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Abstract

This work is devoted to deriving small mass limiting equation for a class of Hamiltonian systems with
multiplicative Lévy noise. Derivation of the limiting equation depends on the structure of the stochastic
Hamiltonian systems, in which a noise-induced drift term arises. We prove convergence to the limiting
equation in probability under appropriate assumptions on smoothness and boundedness. Furthermore, we
demonstrate convergence in moment under stronger assumptions. A Lévy type Smoluchowski-Kramers
approximation result is presented as an illustrative example.
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1. Introduction

The motion of a diffusing particle of mass m can be modeled by a stochastic differential equation
(SDE)
dqr = vedt, mdvy = —yvedt + odWy,

where + is the dissipation coefficient, o is the diffusion coefficient and W is a Wiener process. The small
mass limit problem was studied by Smoluchowski H] and Kramers H] when the mass m — 0. Following
their pioneering work, this subject has been investigated by a number of authors. For example, Nelson
B] derived the limiting equation when v and o are constants and a Fokker-Planck equation approach was

@] Convergence in probability for v constant and o position-dependent was shown

provided by Doering
by Freidlin B] For the infinite dimensional case, the problem was studied by Cerrai-Freidlin ﬂa] These
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above problems can be illustrated in the framework of homogenization, for which a splendid relevant
reference is given [7].

Recently, the phenomenon of presence of noise-induced drift term in the small mass limit problem
attracted wide attentions. It arises when the dissipation and diffusion coefficients depend on the state
variable. Then there will be an additional drift term which does not appear in the original system.
This phenomenon was firstly discovered by Hanggi ﬂg] for systems satisfying the fluctuation-dissipation
relation. Then Volpe et al. ‘j] made an experimental observation for this phenomenon. Hottovy et al. [10]
derived the limiting equation of SDEs with arbitrary state-dependent friction. Birrell et al. developed
small mass limit theory on compact Riemannian manifolds ‘il] and for Hamiltonian systems [12]. A
generalized homogenization theorem for Langevin systems was proved in [13]. Lim et al. M] discussed
generalized Langevin equation for non-Markovian anomalous diffusions. We point out that most existing
works mentioned above are for Gaussian noise.

However, random fluctuations in nonlinear dynamical systems are often non-Gaussian H] The par-
ticle undergoing Lévy superdiffusion is performing motion with random jumps and step lengths following
a power-law distribution [16]. As an important kind of non-Gaussian noise, Lévy noise have been found
widely in atmospheric turbulence B], epidemic spreading B] and cell biological behaviour H] Lévy
noise-driven non-equilibrium systems are known to manifest interesting physical properties. It is worth
mentioning that Lévy noise-driven systems do not satisfy classical fluctuation dissipation relation. There-
fore, linear response theory, which is viewed as a generalization of the fluctuation-dissipation theorem,
has been studied for SDEs driven by Lévy noise ‘j |. It is similar to the previous part that there are
also some small mass limit results for SDEs driven by Lévy noise. For example, Talibi ] developed
Nelson theory for the a-stable Lévy process. Zhang izj] obtained Smoluchowski-Kramers approximation
for SDEs driven by Lévy noise whose moment is finite.

Hamiltonian dynamics M], as an equivalent description of Newton’s second law in the framework of
classical mechanics, form the framework of statistical mechanics. Dissipative Hamiltonian systems with
noise have been investigated recently [25, 126].

In this present paper, we derive the small mass limiting equation of a class of dissipative Hamiltonian

systems with Lévy noise

dg; = V,H®(t,xz)dt,
(1.1)
dpy = (=(t, ap)Vp H" (8, 27) = Vo H (8, 27) + F (¢, x7))dt + o (¢, a7 )dLy,

where 25 = (¢f,pj) and H is a Hamiltonian function with small mass parameter . The functions
v, o and F are dissipation coefficient, diffusion coefficient and external force dependent on (¢5,p5),

respectively. Here the process L = {L;};>¢ is a Lévy process. An inspiration for this paper goes back



to the work by Birrell-Wehr B] The main idea of proof is the following: By means of the structure of
Hamiltonian systems and a Lyapunov equation, we derive the limiting equation including a noise-induced
drift term. Then, we prove that under appropriate assumptions, the original systems converge to the
limiting equation in moment. Finally, utilizing non-explosion property of the solution of original systems,
we show the convergence in probability for weaker assumptions.

This paper is organized as follows. In Section 2, we recall some basic notations and introduce a class
of dissipative Hamiltonian systems with Lévy noise. In Section 3, we state and prove the homogenization
result. More precisely, in Section 3.1, we obtain the moment estimation of kinetic function and get some
relevant estimation results. In Section 3.2, we derive the limiting equation by using a Lyapunov equation.
In Section 3.3, we finish the proof of the main results (Theorem Bl and Theorem B.2]). In Section 3.4,

we extend the result to some more general systems. In Section 4, we present an illustrative example .

2. Preliminaries

2.1. Lévy motion

Let (2,P) be a probability space. An stochastic process Ly = L(t) taking values in R™ with L(0) =
0 a.s. (almost surely) is called an n-dimensional Lévy process if it is stochastically continuous, with
independent increments and stationary increments.

An n-dimensional Lévy process L; can be expressed by Lévy-It6 decomposition, i.e., there exist a drift

vector b € R", a covariance matrix () such that

L= bt+BQ(t)+/

ll=l[<1

aN(t,dz) + / xN(t,dz),

lJz[|>1
where N (dt,dz) is the Poisson random measure on R x (R"\{0}), N(dt, dz) £ N(dt,dz) — v(dz)dt is the
compensated Poisson random measure, v = EN(1, ) is the jump measure, and Bg(t) is an independent
n-dimensional Brownian motion with covariance matrix Q. The triple (b, Q,v) is called the generating

triple for the Lévy process L;. A Lévy process L; has 6-th moment if and only if erH>1 l|z]|?v(dz) < .

2.2. Dissipative Hamiltonian system with Lévy noise

We consider the dissipative Hamiltonian system described in B] Given a time-dependent Hamil-
tonian function H(t,x¢), where x; = (g, pt) € R™ x R™. The following Hamiltonian system describe a

system with dissipative force and an external force.

G =V, H(t, x¢),
L= Vol (o) (2.1)
pt = —’y(f, ZCt)va(t,.’L't) — VqH(t, ZCt) + F(t, ZCt),



with dissipation coefficient « : [0, 00) x R?" — R™*" and external forcing function F : [0, 00) x R?" — R™.
A natural example for Hamiltonian function is H(gq,p) = % + V{(q), where % represents kinetic energy
of system and m represents mass. Hence we are interested in a family of Hamiltonians depending on

some small parameter ¢ of the form

H(t,q,p) = K°(t,q,p) + V(t,q) = K(e,t,q,p/VE) + V(L,q). (2.2)

We remark that the notation K and V may not represent physical kinetic energy and potential energy.
Actually, the splitting is more extensive as long as it satisfies the assumptions we will make below.
However, we still call K kinetic energy and V' potential energy function in the following sections.
In this paper, we study the following Hamiltonian system perturbed by Lévy fluctuation
dg; = V,H®(t,z7)dt,

(2.3)
dp; = (=(t,2)VpH*(t,27) — Vo H (t,27) + F(t,27))dt + o(t, x7_)dLy,

with initial data (g5, p§), where o : [0,00) x R*" — R"*4 is noise intensity function and L = {L;};>0 is

a R-valued pure jump Lévy process with triple (0,0, v).

Remark 2.1. We consider only pure jump Lévy process here, since by Lévy-Ito decomposition, Lévy
process could be expressed as a sum of a Brownian motion and a pure jump Lévy process, in addition to a
drift term which may be absorbed in the vector field in SDE. Homogenization of dissipative Hamiltonian
systems with Brownian motion was studied in [12]. Thereby we use same notations as in [12] to make

sure the influence of Brownian motion can be added to our results.

We assume that the pure jump Lévy process has finite moment. More precisely, we make the following
assumption for jump measure v.

Assumption 1. There exists a constant 6 such that the Lévy measure v satisfies

/ |z|2V0v(dz) < oo,
|| =1

here 2 vV 6 = max{2, 0}.

3. Homogenization of dissipative Hamiltonian systems under Lévy fluctuations

In this section we formulate the assumptions and state the main results Theorem B.] and Theroem

3.2



3.1. Moment estimates

In this subsection, we derive the moment estimation for kinetic energy K and some relevant estimation
results. For the Hamiltonian function H we make the following assumptions.
Assumption 2. The Hamiltonian function H has form ([22)), where K (e,t,q, z) is non-negative and
C? in (t,q, z) for each . Moreover, there exists a constant Cy > 0 such that K(0,z5) < Cy. For every
fixed constant 7' > 0 and go > 0, the following conditions hold on (0, 0] x [0, 7] x R?":

1. There exist positive constants C, M; such that
max {|0: K (e,t,q,2)], ||V K (e, t,q,2)|],|[V-K(e,t,q,2)||} < M1+ CK (e, t,q, z).
2. There exist positive constants ¢, My such that
IVoK (e, t.q.2)|[* + M > cK (e, t,q, 2).

3. The kinetic energy K(e,t,q, z) is Lipschitz w.r.t (with respect to) z, i.e. there exists a constant L such
that
|K(e,t,q,21) — K(g,t,q,22)| < L|z1 — 22|

4. The potential energy V(t,q) is C* in (¢,q) and V,V is bounded.

For dissipative matrix function 7, external force I’ and noise intensity o, we assume that
Assumption 3. For every T' > 0, the following conditions hold on [0, T] x R?":
1. The function ~, F, o are bounded and Lipschitz.

2. The matrix function v is symmetric with eignevalues bounded below by some constant A > 0.

Remark 3.1. Under the Assumption 1-3 and additional Assumption 4 below, the solution x to stochastic

Hamiltonian system (23] exists and is unique. See Appendiz for proof.

At this point, we begin to prove the moment estimations of K. We firstly give an upper bound of

kinetic energy K.

Lemma 3.1. For every 8 > 1 and T > 0 there exist positive constants oy, g such that for all constant

a € (0, a0], € € (0,20] and t € [0,T], we have

t
Ke(t,25)0 < SE) 4 / / UKo (s, g5 pS + (s, 25 )e)® — Ko(s, 45, p5)*1 N (ds, de),
« 0 JR4\{0}
(3.1)

1-6/2

where H(E) = K1 + Kaoe for positive constants k1 and k.

Proof. Applying It formula to e®*/¢K*(t,25)?, we have



eat/EKE(ﬁ, xi)@

t t
= K°(0,25)" + %/ e /FKe(s,25)0ds + 9/ e /fKE (s, 25)0 (0, K ) (s, 25)ds
0 0
9 t
2 [ e R ) (VLK) (5, 5) (4 (5,00 (VoK) (s, ) s
0
+ —/ 0312V K)F (5,25) (< VgV (5, 45) + F(s,2%))ds

/ / as/s KE(S qs ,p57+0_( ) )9 7K€(57q§7,p§7>0]ﬁ(d57d1')
R4\ {0}

4 / / €K (s, 15+ (5,25 )2) — K(s, 45, p5)"|u(de)ds (1)
RA\ {0}
t
. 0
‘/ / €/ (5,25 Vo K (5,45 75 )° "NV K (5,45 75 ) (da)ds, (L)
|z|<1 \/E

where we denote the last two integrals by Iy, I> respectively. The notation (0,K)%(s,z) is equal to

0:K (¢, s,q,p/+/€) and similarly for (V,K)(s,z).

First we estimate terms I1, Is. Using mean value theorem and Lipschitz condition of K for the term

I; we have

t
Il:/ / SIS (K5 (s, 42, p5 + o (s, 25)x)’ — K°(s,q5,p5)°)v(dx)ds
R4\ {0}
t
<202 [ [ e D) I (o5 + (s, 5)0) — K050
R4\ {0}

1K (5,05 05 + 0 (s,08)) — K* (5,45, p5)|"| v(da)ds

29—2 L o t ) 29—29[/9 o t
< 0 ||U|| / |$|V(dl‘)/ €aé/6K6(S,q§,p§)2e_ld8+ 0/2||U|| / |.T|0V(d$)/ e®s/eds.
Ve R4\ {0} 0 € R4\ {0} 0
(3.2)

Under Assumption 2-3, for term I, we have
t ) 9
<[] et s a5, ) VK (o)
|z|<1 \/E

9 o t t
< Aole [ atugan) (o [ e Rty s 4 © [ e R o))
lz[<1 0 0

3
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Then combining these two inequalities (8:2)), (33]) with Assumption 2-3, we obtain

eat/sKa(t, wi)@

Acb

t
SKE(O,xg)‘g—i—( +09——+ VqV—i-FHOO)/ eas/aKa(s’xi)Gds
0

AMo

t
+9<M1+ quJrFHOO)/ eas/aKa(vai)G—lds
0

1
+ 2
90—2¢7, t (3.4)
+ 4 ||U||OO/ |.T|V(d$)+9||a||oo/ |$|V(dl‘) /eas/EKE(s,xi)e_lds
NG R4\ {0} € || <1 0

Ollol|oe [* 20720L°[o||° !
+ c ||J|| / eas/EKE(S,qs,ps)edS + : 2||o—||oo / |:C|01/(d1')/ eas/sds
€ 0 e¥/ R4\{0} 0

t
4 / / K (5,5 P+ (5,25 )2) — K*(s, 455 )) N (ds, da).
RI\{0}

Note that Young inequality allows K/~ < & (%)9 + 2 K% Let M = max{Mj, M,}. We get

t
Ke(t,2%)? < _O‘t/EK‘E(O xg) — B/ —alt- ‘5)/5K8(s 2%)0ds + i
(3.5)
/ / altes /E[KE(S qs ’ps— + U( )1')0 - KE(S,qz_,pi_)e]N(dS,d:L'>,
ROV{O}
where
D =Xl — a— Che — CO/e|| — VgV + Flloo — 062 — 05X — 051/|| — VoV + Flo
(3.6)
992015 oo M 1f/ l|v(dz) —95||a||(,o/|| e lp(dz) — CO6]|0] oo,
x|<1
and

6—1
M
_ <_) <M5+AM+M\/E||VqV+F||oo+292L\/E||o||OO/ |x|y(dz)+||o||oo/ |x|y(dz)>
R4\{0} |z|<1

e
+ (—) 29_2L9||a||2051_9/2/ 2w (da).
0 R?\{0}
(3.7)

For all €, ¢, o sufficiently small, D is non-negative. In addition, K¢(0,z§) is bounded by Assumption 2.
Thus we obtain the required inequality (B.I)). O

Now we give the moment estimation of the kinetic energy K=(¢,x) by means of above assumptions

and lemma.

Lemma 3.2. (Supremum of expectation of the kinetic energy) Under Assumption 1-3, for every



positive T and 0, the kinetic energy K has the following uniform estimate

sup E [K=(t,25)"] = O(El_y), as e — 0. (3.8)
t€[0,T

Proof. We first consider 8 > 1. Note that
t ~
[ e e g+ o(s,aia)” - K (s p )|V s, da)
0 JRI\{0}

is a local martingale and it is in fact a martingale by using appropriate sequence of stopping times (see

B], page 266). Then we obtain the following equality

E

t
e~ t=9)/eIKe(s ¢ p° 4+ o(s,29)2)? — K°(s,q°_,p°_)?]N(ds,dz)| = 0.
aqs ’ps » s ’qs ’ps )
0 JRI\{0}

It follows that the equality ([B.8) holds from Lemma Bl and preceding equation for § > 1. The results
for 0 < 6 < 1 follows by Holder’s inequality. [l

Lemma 3.3. (Expectation of supremum of the kinetic energy) Under Assumption 1-3 and for

every positive T and 0, the kinetic energy K has the following uniform estimate

E | sup K&(t,z5)°

te[0,T)

= 0(5_%), as € — 0. (3.9)

Proof. By Lemma Bl we have

t
Ke(t,zf) < r +/ / e_a(t_s)/E[Ka(s,q;,pif +o(s,z5_)x) — K°(s,q5_,p5_)]N(ds,dz). (3.10)
Q 0 JR4\{0}
It6’s product formula implies that
t ~
[ e R st g+ (st ) K (s, ) N (ds, da)
0 JRrRI\{0}
¢
=[] b ol o) - K (s 52 )N (s o) (3.11)
0 JRr4\{0}
t s
b [ Geretare [T R pf (i ) - K(gi i )| (dr da)ds.
0o € 0 JRI\{0}

We first show the proposition in the case when 6 > 2. Substituting (311 into (BI0) and taking



supremum and expectation on both side, we have

E l sup K&(t,z5)°

te[0,7]
0 ¢ f
<90-1 (E) +4971E | sup / / [K®(s,q5_,pi_ +o(s,xi_)x) — K°(s,q¢5_,p5_)]N(ds,dx)
@ tef0,7] [Jo JRA\{0}
t s g
+4°71'E | sup / geﬂl(t*s)/g/ / [Ke(r,qi_,pi_ +o(ryxi_)x) — K (r,q;_, pi_)|N(dr,dz)ds
telo,7]|Jo € 0 JRIN\{0}
(3.12)

For the first Poisson stochastic integral term, Kunita first inequality (@], Theorem 4.4.23) implies
that

0

E | sup
te[0,T]

t
/ / K*(s,45_ 95 + o(s,2%_)x) — K*(s, 4", 95 )N (ds, da)
0 JRI\{0}

VIS

T
<DO)E / / K= (5,05 05+ 0 (5,25 )) — K (5,05, p5_) Pw(de)ds
0 JR4\{0}

T (3.13)
S| [ [ RSsgiph  ols w0~ Ko di i) ["vlde)ds
0 R\ {0}
g
DO T ol ([ aPuide) |+ STLOS [ falu(do)
R4\ {0} R4\ {0}
:O(E_%).
Next we deal with the second Poisson stochastic integral term
I t S o
B | sup | [ Serewre [U] g (i e) - KEgpf N do)ds
tefo, 7] |Jo € 0 JRI\{0}
r t s o
<E | sup /ﬁe-a“-s)/a sup / / K (g2 b5+ o(r,25_)a) — K*(r, ¢, pi_)| N (dr, d) | ds
tefo,7]|Jo € s€lo,t] [Jo JR4\{0}
- . 0
<E | sup / / K=(s, 45,05 + (5,25 )2) — K=(s, q5_, p5_) N (ds, d)
tefo,1]|Jo Jra\{0}
*O(E g)v
(3.14)

where the last equality is obtained by utilizing ([B.I3]). Therefore, equality (8:9]) holds for 6 > 2 by (B12),

BI3)and @BI4). It follows for all # > 0 by Holder’s inequality.
(|



We make an additional assumption for kinetic energy K as follows.

Assumption 4 For every T' > 0, there exist ¢ > 0,7 > 0 such that
K(e,t,q,2) = cf|z]|".

Now we can deduce an useful proposition under this assumption. Proposition Bl is a direct deduction

from Lemma [3.2] Lemma and Assumption 4.

Proposition 3.1. Under Assumption 1-4, for every T > 0 we have

O(),  ifo <2,

sup E[||pf]|’] = L, ase— 0, (3.15)
e O(ex™ ), ifo>2,
and
E | sup [|pf|’| = O(e27%7), ase—0. (3.16)
te[0,T]

Proof. From Assumption 4, we have

sup E [||pf||9] <e? sup E {Kg(t,xf)%} .
te[0,T] t€[0,T]
Note that Lemma implies sup,ec(o ) E[K°(t,25)*] = O(1) for a < 2 and sup,cpo ) E [K°(¢, 25)?] =
O(e'~%) for a > 2. Hence we get (315). Equation (3.I6) follows similar arguments and Lemma B3l O

Remark 3.2. If the parameter n in Assumption 4 was given, then proposition 1 told us the order of
momentum p; convergence to zero. For example, assume that n in Assumption 4 equals to 2, we have
SUPe(o,7) E [Ips 1] = O(e%) when 6 < 4 and supyepo,r) E [Ips11°] = O(e'*+%) when 6 > 4. Moreover,

E [supejor I9i11] = O(%).

3.2. Derivation of the limit equation

In this subsection, we derive the limit equation of the system (23] as € — 0. To this end we make an
additional assumption on 7.
Assumption 5 Every element 'yf in matrix function v is C'* and independent of p.

Note that stochastic Hamiltonian equation (23] can be simplified to

d(q;) = VpH"(t, z7)dt (3.17)
= Vil(tv x?)(qus(tv SC?) - F(ta :Lf))dt =+ Vil(ta ZE%)O’(t, zi—)st - Vil(ta zi)d(pi)

10



Since matrix function « has bounded eigenvalues, 7y is invertible. Taking stochastic integration by parts

formula for the last term y~1(¢,25)d(p$) on the right hand side of ([BI7), we have

(v a9 d(p7); = — Ay 1] (t.a7) (0)) + ()50 (v~ ) (¢, 45 )dt

+ (pi— )jaql (7_1)5 (t’ qf)apz H* (ta xi)dt’

where 9, (y~! ¥

K2

means the I-th component of V,(y~)?, and d,, H means the I-th component of V,H.

79

Here we used Einstein summation notation. Therefore,

d(a7)s =(y 1)1 (t,47) (D, HE (t ) — Ey(t,25))dt + (v V)] (t, ¢ )of (¢, 25 )d(Ly)

= d((7 (@) 05)3) + (BF2)30:(v ] (t g )t + (9F2) ;0 (v (1, 05) By, HE (2, 25t

(3.18)

To simplify the last term (p§);0p, H®(t, 25 )dt, we compute

d((pi)i(pi);) = (Pi-)ed(pi); + (pi-);d(p5)i + dlpi, Pl

=5 )i (=) (6, 95) Dy HE (¢, 25) — D, HE (¢, 25) + Fj(t, 25))dt + of (¢, 25_)d(Le), |
& € € € € € e e (319)
+(pt—)j [(*’Yf(tﬂpt)apkH (tv xt) - aqu (tv xt) + E(t, zt))dt + O’f(t, zt—)d(Lt)P]

+/ ok (t, xff)oé—(t, x;_)rpayN(dt, dx).
RA\{0}
Rewrite this equation in the form of the following Lyapunov equation B]
Y (Vi + 9 (Vikg = (Co)ig (3.20)
where (V4)i; = 0p, H®(t, 2%)(p_);dt, and
(Ct)ij == d((P§)i(pF)) + (P-)i [—0q, H(t,25) + Fy(t, )] dt + (pi_); [~ 0, H" (t, 27) + Fi(t,2f)] dt

+(pf_)m§’(t, xi_)d(Ly), + (pf_)of (¢, 25 )d(Ly), + /]Rd\{ } Uf(t, :cf_)oj» (t, x5 )xpayN(dt, dx).
0

By solving Lyapunov equation ([B3.20), we have

(Vi)ij :/ eV (Cme ™V dy.
0

11



Hence, we have

(PF-)jOp HE (t, 25 )dt = G5 (t,45 ) (Ct)ab
= G?lb(t’ qg) [_d((pi)a(pi)b) + (pi_)a(—aprE(t, ZCi) + Fb(ta x%))dt
(i )b (=0p, HE (8, x7) + Fa(t, x7))dt + (pj_)aoy, (t, 25 )d(Lt), + (pf_)eot (t, 27 )d(Lt),

+/ Ug(t,:cf_)oé(t,:cf_)zk:clN(dt,d:c)],
R4\ {0}

(3.21)

where G‘ﬁb(t, @)= J° e~ V5 (44D =u7! (44 gy

Combining Eq.3I8) and Eq.(32ZI) together, we see that ¢f satisfies the equation

d(a7)i = (7118, 45) (04, V (8, 6) + Fy(t,25)) dt + (v )] (t 45)of (1252 )d(Le),

+ (77t 470, KO (1 w5 )dt — 0 (v )11 47) G (8 ) / oy 70 o 2 Ja N, d)
R4\ {0

+ d(R5);,
(3.22)

where

d(R?)i = d((v"](t,¢5)(5);) — (15); 01 (v )1t g5 )t
= O (v, 45) G (8 a7 ) [=d((9)a (9)0) + (9 )a(—0p, H (8, 27) + Fy(t, a5))dt

+ (D5 )o(—8p, HE (t, 25) + Fult, x7))dt + (pi_)aoy (t, 25 )d(Le ) + (pF-)o0f (t, 25 )d(Ly) ] -
(3.23)

Note that term (y~1)!(t, 45 )0q, K= (t, 2% )dt in [3.22) will survive in the limiting equation. Here we make
another assumption.

Assumption 6 Every element 0,, K in V K is Lipschitz w.r.t q.

Remark 3.3. This assumption seems a little strong. Howewver, it is reasonable since we assume function
K is C?, hence K is locally Lipschitz. Indeed we will extend our results to locally Lipshitz K in Section
3.4. If K is independent of q, then this term can be ignored. If K does not have additional assumption,

we refer to [13] for estimations of this term.

The proceeding calculations motivate the proposed lower dimensional limiting equation for the dy-

namics of position g:

d(gr)i = (vt qr) (00, V(t qe) + Fj(t,20)) dt + (v ) (t qr)o? (8, - )d(Lr),

+ (771)5 (t,qi)0q; K (t, ¢ )dt — Ogn (771)5 (t, qt)G?Z(t, qt) /d\{ , Uéf (t, :Et_)oll,(t, i )xpay N (dt, dx),
R4\ {0
(3.24)

12



where x; = (g¢,0) since momentum p§ converges to 0 from Proposition Bl Here we denote

t
Si(t,x) :/ Ogh (7—1)5(1&,(])6";2(5,(]) /Rd\{ }as(s,xs_)a,l,(s,xs_)zkle(ds,dz). (3.25)
0 0

Actually it is the noise-induced drift in limiting equation.

3.3. Proof of convergence to the limiting equation

In this subsection, we show that the stochastic Hamiltonian system (23)) converge to homogenized
equation (3:24)) in moment under an additional assumption:
Assumption 7. Assume that function v is C? and 0,7, 0y, 0,0¢'y and 04:04iy are bounded on
[0,T] x R™, for every T.

Now we demonstrate that the remainder term RS converges to zero. For convenience, we denote C' a
finite positive constant whose value may vary from line to line and the notation C'() to emphasize the

dependence on the quantities appearing in the parentheses.

Lemma 3.4. Under Assumption 1-7, for every T > 0,n1 > 1 and 0 < n, we have

E 1°

sup ||R:||?| = O(?), as e — 0, (3.26)

te[0,T)

where RS was defined in Eq. B23) and 5(0) is a piecewise function

[} _1 21
B(O) = $(1-3), o<os g
[} 2
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Proof. Integrating Eq. (8:223) on [0, 7], then taking expectation and supremum on it, we have

E | sup [[Rf||”| <8°* (E sup |[(v"1)I (¢ ¢f) (), I’ sup ||(71)f(0,QS)(p8)jIIG]
te[0,T] te[0,T te[0,T
r t ) 0 0
+E | sup /(pé) 05 (Y1) (s, 45)ds sup / Dgr (V1) (5, 45)G5h (5, 45)d((p3)a (P5)5) 1
| t€[0,T] te[0,7]
r 0
+E | sup /ah (5,05)G5h (5, 65) (05)a (g K= (5,25) + 04,V (5, 45) + Fo(s, a5)ds) ]
| te[0, 7]
r 0
+E | sup / D ( (5,45) G (5,45) (D5) (0g, K= (s5,25) + 0y, V (5, 45) + Fals, x5)ds) ]
_te[o,T]
r 0
+E| sup / (9 n( ,Qt)G (;th)(pi—)agg(t’zg)d(Lt)p ‘|
_te[o,T]
r 0
+E | sup / Ogr (V1 (, 65)Gap (£, 45) (05 )vol (£, 25)d(Le) ]
| te[0,7]
8
=> Ji
i=1

We will now give upper bounds of terms {.J;}3_; for § > 1. For the first two terms,

Ji+ Jo < 2|y 7|5 E

sup ||p§||91 :
te[0,7)
For the third term, we have

T
Js < T7H|0y 7 |SE l/ 1p5l|%ds
0

<T|0 M I% sup E[[[pf]|’] -
te[0,7)

Note by Assumption 7 we can deduce that the function 9,(y~1)(¢,q)G(t,q) is bounded and C'. Hence

we have the following estimation (see Appendix)

~ e e
< C(0,T,M;,C,~) (IE[ sup |[pf]|?]+e72 sup E [||pf||29} +e72 sup E [||pf||29K8(t,x§)9}> )
t€[0,T] t€[0,T] t€[0,T]

Applying Holder inequality and Assumption 2-3 we have

t
J5§T9_1Elsup PG (||qu8<s,:cz>||9+||qu+F||2o)ds]
t€[0,7] Jo

<7’ ( sup B [||pf[|°[[K°(t, 2f)[1°] + (MY +[VqV + FIIg) sup E [||p§||‘9}> :
te[0,7] te[0.7]
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The estimation of Jg is similar to J5. For the last two term (see Appendix), we have

s <CO.TY) s B[] (3.28)
te

The estimation of Jg is similar to J; as well. Substitute all these upper bound together, we obtain

§O<]E

.
+ sup E[|[pf[|°K°(t,27)"] +e72 sup E[IIP?IIQOKE(t,ﬁ)e])

_ 6
sup |[pi]|?| +E | sup ||pf|[*’| + sup E[||pi||’] + = sup E[||pf[|*]
te[0,T] te[0,7) te[0,7)

te[0,7)

E l sup ||R; ||’
te[0,7)

te[0,T] t€[0,T7]

ga(

+Ce? < sup E [Ka(t,xf)(”ﬂ + sup E [Ka(t,xf)%} + sup E [Ke(t,xf)(”zne}) .

sup [[pf|l” | +E %

sup ||pg|
te[0,T] t€[0,T]

+ sup E [IIpiIIﬂ)
te[0,7)

te[0,T] te[0,T] t€[0,T]

The last inequality follows from the similar arguments in proposition Bl Now we only need to compare

order of ¢ in these terms. By means of Lemma [3:2] and Proposition Bl we obtain

E l sup [|Rs||°| = 0(e3(13)) + 0. (3.29)
te[0,7)
Thusif 6§ > 2— H,thenE{supte[OT]HRtH } O(e 177) If1<6’<2——themIE{suptE o, [1RE | }

0(5%(17%)). As for the case § < 1, Hélder inequality implies that E [sup,c(o. 7 [| ]| } = (5%(17?)). O

Thus we can show that the stochastic Hamiltonian system (23) uniformly converges to the homoge-

nized equation ([3.24) in moment as follows.

Theorem 3.1. (Convergence to the limiting equation in moment) Suppose Assumption 1-7
holds. Let x5 be the solution of SDE (Z3)) with initial condition (pf§,q5) and q; be the solution of SDE
B2A) with initial condition qo. Also suppose that for every e > 0,n > 1, the initial condition satisfies
integrable conditions E[||q5]|?] < oo, E[||q0||’] < oo and E[||¢5 — q0||’] = O(e?). Then for every T > 0 and

0 < n, we have

E| sup ||¢f — qll° O(e?) as e — 0. (3.30)

te[0,T]

Proof. First let 6 > 2. Define a vector F(t,z) and a matrix & (¢, ) as follows respectively

ﬁi(t’ 'T) = (’7_1)5 (ta Q)(aij(t’ ‘T) + aij(t, Q) + Fj (t’ .T)),

15



a7 (t,x) = (v (t, @) (¢, @),

Hence we can rewrite Eq.([3.22) as
t t
(@) = ) + | Fulsiadds + [ &2(s.aD)d(La), + Sit.a?) + (B, (331
0 0

and Eq.(324) as . .
(a0)i = (q0)i + / Fy(s,s)ds + / 2(s,22)d(La)p + Silt z2). (3.32)
0 0

Therefore, we obtain the following estimation

E

sup g5 — qsll‘)]
s€[0,t]

0 s 0
~ 3.33
sup ( las — qol|® + H/ Fi(r,z)dr|| + ’ / ol (r,xs) — ol (r,xy)d(Ly), (3.33)
s€0,t] 0
+ 1Si(s,25) — Si(s, @)1 + ||RE]|%)] -
By the Lipschitz property of F and & due to Assumptions, we have
s B 0
E | sup / Fi(r,xz}) — Fi(r,x,)dr <E| sup s/~ 1/ ||F (T xy)||%ds
s€[0,t] 0 s€[0,t]
<717 1E[ Fi(r,z,) ‘ dr] (3.34)

§@</ B sup [lg; — a|1°)ds + su Empznﬂ),
0

r€l0,s] s€[0,t]

16



and

s 6
E | sup / ol (r,ay) —of(r,zp)d(Ly),
s€0,t] 0
< CE | sup Plr,as) — ol (r, z,))zN (dr, dz) — ol (r,zy))zv(dz)dr
s€[0,t] R4\{0} \z\>1
%
(/ Lo N0 = 325, |Plaolde)ds )
RA\{0}
t t
VB[] (@) -t m| el vtdoyds| +B| [ [ avlde)@(s.ad) - 35,20 | ds
0 JRI\{0} 0 |z>1
< CE (/ |57 (s, 25) — L (s, )| ds)
<C (/ E[ sup |lg; — g¢v||"Jdr + sup E[||p§||9]) :
0 re[0,s] s€0,t]
(3.35)
We can also get a similar bound for the noise-induced term
} t
E | sup [[Si(s,25) — Si(s,2,)||”| <C / E[ sup |lg; — q.|°}dr + sup E[|[p5]|] | - (3.36)
s€[0,t] 0 r€[0,s] s€[0,t]
Consequently, estimations (334)-(B.30]) together with Proposition Bl and Lemma [34] yield that
5| sup ot gl <c [ s [lg7 —arl’| ds +0() (337)
56 ,t
for allt € [0, 7). If E |:Sups€[0,t] [lgc — qs||‘9} € L'0,T]. Then Gronwall’s inequality implies
E | sup [lg — q:l|’| < O(*)e, (3.38)
s€[0,t]

which is precisely the result we want to prove. Indeed,

Elsup g | <c< sup (1611 | +B | swp | [ Fs.as ]
te[0,T te[0,T telo, T]
t
48| sup || [ 5 (s,af)d(La)|| | +E| sup [IS@aDI| +E | sup II(Rf)II")
te[0,T te[0,T] te[0,T
< 00,
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and similarly we can get E |sup,c(o 7 [l¢:]|?| < oo

3.4. Extension

In this section, we relax some assumptions that we make before. Actually we can extend all Lipschitz
conditions to locally Lipschitz condition and remove all boundedness conditions. Organize and summarize

the assumptions in the previous article, now we give a complete theorem.

Theorem 3.2. (Convergence to the limit equation in probability) Suppose the family of Hamil-

tonians have the form

He(t,q,p) = K°(t,q,p) + V(t,q) = K(e,t,q,p//E) + V(t,q),

and the following conditions hold:
1. The function K¢(t,q,p) is non-negative and C2.
2. There exist constant C' > 0, My > 0 such that

max {|0: K (e,t,q, 2)|,||VqK (e, t,q,2)|], [| V2K (e,t,q,2)||} < M1 + CK (e, t,q,2).
3. There exist constant ¢ > 0, My > 0 such that
IV.K(e,t,q,2)|]” + Mz > cK (e, t,q,2).
4. For every T > 0, there exist constant ¢ > 0,n > 1 such that
K(e,t,q,2) = cf|2]]".

5. The potential energy function V(t,q) is C*.

6. The dissipative coefficient «y is C2, independent of p and symmetric with eigenvalues bounded below by
a constant X\ > 0.

7. The external force F and noise intensity coefficient o are continuous and locally Lipschitz.

Let 5 be the solution of SDE 23) with initial condition (pf, q5) and q: be the solution of SDE [B24) with
initial condition qo. Also suppose that for every e > 0 and 6 € (0,n), the nitial condition satisfies
integrable conditions E[||¢5||?] < oo, E[||q0]|?] < oo and E[||¢5—qo|’] = O(”). Then for every T > 0,6 > 0

we have

e—0

ImP (| sup |lgi —ql| >3] =0. (3.39)
te[0,7)
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Proof. Let x : R™ — [0, 1] be a C*° function. Define

‘/r(ta q) = Xr(q)v(ta q)a F, (t’ ‘T) = Xr(q)XT(p)F(t’ ‘T)’ Or (ta $) = XT(Q)XT(p)U(t’ ‘T)’

K(Ea l,q, Z) = XT(Z)K(Ea i, q, Z)a Wr(ta q) = Xr(q)’Y(t’ Q) + (1 - Xr(q)))‘l

Replacing the function V, F, K,~v,o in (Z3) by V;, ., Ky, ¥, 0, we arrive at an SDE satisfying the
condition in Theorem Bl Let x;° be solution to the corresponding SDE. Similarly, let ¢ be the
solution to the corresponding limiting SDE ([24)). Proposition Bl and Theorem Bl imply that, for
every T'>0, n>1and 6 € (0,7)

E| sup |[pi¥]|°| =O(e2 %) as e — 0, (3.40)
te[0,7)
and
E| sup |lg° —q'l|?| = O@?) as e — 0. (3.41)
te[0,7)

We will use this result to prove that ¢; converges to ¢: in probability.
Denfine stopping times 75 = inf{t : ||¢f|| > r}, 5 = inf{t : ||pf|| > er} and 7, = inf{t : ||g]|| > 7}
The drifts and diffusions of the modified and unmodified SDEs agree on the ball {||¢|| < r,||p|| < er}.

Hence

€ __ e T
Qrennsnt = Qrepnsats drent = Qroat for all t > 0 a.s.

For every T' > 0,9 > 0, we deduce that

P ( sup |lg; — gl > 5)
te[0,T]

=P (Tr ATp A>T, sup |[q7eppens — Gronell > 5) +P (Tr ATS AN <T, sup |lg; — qi| > 5)
te[0,7T] tel0,T]

=P(r ATEARS>T, sup |l —qi|| >0 | +P |7 ATE AN <T, sup ||lqf — || > 6
t€[0,7) te[0,7]

SIP’< sup |lg;° —qf | >5> +P(r AT AN ST,
te(0,7]

(3.42)
where the first term on the right hand side converges to 0 as ¢ — 0 by (B41). Then we focus on the
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second term,
P(rATiAn. <T)
=P(r, <T)+P(r >T, 75 A0 <T)

<P(r, <T)+P| sup |lg;° —q/||>1|+P |7 >T, 7 An: <T, sup g —qll <1
te[0,T] tel0,T

SP( sup ||gf || > T) +P ( sup lg;" — qi]| > 1) +P (T AE S T4y ppear — Grennearll < 1)
te[0,7] te[0,T

<P ( sup ||g;|| > 7’) +P ( sup |lg;" — gf|| > 1) +P (775 > T, 77 S Tllainr — Grenrll < 1)
te€[0,T +€[0,T] )

+P (n: < TG Engenr — rennearll <1).

(3.43)
Note that when 75 < T, we have ||grsa7|| > r. Hence by ||¢5r — ¢Fe pp|| < 1, we can deduce
|@Fenrll = Nlariarll = llainr — Grenrll > 7 — 1.
This implies that
P (75 < T NaEnr — Ghenell < 1) <P (llgienrll > 7 —1) <P ( sup g7l > r - 1) S (Bay
te[0,T]
Combining (3:42),[3:43]) and [B.44]) together, we have
]P’< sup [lg; — q|| > 5>
tel0,T]
<P ( sup g, —q;l] > 5) +P ( sup ||g;|| > 7’) +P ( sup |lg;" — gf|| > 1) (3.45)
tel0,T te[0,7) te[0,T]
-HP’( sup llar]] >7°—1> +P(n <T).
tel0,T
On the other hand, by Chebyshev inequality and ([3.40), we have
P <T)<P sup lpy<|] > er | < (er)?E | sup ||p<|1*| = O™ 7)r 2. (3.46)
tefo,T te[0,T]

Then if we let 7! = 0(5%(1"’%)), i.e., the speed of r goes to infinity faster than ¢=2(14%) | We have

P(sup ||qt—qt||>5>—>0asr—>oo,5—>0 (3.47)
t€[0,T]
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by the non-explosion property of ¢ . O

4. An Example

In this section, we present a prototypical example with Hamiltonian H(m,t,q,p) = % + V(t,q),
where m is the mass of a particle. In this case, the small mass limit is also called Smoluchowski-Kramers

limit. We consider the stochastic Hamiltonian system with external force F'(t,x) and Lévy noise L,

1
m
X (4.1)
o = (a0 = D,V () + (el ) e+ ot 7L

By Proposition Bl p}™ converges to zero. Then the homogenized equation in the small mass limit is
th = ’y_l(ta qt)(qu(t’ qt) + F(ta qt, O))dt + 7_1(2‘:’ qt)a(ta qt, O)st + S(ta qt)a (42)

where the noise induced drift is

t . o a b
Si(t,qr) = / / Ogn (7_1)5 (t, qt)/ (6_3”(5"15)) (e_y"’(s"h)) dyas(s, Gt O)Ué(s, qt,0)zxziN (ds, dz).
0 JR4\{0} 0 J l
(4.3)
Moreover, when dissipative coefficient « is independent of ¢, the noise-induced drift 3] vanish, and

the homogenized equation becomes
dge =7 (O)(VgV (t, qt) + F(t,q:,0))dt + v~ (t)o(t, qe,0)dLy. (4.4)
This result coincide with that in B]

5. Conclusion and Discussion

In this paper, we derive the small mass limiting equation for a class of Hamiltonian systems with
multiplicative Lévy noise. Some interesting results appear. If the Hamiltonian function H(e,q,p) pos-
sesses appropriate properties, then momentum p will always converge to zero in finite time under uniform
norm. The noise-induced drift term induced by pure jump Lévy noise is a Poisson process, which is rather
different from that induced by Gaussian noise B] Our results could be applied to a class of stochastic
Hamiltonian systems, such as a small mass particle in force field with state-dependent friction and a
particle on a Riemannian manifold.

However, we have to mention that the pure jump Lévy noises in this paper have finite moment. In

other words, it has bounded jumps. Large jumps could lead to some unpredictable dynamics although
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interlacing techniques allow us to deal with it. Hence an interesting problem is that how to accurately
deal with Lévy noise without finite moments such as a-stable Lévy noise, which will be studied in the

future.
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Appendix
A. Non-explosion of solution

In Appendix, we will prove that the solution of SDE (Z3)) and limit equation are existence and unique

under Assumption 1-4.

Lemma A.1. Under Assumption 1-4, there exists a unique non-explosive solution to (Z3) in finite time

interval [0,T].

Proof. First, we can verify that SDE with Assumption 1-3 satisfies Lipschitz condition and one side
growth condition (refer to @]) in every bounded cylinder I x U(R), where U(R) is a ball with radius R.
Then, we will prove that there is no explosion. Let 7, be the first exit time of z§ from the ball B(0,n).

From the right-continuity of the process z§ we infer that
|25 | > n. (A1)
Define a function U (¢, z5) = ||¢5||*" + K®(t,25). By Assumption 4, we obtain that

UE(Tnax-Ern) = ||Q7€—n||277 + KE(Tnam-Ern)
> |Ig5, |27 + ce[p5, 1>
> min{1, e} Ja%, 2

> c|n|?".
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On the other hand, we have

E [Us(t ANTp NT, zfATnAT)]
Ut ATo AT, Z5pr ar) Limonrsty] + E[US(E AT AT, @50 ar) (o aT<t})
Us(t, 2))1ronrony] + E[US (10 AT, 25 ap) i ar<t}] (A.3)
U (t, ) Lir, arsey) + B (U (70, 25 ) r, <my Lrn<iy] + E[US(T, 27) 17, >y L {r<ty]
(

Us Tn, L 'rn)l{‘rn<t}}

Therefore, for all n € N
P(r, <t) < 'n "B [US(t AT AT, 2500 a7)] - (A.4)

Notice that by Theorem we have

E[US(t AT AT, 25p, ar)] <E sup ||qt 27| +E | sup K°(t,z5)| = O(1). (A.5)
tefo,T t€[0,T)
Hence,
lim P(1, <t) =0 for all ¢. (A.6)
n—oo
That is the desired assertion, as required. O

B. Proofs of (3217) and (B:2])

We give calculations for estimations of (8.27) and ([B.28) in remainder term.
Proof of ([B27). By Assumption 7 we can deduce that the function 9,(y~1)(¢, ¢)G(t,q) is bounded and
C'. Let f(t,q) = 9,(v ") (t,q)G(t,q). We have
91

Ji = / D (71 (5, 45) G2 (5, ¢5)d((95)a (95)0)

sup
t€(0,7)

(B.1)
sup /fsqs (P5)i(P5);) 1
te[0,T]
Since f(s,q¢) is a Cl-semimartingale, using integration by parts formula we obtain
t
/ f(s,a9)d((p2)i(p2);) = f(t.a)(05)i(PE); — f(0,45)(P6): (P5) s
0 (B.2)

- / ()i (05); (01 (5,45) + Vi (5,45)Vp H (5, 25)) ds.
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Hence, for 0 > 1, we have

Jy <3071 <2||f||ZolE[ sup ||p;|[*’] + E
te[0,7]

t
sup '/ 15117 (105 flloo + 11V o f oo Vo K= (s, 25)]) ds
te[0, 7] 1J0

)

<y <2||f||§o1E[ sup (01215 | sup | [0 (100l + 1901 G208+ O ) s
te[0,7]

)

_9 _8
/ 5112 (1191112 + M|V fl|%e™F + CORE(s,05)e# ) ds

< 37712 |FISEL sup ||pf|*) + 6" TP E
telo.7]

(B.3)
O
Proof of ([B28). Applying Kunita’s first inequality B] on J7, we have
0
=R [ V(5. )G 5, 6203 )aoh (s, 22) N (ds, )
tE[O T] Rd\{o}
0
s | 0 I3 (8) 05 Do s
te[0,T] |z|>1
9
2 2
< 29*1D / / Ha (s qé)G?Z(s,qi)(pi_)aal’;(s,:ci)zH v(dx)ds
R4\ {0}
0
201 / [ w6 i a5, 05 duot(svxf)a| vidords
R4\ {0}
0
s ([ Jalv(da) ) B | sup [l
|z|>1 t€[0,T]
0
<o poric | Pt +re [ jafulde) + TOC / lelv(dz)| | sup E[IIp]1°].
R\{0} R\{0} |z|>1 te[0,T]
(B.4)
We have to mention that Kunita’s first inequality holds for 6 > 2. Actually J; < C‘supte[oyﬂ E [|1p5]|°]
still holds for 6 € [1,2) since sup;e(o E [||p|°] = O(c%) for 6 € (0,2n). O
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