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Abstract

We establish a local theory, i.e., existence, uniqueness and blow-up criterion, for a
general family of singular SDEs in Hilbert spaces. The key requirement relies on
an approximation property that allows us to embed the singular drift and diffusion
mappings into a hierarchy of regular mappings that are invariant with respect to the
Hilbert space and enjoy a cancellation property. Various nonlinear models in fluid
dynamics with transport noise belong to this type of singular SDEs. By establishing
a cancellation estimate for certain differential operators of order one with suitable
coefficients, we give the detailed constructions of such regular approximations for
certain examples. In particular, we show novel local-in-time results for the stochastic
two-component Camassa—Holm system and for the stochastic Cérdoba—Cérdoba—
Fontelos model.
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1 Introduction

Consider the initial value problem for a stochastic differential equation (SDE) with
unknown process X = X(¢), t > 0, given by

dX = (b(t, X) + g(t, X)) dt + h(z, X)dW, X(0) = Xg € X (1.1)

and let X', ) and Z be three separable Hilbert spaces such that ¥ € ) C Z. Here, W
denotes a cylindrical Wiener process defined on some separable Hilbert space U; the
drift is given by the sum of the mappings b : [0, 00) x X — X and g : [0, 00) x X —
Z. The operator 4 : [0, 00) x X — L,(U; Y) stands for the diffusion coefficient with
L>(U; V) being the space of Hilbert-Schmidt operators from U to ). We call (1.1) a
singular initial value problem because g and 4 map &’ to the larger spaces Z and )/,
i.e., they are not invariant in X'. We refer to Sects. 2.1 and 2.2 for the precise setting.

In the fully regular case X = Y = Z, it is well known that (local) Lipschitz
conditionson b(t, -)+g(t, -) and h(¢, -) ensure that (1.1) admits unique (local) pathwise
solution in X. If additional monotonicity properties on the coefficients are imposed,
then the 1t6 formula for Gelfand-triple Hilbert spaces can be exploited to assure global
existence and continuity of solutions, cf. Kallianpur et al. (1995), Leha and Ritter
(1985), Krylov and Rozovskii (1979), Prévot and Rockner (2007) and the references
therein. Notably this covers also the case when the Hilbert spaces form a Gelfand
triple.

In this work, we are interested in the singular scenario which appears in particular
in the study of ideal fluid models. Indeed, when considering particular examples in
Sobolev spaces X = H®, if g(¢, X) and h(¢, X) involve VX or some derivatives of X
(see our examples (3.7) and (3.11)), then g(¢, X) and h(¢, X) can not be expected to
be in X = H¥, either. Moreover, working with the abstract framework in (1.1) entails
another difficulty compared to the regular or the Gelfand-triple case: the 1t6 formula
is no longer available. To highlight the latter difficulty, let us recall the classical Itd
formula for a Gelfand triplet V < H <> V*, where H is a separable Hilbert space
with inner product (-, -) and H* isits dual; V is a Banach space such that the embedding
V — H isdense; L>(U; H) is the space of Hilbert-Schmidt operators mapping U to
H. Then, the following result is classical, see Krylov and Rozovskif (1979, Theorem
1.3.1) or Prévot and Rockner (2007, Theorem 4.2.5).

Assume that U is a continuous V*-valued stochastic process given by

t

t
U@) =U(0) +/ g(s)ds +/ G(s)dW(s), tel0,T],
0 0

where G € L*(£22 x [0, T1; Lo(U; H)) and g € L* (2 x [0, T1; V*) are both
progressively measurable and U(0) € L*(2; H) is Fo-measurable. If U €
L? (82 x[0,T]; V), then U is an H-valued continuous stochastic process and the
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1t6 formula

t

UG =103 + 2/0 v=(g(s), U(s))v ds
t t
+2/0 (G(s) dW, U(s))H+f0 IGOIZ, @iy ds. (12)

holds true P — a.s. forall t € [0, T1].

We notice that (1.2) is applicable for U(0) € H, U € L (2 x[0,T;V), g €

L? (2 x[0,T]; V*)and G € L* (2 x [0, T1; £L»(U; H)). However, if G is singular
(not invariant in H), then G € L,(U; H) is ambiguous. Besides, even though g is
allowed to be less regular, (1.2) requires U(¢) to be more regular than U(0), i.e.,
U e V — H 5 U(0). In many cases (for example, stochastic ideal fluid models),
we do not know that this holds true. Hence, (1.2) is not applicable in singular cases.
Likewise, the concept of monotonicity cannot be applied, and the time continuity of
the solution cannot be obtained directly, either.
The first major goal of this paper is to establish a local-in-time theory for (1.1) gener-
alizing classical results for, e.g., the completely regular case X = ) = Z. The second
goal of this work is to show that the abstract theory for (1.1) can be used to establish
new results for ideal fluid systems with transport noise.

1. To achieve the first goal, we fix in Sect. 2.2 the precise assumptions on the regular
drift » and in particular on the singular drift g and diffusion / (see Assumptions (A)
and (B)). Then, we provide our main results for (1.1), including the existence,
uniqueness, time regularity and a result characterizing the possible blow-up of
pathwise solutions (see Theorem 2.1). The key requirements for the proof are the
assumption on the existence of appropriate Lipschitz-continuous and monotone
regularizations for the singular mappings. This allows us to exploit It6-like formulas
as above.

2. With the abstract framework at hand, we are able to construct such regular approx-
imation schemes by using mollifying operators and establishing a cancellation
property for certain differential operators (cf. Lemma A.5). The latter property has
already been used in Crisan et al. (2019) in a somewhat different formulation to
establish local-in-time results for the three dimensional Euler equations with trans-
port noise. To set the stage, in Sect. 3, we consider two models governing ideal
flows with particularly interesting stochastic perturbation, namely

— the two-component Camassa—Holm (CH) system with transport noise (Holm
and Luesink 2021), see (3.4),

— anonlinear transport equation with non-local velocity, referred as the Cérdoba—
Cérdoba—Fontelos (CCF) model (Cérdoba et al. 2005), with transport noise,
see (3.10).

In both cases, we obtain a local-in-time theory in the sense of the abstract-
framework Theorem 2.1. The statements of our results are found in Sect. 3.2.
To the best of our knowledge, they are the first results on well-posedness for these
models. Finally, we explain in Sect. 3.5 how our abstract framework and the reg-
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ular approximation schemes can be applied to a broader class of fluid dynamics
equations including the surface quasi-geostrophic (SQG) equation with transport
noise.

2 An Abstract Framework for a Class of Singular SDEs
2.1 Notations and Definitions

To begin with, we introduce some notations. We consider a probability space
(82, F, P), where PP is a probability measure on §2 and F is a o-algebra. We endow
the probability space (§2, F, IP) with an increasing filtration {¥; };>0, which is a right-
continuous filtration on (£2, F) such that {Fy} contains all the P-negligible subsets.
For some separable Hilbert space U with a complete orthonormal basis {e;};cn the
noise W in (1.1) is a cylindrical Wiener process, i.e., it is defined by

o0
W= Wiex P—as. 2.1)
k=1

where { Wy }1>1 is a sequence of mutually independent standard 1-D Brownian motions.
To guarantee the convergence of the above formal summation, we consider a larger
separable Hilbert space Uy such that the canonical injection U < Uy is Hilbert—
Schmidt. Therefore, for any T > 0, we have, cf. Da Prato and Zabczyk (2014),
Gawarecki and Mandrekar (2011) and Karczewska (1998),

WeC(0,T],Up) P—a.s.

Note that the choice of the auxiliary Hilbert spaces U and Uy is not crucial for our
analysis. Thus, we let U and Uy be arbitrary but fixed in the sequel.

For some time ¢ > 0, the family o {x;(7), ..., x,(7)}z¢[0,1] Stands for the completion
of the union o-algebra generated by (x1(7), ..., x,(7)) for r € [0, t]. EY stands for
the mathematical expectation of a random variable ¥ with respect to P. From now on
S =(2,F, P, {Fi}i>0, W) is called a stochastic basis.

For any Hilbert space H the inner product is denoted by (-, -)p. Furthermore,
the space L£,(U; H) contains all Hilbert-Schmidt operators Z:U — H with finite
norm ||Z||2£2(U;H) = Y2, [ Zex|l}. As in Breit et al. (2018, Theorem 2.3.1),
we see that for an H-valued progressively measurable stochastic process Z with
Zel? (£2; L? ([0, 00); L2(U; H))), one can define the Itd stochastic integral

loc

t 00 t
/ ZdW:Z/ Zey dWy.
0 k=1 0

@ Springer



Journal of Nonlinear Science (2021) 31:98 Page50of55 98

Most notably for the analysis here, if Z € £,(U; H) and W is given as above, we have
the Burkholder—Davis—Gundy (BDG) inequality

)4
t P T 2
E( sup /ZdW §CE</ 1Z1Z,wm dt) ., p=>1,
ref0,71 1 Jo H 0 e

or in terms of the coefficients,

[} ¢ P T 00 g
E( sup Z/ Zer dWi| | < CE / dlZerligde) . p=1.
1€l0.7] || ;= /O - 0

Let X be a separable Banach space. B(X) denotes the Borel sets of X and £ (X)
stands for the collection of Borel probability measures on (X, B(X)). We denote
Z,(X) the family of probability measures in &?(X) with finite moment of order
re[l,00),ie, Z(X) = {u: [y x|k u(dx) < oo} . For two Banach spaces X and
Y, X < Y means that X is embedded continuously into Y, and X << Y means
that the embedding is compact. For a set E, 1¢ denotes the indicator function on E.

Next, let us make precise two different notions of solutions in the Hilbert space X
for the Cauchy problem (1.1).

Definition 2.1 (Martingale solutions) Let ug € £(X). A triple (S, X, 7) is said to
be a martingale solution to (1.1) if
1. § = ([2 F, P, {F:}t>0, W) is a stochastic basis and t is a stopping time with
respect to {F;}1>0;
2. X(-A1): 82 x[0,00) — X is an F;-progressively measurable process such that
it is continuous in Z, uo(-) = P{Xo € -} for all - € B(X’) and for every ¢ > 0,
INT

AT
Xt AT)—X) :/ (b, X)) + (', X)) dt’+/ hit', X)) dW P —a.s.
0 0
2.2)

In (2.2), [y {6, X (@) + g, X (')} di’ is the Bochner integral on Z and
fo' h(t’', X (")) dW is a continuous local martingale on ).
3. If t = 00 P — a.s., then we say that the martingale solution is global.

The stronger concept of pathwise solutions is provided in

Definition 2.2 (Pathwise solutions) Let S = (2, F,P,{Fi};>0, W) be a fixed
stochastic basis. Let Xy be an X-valued Fy-measurable random variable. A local
pathwise solution to (1.1) is a pair (X, t), where T is a stopping time satisfying
P{t >0} =1and X : £2 x [0, 7] — X is an F;-progressively measurable process
satisfying (2.2) and X (- A 1) € C ([0, 00); X') almost surely.

It follows from Definition 2.1 that, if a martingale solution exists, then (2.2) implies
that

INT

INT
/ (b, X(t") + g(t', X (1)) dr" + / h(t', X&) dW (2.3)
0 0
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takes values in X', even though g and % are not invariant in X'. Moreover, Definition 2.2
implies that if a pathwise solution exists, then (2.3) is continuous in time in X’

To study the possible blow-up of the solutions, we need the following concept of
maximal solutions.

Definition 2.3 (Maximal solutions) Let S = (22, F, P, {Fi}s>0, W) be a fixed
stochastic basis. Let X be an X'-valued Fy-measurable random variable. (X, 7*) is
called a maximal pathwise solution to (1.1) if there is an increasing sequence 7, — 7*
such that for any n € N, (X, 7,,) is a pathwise solution satisfying

sup | Xllx >n a.e. on{t* < oo}.
t€l0,1,]

Particularly, if 7* = oo almost surely, then such a solution is called global.

2.2 Assumptions and Main Results

To study the existence of martingale and pathwise solutions, we need the following
assumptions on the three separable Hilbert spaces X', ), Z and on the coefficients b,
g and £ in (1.1). Recall that {e; }; <y is a complete orthonormal basis of U.

We first impose some conditions guaranteeing the existence of martingale solutions.

Assumption (A) The Hilbert spaces satisfy the embedding relation X «— ) << Z
and the coefficients b : [0, 00) x X — X, g : [0,00)x X — Zandh : [0, 00) x X —
L>(U; V) are continuous in both variables. Let } be a Banach space satisfying Z < V.
There are non-decreasing locally bounded functions f(-),k(-),q(-) € C
([0, 400); [0, +00)) such that the following conditions hold true.

(Ay) Forall (z, X) € [0, 00) x X, we have
6@, Xl < k@) fIX V) IX ], (2.4)
and forall N € N,

X —Yllx

sup {I{X;éy} } =< q(N)k(1). (2.5)

XN Y lx<N

Besides, for any bounded sequence {X.} C X such that X; — X in Z,
dim (|61, Xe) — b(t, X)llz =0, 1 2 0. (2.6)
(A2) Fore € (0,1) and N > 1 there exist regular maps
ge 1 [0,00) x X - X, h:[0,00) x X = Lo(U; X)
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and constants C, y > 0 such that for all # > O the bounds

sup {lget, Xl z + gt Xl z + llhe(t, X))l 2, 0:)
e€(0,1),[[X[|x =N

+IlAt, X)||L2(IU;)7)} < g(N)k(t), 2.7)
sup {||ge(f, Xl + llhe(2, X)”LZ(IU;X)} < C¢ nk(1), (2.8)
Xl x <N
and
lge(t, X)—ge(t. V)l et X)—helt, V) acs0) )}
s 1 <C¢ nk(t
uxnxTyansN{ ‘“”( IX—Yix IX—Yix = Conk®)

2.9)

hold. Moreover, for any 7 > 0 and any bounded sequence {X.(t)} C
C([0, T]; X) such that X, — X in C([0, T']; Z), we suppose

d'=0V¢ezZ* (2.10)

t
Elg%/o |z(ge(t, Xe (1) — g(t, X (1)), ¢) 2
and
lim |lhe(t, Xe) — h(t, X)llz,v:2) = 0. (2.11)
n—o0

Here z (-, -) z+ denotes the dual pairing in Z.
(A3) Let g, and A, be given in (Aj). Foralln > 1 and (¢, X) € [0, o0) x X, we have

3 ke, Xy, X) x> < k@) £ (IX 1) IX 1% 2.12)

i=1

and

286 (0. X), X + Ihe(t, e,y < KO FAXIV)IXIG.  (213)

Remark 2.1 1t is important to notice that Assumption (A) can be satisfied for singular
mappings b and g, since the constants C, » in Assumption (A) may be non-decreasing
in N for fixed ¢ and may explode for ¢ — 0 with N fixed.

For pathwise solution, we will need more assumptions.

Assumption (B) To consider the existence, uniqueness and time continuity of a path-
wise solution, we need the following assumptions:

(B1) Foranyt > 0and N > 1, we have

16, X) — b, Y)lz
X =Yz

sup {ux;m } < g(Nk() 2.14)

Xl 1Y lx<N

@ Springer



98 Page 8of 55 Journal of Nonlinear Science (2021) 31:98

and

“ o 26 X) g Y). X V)5 4 Ih(t, X) — ht, Nz,w.2)
sup (X#£Y)

2
IX] 2 1Y I <N IX —v|%

< VYK
(2.15)

(B2) The embedding X — Z is dense, and there is a family of continuous linear
operators {Ty : Z — X'}gc(0,1) such that

ITeX o < 1 X|lx, nlirrgo ITeX — Xllx =0, XeX (2.16)
and forallr >0, N > 1

sup  2(Teg(t, X), Te X) o + | Teh(t, X) |7y ) < G(NKCD),
e€(0,1),[IX||x <N

2.17)

sup Y |(Teh(t, X)ei, TeX) x> < q(NYk(D) (2.18)
£, IXIlx <N 1=

hold.

Finally, we introduce the following assumption, which will be used to derive a
blow-up criterion.

Assumption (C) There is a family of continuous linear operators {Q; : Z — X}gc(0,1)
such that (2.16) with Q. replacing T, and

sup Y 1(Qeh(t, X)er, 0 X) x> <k f(IXIV)IXIFN1Q:X %, (2.19)

e€(0,1) i=1
Sz)p])Z(ng(t, X), Qe X) x4 1Qeh(t, X7, 20y < k@ F(IXIV)IX 15
ee(0,

(2.20)

hold true for r > 0.
Then, we can state our main results for the initial value problem (1.1):
Theorem 2.1 Let us consider the initial value problem (1.1). Then, we have that:

(1) Let Assumption (A) hold. Then, forany wo € %> (X), (1.1) has alocal martingale
solution (S, X, t) in the sense of Definition 2.1.

(i) Let § = (2, F, P, {Fi}i>0, W) be a fixed stochastic basis. If Assumptions (A)
and (B) hold, then for any Fo-measurable random variable X, € LZ(SZ; X)),
(1.1) has a local unique pathwise solution (X, t), in the sense of Definition 2.2
such that

X(- A1) € L2(82;C ([0, 00); X)) . 2.21)
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(iii) Let (X, ) be the maximal solution to (1.1), in the sense of Definition 2.3, under
Assumptions (A) and (B). If additionally Assumption (C) holds true, then X
blows up in X if only and only if it blows up in'V), i.e.,

Ltim sup, o+ X[l x =00} = L {limsup,_ o+ [ X)y=00} T — a5 (2.22)

Remark 2.2 We first remark that the singular terms g and / are in general not monotone
in the sense of Pardoux (1972) and Prévot and Rockner (2007). So, the well-known
approximation scheme under a Gelfand triple developed for quasi-linear SPDEs does
not work for the present model. Motivated by Tang (2018), Li et al. (2021) and Ren
et al. (2020), we will employ a regularization argument to overcome this difficulty.
Let us give some explanations on Assumptions (A), (B) and (C) that makes precise
the required regularization procedure.

— Assumption (A) provides the local Lipschitz continuity for the regular drift
coefficient b(¢, X) and bounds its growth. Assumption (A,) requires the local
Lipschitz continuity on the approximations g, and %, of the singular terms g and
h, which together with (A) will ensure local-in-time existence for some approx-
imate problem. In Sect. 3.1 we will show how to construct such approximations
using mollifiers.

— Condition (2.13) in Assumption (A3) is a cancellation property. Even though g
and h are not invariant in X" (hence, (g(¢, X), X) x and ||A(¢, X)| 2, (u:.x) may be
infinite), we can formally require that (g(¢, X), X)x + |h(t, X) |z, x) can be
controlled. Hence, (2.13) can be viewed as a renormalization type condition in the
sense that it specifies this relationship for g, and %, such that (g. (¢, X), X)x and
lhe(t, XDl 2, U ) make sense.

— Since g and & are singular, we need (B) on the joint space Z to guarantee pathwise
uniqueness.

— As explained in the introduction, we can not use the It6 formula (1.2) to obtain the
time continuity of the solution directly. This is why we need to Assumptions (B;)
and (C) to establish time continuity and blow-up criterion, respectively. Assump-
tion (C)is stronger than (B>) because we need both, the validity of the Itd formula
and the growth condition. However, the dense embedding X < Z is not neces-
sary for deriving the blow-up criterion. Moreover, in applications, usually one can
take T, = Q..

— In view of Assumption (A), it is worthwhile noticing that the regular drift b will
not be used to control the singular terms, i.e., our result covers the case b = 0,
where both the drift and diffusion in (1.1) are singular. However, we assume that
the problem (1.1) has a regular part to cover more ideal fluid models.

Remark 2.3 In Debussche et al. (2011), an abstract fluid model involving a Stokes
operator (viscous term) and a regular noise coefficient is studied. The existence of
martingale solution is shown under the condition that the initial measure has finite
moment of order » > 8 (see Debussche et al. 2011, Theorem 6.1). In the present
work, we are able to treat inviscid fluid models with singular transport type noises
and improve the initial measure requirement to r = 2, i.e., uo € 2(X) in (i) in
Theorem 2.1.
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Remark 2.4 We also remark that when the noise coefficient (¢, X) is as regular as the
solution X and the singularity of (1.1) only arises in g, namely b : [0, c0) x X — X,
h:[0,00) x X = L5(U; X) and g : [0, 00) x X — Z, one can also obtain a local
theory as in Theorem 2.1 even under weaker conditions as in Assumption (A).

2.3 Proof of (i) in Theorem 2.1

For the sake of clarity, we split the proof into the following subsections.

2.3.1 Approximation Scheme and Uniform Estimates

For g € %2,(X), we first fix a stochastic basis S and a random variable X such that
the distribution law of X¢ is wg. For any R > 1, we let xg(x) : [0, c0) — [0, 1] be a
C°°-function such that xg(x) = 1 for x € [0, R] and xg(x) = O for x > 2R. Then,
we consider a cut-off version of (1.1) given by

dX = xz(1X1v) [b(t, X) + g(t, X)1dt + xr (1 X[ly) Az, X) dW,

22
X(0) = Xo. (223)

We have not posed any structural properties like monotonicity on the singular map-
pings g, h that ensure the existence of solutions for (2.23). Therefore, we employ the
regular approximations g, and 4, from Assumption (A) which leads us to the regular
approximate version

dX = Hy o(t, X)dt + Ha o (t, X) dW,

Hi (1, X) = xz (IXIlv) (b, X) + ge (1, X)),

HZ,S(tv X) = XR(”X”V)h&‘(t’ X)a
X(0) = Xo.

(2.24)

For (2.24) we can obtain the following global existence result.

Lemma2.1 For ug € P>(X), we fix a stochastic basis S and a Fy-measurable
random variable X such that the distribution of X¢ is jo. Let R > 1 be fixed.

For each ¢ € (0, 1), the problem (2.24) has a global solution X.. Moreover, for any
sequence {e,}en and for any T > 0, we have that

ve, () =P {(X¢,. W) € -} (2.25)

defines a tight sequence in 2 (C ([0, T1; Z2) x C([0, T]; Up)).

Proof From (A1), (Ay), it is easy to see that for each n > 1, Hj (¢, X) and
H; (¢, X) are locally Lipschitz in X € X. Moreover, the growth of |H; .(-, X)|lx
and || H ¢ (-, X)|lz,(u: x) is controlled by the continuous function k(¢). Therefore, for
each ¢ € (0, 1), there is a stopping time 7, > 0 almost surely such that the problem

(2.24) has a unique solution X, € L? (£2; C([0, t); X)), see Leha and Ritter (1985)
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or Kallianpur et al. (1995, Theorem 5.1.1). Next, we prove that the solution is actually
a global solution. To see this, we use the It6 formula in X for the regular mappings
8¢, he to find

o0
dIXe % =2 xr(IXellv) (he(t, Xo)er, Xe)ao dWi + 2xg (I1Xellv) (b, Xe), Xe) 1 dt
k=1

+ 27 (I1Xellv) (e (1. Xe). Xe) o dt + xg (I1Xellv) et Xe) 7, (. 2y
o) 4
=Y JiadWe+ Y Jpdr (2.26)
k=1 i=2
For any T > 0, we integrate (2.26), take a supremum for ¢ € [0, T'] and then use

the BDG inequality, (A1) and (A3) to find a constant C = Cg > 0 depending on R
such that

E sup [IX:1% — EllXoll%
tel0,7T]

T ©° % T T
E f Zfﬁkdz +/ |ngdt~|—/ |J3 4 Jy| dt
0 0 0

1
T 2
E (/0 k@) x U Xe) FUXe V) I Xe NS dt)

A

A

T
+ /0 k@) xg IXelly) £ A Xl Xl di

1

T 2 T
CRE( sup [ X% f k(r)nxsu%(dt) +Cr / k()| Xe |13 d
0 0

A

t€l0,7T]

A

l T
—E sup ||X8||EY+CR/ k(DE sup || X% dr.
2 tef0.17 0 110,41

Via Gronwall’s inequality, we arrive at the -independent bound

sup E sup [[X:(1)[% < C(R, Xo, T). (2.27)
e€(0,1) t€[0,T]

Since T > 0 can be chosen arbitrarily, we see in particular that X, is a global solution
foreach ¢ € (0, 1).
Moreover, the bound (2.27) implies that the stopping times

th=inf{t >0: sup [|Xe|lx =N}, N>1,e€(0,1) (2.28)
t'€[0,1]
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satisfy

C(R, Xo, T)

N2 (2.29)

P(zy <T) <P| sup [[Xellx =N <
t€[0,T]

Now we turn to prove the tightness result on the Borel measure in (2.25). For any
given § € (0, 1), we get that

E sup (LA Xe(r2) — Xe ()] 2)
[11,2]1C[0, T 1,12 —11 <8

= E( sup AANXe () = X (2D 2) l(r;,<T]>
[11,2]1CI0,T],ta—11 <$

+E ( sup A A NXe(2) — Xe (1) 2) 1{,;\,/27]>
[11,22]C[0,T],1—11 <8

< Pty <T}+E ( sup (1A IXe () = Xo ()] 2) 1[r;>T,>
[11,02]C[0, T ATy 112 —11 <8
C(R, Xo,T)
=—pp tE sup (1 A g =1y Xe(82) = l(rfva}Xs(tl)”Z)
[t].tz]C[O,TA'[]‘fl],tz—[]<5

(2.30)

holds. Note that we used the e-independent bound (2.29) for the last inequality. To
estimate the expectation term in (2.30) we utilize the approximative problem (2.24)
directly. We start with the drift term Hj .. On account of (2.28), (A1) and (A2) and
the BDG inequality, there are a non-decreasing, locally bounded function a(-) €
C ([0, +00); [0, 400)) and a constant C > 0 independent of ¢ such that we have

n
E/ Loy Hi e (1, Xe (1)) dr

il

z
I —nlE  sup  [[Hie(r, Xe()]lz

te[0,T Aty ]

Clo=nlE  sup  (xR(IXe )KL UXe I Xl + xE(1Xe ) e (Xo)llz )

1el0,T ATyl

Ck(M)|ry — 11 |E S{gpﬂ (f(CN)N +¢q(N)) < Ca(N)k(T)|r2 — 11]. (2.31)
tel0,

IA

IA

IA

For the diffusion operator H> . and the stochastic integral, the bound (2.28), (A3) and
the BDG inequality imply

“(

5}
/ Vg sy Hoe (1, Xe (t’)dWH ) (2.32)
n zZ

E{ sup
1« €[t1,12] Z

1
n 2
CE (/tl ||1{t§,ZT}H2,s(t/7 Xs(l/)”%;Z(U;Z)dT>

IA

[
/ l{rf{,zT}HZ,s(t/, Xe(t/))dW
n

IA

@ Springer



Journal of Nonlinear Science (2021) 31:98 Page 13 0of 55 98

Clt—|?E sup (q(N)k(1))

<
t€l0,T]
< Ca(N)K(T)|ty — 1|2 (2.33)

Combining the estimates (2.31), (2.32), for any § € (0, 1), one has

E sup 1es > 7y Xe(t2) — Lzt =1y Xe (1) | 2
[t],tz]C[O,T/\T;;,],tz—tl <6

< CE sup

[t1,221C[0, T AT Lt —11 <8

n
/ l{rf\',zT}Hl,e(t/’ Xe(t/)) dr’
1 z

+CE sup

[11,2]1C[0, TATR 1,12 —11 <8

n
[ l{rf\',zT}Hls(t/a Xs(t/)) daw
1

zZ
< Ca(N)k(T)8?.

Therefore, returning to (2.30), the last estimate implies that for all § € (0, 1),

. . |C(R, X0, T) 1
E sup AAIXe () — Xe()llz) < inf | ————— + Ca(N)k(T)é2 ¢ .
[11,2]C[0.T].p—11 <8 N=>1 N
Because a(-) is non-decreasing, we have
lim sup E sup [ Xe(r2) — Xe(t) |z = 0.
6=0ce0,1) [11,0]1C[0,T],o—11 <8
Thus, we obtain that, for any § > 0, the limit
lim sup P sup [ Xe(t) — X ()] 2z >8] =0 (2.34)
8=0cc0,1)  \[t1,]C[0,T],12—1; <8

holds. Since X <><> Z, for each t > 0, P(X.(¢) € -) is tight in Z(Z). This
together with (2.34) means for any vanishing sequence {¢;},cn that (cf. Gawarecki
and Mandrekar 2011, Theorem 3.17)

e, () =P{Xe, €}

is a tight sequence in & (C ([0, T]; Z)). On the other hand, since }V stays unchanged,
vg, defined in (2.25) is also tight. O

2.3.2 Stochastic Compactness

On the basis of Lemma 2.1 and the weak stochastic compactness theory, we can now
characterize the convergence of the sequence {X.} obtaining global-in-time results.
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Lemma2.2 Let R > 1, T > 0. The sequence {v;,} defined in Lemma 2.1 has a
weakly convergent subsequence, still denoted by {v.}, with limit measure v. There
is a probability space (5, F, ]P’) on which there is a sequence of random variables
()78, Wg) and a pair (i, VNV) such that we have

~

P{(Xe, We) € -} = (), B{(X, W) €} =v0), (2.35)
and
X, —> XinC(0,T); Z) and W, - WinC (0,T]:Up) P—a.s. (2.36)

Moreover, fort € [0, T], the following results hold.

@) Wg is a cylindrical Wiener process with respect to .7-"S =0 {Xg (v), Wg (7) }Te o

(ii) Wisa cylindrical Wiener process with respect to f, =0 {X(‘L') W(‘L’)}

T€0,1]°
(iii)) On (ﬁ, .7?, P {.7?7’"}90 ), we have that P — a.s.
!
Xe(t) — X (0) = /O X]ze(”XS”V) [b(t/» Xe) + ga(t/» Xs)] dt
!
4 / kI he (', T2 dAL. (2.37)
0

Proof The existence of the sequence ()?;, WF) satisfying (2.36) is a consequence of
Lemma 2.1 and Theorems A.6 and AT. Bemdes Breit et al. (2018, Theorem 2.1.35
and Corollary 2.1.36) unply that W and W are cylindrical Wiener processes relative
to Ff = O'{X (0), Wg(t) , and F = G{X(‘L’) W(t)}re[o - Tespectively. As
in Bensoussan (1995, (4.17) céc page 282) or Breit et al. (2018, Theorem 2.9.1), one
can find that (Xe, WS) relative to {]-"5} satisfies (2.37) P — a.s. o

t>0
2.3.3 Concluding the Proof of (i) in Theorem 2.1

To begin with, we notice that the embedding X < Z is continuous, which means
there exist continuous maps 1, : £ — &X', m > 1 such that

lmmxlle < lxllx, dim [zuxllye = lxlx, x€Z,
m—00

where ||x||x := oo if x ¢ X. This, together with (2.27), (2.35) and Fatou’s lemma,
yields

E sup ”X”X < hmlanE sup ||71mX||X
t€[0,T] t€[0,T]

IA

lim inf lim inf E sup ||7'rmX ”X
m—>00 =0 4e[0,7]

liminf liminf E sup | X, ”X < C(R, Xo, T). (2.38)

m—>00 =0 ;c(0,7T]

IA
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Using (2.36), (2.38), X — V), (Az) and Lemma A.8 (up to further subsequence) in
(2.37), we obtain that

! > s = >0 7 = NP
/ xR (I1XelV)he (2, Xe) AWV Q/ xr(IXIIv)A@, X)dW in L*(0,T; Z) P — as.
0 0

As before, it follows from (2.36), (2.38), X < V and (A,) that for any ¢ € [0, T']
and ¢ € Z*,

/Ot X2 (1X1) z (b(s, Xe(5)) = b(s, X(s))
+8e(5. Xo(9)) — g(s. X(5)), ¢) 2+ ds =5 0 P — ass.
Therefore, we derive that for all ¢ € Z* and dr ® P—as.,
2(X (). ¢)z+ —z (X(0), ¢)z-

t ~ ~ ~
= /O Xe(1X1v) z(b(s, X (5)) + g(s, Xc(5)), ¢)z+ ds
t ~ ~ ~
+ z</0 xr(IX1v)h(r, X)dW, ¢>2*-

Due to (2.38), (A1) and (A2) , we see that 1 >[5 xgr(IX[Iv)h(r', X(2') AW
is a local continuous martingale on ) C Z, and that ¢t — f(; X,%(H)?”y) [b(t’,

X)) + g(t, )Nf(t/))] dt’ is a continuous process on Z as well. Hence, we obtain

tllat Xisa global martingale solution to (2.23). Moreover, (2.36) and (2.38) imply that

~

X € L*(£2; L>®(0, T; X) N C([0, T]; Z)) holds. Define
T=inf|r>0: X0y > R},
then we see that (g, X ,?) is a local martingale solution to (1.1), where S =

(2, F, P, {Fili=0, W) with {F},_, = o [X(©), W(D)} We have finished

>0 te€l0,t]°
the proof.

2.4 Proof of (ii) in Theorem 2.1
To obtain a pathwise solution to (1.1), we will use (i) in Theorem 2.1 and the Gyongy—
Krylov Lemma, cf. Lemma A.9. The proof can naturally be broken down into several

subsections.

2.4.1 Pathwise Uniqueness

We first state the following result which indicates that for L°°(§2)-initial values, the
solution map is time locally Lipschitz in the less regular space Z.
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Lemma23 Let S = (.Q, F, P, {Fi}i>o0, W) be a fixed stochastic basis and let (B1)
hold. Let M > 0 be a constant. Assume that Xo and Yy are two X-valued Fy-
measurable random variables satisfying || Xoll x, |Yollx < M almost surely.

Let (S, X, t1) and (S, Y, 12) be two local pathwise solutions to (1.1) such that X (0) =
Xo, Y(0) = Yo almost surely, and X(- A 11), Y(- A 12) € L? (§2; C([0, 00); X)) for
i=1,2

Then, for any T > 0, there exists a constant C(M, T) > 0 such that

E sup [X(1)—Y(®)|% < CM,TE|Xo— Yol%. (2.39)

1€[0,7] ;1
In (2.39) we used

thi=inf (>0 Xy >M+20AT, of =inflr=0:|Y(O)|x >M+2}AT,
(2.40)

T . .T T
and ty y =Ty ATy.
Proof Let Z = X — Y. Then, Z satisfies the following equation

dIZI% =2 ([h(t, X) — h(t, Y)IAW, Z) z + 2 (b(1, X) — b(z,Y), Z) z dt
+2(g(t, X) — g(t,Y), Z) z di + |h(t, X) — h(t, X)| 7, . z) 1.

By (A1), (By), Itd’s formula (which holds true on the entire space Z), and the BDG
inequality, we find for some C > 0 depending on b, g, h the estimate

E sup [ZOI% —EIZO)%
ref0,7} ]
%

T}’(‘.Y T)'<v.y
< CE </0 (. X) = ht, Y>|3;2(U,Z)|Z||2Zdt) +E/0 q(M + kI Z(1)])% dt

1

2

te[0,7) 1

2 Ty 2 2
< CqM +2)E sup [ Z]lz - k=N Z|zdt
0

T
+Cq(M +2) f KOE  sup 2GS di
0 rel0.7h 41
1

T
<3E s 1ZI%+COLT) / E sup 2% dr.
0

1€[0,7y 1 1'€[0,7) 4]

If we apply Gronwall’s inequality to the estimate above, we get (2.39). O

Lemma24 Let S = (.Q, F, P, {Fi}i>o0, W) be a fixed stochastic basis and let (B1)
hold. Let Xy be an X-valued Fy-measurable random variable satisfying E| Xo ||%,( <
oo. If (S, X1, 11) and (S, X3, ©2) are two local pathwise solutions to (1.1) satisfying
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Xi(- A1) € L2 (£2; C([0, 00); X)) fori = 1,2 and P{X(0) = X2(0) = Xo} =1,
then

P{X| =X, Vte[0, 11 AT2]} = 1.

Proof We first assume that || X¢||x < M P — a.s. for some deterministic M > 0. For
any K > 2M and T > 0, we define

g =inf {t = 0: [Xi(Olx + X2l x > K} AT.

Then, one can repeat all steps in the proof of (2.39) by using tlg instead of r;Y to
find

E sup [ X1(t) — X2(0)|% < C(K, THE[X1(0) — X2(0)[|% = 0.

tel0,7]]
It is easy to see that

Pliminf 1 > 11 ATy AT} = 1. (2.41)

K—o0

Sending K — o0, using the monotone convergence theorem and (2.41) with noticing
T > 0 is arbitrary, we obtain the desired result for X being almost surely bounded.
It remains to remove this restriction. Motivated by Glatt-Holtz and Ziane (2009)
and Glatt-Holtz and Vicol (2014), for general X'-valued Fj-measurable initial data
such thatE||Xo||%( < oo holds, we define 2 = {k — 1 < || Xollx < k}, kK > 1. Then,
we see that §2; () 2 = @ for k # k', and | | 2 is a set of full measure. Consider

Xo(w) = Z Xo(w, x)1g, = Z Xox(w) P—as. (2.42)
k>1 k>1

Notice that

1o X1(t AT — 10, X(0)
IAT]

tAT] tATY
= I_Qkf b(t, X])dl‘/-l-lgk/ g(l‘,, Xl)dt/+lgk/ h(t, X1)dw
0 0 0

[/\lgk‘cl l‘Al_ril [Al_qkrl
/ lgkb(t,, Xl)dt/—l-/ 1ng(l‘,, Xl)dl‘/-l-/ 1Qkh(t,, X1)dw.
0 0 0
Notice that 1o, F (¢, X1) = F(t,19,X1) — lgkcF(t,O) for F € {b, g, h}, and

(A1), (A2) implies ||b(z, 0)[lx, lIg(z, 0l 2, Az, 0)ll 2, y) < oo. Then, we can
proceed with
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1o, X1t ANg.t1) — Xox

l‘/\leT]
:/ b(t/,l_qul)dt’
0
Al T IA1g, T1
+/ g(t’, lgkxl)dt/—i-f h(t, 1o, X)dW P—a.s.,
0 0

which means that (1, X1, 1, 71) is a solution to (1.1) with initial data X¢ k.

Similarly, (1, X2, 1, 72) is also a solution to (1.1) with initial data X¢ . Alto-
gether we obtain 1o, X; = 19, X> on [0, 1o, 71 A 1o, 72] almost surely. Because
Xi =) o1 Xilg, and 7; = ) ;. 1ilp, almost surely fori = 1,2, ¢ (2 = 0
for k # k" and Uk>1 $2 is a set of full measure, we have

]P’{Xl =X,Vrel0, 1y A‘L’z]} > P{ Uk>1 .Qk} =1,

which completes the proof. O

For the cut-off problem (2.23), we also have pathwise uniqueness. Indeed, since Z —
V, the additional terms coming from the cut-off function xg(-) can be handled by the
mean value theorem as

Ixr(IX1ly) = x&(IX2ly)| < ClIX1 = Xally < ClIX) = X2llz.

Then, one can modify the proof of Lemma 2.4 in a straightforward way to get

Lemma25 Let T > 0and S = (.Q, F, P, {Fi}i>o0, W) be a fixed stochastic basis.
Let (By) hold and let Xo be an X-valued Fo-measurable random variable satisfying
E[| Xo|% < oo.

If (S, X1, T) and (S, X2, T) are two solutions, on the same basis S, of (2.23) such
that P{X1(0) = X»(0) = Xo} = land X; € L? (2; C([0, T); X)) fori = 1,2, then

P{Xi=X,Vre[0,T]} =1.

2.4.2 Pathwise Solution to the Cut-Off Problem

Now we prove the existence and uniqueness of a pathwise solution to (2.23). To be
more precise, we are going to show the following result.

Lemma2.6 Let S = (2, F, P, {Fi}i=0, W) be a fixed stochastic basis. Let Xo €
L2(82; X) be an Fo-measurable random variable.

If Assumptions (A)—(B) hold, then (2.23) has a unique global pathwise solution X
which satisfies for any T > 0

X e L2(2;C(0,T]; X)). (2.43)

@ Springer



Journal of Nonlinear Science (2021) 31:98 Page 19of 55 98

Proof Uniqueness is a direct consequence of Lemma 2.5. The proof of the other
assertions is divided into two steps.

Step 1: Existence LetS = (2, F, P, {F;};>0, VW) be given and let X, be the global
pathwise solution to (2.24). We define sequences of measures V() 6@ and p,) o as

v .0 () =P{(X,0, X,) € -} on C([0,T]; 2) x C([0, T]; Z),
and

pem @ () =P{(X,m, X,00. W) €} on C([0, T]; £) x C([0, T]; 2)
x C([0, T1; Up).

. n _©2
Let {veli])‘g;{n } be an arbitrary subsequence of {v,a) . }”EN suchthate, ', e, —

keN
0as k — oo. V%’ith minor modifications in the proof of Lemma 2.1, the tightness of

{vga) o) } can be obtained. Similar to Lemma 2.2, one can find a probability space
k >k JkeN

(5, F , ﬁ) on which there is a sequence of random variables (Xgm, X NOP m) and
k k

a random variable (X, X, W) such that

(X m, X (2),Wk> —— (X, X, W) inC(0, T]; Z)
k €k k— 00

x C([0, T]; Z2) x C([0, T]; Up) P —as.

Then, Ve(l) ¢ converges weakly to a measure v on C([0,T]; Z2) x C([0,T]; 2Z)
defined by

v() =P{(X,X)e-}.
Going along the lines as in Sect. 2.3.3, we see that both (g X, T) and (g, X, T) are
martingale solutions to (2.23) such that X, Xel? (.{5, L*®0,T; X)NnC((0,T]; Z)).
Moreover, since X.(0) = Xy for all n, we have that X(0) = X (0) almost surely in
§2. Then, we use Lemma 2.5 to see

v ({(X.X) € C(10. T1; 2) x C(10, T]; 2), X = X}) = 1.

Lemma A.9 implies that the original sequence {X.} defined on the initial probability
space (£2, F, P) has a subsequence (still labeled in the same way) satisfying

X, —> XinC(0,T]; 2) (2.44)
for some X in C([0, T']; Z). Similar to (2.38), we have
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E sup [IX]|% < liminfE sup [m.X|%
t€[0,T] Mm—=0  +¢[0,T]

IA

liminf liminf E sup |7, X 1%
m—>00 =0 /g[0,T]

liminf liminf E sup ||X8||g( < C(R, X0, T). (2.45)

m—=>00 =0 4e[0,7)

IA

Therefore, X € L% (£2; L>(0, T; X) N C([0, T1; Z)). Since foreach n, X, is {Fili=0
progressive measurable, so is X. Using (2.44) and the embedding Z < V), we obtain
a global pathwise solution to (2.23).

Step 2: Time continuity As X € L? (82; L®°0, T; X)NC(0,T]; Z)), now we
only need to prove that X () is continuous in X. Since X < Z is dense, we see that
X is weakly continuous in X (cf. Temam 1977, page 263, Lemma 1.4). It suffices
to prove the continuity of [0, T] > ¢t +— || X(¢)||x. The difficulty here is that the
problem (1.1) is singular, i.e., g(#, X) is only a Z-valued process and %(¢, X) is only
an L, (U; Y)-valued process; hence, the products (g(¢, X), X)y and (h(t, X)e;, X)x
might not exist and the classical Itd formula in the Hilbert space X' (see Da Prato
and Zabczyk 2014, Theorem 4.32 or Gawarecki and Mandrekar 2011, Theorem 2.10)
cannot be used directly here. At this point the regularization operator T, from (B;) is
invoked to consider the It6 formula for || 7, X ||%( instead. Then, we have

dITe X% = 2x& (IX1lv) (Teh(t, X) dW, ToX) x + 2xz (1X Iv) (Teb(t, X), To X) x dt
+ 20 (IX11v) (Teg(t, X). TeX) 2 dt + xg (IX 1) 1 Teh (2, X7, 2y dt. - (2.46)

By (2.45),
ty =inf{t >0: || X||x > N} > oc0cas N - oo P—as. (2.47)

Thus, we only need to prove the continuity up to time ty A T for each N > 1.
Using (B), (A1) and the bound xg([|X[ly) < 1, we have for [f2, 1] C [0, T with
t1 — tp < 1 the estimate

4
E [(HTSX(n Al = IT:X (@ A ) 1) } <C(N.Tln —nf.

Using Fatou’s lemma, we arrive at

4
E [(nxm AT — 1X (@ A ToIR) } < CWV. D)l —nf,

which together with Kolmogorov’s continuity theorem ensures the continuity of ¢ —
XA TNl

With Lemma 2.6 at hand, we are in the position to finish the proof of (ii) in Theo-
rem 2.1.
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2.4.3 Concluding the Proof of (ii) in Theorem 2.1
Similar to Lemma 2.4, for Xo(w, x) € LZ(Q; X)), we let
Qr=1{k—1=|Xollx <k}, k=1,

andrecall (2.42). On accountof Lemma 2.6, we let X g be the global pathwise solution
to the cut-off problem (2.23) with initial value X¢ x and cut-off function y g (). Define

Te.r = inf {t >0: sup [ Xpr()I% > 1 Xoxl% + 2} . (2.48)
t'€[0,t]

Since Xy, g is continuous in time (cf. Lemma 2.6), for any R > 0, we have P{t; p >
0, Yk > 1} = 1. Now we let R = Rj be discrete and then denote (Xi, tx) =
(Xi, Ry ThoR)- I RY > k? +2, then P{ty > 0, Yk > 1} = 1 and

P {IXlR, < IXel% < 1Xoxl% +2 < RE. Ve € 0.5, Vh= 1] = 1,
which means
P{xr (I1Xelv) = 1, Vi € [0, 7], Yk = 1} = 1.
Therefore, (X, t¢) is the pathwise solution to (1.1) with initial value X¢ x. As shown
in Lemma 2.4, 1o, Xy also solves (1.1) with initial value X¢ 4 on [0, 1, 74]. Then,

uniqueness means Xy = 1o, Xx on [0, 1o, k] P — a.s. Therefore, we infer from
P{U=1 2} = 1 that the pair

<X = Zlgka, T = Zlgk‘[k)

k>1 k>1

is a pathwise solution to (1.1) corresponding to the initial condition X¢. Since for each
k, X} is continuous in time (cf. Lemma 2.6), so is X. Then, we have

sup X1 = Ley sup Xkl = D Ly (X0l +2) < 20 X0l +4.
tel0,7] =1 t€l0, 7] k>1

Taking expectation gives rise to (2.21) and we have finished the proof of (ii) in Theo-
rem 2.1.

2.5 Proof of (iii) in Theorem 2.1

To complete the proof of Theorem 2.1, it suffices to prove the blow-up criterion (2.22)
when Assumption (C) holds true additionally. To show it, we define

T =inf {t =2 0 | XDy =m}, 1y :=inf{t =0: XDy =1}, mleN,
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where inf § = oo. Denote 71 = lim 71y, and 720 = lim 72;. Then, (2.22) is just a
m— 00 [—o00

direct consequence of the statement
11=17 P—a.s. (2.49)

Hence, it suffices to prove (2.49). Because X < V), itis obvious that 1 < 7o P—a.s.
Therefore, the proof reduces further to checking only 71 > 1, P — a.s. We first notice
that for all M, € N,

sup  IX(Dllx < 00} = U { sup [ X(Dllx <m C U {iAM <t}

te[0,12 AM] meN te[0,1 AM] meN

Because
U (i AM <t} c{niAM <1},
meN
as long as
P sup  [[X()|lx <oo)=1VM,leN, (2.50)
te[0,12  AM]

we have P (12 AM < 11) = 1 forall M, [ € N, and

P(‘L’zft]):}}”(ﬂ{n,lf‘[]})zp m {‘L’z,[/\Mf‘L']} =1.

leN M,leN

As a result, it remains to prove (2.50). However, as mentioned before, we cannot
directly apply the Itd formula to || X ||%( to get control of E|| X (¢) ||g(. As in (2.46), but

now with Q,, we use It6 formula for || QSX||%(, apply the BDG inequality, (A1) and
Assumption (C) to find constants C1 > 0 and C> = C»(I) > 0 such that

E  sup QXI5 — ElQ:Xol%
te[0,12,AM]

0, AM 2
sclﬁ(/o k(t)f(IIXIIV)IIXH%gIIQaXII%gdt)

0, AM )
+C1E/O k@) £(IX 1) IX 1% dt

1

0 AM 2
< GE( sup [0:XI% /0 kX113 dt

te[0,12,AM]
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0IAM
+GE [ kxR ar
0

1 M
< JE s 10:X 1% + C2 f k(OE  sup  [|X ()% dr.
0 t'el

tel0,72.,AM] 0,tA12,]

This yields

M
E  sup QXI5 <2E|Xol% + C2 / kOE  sup  [IX()|% dr.
0 t'el

te[0,12 AM] 0,tA12]

Since the right hand side of the inequality above does not depend on &, and since
Q. satisfies (2.16), we can send ¢ — 0 to find

M
E  sup ||X||%(§2E||XO||%(+C2/ kOE  sup X% dr.
0

tel0,m 1 AM] t'€l0,t AT /]

Then, Gronwall’s inequality shows that for each [, M € N,

M
E  sup X% <2E[Xol% exp {Cz/ k(t)dt} < o0,
tel0,m2  AM] 0

which gives (2.50). We conclude the proof of (iii) in Theorem 2.1.

3 Applications to Nonlinear Ideal Fluid Models with Transport Noise
3.1 Stochastic Advection by Lie Transport in Fluid Dynamics

Starting with the pioneering works (Fedrizzi and Flandoli 2013; Flandoli et al. 2010)
for linear scalar transport equations, many achievements have been made in recent
years for stochastic fluid equations with noise of transport type. Transport-type noise
refers to noise depending linearly on the gradient of the solution. In Holm (2015),
stochastic equations governing the dynamics of some ideal fluid regimes have been
derived by employing a novel variational principle for stochastic Lagrangian particle
dynamics. Later, the same stochastic evolution equations were rediscovered in Cotter
et al. (2017) using a multi-scale decomposition of the deterministic Lagrangian flow
map into a slow large-scale mean, and a rapidly fluctuating small-scale map. In Holm
(2015), the extension of geometric mechanics to include stochasticity in nonlinear fluid
theories was accomplished by using Hamilton’s variational principle. This extension
motivates us to study stochastic Lagrangian fluid trajectories, denoted as X, (x,t),
arising from the stochastic Eulerian vector field with a noise in the Stratonovich sense,
ie.,
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M
dX(x, 1) = u(x, dt + Y E(x) o dWy. 3.1
k=1

In (3.1) u(x, t) means the drift velocity, { Wy = Wy (¢)}x=12.... m is afamily of standard
1-D independent Brownian motions, and M can be determined via the amount of
variance required from a principal component analysis, or via empirical orthogonal
function analysis.

Deriving continuum-scale equations taking into account noise as in (3.1) is known
as the Stochastic Advection by Lie Transport (SALT) approach, see Cotter et al. (2019)
and the references therein. The SALT approach combines stochasticity in the velocity
of the fluid material loop in Kelvin’s circulation theorem with ensemble forecasting
and meets the important challenge of incorporating stochastic parameterization at the
fundamental level, see for example Berner et al. (2012), Leslie and Quarini (1979)
and Zidikheri and Frederiksen (2010).

Many subsequent investigations of the properties of the equations of fluid dynamics
with the SALT modification have appeared in the literature recently. For example, local
existence in Sobolev spaces and a Beale—Kato—Majda type blow-up criterion were
derived in Crisan et al. (2019) and Flandoli and Luo (2019) for the incompressible
3-D SALT Euler equations. For the 2-D version, global existence of solutions has
been shown in Crisan and Lang (2019). In Alonso-Ordn and Bethencourt de Ledn
(2020), the authors provide a local existence result for the incompressible 2-D SALT
Boussinesq equations. For a simpler but still nonlinear equation as the SALT Burgers
equation, we refer to Alonso-Orén et al. (2019) and Flandoli (2011).

3.1.1 The Two-Component CH System with Transport Noise
The Camassa—Holm (CH) equation
Up — Uxxr + 3utty = 2Uxlyy + Ullyxyx (3.2)

was proposed independently by Fuchssteiner and Fokas (1981) and by Camassa and
Holm (1993). In Fuchssteiner and Fokas (1981), it was proposed to consider some
completely integrable generalizations of the Korteweg—De Vries equation with bi-
Hamiltonian structures, and in Camassa and Holm (1993), it was derived to describe
the unidirectional propagation of shallow water waves over a flat bottom. Solutions
to equation (3.2) exhibit the wave-breaking phenomenon, i.e., smooth global exis-
tence may fail (Constantin and Escher 1998a,b). Global conservative solutions to the
CH equation (3.2) were obtained in Bressan and Constantin (2007) and Holden and
Raynaud (2007). Different stochastic versions of the CH equation have been studied
including additive noise (Chen et al. 2012) and multiplicative noise (Albeverio et al.
2021; Rohde and Tang 2020, 2021; Tang 2018, 2020). Following the approach in
Holm (2015), the corresponding stochastic version of the CH equation with transport
noise was introduced in Bendall et al. (2019) and Crisan and Holm (2018). Trans-
forming the equation into a partial differential equation with random coefficients, the
well-posedness of the stochastic CH equation with some special transport noise has
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been studied in Albeverio et al. (2021). We can extend this result to a far more complex
system: the stochastic two-component CH system (see Holm and Luesink (2021) for
the related models), i.e.,

dm + (moy 4+ 0ym) dyx; + noyndt =0,
dn+ (ndx)x =0, (3.3)

m=1u—Uyy.

In (3.3), u is the fluid velocity and 1 denotes the depth of the flow. As in (3.1), the
noise structure in (3.3) is

M
Ay = u(t, x)dt + Y & (x) o dW,.
k=1

The functions &1, ..., &y represent spatial velocity-velocity correlations up to order
M.

Note that the system (3.3) reduces to the scalar CH equation from Albeverio et al.
(2021) if we put n to be zero. Here we consider M = oo and rewrite (3.3) as

o0
dm + [(mu)x +nne] de + Y Lem o AW =0,
k=1

oo (3.4)
dn + (qu)xdt + Y Lgno dWi =0.
k=1
The differential operator Lg, is given by
Lg = 0xkk + & 0x. (3.5)
Calculating the cross-variation term in the general transformation formula
t t 1
f fodW:/ FAW + = (f. W),
0 0 2
we obtain the corresponding Itd formulation of (3.4), given by
1 o (e.¢]
dm + [(nu) + ] de = 2y LEqmde == Lom dWi,
k=1 k=1 3.6)

1 o ) o0
dn + (qu), dr — EI;L&Udt = —];Egknde.

Note that the operator Egk in (3.6) is the second-order operator

L} f =Le(Le f) =807 f +3&0:E0c f + (E0]E, + (0:E0D) S
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In this paper, we will consider (3.6) on the periodic torus T = R/27Z in terms of
the unknowns (u, ). Therefore, for any real number s, we define D* = (I — 83)()"'/ 2

as DS f(k) = (1 + [k|)*/2 (k). Then, we apply (I — 32,)~' = D2 to (3.6) and
consider for (u, ) the nonlocal Cauchy problem

1 1
du+|:uux+3xD_2(2u +u + n)——D_zzL :|

o0
=-D"?) Ly D*udW,,

k=1 (37)

1 o 5 o
dn + (uny +nuy) dr — 5};[1&77 dr = —,;Lgknde,

(@(0), n(0)) = (uo, no)-

Here we remark that in (3.7), f = D~ 2g = (I — 82 )~ lg means f = Gxg, where
G is the Green function of the Helmholtz operator (I — 32) and * stands for the
convolution. The local theory for (3.7) is stated in Theorem 3.1.

3.1.2 The CCF Model with Transport Noise

As the second application of the abstract framework, we will consider a stochastic
transport equation with non-local velocity on the periodic torus T. In the deterministic
case, it reads

0 + (H)0, =0, (3.8)

where H is the periodic Hilbert transform defined by

2

(Hf)(x) = va A f(t)cot( 5 )dt 3.9

Equation (3.8) was proposed by Cérdoba et al. (2005) to consider advective transport
with non-local velocity. It is deeply connected to the 2-D SQG equation and hence
with the 3-D Euler equations (cf. Bae and Granero-Belinchén 2015 and the references
therein). Notice that, if we replace the non-local Hilbert transform by the identity
operator we recover the classical Burgers equation. In Cérdoba et al. (2005), the
breakdown of classical solutions to (3.8) for a generic class of smooth initial data was
discovered.

To the best of our knowledge, the stochastic counterpart of the CCF model (3.8) has
not been studied yet. In this paper, we will consider the stochastic CCF model with
transport noise, i.e.,

o0
6 + (HO) 8,0 dt + Y L0 0 dW; =0, (3.10)
k=1
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where {Wy = Wi (¢) }ren is a sequence of standard 1-D independent Brownian motions
and Lg, is given as in (3.5). Using the corresponding Itd formulation, we are led to
the Cauchy problem

1 oo (o8]
6 + (H0)3,0 dt — 5 > " L20 dt ==Y Le,0dW,,
25 = (3.11)

0(0) = 6.

A local theory for (3.11) is stated in Theorem 3.2.

3.2 Notations, Assumptions and Main Results

To state the main results for (3.7) and (3.11), we introduce some function spaces.
Ford e Nand 1 < p < oo we denote by L”(T¢; R) the standard Lebesgue space
of measurable p-integrable R-valued functions with domain T¢ = (R/27Z) and
by L%(T%; R) the space of essentially bounded functions. Particularly, L?(T¢; R)
is equipped with the inner product (f, g);2 = de f - gdx, where g denotes
the complex conjugate of g. The Fourier transform and inverse Fourier transform
of f(x) € L*(T%R) are defined by f(§) = [ra f(x)e ™¥dx and f(x) =
ﬁ > kezd J? (k)e™ 'k respectively. Recalling that for any s € R, ﬁ(k) =

(1 + |k|?)s/? f(k), we define the Sobolev space H® on T¢ with values in R as

HY (T R) == § f € LATSR) | s qupy = D 1D FOOP < 400
kezd
Foru = (uj)i<j<n: T¢ — R", we define ||u||§{S(Td;Rn) =20 uy ||§13(Td;R).
For the sake of simplicity, we omit the parentheses in the above notations from now
on if there is no ambiguity. Similarly, for two spaces H®' and H*? (s1,s2 > 0)
and (f,g) € H* x H”, we define |(f, )3, sz = If 151 + 8175, The
commutator for two operators P, Q is denoted by [P, Q] := PQ — QP. The space
of bounded linear operators from U to some separable Hilbert space X is denoted by
L(U; X).
To obtain a local theory for (3.7) and (3.11), we have to impose natural regularity
assumptions on {&x (x)}xeN to give a reasonable meaning to the stochastic integral and
to show certain estimates. For this reason, we make the following assumption:

Assumption (D) 3", . & llgs < oo forany s > 0.

Remark 3.1 It follows from Assumption (D) that there is a C > 0 such that for all

f e H"? with s > %, we have

o o0
S ecs Iy =l and 32|22 r| < Cllen
k=1

k=1
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Besides, we do not require that {& }xcn is an orthogonal system.

The main results for (3.7) and (3.11) are the following:

Theorem 3.1 Let s > % and S = (2, F, P, {Fi}i>0, W) be a stochastic basis
fixed in advance. Let Assumption (D) hold. If (ug, no) € L*(2; H® x H*~') is an
Fo-measurable random variable, then (3.7) has a local unique pathwise solution
((u, m), ) such that

u, (- A7) € L2 (.(2; C ([0, 00): H' x HH)) . (3.12)

Moreover, the maximal solution ((u, n), ) to (3.7) satisfies

] P—a.s.

1. =1
{1im sup, g 16O g5 s —1=00} =~ flim sup,_ox Nm Ol1,00 1,00 =00

Theorem 3.2 Lets > % and § = (2, F, P, {F:}i=0, W) be a stochastic basis fixed in
advance. Let Assumption (D) hold. If 0y € L2(82; H®) is an Fy-measurable random
variable, then (3.11) has a local unique pathwise solution (0, t) such that

0(- A1) e L*(£2; C ([0, 00); HY)). (3.13)
Moreover, the maximal solution (6, t*) to (3.11) satisfies

Htim sup, o 16z =00} = L{timsup,__ r+ 166 (1)l oo+ (HB 1)l oo =00} T — @8-
(3.14)

Remark 3.2 We require s > 11/2 in Theorem 3.1. This is because, if (u, n) € H® x
H~!, then (—%D*2 See) L DPu, —5 3R, Lgkn) € H*"2 x H*73. To apply
Theorem 2.1 to (3.7) with X = H* x H*~!, we have to verify (2.15) with using

Lemma A.5. Therefore, s — 4 > %, which means s > 11/2. Similarly, s > 7/2 is
needed in Theorem 3.2.

Remark 3.3 The scalar stochastic CH equation with transport noise has been analyzed
very recently in Albeverio et al. (2021) with a completely different approach. The
authors obtain the local existence of pathwise solutions in less regular spaces but
without a blow-up criterion. Note that the abstract framework developed in this article
can be applied to cover this equation to show local existence, uniqueness and derive a
blow-up criterion.

Remark 3.4 Notice that in the deterministic case, one can use the estimate
IHO N Lo S (14 116l o Tog (e + 16l 71) + 161l 2) (3.15)
to improve the blow-up criterion (3.14) into (cf. Dong 2008)

lim sup [|6(t) || gs = 00 <= limsup ||0,(t) || = o0.

t—T1* t—T1*
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To achieve this in the stochastic setting, we have an essential difficulty in closing the
H*-estimate. That is, one has to split the expectation E|H0,||~|0]3,;. By invok-
ing (3.15), so far we have not been able to close the estimate for IEI|0||%{J because
E[(1+ 116x ]Iz log (e + 16l 1) + 16x I 22) 16| 5 ] s involved.

3.3 The Stochastic Two-Component CH System: Proof of Theorem 3.1
Now we consider (3.7) on the periodic torus T, and we will apply the abstract frame-
work developed in Sect. 2 to obtain Theorem 3.1. To put (3.7) into the abstract

framework, we define

1 1
X =(,n), Gu,n) =8,D> <§u2 +ul+ §n2> ,

and we set

b(t, X) = b(X) = (=G(u,n), —nuyx) ,
1 > 1 &
g, X)= g(X) = (—uux + ED_Z Zﬁngzu, —uny + 5 ZC;TI) s
k=1 k=1

W@ X) = W0 = (=D Lg D, ~Lgn) ke N,
(3.16)

Now we recall that U is a fixed separable Hilbert space and {e; };cn is a complete
orthonormal basis of U such that the cylindrical Wiener process WV is defined as in
(2.1). Then, we define h(X) € L(U; H® x H*~!) such that

h(X)(ex) = h*(X) = (—D*zcgkp%t, —ﬁgkn) , keN. (3.17)

Altogether we can rewrite the problem (3.7) as

(3.18)

dX = (b(X) + g(X)) dt + h(X)dW,
X(0) = Xo = (ug, no).

In order to prove Theorem 3.1 by applying Theorem 2.1, we need to check that
Assumptions (A), (B) and (C) are satisfied. To ease notation, we define
XS =H x B! (3.19)
and make the following choice for the spaces ¥ C YV C Z and Z C V,
X=x,y=x"" zZ=x"2, v=wh® x wh>, (3.20)
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3.3.1 Estimates on Nonlinear Terms

In this preparatory part, some basic Sobolev estimates to deal with b, g, i from (3.16),
(3.17) are introduced.

Lemma3.1 Lets > 5/2. Then, b is regular in X* and for X = (u,n) € X%, Y =
(v, p) € X*, we have

16O s S NXNVIX N s -
16(X) = bM)llxs S (X Nas + 1Y L) 1X = Yias.

Proof Since 3,(1 — 32,)~! is a bounded map from H* to H**!, the first estimate
follows from

1O Zes = 1G @, 15 + Nl

2 2 2 2 2 2 2
e 4wy + 0l -1 + N llzoo 10l 57—1 + Nl 77— M1l 700

<

2 2 2 2 2 2 2 2
S Ml o lulls 4+ Inlizeo Inllge-r + lullyynee 1l -1 + lullgs Inllze
<
~

2 2
” (uv 77) ”Wl,ooXLoo ”(uv 77)||H5XHS71 .
Using the fact that H*® —lisan algebra, we can infer that

16(X) — bV |5
S NG, ) — G, Pllgys + luxn — vepli s
Sl = v +ui =i + 0P = P21+ s (= ) + p(ux — v 135
S N+ vl llu = vl + 10 + ol lln = I3

2 2 2 2
+ llullgs 1 — pllgs—1 + 1ol g5t lle = vl Fs

S (LR A TOR A N (RS 1 e

which gives the second estimate. O

Lemma 3.2 Let Assumption (D) hold true and s > 7/2. If X = (u,n) € X, then
g X > X 2andh : X% — Lo(U; X571 obey

I8l as—2 S 1+ 11X 1%

and
1RO 2y 02051y S 1 X s
Proof Using H*™> < L, we derive

@ Springer



98

Journal of Nonlinear Science (2021) 31:98 Page 31 of 55
1 > ’
2 ) )
lg(X) %2 = H—uux + ED E Le D7u

k=1 Hs—2

| — ’

2
et 3 > Lin
k=1 Hs—3
2
4 2 2 2 2
S Nl + | D2+ Wl Nl +

2
S (11l + i)

which implies the first estimate. Similarly, from the definition of 4 in (3.17), and the

definition of L¢ in (3.5), one has
S el = 3 (HD%&DZMHHH + ||£smHHsz>
k=1 k=

k=1
which gives the second estimate.

Lemma3.3 Lets > 12—1, X=wWw,n) eXandY = (v, p) € XS. Then, we have

201, X) = g(t,Y), X = V)2 + 1t X) = h(t, V|17, . 2,

S (11X + Y13 ) 1X = Y1,
Proof Recalling (3.16) and (3.17), we have

2(8(X) —g(¥), X = YV)ys—2 + [lh(z, X) — Az, Y)IIZZ(U;XH)
= 2(vvy — Uty U — V) gs—2 + 2(Vox — UNx, N — P) 53

o0
+ (0—2 D LE D u—v),u— v)
Hs—2

k=1

+ (D*zcgkpz(u —v), DL, D*(u — v))

Hs—2

gk

k

1
+ (Zﬁé(n —p),n—p>

k=1 Hs—3

e 2
s (H‘SkDZ“HHu + Hﬁgknnix_z) S Nl + Il
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+ Z (Leen = p). L, = p)) o3

k=1

6
= Z I,' .
i=1
Because H°~2 < W', we can use Lemma A.4 and integration by parts to arrive at

+ )(DS*Z(M — Vuy, D2 (u — v))

n1s |(p 2o = v 02w -w)

L2

A

|02 1w = v,

2
o 1= vllgs=2 el oo flu = vl

S (vl =+ lull ) llu = vl -

Similarly, we have

+|(0 7w = vne D0 - ) |

A

IL] S ‘(DHv(n —p)e. D' - /0))L2
[0 2,010 = 0| 1 = Pl + nclgses e = 0l gses Ny = pll s
2

2 2 2
< ollgs 10 = o1 A+ 01200 = oI s + = o112, 5.

Therefore,

1B S (10 4 ol + Nl ) e = 00 + (0 ol T = 1.
S (11X + 1713 ) 1X = Y1

Observe that D’ 2D~2 = D5~*. Since s — 4 > 3/2, we can invoke Lemma A.5
to obtain

I3+ 1y

o]
= (D‘_4 > L D*u—v), DD (u - v))
L2

k=1

o0
+y (DS*“LE,(Dz(u — ), D" L DX (u — v))
k=1
S UID* @ = )3me S llu— o3

L2

In the same way, we have
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Is + Is
o0
= (DS—3 > LEm—p). DT p))
k=1 L2
o0
+> (D Latn—0). DL — )
k=1
S = ol
Collecting the above estimates, we obtain the desired result. O

3.3.2 Proof of Theorem 3.1
Now we will prove that all the requirements in Assumptions (A), (B) and (C) hold

true. We first fix regular mappings g, and %, using the mollification operators from
(A.1) and (A.2) in Appendix A by

1 - 00
g:(X) = (—Js[Jgngux] + 542D 2y L D,

k=1
1 o0
—JelJeuden,] + §J§Z£§k18n>. (3.21)
k=1
Let
nE(X) = (—JSD_zﬁngzjgu, —JeLe, an) . (3.22)

Similar to (3.17), here we define h.(X) € L(U; X*) such that
he(X)(ex) = h*(X), k eN. (3.23)

In the following, we will show that all the requirements in Assumptions (A), (B)
and (C) hold true for the following choice:

- X = X% Y :=X""and Z := X*2, where X’ is given in (3.19), and V =
Wl,oo X Wl,oo;

b, g, h, g and h, are given in (3.16), (3.17), (3.21) and (3.23), respectively;
k(h)=1, f() =C+),q9() =C+ ) for some C > 1 large enough
depending only on b, g, h;

- T, = Q. = J,, where J; is given in (A.2).

Let s > 11/2. Obviously, X <— ) << Z < ). Then, Lemma 3.1 shows
b: X¥ — X*, and Lemma 3.2 implies g : X* — X5 2andh: X% — L ((U; Xs_l).
Hence, the stochastic integral in (3.18) is a well defined X'*~!-valued local martingale.
It is straightforward to verify that all of them are continuous in X € X*.

Checking (A ) in Assumption (A): Lemma 3.1 implies (A1).
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Checking (A») in Assumption (A): By the construction of g.(-) and h.(-), (A.4),
Lemma 3.2 and Assumption (D), it is easy to check that (A») is satisfied.

Checking (A3) in Assumption (A): We first verify (2.12). By (3.22) and (A.6), we
have

(h’;(X), X)Xs = (—JsD_zﬁngzJeu, ”)m + (= JeLey Jen, 1) o
- (D_ZﬁngzJeu, Jgu>Hs — (L Jen, Jen) o

= — (DL D2, DS_2D2J€u)L2 — (D" Lg e D )
Let v = D?J,u. From the definition of the operator L in (3.5), we have
(DS_ZL:gkv, DS—%) - (DS—2 (V0:Er) DS—%)L2 n (DS_Z (0, vEL) DS—%)

= (102 v, DHv)L2 + (v 20,6, D)

L? L?

L2
+ (102, &oe0, D 20) |+ (8D 20,0, D" 20)
L2 L2

By Lemma A.4, H*~% < W1 and integration by parts, we arrive at

(02 viaete, D 20) |+ (vD 20,60 D) S 0l 6kl o
and

(102 6o, D20) |+ (8D 20,0, D" 20) | S Il 6kl o2
Combining the above estimates and using (A.7), we have that

(D725, D2 e, D2D? or) | S W0l 8l < Nl il

Similarly,

(D" Lepden. D7) S Wemlge i1kl < Il 6l

Therefore, by using (3.22), (3.23), Assumption (D) and (A.7), we conclude that

i [(he(X)ex, X)Xs|2 _ i ’(hlg(X), X)XS ‘2
k=1

k=

- 2 2 2 )? 4
S D Nl (el + 10130 )” < CIX I,

k=1

which yields (2.12).
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Now we prove (2.13). This is the cancellation property. For all X = (u, ) € X*,
we have

2(8:(X), X) s + Ihe CONZ, 09
= =2(Je[Jeudeuxl, w)gs — 2 (Je[Jeudenyl, U)HS*I

oo
+ (DSJSD—2 > LE D*Jeu, DM)
k=1 L2

(D‘YJSD_ZL& D?J.u, D* JgD_ZEngZJgu)L

2

+
T

+

S

o0
D3 Zﬁgk Jen, DS‘M)
k=1 L2

n
WK

(D1 eLe Jen, DLy, Jgn)L2

~
I
—_

i
™-

It follows from (A.5), (A.7), Lemma A.4 and integration by parts that
|E1| =2 |([D*, JeudJeuux, D* Jeu) 5 + (JeuD* Jouy, D* Jou) ;| < Nl oo llul s
and

(B2l = 2| (10" Jewldene, D7)+ (JeuD ™ e, D)

L2

A

S Quallzs + el (el + I3 ) -
By (A.5), (A.6) and the fact that D=2 = D* D~2, we obtain

Es + E4

9]
= (Ds2J8 > LE D*Jeu, Dszngngu)
k=1 L2

o
+° (DS_2J££ng2J8u, D)oLy D*Ju)
k=1

L2’

Since D°72J, € OPSSL_O2 (cf. Lemma A.1), we apply Lemma A.5 with P = D*2J,
to arrive at

2
< Clluly .

2
E3;+ Es < H Dngu ‘H“
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where we have used (A.7) in the last inequality. Similarly,

Es + Eg

o
= (DS_IJ£Z£§kJSn, DS_1J8J8n>
k=1

LZ
o0
+ 3 (D L den, DL Jen)
k=1
< ClenlZyes < Clinli3ye

L2

Combining the above estimates, we arrive at

2 (8e(X), X) s + e CON 00y S (U Ntz + lnellzo) (Nl + Il )

< FUIXIV)IX s

which implies (2.13) with k(t) = 1.

Checking (B;) in Assumption (B): It is clear that X = X is dense in Z =
X2 Since s —2 > %, inequality (2.14) follows directly from Lemma 3.1. Applying
Lemma 3.3 yields (2.15).

Checking (B,) in Assumption (B): Recall that Jo=(1—e2A)"lis givenin (A.2).
Due to (A.7) and T, = Q. = J, (B>) is a direct consequence of Assumption (C),
which will be checked below.

Checking Assumption (C): It is easy to prove (2.16) and we omit the details here.
Then, we notice that

2(Teg(X), T X) s + I Teh (O 2,y . 105,
= —2(Teluuy]l, Tew)ps — 2 (Teluny, Ten) gs—1

9]
- (DsTsDz > LE D*u. DsTgu>
k=1 L2

+

M2

(D°T.D2Le, D%, D'T.D7L5 D?u)

L2

»
I
—

_|_

S

oo
DT> L, DslTsn)
k=1 12

WK

6
—1 —1
+ (DS T.Len, D* Tgﬁgkn>L2=ZRi.
i=1

~
Il

For the first term, we have that

@ Springer



Journal of Nonlinear Science (2021) 31:98 Page 37 of 55 98

IRi| = 2|(D*T; [uuy], D*Teu) |

IA

2 ‘([Ds, W]u, DSTSM)L2 + (T, ul Dy, D°Tott) 1 + (uD* Touy, D Tot)

A

2
Clluxllzee lull s | Teull s + Cllux || Lo [| Teuellgs »

where we have used Lemmas A.3 and A.4 , integration by parts, embedding H*~! <
W1 (A.6) and (A.7). Similarly, we can show that

IRz

2|(0 ' T ) 0 )
s—1 —1p2
2 [0 20)

+ (7D e D7 ) 4+ (D T D )

< C (luxllzos Inll = 1 Tenll ggsmr + e llzoe el s 1 Ten oot ) + Cllae oo I Tenll s
S Muxllzoe Il gs-1 1 Tenll gs—1 + I llzoe el s 1 Tenll grs—1 -

Using Lemma A.5 yields
o
R3+ Ry = (DHT8 > L: D, DS_ZTSDZM)
k=1 1.2
o
2 2 -2 2

+; (-0 1Le D%, —D 1Ly D)
S IID%ul3m

2
< llullye.

and analogously

o0
Rs+ Rg = (DS_ITS > Lin, DS_1T8n>
k=1 12

o
+3 (D‘Y_lTELEkn, Ds‘ngﬁgm)Lz S Il
k=1

Gathering together the above estimates and noticing (A.7), we get

2(T.8(X). T.X) s + I Teh(X) 12, )

< (Ul + el (Rl + 0l ) < FOXID)IX T,

which gives (2.20). We are just left to show (2.19) to conclude the proof of Theorem 3.1.
To this end, we recall (3.16) and consider
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 (Tohi(X), To X) s = (TEDS_zﬁng%t, TgDsu)

L2

+ (TSDS*lcgkn, TSDHn)

L2

(Plﬁgk D?u, P1D2M)L2 + (7725’;‘;{77’ 7)277)L2

(710, 7>1D2u)L2 + (L5, D%, P D)
+ (Tan. Pam) 12 + (Le Pan. Pan) ;2

4
= Z Ji,
i=1

L2

where P 1= T.D’% ¢ OPS§;)2, P, =T, D! e OPS‘{})I (cf. Lemma A.1), and
T\ = [P1. Lz ], To = [P2. Lz, ]. Using integration by parts, (3.5) and (A.5), we have
that

2
PARPARERAS (HPIDZuHU - ||Pzn||iz> < 10:El 1T X1

Using (A.6) and (A.5), we have

J3 = (Don, Pan) 2

= (D', DS_1T82n>L2 ~ (a0, DS—ITm)L2

(D "&dun, D'120) |+ (D sk, DT TR)

_ (’CsszflTsn’ DS71T87]>

L2

L2

([p" &]awn D' 20) |+ (TetkD* " oun, D' 1o

+ (D nong, D) = (Lo D Ten, D' )

= ZK,-.

i=1

L2

L2

On account of H'~! < W1 and integration by parts, it holds that
IK3] S 1m0kl gs—1 I Tenll gs—1 < Wk las Il gs—1 1 Ten |l grs—1,s
and

IKal S Mgkl oo 1 Tenll e S 19x&kl oo Inll gt I Temll st
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Then, we apply Lemma A.4 to K to find

IK1l S Nkl gs Imll gs—1 1 Tenll gs—1-
For K5, we use Lemma A.3 and integration by parts to derive
Kol < [(I7e, 810,00, D71 Ton) | + | (80, D°7 Ten, D1 Ten)|
S 0kl poo Il grs—1 1 Tenll gs—1-
Therefore,
|31 = |(Tan, Pan) 2| S N8kl Inll o1 1 Tl s

The form J4 = (7, D%u, P D2u)L2 can be handled in the same way using H* ™2 <>
W12 Hence, we have

131 = (T fs PO | S W&l as 1 f s 0 Te fll s S N8kl i el s 1 T s

Now we summarize the above estimates, and use (3.17) and Assumption (D) to arrive
at

o0 o0
Y NTeh(Xew. TeX) xs P S Y & 1X 153 1Te X s < CIX W 1T X [
k=1 k=1

(3.24)

Hence, we obtain inequality (2.19) and complete the proof.

3.4 The Stochastic CCF Model: Proof of Theorem 3.2

In this section we will apply Theorem 2.1 to (3.11) with x € T to obtain Theorem 3.2.
To that purpose, we set X = 6 and

b, X) =b(X) =0,
1 o
g(t, X) = g(X) = —(HO)2.0 + - ;; L3 0. (3.25)

R¥(t, X) = W (X) = —L¢,60, keN.

As in (3.17), for a fixed separable Hilbert space U with a complete orthonormal basis
{ei}ien, we define h(X) € L(U; H®) such that

h(X)(ex) = h*(X), k € N. (3.26)
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With the above notations, we reformulate (3.11) in the abstract form, i.e.,

dX = (b(X) + g(X)) dt + h(X)dW,

X (0) = 6. (3:27)

To prove Theorem 3.2, we would like to invoke Theorem 2.1 to this setting. To
do that, we just need to check the Assumptions (A), (B) and (C) . Now we let r €
(3/2, s — 2), and then, let

X=H'andV =H". (3.28)

3.4.1 Estimates on Nonlinear Terms

Analogously to Sect. 3.3.1 we will need the following auxiliary lemmas.

Lemma 3.4 Let Assumption (D) hold true and s > 5/2. If X = 6 € X, then g :
XS — X 2andh: X% — Lo(U; X5~ such that

g a2 S T+ X115,
and
IhCON 2y a1y S N1 Xas

Proof Using H* 2 s Whoo the continuity of the Hilbert transform for s > 0

and Remark 3.1, one can prove the above estimates directly. We omit the details for

exposition clearness. O

Lemma3.5 Let X =6 € X¥ and Y = p € X®. Then, we have that for s > 7/2,
2(8(t, X) = (1, V), X = Y) s + 1h(t, X) = h(t, V) 7 g, o2,

S (11X + 1Y 13 ) 1X = Y 1o
Proof Recalling (3.25) and (3.26), we have
2(8(X) = 8(Y). X = V) sz + (1. X) = h(t. V)2 ) o)

= 2(Hp)py — (MO, 6 — p) goa + (Z £20—p),0— p)
k=1 Hs—2

+ ) (Le (0 = p). Lo (0 — p)) o2 -
k=1
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Because HS 2 <« WL we use Remark 3.1, Lemma A.4, the continuity of the
Hilbert transform and integration by parts to bound the first term as

((Hp)ps = (HOYO, 0 = p) o
< (D20 = ) D20 - )

+ (D20t = p6r. D20 — )

L? L2

< 12 1016 - o,

10 = Pl + 1Ml e 16 = ol

+ |12 166 - ot

10 = Pl + 18HE = p)ll 10 = ol

S (ol +160) 116 = ol -

The last two terms can be bounded by invoking Lemma A.5
to obtain

(DS—2 D LE© —p). D6 - p))
k=1 L2

o
+> (DS—%& © — p), D2 Le, (6 — p))L2 S 116 = pll 32
k=1

Collecting the above estimates, we obtain the desired result. O

3.4.2 Proof of Theorem 3.2

To avoid unnecessary repetition, we just sketch the main points of the proof since it is
similar to the proof of Theorem 3.1. Recalling (A.1), we define

1 o0
ge(X) = —J.[(HJ.0) 0, J.0] + EJS Z L: 0. (3.29)
k=1
Let
RE(X) = —JoLe, Jc6. (3.30)
Similar to (3.17), we define h.(X) € L(U; X*) such that

he(X)(ex) = h*(X), k eN. (3.31)

We now prove that all the requirements in Assumptions (A), (B) and (C) hold true for
the following choice:

- X :=X%Y:=Xand Z := X*2, where X’ is given in (3.28),and V := H"
withr € (3/2,s —2);
— b, g, h, gc and h; are given in (3.25), (3.29), (3.30) and (3.31), respectively;
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-k(O)=LfO)=CA+),9()=C1+ ) for some C > 1 large enough;
- T, = Q¢ = J, where J; is given in (A.2).

Lets > 7/2. Obviously, X — ) << Z < ). Moreover, Lemma 3.4 implies
g: X — X5 2and h : X5 — L£o(U; X~1). Hence, the stochastic integral in (3.27)
is a well defined X~ !-valued local martingale. It is easy to check that g and & are
continuous in X € X*.

Checking (A1) in Assumption (A): Trivial, since b(z, X) = 0.

Checking (A7) in Assumption (A): By the construction of g, (X) and 4. (X), (A.4),
Lemma 3.4 and Assumption (D), (Aj) is verified.

Checking (A3) in Assumption (A): Since (3.30) enjoys similar estimates as we
established for (3.22), the first part (2.12) can be proved as before. Therefore, we just
need to show (2.13). For all X = 0 € A¥, we have

2 (8e(X). X) a5 + e N2 sy = —2(D° J[HI:005J01, D*6) 2

9]
- (DS J2Y L3I0, DS@)
k=1

L2
o
+ Y (D' JeLe IO, D* I L J:6)
k=1
3

= ZE,’.

i=

—_

Invoking Lemma A.5 with P = D J, € OPS{»O (cf. Lemma A.1), we have that
o
Ey+ E3 = (DSJS > L7 )0, Df J5J89>

k=1 L2

o0

+ Y (D' JeLyy J0, D L Jeh)
k=1
< ClJ:Os =< Clll -

To bound the first term, we notice that H” <> WL then, we use Lemma A.4,
integration by parts, (A.7) and (A.8) to find

|E1| = 2|(HJ00:J:D°0, D*J,0),, + 2 ([D*, HJ.0] 0, -6, D° J.6)

< MO | DSJSGHiz + |[D*. HI0] 05 Je0 | 2 | D* 6] ;2
< MO el | D67

2|

+ (19 HIO HDS_IBXJSG

‘LZ
+ | D HIO] 2 195 Je6ll ) | D S]]

< I1HBL Ol oo 16113
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+ 18xHI O oo 101135 + 135 JeO1l oo 16117
< NH O oo 1011575 4 10501 oo 10117

Combining the above estimates, we arrive at

2(8e(X), X) s + et X2 ey S (IHOON o0 + 18501 200) 1101136
< FIXIV)IX 135,

which implies (2.13).

Checking (B;) in Assumption (B): The dense embedding X = XS — Z = XS -2
and (2.14) is clear. Applying Lemma 3.5, we infer (2.15).

Checking (B;) in Assumption (B): As before, this is a direct consequence of
Assumption (C), which will be shown next.

Checking Assumption (C): Following the same way as we proved (3.24), we have
that for some C > 1,

o0
D I(Teh@)ex, Te0) gsI” < ClIO1I35 1 T 13- (3.32)
k=1

Hence, (2.19) holds. Now we just need to prove (2.20). Indeed,
2 (Teg(X), TeX) e + 1 Teh (O 2y . 205,

oo
= —2(T.[HO0.1, T.0) s + (DSTs D L50. DST&)
k=1 L2

+ ) (D'T:Le6, D°T L, 0)

M2

1

i
M- 7

R;.
1

l

Using Lemma A.4, (A.8), (A.9), integration by parts, Lemma A.3 and (A.7), we
have

IRl < 2|([p. 6] 0, D'T20) |+ (T, HOID" 0, D'T;0)
+(HOD T.60,, D°T.0) |
< CllOxllLoll0l7s + CIIHON L= 10117 < (10l + [HO N L) 1015

Using Lemma (A.5) with P = D*T, € OPSiO (cf. Lemma A.1), we have that
o0 o0

Ry+ R3 = (DSTS > L2, DSTS(?) + Y (D'TeLy 6, D ToLy0) 5 S 116155
k=1 12 k=l
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Combining the above estimates, we find some C > 1 such that,

2(Tog(X), ToX) a5 + I Teh (O 20y < C(L+ 85l + [ MOl L) 01
(3.33)

Due to V = H" — W1 and (A.9), (2.20) holds true. Therefore, we can apply
Theorem 2.1 to obtain the existence, uniqueness of pathwise solutions, together with
the blow-up criterion

1{]im Sup;_, o 10(t) | s =00} = l{lim sup,_, o+ 10(0) | gr =00} P—a.s.,
where r € (3/2, s — 2) is arbitrary. Now we only need to improve the above blow-up

criterion to (3.14). To this end, we proceed as in the proof of (2.22) (cf. (2.49)). For
m,l € N, we define

orm =inf{t =2 0: |0()llgs = m}, o2y =inf{t =0:[16x@) L + [HOxllL> =1},

where inf § = co. Denote o1 = lim,,;—, o 01, and oy = lim;_, o 02,;. Now we fix a
r € (3/2,s —2). Then,

16x Lo + HOxllLoe S N0 S N10@) 115

From this, it is obvious that o1 < op P — a.s. To prove o1 = o2 P — a.s., we need to
prove o1 > o2 P — a.s. In the same way as we prove (2.49), we only need to prove

P sup  ||0@)||lgs <oop =1 VN,l eN. (3.34)
te[0,02,1AN]

It follows from (3.32) and (3.33) that

E  sup  [T00%s — ElT:00l%s
te[0,00AN]
1

02 IAN ) ) 2
< CE ( /O 1012172011 dr)

03 AN )
+ CE/ (1 + 16xlloe + IHOx I Loo) 1011 de
0

=

o2 AN 02, IAN
< C]E( sup ||T59||%,S/ 161175 dt) - C,JE/ 16117 dt
te[0,02,1AN] 0 0
1 M
< SE sp L0l +C /0 E sup  10G)I1% dr,

te[0,02,1AN] t'e[0,tn02,1]
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where C; = C(1 + /) for some C > 1 large enough. Therefore, we arrive at

M
E  sup ||T86||%,s—2E||T860||%{ySCI/ E  sup 6% dr.
0

te[0,02,1AN] t'e€[0,tA02 1]

Hence, one can send ¢ — 0 and then use Gronwall’s inequality to derive that for each
I,N e N,

E sup [6(0)|%s < CE|6ol%s exp (CIN) < oo,
tel0,02,1AN]

which is (3.34). Hence, we obtain (3.14) and finish the proof.

3.5 Further Examples

Actually, the abstract framework for (1.1) can be applied to show the local existence
theory to a broader class of fluid dynamics equations. For instance, consider the SALT
surface quasi-geostrophic (SQG) equation:

o0
o +u-VOdr+ ) (& - VO) odW; =0, x €T,
= (3.35)

u="R",

where R is the Riesz transform in T2, and {W,k}keN is a sequence of standard 1-D
independent Brownian motions. The deterministic version of (3.35) reduces to the
SQG equation describing the dynamics of sharp fronts between masses of hot and
cold air (cf. Constantin et al. 1994). The SQG equations have been studied intensively,
and we cannot survey the vast research literature here. However, the stochastic version
with transport noise as in (3.35) has not been studied yet as far as we know.

To apply Theorem 2.1 to (3.35) to get a local theory, we introduce some notations.
For any real number s, A* = (—A)*/? are defined by Zs\f(k) = |k|sf(k). Then, we
let

stHsﬂ{f:ffdxzo}. (3.36)
T2

We notice that with the mean-zero condition, A is Hilbert space for s > 0 with
inner product (f, g)xs = (A® f, A®g);2 and homogeneous Sobolev norm || f|| ys =
| A® £l ;2. However, it can be shown that if f € X for s > 0, then, cf. Bahouri et al.
(2011),

I s S 1 f s S 1 f s (3.37)
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Assumption (E) Foralls > 1, {&(x) : T?> > R*yen C HSN{f € H' : V- f =0}
and ZkeN Ikl s < o0.

Then, we have the following local results for (3.35):

Theorem3.3 Lets > 4, S = (2, F, P, {Fi}i>0, W) be a stochastic basis fixed in
advance and X* be given in (3.36). Let Assumption (E) hold true. If 6y € L?(82; X%)is
an Fo-measurable random variable, then (3.35) has a local unique pathwise solution
0 starting from 6y such that

0(- A1) e L*(£2; C ([0, 00); X7)).
Moreover, the maximal solution (6, t*) to (3.35) satisfies

Lt sup, o 1601 xs =00} = L{timsup,_, o 16:(0) | oo+ (RO 1) o =00} ' — a-5.

Proof We only give a very quick sketch. The approximation of (3.35) can be con-
structed as in the proof of Theorem 3.2. We only notice that if Assumption (E) is
verified and 6y has mean-zero, then the approximate solution 6, has also mean-zero.
Recalling that U is fixed in advance to define (2.1), we take X = X*, )Y = X s=1
Z=X2 V=X with2 <r <s—2and T, = Q, = J;, where J, is given in
(A.2). One can basically go along the lines as in the proof of Theorem 3.2 with using
the A®-version of Lemma A.4 (see also in Kato and Ponce 1988; Kenig et al. 1991) to
estimate the nonlinear term. For the noise term, after writing it into the Itd form, one
can use Lemma A.5 and (3.37) to estimate the corresponding two terms. For the sake
of brevity, we omit the details. O

Remark 3.5 If the relation u = R16 in (3.35) is replaced by u = R+ A%u with
a € [—1,0], (3.35) becomes a SALT 2-D Euler-a model in vorticity form, which
interpolates with the SALT 2-D Euler equations (Crisan and Lang 2019) (¢ = —1)
and the SALT SQG equations (@ = 0). If u = RLR 6 in (3.35), then (3.35) is
the SALT incompressible porous medium equation, where 6 is now explained as the
density of the incompressible fluid moving through a homogeneous porous domain.
For the deterministic incompressible porous medium equation, we refer to Castro et al.
(2009). Both of them with SALT noise Z,foz 1 &k - VO) o dW have not been studied.
Similar to Theorem 3.1, our general framework (ii) is also applicable to them.

Remark 3.6 1t is worthwhile remarking that a new framework called Lagrangian-
Averaged Stochastic Advection by Lie Transport (LA SALT) has been developed for a
class of stochastic partial differential equations in Alonso-Ordn et al. (2020) and Drivas
et al. (2020). For LA SALT, the velocity field is randomly transported by white-noise
vector fields as well as by its own average over realizations of this noise. For the even
more general distribution-path dependent case of transport type equations, we refer to
Ren et al. (2020). Generally speaking, the distribution of the solution is a global object
on the path space, and it does not exist for explosive stochastic processes whose paths
are killed at the life time. For a local theory of distribution dependent SDEs/SPDEs,
we have to either consider the non-explosive setting or modify the “distribution” by
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a local notion (for example, conditional distribution given by solution does not blow
up at present time). Here, we focus our attention to the abstract framework for SPDEs
with SALT noise. The general case with LA SALT is left as future work.
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A Auxiliary Results
In this appendix, we formulate and prove some estimates employed in the proofs
above. We start from mollifiers which can preserve periodicity. Let j = j(x) be a

Schwartz function such that 0 < 7(& ) < 1forall & € R? and 7(5 ) = 1 for any
|&] < 1. Define for ¢ € (0, 1) the mollifier

Jeg(x) = (Jexg) (x), (A.D)

where j;(x) = é J(%). The following operator J; is also fundamental for the approx-
imation and defined by

Jog(x) =1 —&2A) " g(x) = Z (1 +82|k|2)_1§(k) ek, (A.2)
kezd

For any u, v € H*, J, and J; satisfy, cf. Tang (2018, 2020),

lu — Jeullgr ~ 0(e5"), r <s, (A.3)

leullar S & lullps, r>s, (A4)

[D*, J.] = [D*, J:] =0, (A.5)

(Jeu, v) 2 = (u, Jev) 2, (Jeu, v) 2 = (u, Jev) 2, (A.6)
and

Wewll s, I Jetell s < Nullps, el S llullze (A7)
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From the definition of the Hilbert transform H in (3.9), we have
[D*, H] = [0y, H] = [Je, H] =0, (A.8)
and for any s > 0,
IHullzs < llulles (A.9)

A pseudo-differential operator P(x, D) on the periodic torus T¢ is an operator
given by

P(x,D)f(x) = b > alx e F k), (A.10)

d
(27) kezd

where P (x, D) belongs to a certain class and a(x, k) is called the symbol of P (x, D).
For p, § € [0, 1], s € R, we define the Hormander class of symbols SZf s to be the set

of all symbols a : T¢ x Z¢ — C such that a(-, k) € C*®(T?) for all k € Z¢ and for
alla, B € N, there exists a constant C = C (o, B) > 0 such that

AP a(x, k)| < Clk)ys—Pleltolpl,

where (k) = (1 +k%)!/? and for g : Z¢ — C,

Pl =) (—1)“‘V(Joj>g(k+y)

yeNd y<a

is the finite difference operator of order o with step size one in each of the coordinates
of the frequency variable k. In such a case we say the associated operator P(x, D)
defined by (A.10) belongs to the class OPS;’ s (cf. Taylor 1991, page 8). Then, it is

easy to check (see for example Taylor 1991, pages 13 & 22) that J, and J; also satisfy

LemmaA.1 Let Jg, fs be defined as in (A.1) and (A.2), then the following properties
hold true:

1. Jo € OPS Y, Jo € OPS| for everye € (0, 1);
2. {Je}lo<e<1 and [J; ]0 ' are bounded subsets ofOPS(l) o
<e< ’

3. If p(x, D) € OPS} , then p(x, D)Js € OPS[SO, px,D)J, € OPSI(O)o for all
e € (0, 1);
4. If p(x. D) € OPS o, then {p(x, D)Ji}y_o, C OPS; Oand{p(x, D)J}}O C
3 ’ <e<
OPSi’0 are bounded.

We also recall the following commutator estimates for two pseudo-differential oper-
ators.
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LemmaA.2 (Hormander 1985; Taylor 1991) Let P € OPS) s and T € OPS} ; with
p,q €R 0<6<p,<1then

[P.T] e oPShHI~7)

Lemma A.3 (Tang 2020; Ren et al. 2020) Letd > land f, g : T4 — RY such that
g € Wh*®and f € L2 Then, for some C > 0,

[[7 -] #] , = cvgli=ifip.

L2
Now we recall some useful estimates.

LemmaA.4 (Kato and Ponce 1988; Kenig et al. 1991) If f,g € H*() Wb with
1

. ithi = 11,1 _ 141
s>0,thenf0rp,p,e(l,oo)wzthl_2,3andp_pl+p2_m—l—m,wehave

I[D°, flgller < CUV fllm 1D Yglipr: + 1D* fllzes ligllLes),
and
I1D*(fllLr < CUfllLri 1D gllr: 4 11D° fllzrs llgllLrs).

LemmaA.5 Lets > ‘71 + 1, f € H*2 be a scalar function, & be a d-D vector and
P € OPS| . Define

Lo f =& Vf+(divé)f.

If Assumption (D) holds, then we have

(Pzﬁéfﬂ’f> + Y (PLef PLef)2 S If s (ALD)
k=1 L2

k=1

Proof The essential part of the desired estimate lies in the following result in Alonso-
Oran and Bethencourt de Ledn (2020): Let Q be a first-order linear operator with
smooth coefficients and P € OPSSLO. Then, f € H® with s > % + 1 we have that

(PQP£.PF) , + (PO PO S £
In particular, if we choose Q = Lg we have that:
(PLEF.PF) ,+ (PLaf PLef) o S N1 A12)

Since we want to calculate this estimate for Z,fi] L%k, we need to precise the constant
of the right hand side of (A.12). To this end, mimicking the proof of Alonso-Ordn and
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Bethencourt de Le6n (2020) we can rewrite the left hand side of (A.12) as

<7)£§kf’7)f)L2 + (P;C%‘kf, P‘kaf)LZ
= (Rof, P+ Rif, Rif)p2+(Pf,ER f)2
1

1 2
~ S (PL.RP L2+ 5 (PFEPS) , + (RIS EP)y
= ZI,',

i=1

where E = div& € OPS) , Ry = [L,, E] € OPS| , Ry = [P, Lg] and Ry =
[R1, Lg, ]. By Lemma A.2, we have

To derive (A.11) we will invoke the following commutator estimates (see Taylor
1991, (3.6.1) and (3.6.2)):

- IfP e OPS‘i,O, s > 0, then there is a C > 0 such that
I P(gu) — gPullr2 < C (lglwioe lullgs—1 + Iglgs lullp).  (A13)
~-IfPe OPS{’O, then there is a C > 0 such that
I1P(gu) — gPull2 = Cliglwieo llullz2 . (A.14)
For I, we have that

L] < IR fll2 IPfl g2

< (R, L& 1f | 2 1S s

= (II[R1, & - V1fli2 + IRy, divET £l 2) I f | s

= (II[R1, &1V fliz2 + & - [R1, V1S lI2 + IRy, divE] fll22) I f 1l s
= (ha+ha+13) 1 fllgs

A

Applying (A.13) with P = Ry, g = &, u = V f, and using H* < W, we arrive
at

1l < 8kllwree IV fllgs—t 4 18kl s 1V Fllee < Wkl s L 11 as -

For the second term, we have
[12] = &k - [R1, VIfllL2 < Wkllpee IR, VIfllL2 < WEkllps 1 f 1 pgs -
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Applying (A.13) with P = Ry, g = div§, and u = f yields

1,3] < 1divéxllwioe | f Il gs—1 + V& s | fll oo < N1kl s+t I1F s -

Hence, we have show that

1] < C &N oo I1F 1% -

Repeat the above procedure as we estimate || Ry f||;2 = ” [R1, Lg ) f || 12 With replac-
ing Ry by P, we have
2 2
LI < IR f1% < |IP, L&) f 7
(IP. & - V1f 2 + I[P, divéel 1l 2)°
(P, &1V fliz2 + & - [P, VIfl 2 + I[P, diVék]flle)2

IE N2 een 11 £ 1%
H

IA

For the third term, using the Cauchy—Schwarz inequality and the fact that E = div&; €
OPS%‘O gives rise to

3] = (Pf, ER f)2 < IPfllp2 IdivE Ry £l 2 < divéell oo | 1 7s -

Similarly,

1
115 + Ie| = ‘5 (Pf, E27’f>L2 + R1f, EPf)2

IA

C (IdiveelF IPFI2: + IRl 2 divéell o< 1P £1.2)

< € (vl + NdivelF ) 1 1%

For 14, we notice that L¢, € OPS%’O. Hence, it follows from (A.14) with P = Lg,
g = divég and u = P f that

4] < CIPFllz2 | [Le. divEAPf 2 < CIPfll 2 1divEellyroc 1P £1I 2
< C &l s £ 135 -

Gathering all the above estimates implies that for some C > 0,
(P2 f.Pr) , + (PLef PLaF) 2 = € (163 pns + Nolponr ) 1F U

Using Assumption (D) to the above estimates, we obtain (A.11). ]

We conclude this appendix with some useful tools in stochastic analysis.
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Lemma A.6 (Prokhorov Theorem, Da Prato and Zabczyk (2014)) Let X be a complete
and separable metric space. A sequence of measures {j1,} C P (X) is tight if and only
if it is relatively compact, i.e., there is a subsequence {1, } converging to a probability
measure (L weakly.

Lemma A.7 (Skorokhod Theorem, Da Prato and Zabczyk (2014)) Let X be a complete
and separable metric space. For an arbitrary sequence {j,} C P(X) such that
{wn} is tight on (X, B(X)), there exists a subsequence {|i,, } converging weakly to
a probability measure |, and a probability space (§2, F,P) with X-valued Borel
measurable random variables x,, and x, such that |, is the distribution of x,,, | is the

distribution of x, and x, —— x P — a.s.

Lemma A.8 (Breit et al. 2018; Debussche et al. 2011) Let (2, F,P) be a com-
plete probability space and X be a separable Hilbert space and let S, =
(2. 74710
n > 1, W" is cylindrical Brownian motion (over U with the canonical embedding
U < Ug being Hilbert—Schmidt) with respect to {ft"}t>0. Let G, be an F]' pre-
dictable process ranging in L (U; X). Finally consider S = (.Q, F, P, {Fi}t=0. W)
and G € L*(0,T; £>(U; X)), which is F; predictable. Suppose that we have the
following convergence in probability:

P, Wn> be a sequence of stochastic bases such that for each

W, - WinC (0, T];Uy) and G, — G in L? 0, T; L2(U; X)) .

Then,
/ G,dW, — / GdW in L2(0, T; X) in probability.
0 0

LemmaA.9 (Gyongy—Krylov Lemma, Gyongy and Krylov (1996)) Let X be a Polish
space equipped with the Borel sigma-algebra B(X). Let {Y;};>0 be a sequence of
X-valued random variables. Let

i) =P((Y;,¥)e-) V- €BXxX).
Then, {Y;}j>0 converges in probability if and only if for every subsequence of
{1 Yk=0, there exists a further subsequence which weakly converges to some

n € (X x X) satisfying

w{u,v) e XxX, u=v}) =1
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