 2o~ min{y:(®).70}rem () (6.6)
o

'[%(“; 7 Slutm

Now we move on to consider the nonlinear contribution in (6.5). By taking deriva-
tives in the self-consistency equation for p (thatis, p = F(u; p) from (SC)), we obtain
the following identity,

p®© 1 (s p)]ee
u(m)); __2ni;7ggf.f(z S TP
[ L( )] aa
_ R, - (u; d
ZMZyg f@ u)[ s )G il 2 P) @
A
[ 5 ) S am; )]j
where £ (u; p) is the stability operator given in (2.11). That is,
apl) _ o=l )
—B[M(m)]i_[([ L p) ¢ ]l (6.7)
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where ¢™ € £%(A) is given by

aa

m [H (s p)]
o= 2n127§ f(z—u)[% (u; p)———22 T 2 R.(u; p) Mdz. (6.8)

a=1

Applying (6.6) and using the fact that f is uniformly bounded, we have

‘d’z(m)’ 2 e~ min{¥e, yolrem ) (6.9)

Combining (6.9) with the resolvent estimate for (/ — % (u; 0))~! from (6.4), we obtain

‘ dp (€)
d[u(m)];

—24-1 —ysrek ) ,—min{yr, 0} rkm (1)
< Cdf dg Ze it g 017k
keA

Cd 2d 1 —7m1n{}/s Yrs VO}rlm(“) (610)

Therefore, we may bound the second termin (6.5): forz € C withdist(z, o (H(u; p))) =
0, we have

dp (k)
Y Y (#wo) (O Freees
keA1<b< Ny !
< Cb_zd;zdr}} Z |U’(p(k))|e—27r(0)rzk(u) — L min{ys, v (d ), v0}rom )
keA
< Co—zd]—czd‘; ||U/||oo€_% min{ys,4y:(0),y:(d ), yo}rem ) 6.11)

Combining (6.6) and (6.11) with ? = d, and using the fact that o is uniformly bounded
along the contour %,, we can conclude the proof for j = 1.

Higher derivatives can be treated by taking derivatives of (6.5). The first contribution
in (6.5) is what arises in the linear case and so derivatives of this term can be treated
in the same way as in Chen et al. (2019). We sketch the argument for j = 2 for the
second contribution in (6.5). We fix k € Aand b € {1, ..., Np} and note

ou(n) du(m)
L% (u; p)1E° dp (k)
=2 % ab k7
(% (u; p)]yg; —a() (()) duim)

k
{([%z(u; o) o ok ) }
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90k 906

du(n) du(m)
9 p (k)

du(n)du(m)’

2
+ (126 1EF) V" (oK)

2
+ (12: 0 1R V(00 (6.12)

After summing over k € A, the first two contributions in (6.12) may be bounded
above by a constant multiple of ¢~7tm ()47t ) for some 1 > 0 depending only on
the exponents in (6.2), (6.6), and (6.11). The final contribution in (6.12) involves the
second derivative of the electronic density which may be bounded above as follows:
using (6.7), we have

9 p (k) o = ZLw; o))" () 100"
aumoumm | S ‘[ du(n) ¢ ]k +‘[(1_‘$("’p)) 8u(n)i|k

< Ce_n(rkn(u)""rkm(u)) (613)

where 1 > 0 depends only on the exponents in (6.2), (6.4), (6.10) and in the locality
estimates of the first contribution in (6.5). The estimate in (6.13) is easy to prove but
is lengthy and very similar to the calculations above and so is omitted. Using (6.13)
and summing over k € A in (6.12) we can conclude.

7 Proofs: Improved Locality Estimates

Before we prove Theorem 2, we require an improved Combes—Thomas type estimate
for the resolvent operators; see Lemma 5. In the following section, we discuss this
result and explain how we can use it despite the fact that the reference and defect
Hamiltonians are defined on different spatial domains. Then, in Sect. 7.2, we show
that the operators H(u; p) and .Z (u; p) satisfy the conditions of Lemma 5 and thus
prove Theorem 2.

7.1 Preliminaries

We show an improved resolvent estimate for operators on £2(A x {1, ..., Np}) that
can be decomposed into a reference operator and two perturbations that are small in
the sense of rank and Frobenius norm (Lemma 5), respectively. First, we need a basic
identity for the inverse of an updated operator (Hager 1989):

Lemma4 (Woodbury) Suppose that A and P are operators on a Banach space such
that A and A + P are invertible. Then, I + PA~Y and I + A= P are invertible and

A+P)'=a""—a'd+PA ) Tpa!
=A'—A'Ppa+Aa7'P)ATL
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Proof Firstly, I + PA™! = (A + P)A~! is invertible with inverse A(A + P)~\.
Therefore, we have (A+ P) ' —A ' = A+ P) '[A—(A+P)]A" ' = —[(I +
PA~HA'PATL

The second formulation can be shown similarly.

Using this Woodbury identity, we may prove the following “improved” Combes—
Thomas estimate:

Lemma5 (Improved Combes—Thomas Resolvent Estimate) Suppose §, R > 0,
Tt TFR 79 gre operators on 02(A x {1,..., Np}) and define T:=T"f + TFR 4 T3,
Further, suppose that:

|[Tref]2’f| < cTe_VTw_k‘for some ct, yr > 0,

[TFR19> = 0if¢ ¢ ANBrork ¢ AN Bg,

IT8|lF < 8 and,

z € Cwith 0:=dist(z, 0 (T)) > 0 and 0" :=dist(z, o (T™")) — § > 0.
Then, there exists a constant C, depending on 8, R, ct, yT, ||TFR||maX, 0, 0t and
d, such that

b Ie:
‘[(T - z)]]zk‘ < Cype7er@ DIk yhere
Cgk::2(0ref)71 +C(+ |Z|)26*VCT(DM)(|€|+\H*Iﬁfk\)’

and ycor(©™h):=cyr min{l, c;l (yr)*0™) is the constant from Lemma 3.

Proof This proof closely follows the ideas of (Chen et al. 2019, Sect. 4.4) but for more
general operators 7. We sketch the argument for completeness.

After defining %Z,:=(T — z)~! and %’?::(Tref + 7% — 2)~!, we apply Lemma 4
to obtain:

R =R — Z + TRE TR, = 780 — BTN+ 2T %22
(7.1)

We will consider the two terms in (7.1) separately.

Firstly, since dist(o(Tref), o (T + T‘S)) < |IT?|Ir < 8 Kato (1995), we may
apply Lemma 3 directly to conclude that |[t%’;S ]Z,l(’ | <2(rh)~! e e @ Dle—k|

Next, we note that (I + T™R22)~ITR is a finite rank operator with [(I +

TFRZH TR = [TFR(1 + 2T 1]% = 0 for all (£,k) ¢ (AN Br)>.
Therefore,

(221 + T™%) ™ TR %25

FR 6\ —17FR
< NI +T7Z) " T Mlmax
Z o veT (@) (L1 +[¢2—k])
L1,00e ANBR

<C|d + TFR%;S)A TFR||maxe*VCT(Dmr)(llIHk\)'
(7.2)

@ Springer



Journal of Nonlinear Science (2020) 30:3293-3319 3313

We obtain the claimed z-dependence after showing that || (7+TTR%22) ~ TR || 10 <
(1 + |z)2. By (7.1), we have

(1 + TFR%&) ITFR (Tref + T(S _ Z)(% %6)(Tref + T(S )
—(T™ + T — ) B, TRF(T™ + T° — 7). (13)

Using the fact [TFR]Z 0", = = Ounless ¢, > € AN By, we have

ref
|[%ZTFR%’§]%7| <C Z e Yer (@)=t ,—ycr (@)l —kl < CeNUEIHIkI=2R)

1,£2€ ANBR
(7.4)

where n::% min{yct @), ycr(@)}. Therefore, by combining (7.3) and (7.4), we
obtain

2
[+ 7727 T < ( doler+8+ |z|>e—"<"“'—’“> < CU+1z)?

lieA

and can thus conclude. O

We will now show that H («; p) and . (u; p) can be written as in the statement of
Lemma 5 so that we may apply these improved resolvent estimates.

Since H(u; p) and H™" are defined on different spatial domains, we cannot directly
compare the Hamiltonian with the corresponding reference operator. In order to alle-
viate this issue, we follow the arguments of Chen et al. (2019). Firstly, we shift the
operator by a constant multiple of the identity ¢/ and replace the contour and chemical
potential by 6, + ¢ and u + ¢, respectively, so that 0 is not encircled by €, + c. By
changing variables in the integration, we can conclude that this shift does not affect the
quantities defined by (2.3). We then add zero rows and columns so that the operators
are defined on the same spatial domain A U A™f. For example, for ¢,k € A U A™,
if ¢ e AT\ Aork e A\ A, we redefine H(u; p)}:=0. This only affects the
spectrum by adding zero as an eigenvalue of finite multiplicity and so, because O is
not encircled by the contour %}, the value of (2.3) is unchanged. For full details, see
Chen et al. (2019).

By replacing H(u; p) by H(u p) in (2.3) we obtain Og (u; p):=0¢(u; pP)xA(£). In
particular, if we write F (u; ,0) as a function of electronic densities defined on AU At
we find that the Jacobian of F (u; p) with respect to p, which we denote by 7 (u; p),is
obtained from .Z (u; p) by inserting finitely many additional zero rows and columns.
Therefore, I — .2 (u; p) is invertible with [|(1 — 2 (u; p)) "l < < max(l,d Z}

For~ the remaigder of this paper, we consider the redefined quantities H(u, 0), Href
and £ (u; p), L™ and drop the tilde in the notation.
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7.2 Proof of Theorem 2: Improved Locality Estimates

We now show that we can apply Lemma 5 to the Hamiltonian and the stability operators
and thus conclude the proof of Theorem 2.

Lemma 6 (Perturbation of the Hamiltonian) Let u € V/I*Z(A) satisfy (L) and p be
an associated electronic density satisfying (SC) and (FF).

Then, for all § > 0, there exist operators H® = H°(u; p) and H'R = H™R (u; p)
such that

Hu; p) = H + HR 4 1° (7.5)

where ||'H(S lF < 6 and there exists an R > 0 such that ['HFR]E,< = 0forall (L, k) ¢
(AN Bg)2

Proof Applying (Chen et al. 2019, Lemma 9), we may conclude that (7.5) holds for
the linear Hamiltonian H (u):

H(u; p) = H™ + P(u) + Q) + D(p)

where | P(u)||g < 8, there exists an R > 0 such that Q(”)ek = 0 forall (¢,k) ¢
(A N Bg)? and D(p) is a diagonal operator with Dy =v(p()) — v(p™ (¢)) for all
L € A\ Bg,,. After defining,

we have

DR( yaa DZ‘}(,@) if £ € AN By
e 0 otherwise,

lim [[D(p) — DX(p)ll 22 = limsup [v(p(£)) — v(p™" (£))] = 0.
R—o0 [£|— o0
That is, D(p) may be approximated with appropriate finite rank operators.

Remark 6 We remark here that if (FF) is not satisfied then D(p) from the Proof of
Lemma 6 is not compact and thus H («; p) — H' is also not compact. This means that,
as noted at the end of Remark 4, the main techniques used in the Proof of Theorem 2
cannot be applied.

We now use Lemma 6 to show an analogous result for the stability operator.

Lemma 7 (Perturbation of the Stability Operator) Lef u € 7/1’2(A) satisfy (L) and
p be an associated electronic density satisfying (SC) and (FF). Then, for all § > 0,
there exist operators £° and LR such that

Lw; p) =L + LR+ 2.

where | % ||r < 8 and there exists an R > 0 such that [ £ ] = 0 for all (¢, k) ¢
(AN Bg)2
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Proof Using the notation from Lemma 6, we may apply Lemma 4 and obtain: for
z €6y,

R, (u; p) = (H" + H™R — z)_1 + (% (u; p) — (M + H™R — z)_l)
_ %gef . %;ef( I +HR %;ef)—lHFR %gef
— R (u; pYH (H + HR — 7)™
=+ P, + Q.. (7.6)

Therefore, using (2.11), we have

1 a
L (s p)ox — [L™ o = o %g flz—p) Z [P, + Qz]g:
i ab

[2%5" + P, + Q.]07dz v (p(k)) (1.7)

and so, using the fact that ||2.@§‘3f + P, + Q;llmax < 0o and arguing as in (7.2), we
have

I (us; p) — L™} < C sup ||P; + Q:NIE < C sup (IIP;lIr + 1Q:lIr)?
ze%f ze%f

—y1(|€]+1k])
<C Z e
LkeA

D N S

0,01,07,keAar,a

2
< C(Zﬂl"f) +CIHIg<C (7.8)
teA

where y;:=2y:(0;) and y; is the constant (6.2) with appropriate choices of 0; for
[ =1, 2, 3. Here, we have implicitly assumed that § is sufficiently small such that for
all z € €y, we have dist(z, o (H™" + H™R)) > 23 > 0. Therefore, by applying (7.8),
for sufficiently large R, we can define

LR = [Lu; p) — LNy ifl, ke AN Bg
0 otherwise

and conclude ||.Z (u; p) — L™ — LR | < 6.

For fixed (u, p) and § > O sufficiently small, we fix operators HR M5 and
LR 2% as in Lemmas 6 and 7 and apply Lemma 5 to obtain: for z € C with
dist(z, o (H(u; p))) =0 > 0 and dist(z, o (H™F)) — § > o™f > 0 we have
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_ refyip_
]%Z(u;p);’,’:‘ < Cppe PO yhere

Cor:=20") " 4+ C(1 + |z])2e @ DUHKI=IE=kD (7 9)

and (0™ = cmin{l, 0™} is the constant from (6.2). We will apply (7.9) with
¢ € €y (withd = dy and 0 = df:=min ey, dist(z. o (H'*") — 8) and z €
(with 9 = d, and 0 = d'*":= min_¢, dist(z, U(erf)) 5).

By (2.11), we have |$(u; ,O)gk| < C%kefz”f(d =K and so, applying Lemma 5
again but now with T replaced with .2 (u; p) (and with z = 1), we obtain,

ab ~ ref
‘[(1 - ZLu; p))_l]ek‘ < Core™ s i \where

Cori=2(d"e) " + Ce 1™ (LI+KI=IE=kD (7.10)

and y!*:=c1yp(dF") min{1, C; 2y (dF)dY} with d'g:=dist(1, 0 (L)) — 6. By
expanding yr(df) in terms of d?f, we obtain ysref = o min{l,dfef, C[k2
min(1, ()1} d'g ).

Proof of Theorem 2 The arguments in the Proof of Theorem 1 can be applied with
the resolvent estimates of (6.2) and (6.4) replaced with the corresponding improved
estimates (7.9) and (7.10). This means that the exponents y;(?) and y; can be replaced
with the improved exponents y;(0™') and yref respectively, and the pre-factors can
be replaced with constants that depend on the atomic sites. These constants decay
exponentially to the constants in the defect-free case as the subsystem moves away
from the defect core together. This can be seen by noting that Cyx — 20"~ (where
Cyy, 1s the constant from (7.9)) and Cgk — 2(d“”f)’1 (where Cgk is the constant from
(7.10)) as |£| + |k| — |£ — k| — oo with exponential rates. See (Chen et al. 2019,
(4.21)—(4.23)) for the analogous argument in the linear case that can be readily adapted
to the setting we consider here. O
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Appendix A: Band Structure of 7{"*f the Reference Hamiltonian and
2" the Reference Stability Operator

Recall that the unit cell I € A™' is finite and satisfies A™f = U, eze(I" +Ay) and

I'" 4+ Ay pairwise disjoint for each y € Z?. Suppose I'* € R is a bounded connected
domain containing the origin and such that R? = Unezd (I'* 4+ 27 A=) and the

I'* + 27 A~ Ty are disjoint. Therefore, for each & € R?, there exist unique & € I'*
and n € Z? such that & = & + 27A~ T, and since Ay - A"Ty = y - 5, we have
e IAYE = o= 1AV %0 for y € 74,

Let us define the unitary operator U : AT x {1,..., Np)) — LZ(F*; 02(I'x
{1,..., Np})) by

(UW)S(Z; a) = Z Y€+ Ay; a)e_"(z"'AV)'S.
yezd

Here, LZ(F*; 2 x{l,..., Nb})) is a Hilbert space with inner product

1
(W,‘P)Lz(p*;zz):zm /F*m@, Z > f W (£; a)Pg (€; a)dé.

Zel"laN

A simple calculation reveals that (U Hrefw)g = ’ngf(U ¥)e where

ref Zk — Z ]’l (6 —k—l—A)/)é‘ii(ZikJrAV).s + 8¢ex8ap Z U(pref(g))efiAyf.
yeZd )/GZ‘{

Letting A, (§) be the ordered eigenvalues of ngf foré e andn=1,..., Ny -#I,
we can use the fact that U is unitary to conclude that,

oM™ =] U m®.

n gelr*

Since A,: I'* — R are continuous, we may conclude that o (1) is composed of
finitely many spectral bands.
Similarly,

o (L = U a(,fgef), where
Eelr~

[gget]lk _ f flz—p) Z (’%ret]£+Ay k) dz vl(p(k))e—i((i—k+/-\y)-§_

2711
a,b=1
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