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Abstract

We present a diffuse-interface model for the solid-state dewetting problem with
anisotropic surface energies in R? for d € {2,3}. The introduced model consists
of the anisotropic Cahn—Hilliard equation, with either a smooth or a double-obstacle
potential, together with a degenerate mobility function and appropriate boundary con-
ditions on the wall. Upon regularizing the introduced diffuse-interface model, and with
the help of suitable asymptotic expansions, we recover as the sharp-interface limit
the anisotropic surface diffusion flow for the interface together with an anisotropic
Young’s law and a zero-flux condition at the contact line of the interface with a fixed
external boundary. Furthermore, we show the existence of weak solutions for the reg-
ularized model, for both smooth and obstacle potential. Numerical results based on an
appropriate finite element approximation are presented to demonstrate the excellent
agreement between the proposed diffuse-interface model and its sharp-interface limit.
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1 Introduction

Deposited solid thin films are unstable and could dewet to form isolated islands on the
substrate in order to minimize the total surface energy (Leroy et al. 2016; Thompson
2012). This phenomenon is known as solid-state dewetting (SSD), since the thin films
remain in a solid state during the process. SSD has attracted a lot of attention recently
and is emerging as a promising route to produce patterns of arrays of particles used
in sensor technology, optical and magnetic devices, and catalyst formations, see, e.g.,
Armelao et al. (2006), Benkouider et al. (2015), Schmidt et al. (2009), Bollani et al.
(2019), Salvalaglio et al. (2020), Backofen et al. (2017).

The dominant mass transport mechanism in SSD is surface diffusion (Srolovitz and
Safran 1986). This evolution law was first introduced by Mullins (1957) to describe the
mass diffusion within interfaces in polycrystalline materials. For surface diffusion, the
normal velocity of the interface is proportional to the surface Laplacian of the mean
curvature. In the case of SSD, the evolution of the interface that separates the thin
film from the surrounding vapor also involves the motion of the contact line, i.e., the
region where the film/vapor interface meets the substrate. The equilibrium contact
angle is given by Young’s law which prescribes a force balance along the substrate.
Many efforts have been devoted to SSD problems in recent years. For example, a large
body of experiments have revealed that the pattern formations could depend highly
on the crystallographic alignments, the film sizes and shapes, as well as the substrate
topology, see, e.g., Ye and Thompson (2011), Amram et al. (2012), Thompson (2012),
Naffouti et al. (2017), Bollani et al. (2019). In addition, mathematical studies based on
different models have been considered in Srolovitz and Safran (1986), Burger (2005),
Dornel et al. (2006), Fonseca et al. (2012), Jiang et al. (2012), Naffouti et al. (2017),
Boccardo et al. (2022), Jiang and Zhao (2019), Wang et al. (Jan 2015), Jiang et al.
(2020), Dziwnik et al. (2017).

In this work, we aim to study the SSD problem with anisotropic surface energies
in the diffuse-interface framework. In the isotropic case, diffuse-interface models are
based on the Ginzburg-Landau energy

&
&ww>=/1;V¢F+s”Fwnu, (1.1)
Q

where Q C RY is a given domain with d € {2, 3}, ¢ : 2 — R is the order parameter,
¢ > 0 is a small parameter proportional to the thickness of the interfacial layer, and
F (p) is the free energy density. The following three choices for F are mainly used in
the literature:

(i) The smooth double-well potential (Taylor and Cahn 1994)

1
F@)=50—¢%2 (1.22)

which has two global minimum points at ¢ = =1 and a local maximum point at
=0
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(i1) The logarithmic potential (Cahn and Hilliard 1958)

1 1
F(p) = 59 [(1+¢) log(1 +¢) + (1 — @) log(l — )] + 5(1 —¢?),
(1.2b)

where & > 0 is the absolute temperature. This potential has two minima ¢ =
+(1 — k(0)), where k(0) is a small positive real number satisfying k®) — 0 as
0 — 0, and its usage enforces ¢ to attain values within (—1, 1);

(iii) The double-obstacle potential (Blowey and Elliott 1991)

1 2y
_ 2= if fe[ <1,
Fe) { 00 otherwise. (1.2¢)

It can be characterized via the deep quench limit of the logarithmic potential, i.e.,
the limit of (1.2b) as 8 — 0.

The (isotropic) Cahn—Hilliard equation can be interpreted as a weighted H ~!'-gradient
flow of the free energy (1.1). It reads as

hp=V-(mlp) V), pn=-cAp+e 'F(p), (1.3)

where m () is a mobility function, together with Neumann boundary conditions for 1
and ¢. The Cahn—Hilliard equation was first introduced to study the spinodal decom-
position in binary alloys (Cahn and Hilliard 1958; Cahn 1961) and has since then
been used to model many other phenomenon, e.g., Abels et al. (2012), Garcke and
Novick-Cohen (2000), Khain and Sander (2008), Bertozzi et al. (2006). We note that
the double-obstacle potential is not differentiable at ¢ = =1, and the definition of the
generalized chemical potential in this case becomes

we—eAp+e '9F(p), (1.4)

where 0 F'(¢) is the Fréchet sub-differential of F' at ¢ and Ag has to be understood
in a weak sense, see Blowey and Elliott (1991), Barrett et al. (2013). In the case of a
constant mobility m(¢) = 1, (1.3) converges to the Mullins—Sekerka problem (Mullins
and Sekerka 1963) as ¢ — 0 (Pego 1989; Alikakos et al. 1994). In order to obtain the
surface diffusion equation in the sharp-interface limit, a degenerate mobility needs to
be chosen. For example, it was shown in Cahn et al. (1996) by a formal asymptotic
analysis that the surface diffusion flow is recovered by considering a slow time scale
T = O(s7 1) of (1.3) with m(p) = (1 — ¢?) and with the potential F(¢) either
chosen as in (1.2¢), or as in (1.2b) with § = O(&?), & > 0. When using the smooth
double-well potential (1.2a), the situation is less clear. While the limiting motion of
surface diffusion is obtained with the choice m(¢) = (1 — (,02)2 (Voigt 2016; Rtz
et al. 2006; Jiang et al. 2012; Dai and Du 2014), using the less degenerate mobility
m(p) = (1 — ¢?); may not lead to pure surface diffusion in the limit ¢ — 0, since
an additional bulk diffusion term is conjectured to be present due to the nonzero-
flux contributions (Dai and Du 2014; Lee et al. 2015, 2016). However, in all these
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Fig.1 Sketch of the structure for
SSD near the contact line (green
point), where the vapor, film and
substrate phases meet (Color
figure online)

cases, no rigorous proof for the sharp-interface limit or the presence of nonzero-flux
contributions is available so far.

A natural generalization of the free energy (1.1) to the case of anisotropic surface
energies is given by

Sy(@=/Q§|y(w)|2+e—1F(¢)dx=/QsA(V<p>+s—1F<¢)dx, (1.5)

see, e.g., Kobayashi (1993), Elliott (1997). Here, y : R4 — [0, 0o) is the anisotropic
density function, which is positively homogeneous of degree one, and A := %y2. This
then gives rise to the anisotropic Cahn—Hilliard equation

dhp=V-(m@)Vp), p=—eV-A V) +e F(p), (1.6)

where A’ represents the gradient of the map A : R? — [0, 00). In contrast to the
isotropic case, diffuse-interface models based on (1.5) result in a nonuniform asymp-
totic interface thickness, which in fact depends on the anisotropic density function
y (Vg), see Wheeler and McFadden (1996), Wheeler (2006), Bellettini and Paolini
(1996), Elliott and Schitzle (1996), Alfaro et al. (2010). To remedy this issue, an
alternative energy of the form

&= [ 1967y (7) (5196 +7' F @) d (17
Q

can be considered, see Torabi et al. (2009), Salvalaglio et al. (2015), so that a constant
thickness of the asymptotic interface is achieved. However, the resulting diffuse-
interface models based on (1.7) become more nonlinear and are singular at Vo = 0,
which poses great challenges in the mathematical analysis and the stable numeri-
cal approximation. Therefore, in this work, we will restrict ourselves to the classical
energy in (1.5). We also note that to guarantee that (1.6) converges to the anisotropic
surface diffusion flow as ¢ — 0, a rescaled anisotropic coefficient needs to be intro-
duced to the degenerate mobility (Rétz et al. 2006; Li et al. 2009). We refer to Sect. 2
below for the precise details.

When it comes to SSD, as shown in Fig. 1, the total surface energy of the system
consists of the film/vapor interface energy &in¢ and the substrate energy Egp,

5inf = / V(v) dS’ 5sub = VFs/ ds + yvsf dS’ (18)
I(1) Trs Lys

where I'(¢) is the dynamic film/vapor interface with v being the interface normal
pointing into the vapor phase, I'rs and I'y are the interfaces between film/substrate
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and vapor/substrate, respectively, and y,. and y, ¢ are the corresponding surface energy
densities. In order to model SSD by the diffuse-interface approach, we associate the
vapor phase with ¢ ~ 1 and the film phase with ¢ &~ —1. Then, the Ginzburg—Landau
type energy (1.5), up to a multiplicative constant, will approximate the sharp-interface
energy Einr. Moreover, the contribution to the wall energy Eqp can be approximated
by

+
Eu(p) = / B | (s = v Gl) 5, (19)
I'psUlys

where G(g) is a smooth function satisfying G(£1) = :I:%, see Jiang et al. (2012),
Dziwnik etal. (2017), Huangetal. (2019), Backofen etal. (2017) for SSD and (Jacqmin
2000; Qian et al. 2003) for moving contact lines in fluid mechanics.

There are several results on the existence of weak solutions for the degenerate
Cahn-Hilliard equation (1.3) with homogeneous boundary conditions or its variants
with inhomogeneous boundary conditions, see Elliott and Garcke (1996), Dai and Du
(2016), Yin (1992). However, little is known about the anisotropic case except the
work in Dziwnik (2019) which focuses on a particular n-fold anisotropy in two space
dimensions.

The main aim of this work is to develop a diffuse-interface approach to SSD in
the case of anisotropic surface energies based on the energy contributions (1.5) and
(1.9). The obtained diffuse-interface model consists of a degenerate anisotropic Cahn—
Hilliard equation with appropriate boundary conditions. We study the sharp-interface
limit and show the existence of weak solutions to the diffuse-interface model.

The rest of the paper is organized as follows. In Sect. 2, we review a sharp-interface
model for SSD and then introduce a diffuse-interface model based on a gradient flow
approach. We then derive the sharp-interface limit from a regularized model with the
help of asymptotic expansions in Sect. 3. In Sect. 4, we prove the existence of weak
solutions to the diffuse-interface model. Numerical tests are presented in Sect. 5,
where a comparison between sharp-interface approximations and diffuse-interface
approximations is made.

2 Modeling Aspects

In this section, we first review a sharp-interface model for SSD with anisotropic
surface energies in two or three space dimensions. Then, we propose a suitable diffuse-
interface model to approximate this sharp-interface model. Here, we note that there
exist several works on the modeling of SSD using a diffuse-interface approach in the
literature. However, these works consider either the isotropic case, e.g., Jiang et al.
(2012), Backofen et al. (2017), or the anisotropic case in 2d, e.g., Dziwnik et al. (2017).
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2.1 The Sharp-Interface Model

We consider the dewetting of a solid thin film on a flat substrate in RY withd € {2, 3},
as shown in Fig. 1. We parameterize the interface of I'(¢) over the initial interface as
follows

x(-,1) : T(0) x [0,T] = R4,
where T > 0 is a prescribed final time. The induced velocity is then given by
V(x(q,1),t) = 9,;x(q,t) forall q€I'(0), tel0,T],

where I'(0) is a smooth hypersurface with boundary. The sharp-interface model for
SSD (cf. Cahn and Taylor 1994; Taylor and Cahn 1994; Barrett et al. 2010a; Jiang
et al. 2020) reads as

V=V, (D) Vs32), (2.1a)
sy ==V -y’ (v), (2.1b)

which has to hold for all # € [0, T'] and all points on I'(z). Here, V = V - v is the
normal velocity, v is the unit normal to I'(#) pointing into the vapor, and Vj is the
surface gradient operator on I" (7). Besides, D(v) is an orientation-dependent mobility
(cf. Taylor and Cahn 1994). The function D needs to be defined for unit vectors, but
here, we extend its domain to R? such that it is positively homogeneous of degree
one. The term ¢, represents the anisotropic mean curvature, and y’(v) is the Cahn—
Hoffman vector, where y’ denotes the gradient of y (cf. Hoffman and Cahn 1972).
The above equations are subject to the following boundary conditions at the contact
line, where the film/vapor interface I" () meets the substrate:

e Attachment condition

V-n, =0, (2.2a)
e Contact angle condition
y'(v) -ny +0 =0, (2.2b)
e Zero-flux condition
D(v) Vg, - =0, (2.2¢)
where
O ="VYvs = Vrs 2.3)

denotes the difference of the substrate energy densities across the contact line. Here,
ny, is the unit normal to the substrate and points in the direction of the substrate,
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and n. is the conormal vector of I'(¢), i.e., it is the outward unit normal to oI (¢)
and it lies within the tangent plane of I'(¢). We observe that (2.2b) enforces an angle
condition between the Cahn—Hoffman vector y’(v) and the substrate unit normal n,,.
For example, in the isotropic case, y(p) = |p|, the Cahn—-Hoffman vector reduces
to the normal v, and so if o = 0, the condition (2.2b) encodes a 90° contact angle
between the film/vapor interface and the substrate.

We assume that the anisotropy function y that belongs to C> (Rd \ {0}) NC(RY, R>o)
is convex and satisfies y > 0 on R? \ {0}. We further assume that y is positively
homogeneous of degree one, meaning that

y(Ap) = Ay(p) forall A > 0,p e R’
This immediately implies y (0) = 0 and the gradient of y (p) satisfies
y'(p)-p=y(p) forall peR?\{0}. 2.4

Similarly, the orientation-dependent mobility function D € Cz(Rd \ {0}) N
C(RY, R>0) is assumed to satisfy D > 0 on R4 \ {0} and

D(wp) = AD(p) forall » > 0,p e RY.
Consequently, for the map
AR SR, pre 3y (2.5)

introduced in (1.5), we have A € C*(R?\ {0}) N C(R?, R=o). It also follows directly
from (2.4) that the relations

A(Ap) = A*A(p), A =ry@Y®. A'(p)-p=2A(p), (2.6a)
A'(Ap) = 1A' (p), A"(p) = A" (p), A'(p)p=A'(p)  (2.6b)

hold for all p € R? \ {0} and all A > 0. Here, A’ and A” denote the gradient and the
Hessian of A, respectively.

2.2 The Diffuse-Interface Model

Let ¢ : Q x [0, T] — R be an order parameter such that the zero level set {x €
Q 1 ¢(x,t) = 0} approximates the film/vapor interface I'(7), {x € Q : ¢(x,t) < 0}
corresponds to the region occupied by the thin film at time ¢, whereas {x € Q :
¢(x,t) > 0} represents the region occupied by the vapor at time ¢ (see Fig. 2). In
addition, I'y, C d€2 models the boundary of the substrate. As a combination of (1.5)
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Fig.2 Geometric setupforSSD === - - - - - =SS =s==ssssmmmmm
in a bounded domain €2 with :
Q = Q_ (1) UQ (1), where , Vapor {x:o(x,t) > 0}
Q_(t) ={xeQ:px1t) <0} 1
and Qy (1) :={xeQ: 1

1

1

1

1

o(x,1) > 0}

and (1.9), the total free energy of the system is given by

1
E(p) I=C—5y (@) + Ewle) = vysITwl

1 o
=—/ cA(Vp) + e 'F(p)dx + o / G(p) dS — =Ty, 2.7)
CF Q Tw 2
where ¢, = f_ll V2F(s)ds and |T'y| = fl"w dS. This choice of ¢, ensures that
1
—&y(p) ~ y(v) dS
¢ I'(t)

F

for sufficiently small ¢ > 0. Besides, the constant term —y,¢|I",,| was added to the
total energy such that £(¢p) now only depends on the single parameter o (see (2.3))
instead of on y,,; and y, ;. We next derive the diffuse-interface model. To this end, we
use the smooth double-well potential

1
F@)=Ea—¢%? (2.8)

This implies

! 4
chf 2F(s)ds=§.
—1
We further choose
1
Glp) = 1G9 — ¢, (2.9)

which yields G(£1) = :I:% and G'(£1) = 0. Let ¢ : 2 — R be a sufficiently smooth
function. Then, the first variation in the total free energy (2.7) in the direction of
can be computed as

B Elp+oy)—E(p) 1
im ———— % —
5—0 1) Crp

anA’(w).vw+e—1F’(¢)wdx+a/ G'(p) ¥ dS

w
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_ L [~ Fl(¢) — eV - A (V)] ¥ dx + S eA (Vo) -ny dS
Cr JQ Cr JOQ\TI'y
1
+ - [¢A' (Vo) -ny + cp o G'(p)] ¥ dS, (2.10)
F rw

where n is the outward unit normal to 42 \ ', and n,, is the outward unit normal
to I'y, as defined previously. The following diffuse-interface model for SSD can be
interpreted as a weighted H ~!-gradient flow of the energy functional (2.7):

adp= e ' V.(mp) B(V) Vi), in 0=Qx(0,T], (2.11a)
w=—eV-AVp)+e 'F(g), in Q. (2.11b)

Here, o > 0 is a time scaling coefficient, m(¢) is the degenerate mobility given by

_ 22 _ ) 2F(p)if g <1,
m(p) =1 —¢7)3 = {O otherwise, (2.12)
and (V) is defined as
D(Vy)
V) = — 22, 2.13
B(Ve) (Vo) (2.13)

and so is positively homogeneous of degree zero.
We now write ¥ = 92 x (0, T] and ¥, = I'y, x (0, T']. On X,,, we impose the
boundary conditions

m(p) B(Ve)Vu -ny,, =0, eA' (Vo) -ny + Cp 0 G'(p) = 0. (2.14a)

Here, the first equation is the zero-flux condition on the boundary, whereas the second
equation guarantees the integral over Iy, in (2.10) vanishes. Moreover, on X \ X,
we impose the natural boundary conditions

m(@) B(Ve)Vi -n=0, A'(Vg)-n=0. (2.14b)

Remark 2.1 1t is also possible to consider the double-obstacle potential (1.2¢) along
with the mobility m(¢) = (1 —¢?),. Then, the corresponding diffuse-interface model
consists of (2.11a) and the variational inclusion

we—eV-A NV +e 9F(p). (2.15)
instead of (2.11b).
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3 The Sharp-Interface Limit
We consider the smooth double-well potential introduced in (2.8) and regularize the

coefficients m(¢p) and B(V¢) of the diffuse-interface model (2.11) with the help of
the interfacial parameter ¢ by defining

me(p) i=¢&" +m(p) =& + (1 —¢H3, @3.1)

d?e" + D2(Vy)
f(Vg) = [ A — (3.2)
pve V vger + v2(Vo)

where r > 2. The regularized diffuse-interface model is then given by

@ di9f = e~ 'V - (m (%) BE(V©) Viuif) in O, (3.32)
1 =—eV-A (Vo) + e F(¢pf) in 0, (3.3b)
m®(¢) (Ve )Vu® -my, =0 on X, (3.3¢)
eA'(V¢®) ny +c,.0G (¢°) =0 on X, (3.3d)
m*(*) B*(Ve*)Vu® -n =0 on T\ Ty, (3.3¢)
sA'(Vof) -n=0 on X\ Zy. (3.3f)

We note that the introduction of the three regularization terms " in (3.1) and (3.2)
allows for a mathematical analysis of (3.3) in Sect. 4 below. In fact, on defining

Yo := min y(p) > 0, y1 :=max y(p) > 0,
Ipl=1 [p/=1

dp := min D(p) > 0, dy := max D(p) > 0,
Ipl=1 Ipl=1

we have
d d
& <mi(p)<e +1 and =2 <p(Vg) < —.
Y1 Y0

Moreover, by choosing » > 2, we ensure that the sharp-interface limit of (3.3) is
unchanged compared to the limit of (2.11).

We now formally derive the sharp-interface limit of the regularized model (2.11) via
the method of matched asymptotic expansions. We suppose that for ¢ > 0, (¢, u®)
is the solution of the regularized diffuse-interface model (3.3). Then, we write

() = {x €Q|¢f(x,t) = O} and  A°(t):=T°@)NTy (3.4)
to denote the interface and the contact line, respectively. We further assume that their
limits as ¢ — 0 are given by I'(r) and A(¢), respectively. We introduce a local

parameterization for I'(¢) on an open subset © C R?~! by

r(s, 1) : O x [0, T] — R%. (3.5)
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Our asymptotic analysis for the interface dynamics will follow similar techniques in
the literature for degenerate Cahn-Hilliard equations, see, e.g., Cahn et al. (1996), Dai
and Du (2014), for the isotropic case and Ritz et al. (2006), Dziwnik et al. (2017) for
the anisotropic case in 2d.

3.1 Outer Expansions

Away from the interface and the contact line, we assume that the following ansatz
holds

0F (X, 1) = @o(X, 1) + @1 (X, 1) + &2 (X, 1) + - -, (3.6a)
pEX, 1) =& oy (X, 1) + po(X, 1) +epr (X, 1) + e po(x, 1) +--- . (3.6b)

Moreover, in view of (3.1) and (3.2), we know that

m(¢%) = m(po) + & m’ (go) 1 + O(£?), (3.7a)
BE(Ve®) = B(Veo) + & B/ (Vo) - Vi + O(?), (3.7b)

since r > 2 and B%(p) = B(p) + O(&"), where B’ denotes the gradient of 8. Plugging
the expansions (3.6) and (3.7) into (3.3a) and (3.3b) gives

0=V -(BNVpo)m(po) Vi_1),  p—1 = F'(go).
As the energy (1.5) is expected to be bounded at leading order, it needs to hold F (¢g) =
0. This means that ¢q attains only the values —1 and 1. Hence, ©_1 = 0. We now
define
Q(={xeQlpxn=1} Q (O=[xeQ|pxn=-1},

as the outer regions, meaning that ¢p = 1 in Q4.(7).

3.2 Inner Expansions

In the inner region near the interface I'(¢), we introduce the annular neighborhood
N() = {x €Q : |dx,1)| < 5}, 50,

where d(x, ¢) represents the signed distance of x to I'(¢), defined to be positive in

Q4 (t). Assuming I'(#) to be sufficiently smooth, we find a § > 0 such that for every
x € N (1), there exist unique vectors r(x, ¢) and s(x, ¢) such that

x =r(s(x,1), 1) +d(x, 1) v(s(x, 1), ). (3.8)
Here, v(s, t) is the unit normal vector on I' () at r(s, t) pointing into 2 (¢).
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Due to rapid changes of ¢° in normal direction, we introduce the stretched variable
p(x, 1) = e~ ld(x, 1). Any scalar function b(x, t) can be expressed in the new coor-
dinate system as b(x,t) = b(s(x, 1), p(x,t),t). For any vector field b(x, t), we use
an analogous notation. Without loss of generality, we assume that {t;, t>,--- , t;_1}
forms an orthonormal basis of the tangent space of I'(¢) at the point r(s, 7) such that

T
t,'-tjzaij, tjzavjl‘, axjtjz_lcjv for s=(s1,82, - ,85q4-1)",

where «; is the principal curvature of I'(¢) at the point r(s, ¢) in the direction of t;.
As in Dai and Du (2014), we obtain the identities

1

Vd=¢eVp=v(s,1) al’ldVSj = m
J\>

ti(s,1), 1<j<d—1, inN(@).

Therefore, using the new coordinates, we calculate

d—1
b =0b+ Y d5;bds;+,bdp=0b—e"'Vi,b, (3.9a)
j=1
d—1
Vb= Vpad,b+ Z 3,V sj = e 'wd,b+ Vb + O(e), (3.9b)
j=1
d—1
V.b=Vp-9,b+» 9b-Vs;=¢""v-9,b+V,-b+0(), (3.9¢)
j=1

where Vi = Z?;% t; d5; denotes the surface gradient operator on I'(7),

d—1
ofb=0ab+ Y dbs;,
j=1

and V is the velocity of I'(¢) in the direction of v, i.e., V = —0d;d = —¢ 9;p.
In the inner region, we assume the following expansions

¢f = Do(s, p, 1) + @i (s, p, 1) + &2 Do(s, p, 1) + -+, (3.10a)
I’LE = 8_1 M—l(sv P, t) + MO(Sa P, [) + EMl(Sa P, t) + 82M2(S7 P, t) +e
(3.10b)
In particular, on assuming 9, ®¢ > 0, we have, similarly to (3.7), that
m® (Vo) = m(®g) + e m' (@) @ + 0(e?), (3.11a)
BE (V) = B(v) + & B/ () - Vs®g + O(e?), (3.11b)

where we have used the fact that g is positively homogeneous of order zero.
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Plugging (3.10) and (3.11) into (3.3a), we obtain the leading order term
0= 0,(B(W)M(P9)d,M_,), (3.12)
which implies that m (®¢)d, M_; is independent of p, i.e., it can be expressed as
m(Pg) 0, M_1 = J (s, ).
In addition, using the matching condition

lim ®g(p) = £1, (3.13)
p—Fo0

we infer J(s,?) = 0 due to the degenerate mobility m(®gp). Since m(s) > 0 if
s € (—1, 1), we thus conclude that M_ is independent of p. By the matching condition
lim,_, 400 M_1(s, 1) = p_1, we obtain
M_1=M_i(s,t) =0.
For the terms of order 0(8%), we obtain
0=10, (Bw)m(Po)d,Mo).

Repeating the above line of argument, we deduce

d,My =0, Moy = Mo(s, ). (3.14)
Using the fact that M_; = 0 and 9, M = 0, we then have the following expansions

V- (B (V') m® (9F) V)
= éap(ﬂ(l')m@o) dp M)

+ 3p(B'(v) - Vs @ m(Po) M1 + B(v)m' (@) P1 3, M1)
+ 9, (B(v) m(Po) 9, M2) + Vs - (B(v) m(Po) VsMp) + O(e). (3.15)

Considering the order O(SLZ) of (3.3a), we obtain that
0 =10, (B(v) m(Po) 9,M,). (3.16)
Similarly, by using the matching conditions, we arrive at
My = M(s, t). (3.17)
At O(1), using 3,M; = 0 and (3.15), we have
—a Vi, @ = 3, (B(v) m(Po) 9, M2) + Vs - (B(v) m(Pg) VsMo) . (3.18)
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We next consider the expansion of (3.3b). Using the identities in (2.6) and assuming
0, ®o > 0, we expand the anisotropic term A'(V®?) as follows:

’ EN__ A/ 1 e & _1 g 2/ " &
A (VO)=A [ —8,D° v+V,®° + O(e) | =—0,D° A'(n)+A" (»)V,0° + O(e).
& &

This then yields

V- A(VO®) = éap[A/(Vdﬁ)] v+ V- A(VOF)
1 1 £ / &
= g3p gap<1> 2A(0) + A'(v) - Vi@
+ V- (éapcbgA/(v) + A’/(v)VS<D8> + 0(e)
2 & 1 / &€ & !
= ?28”‘@ A(v) + - (A" () - 05(Vs@°) + Vs - (3,D° A’ (v))) + O(1).
Now, plugging (3.10) into (3.3b), we obtain for the leading order term that
2A(9)3,, P — F'(Pg) = M_; = 0. (3.19)

Using the translation identity ®¢(0) = 0, we then obtain

®(p) = tanh (L> , —00 < p < —+00. (3.20)
y(v)

Similarly, the O (1) term resulting from (3.3b) implies

2A(0)0,, @1 + A'(v) - 0,(Vs Do) + Vs - (3,P0 A'(v)) — F"(Pp)P1 = —Mo(s, 1).
(3.21)

Multiplying (3.21) by 9, ®¢ and then integrating from —oo to oo with respect to p
yields

+00
/ (A'(9) - 8p(Vs @) + Vs - (3,D0 A'(»))) 3, Do dp

+00 +oo
—i—/ (2A()0,, ®13,Po — F" (Do) P10,Po) dp = —Mo/ 0, Podp.

—0 —00
(3.22)
Differentiating (3.19) with respect to p gives
2A(v)0p0p Po — F”(q)())apq)() =0.
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Therefore, since lim,_ +o0 9, ®og = 0 and lim,_, +oc @1 = 0, we compute
+00
/ (2A() 8, @13, D0 — F" (Do) P10,P0) dp
—0o0

+o00
= / (2A(W)0ppp Py — F" ()3, Pp) P1dp =0

—0o0
via integration by parts. Then, using (3.20) and the matching condition in (3.13), we
can reformulate (3.22) as
~+00
/ (A'() - 8,(Vs@g) + Vi - (8, P A'(1))) 3, Podp = —2M(s, 1). (3.23)
—00
It further follows from (3.20) that d,(V;®¢) = V(9,Po). We thus have
+00
| v ma,e0ia0 = -2m0s.0).
—0oQ

which yields

1 ) +00 ) 1 ) 1
Mo(s, 1) = _Evs (| A(v) (0p®0)"dp ) = _ECFVS Yy (v) = F6r%
—00
(3.24)

where 31, = -V - y’(v) is the weighted mean curvature defined in (2.1b).
We now return to (3.18) and integrate it with respect to p from —oo to +00. Using
the fact that lim,_, o0 m($g)d, M2 = 0, we get

—2aV=Vj- (ﬁ(v) /oo m(®o) dp VsMo) =¢; Vs - [D(v)VyMo],

where we recall (3.20) and also use the identities

D +00 +00
B) = y((:)) and / m(<I>o)dp=/ 2F(@o(p))dp = cpy(v).

We thus obtain

2

C
Y= —4—Fvs ([D)Vyse,] with 30, = =V -/ (v). (3.25)
o

3.3 Expansions Near the Intersection with the Substrate

We next study the expansions near the intersection with the substrate using the tech-
nique discussed in Dziwnik et al. (2017), Owen et al. (1990).
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3.3.1 The Boundary Layer Near the Wall

In the boundary layer near I'",, we first introduce the variable n = g ! dy, (x), where
d,, (x) represents the distance/:\ from x to the wall I",,. Then, for a scalar function b(x, 1),
we can write it as b(x, t) = b(n, y, t), where y is the (d — 1)-dimensional coordinate

system that is orthogonal to n. This implies
Vb = Vyb — e '3,bn,.
We consider the expansions

(08 = ao(nv Y9 t) +8a1(77’ Y7 t) +82a2(77, y’ t) + M)
uE = o, y. 1) + el (n,y, 1) + 2. y. ) + -+,

and plug them into (3.3a) and (3.3b). The leading order terms yield

3y (Bom(@o) 8y70) = 0,
3n[A/(—3n$o n,)]-ny + F/($0) =0,

where E) = B(—0d,%ony). At the boundary n = 0, it holds

—A/(—ana() n,) -n,+c.o G/(a()) =0,
Bo m(@o)dyito = 0.

Thus, from (3.28a) and (3.29b), we obtain
m(@0)dyTio = 0.
Multiplying (3.28b) by 9,¢o and using the identities in (2.6), we arrive at

0 = —8y, @ony - A" (—03,00 Ny) 3,@0 Ny + F'(©0)0,P0
Anp@o My - A' (0,00 ny) + F'(90)0,%0.

Integrating (3.30) over 7 leads to

F(@0) = A(=3,@0my) + (¥, 1) = (3,90)” A(—ny),

where c(y, t) = 0 due to the matching condition when  — oo. This implies

if 9,00 <0,
) . o~
+ m lf 8,,<p0 > O
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3.3.2 The Inner Layer Near the Contact Line

We assume that a local parameterization of the contact line A (¢) is given by
Ty (sw, 1) 1 Oy x [0, T] — Rd, (3.33)

where in the case d = 2, we simply set O,, = {0}. For a contact point x, € A(t), we
then introduce an interior layer near it. Precisely, for any x in the plane that contains
X, and is spanned by n; and n,,, we write

E:eil (X — X¢) - ng, n:—efl (X — X¢) - Dy,

where ng is the unit normal to A(z) on the wall I', and pointing into €2 (¢). For a
scalar function b(x, t), we can rewrite itas b(X, t) = b(sy, &, n, t). In a similar manner
to (3.9), we compute

b = —&~'9:b (3%, - my) + 0D, (3.34)
Vb =&~ (9:bng — d,bny) 4 Vs, b+ O(e), (3.35)
V-b=¢"1@@b-n,—3,b-n,)+ Vs, -b+ 0(), (3.36)

w

where Vt‘\g = 8,5 + 985y - V. b. We then consider the expansions

Sw

908 = (zo(sws Ev 777 t) + 8(’;;1 (Sws g’ 77, t) + 8252(&1}9 %_s 771 t) + Y (337)
WE = To(sw, &, 0, 1) + &1 (sw, £, 1, 1) + €2 Lo (s, £, 17, 1) + -+ -, (3.38)

and plug them into (3.3a) and (3.3b). By defining V. = ng d: — ny, 9,, the leading
order term yields

Ve - (Bom(@o)Velio) = 0, (3.392)
3 (A" (Ve@o) - m5) — 8, (A'(Ve0) - ) = F'(0), (3.39b)

where EO = B(V.@p). Similarly, the leading order terms of the boundary conditions
(3.3¢) and (3.3d) give

Bo m(0)dyiio = O, (3.40a)
A'(VeGo) -1y + ¢, 0 G'(§) = 0. (3.40b)

Besides, we have the matching condition

lim $o= lim @o(y,n) = @r. (3.41)
(dim @ yﬁy(ﬁ)w Y. ) = @
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Now, multiplying (3.39b) by d:@o and integrating the resulting equation in a box
= [_Slv El] X [07 771]» we get

n
/ / 3¥<P0 85 (A (Ve@o) - m, ) -0 (A (Ve0) - nw)] dndé

n
=/ / 9 @0 F'(@o) dndé,
-£ J0

which can be rewritten as
n o ré - N ~ N
/0 / 3 [F(@0) + A(Ve@0) — 3:90 A’ (Ve@o) - ng| dédn
—&
1 n - , -
+ / / 9, [06 0 A' (Vo) - myy] didé = 0, (.42)
-1 J0

by using the identity

— 3:00 0 [A"(Ve@o) - mg] — 0:0,@0 A'(Ve@o) - 1y
= 9 [A(Ve@0) — 3P0 A'(Veo) - my] .

For the first integral in (3.42), applying Gauss’s theorem and using the matching
condition in (3.41) as well as the fact limg_, ;o 9z = 0, we have

lim / [F @)+ A(Veio) — 90 A'(Vepo) - m, ],
&1,ni—>+00 Jo

—+00 —+00
=/O F@JHA(—Wan)dn—/O F(@y) + A(—3,¢, my)dn

+o00 400
:2/0 F(ag)dn—zfo F(gy)dn
+00 +00
= 2\/A(—nw)(/0 JF@)a,08 dn +/0 JF@y)d,®5 dn) —0,
(3.43)
where we have used (3.31) and (3.32).

We then apply Gauss’s theorem to the second integral in (3.42). Recalling the
boundary condition (3.40b), we obtain

&1 &1
/é [8550 A/(VC(ZO) : nw]|md€ - /é [8550 A/(VC(ZO) : nw]|odé
=& —&
&1 -, N s -
= /E [0:00 A (Vc</>0)~nw]|md5 +cpo /S dc@o G (po)d§ =1+ 11.
=& —&
(3.44)
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=& 3 &

Fig. 3 Sketch of the local coordinates (&, n) and (p, ¢) at a contact point X, where 6; € (0, ) is the
contact angle

Sending &1 — 400 and recalling (2.9), we obtain

&1—>+4o00 &1—>+4o00

&
lim /7= Ilim CFU/ @0 g(@0)dé = ¢, 0 (G(1) — G(—1)) =c, 0.
—&
(3.45)

Next, we rewrite the term / in terms of the new coordinate system (p, ¢), which
can be regarded as a transformation from (n, &) with a counterclockwise rotation of
0,4 in the plane (see Fig. 3). Precisely, it holds that

p =E&sinfy; + ncosby, ¢ = —&cosOy + nsinby, (3.46a)
and thus,
0 = 0, sinfy — 0, cos Oy, 0y = 0y cos by + 0 sinby. (3.46b)
Moreover, we have
Ve=n40; —ny d) =v3dp —N¢ g, n. = sin6; n,, + cosf;ng, (3.46¢)

where n, is the conormal vector of I'(¢) at x.. By (3.46), we can recast the term [ as
&1 sin6y+n1 cos Oy
I = / [9,P0 — 0P cot 6] A'(,@ov — 9 Pome) - my dp.  (3.47)
—&14n1 cosby

By the matching condition lim;_, 1o @0 = Po(p), we have lim;_, 1 d: 90 = 0.
Then, it follows directly that

+oo A/ 5
lim I =/ (apQO)ZA'(v) ‘ny, dp = cp A() -my

=c,.y'(v) ny.
£1,m—>+00 o y(v) v )t

(3.48)
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Collecting the results in (3.43), (3.45) and (3.48) yields that
Y’ -ny, +0 =0, (3.49)

which is exactly the anisotropic Young’s law in (2.2b).

We next derive the zero-flux condition. Similarly to the above, we integrate (3.39a)
over the box R. Applying Gauss’s theorem and using the boundary condition (3.40a)
gives rise to

noré - N
0 =f0 /g 3 [Bo m (o) 0 1ol + 3, [Bo m(Po) 9,0l d&dn
mo_ -
- /0 [Bom(@0) 9 o | |i§l dn+ fg [Bo m (o) 0y fio] |md§ =II1+1V.
(3.50)

Taking &1 — oo and using fact limg, +o0 g0 = *1, as well as m(gp) = 0, we get
111 = 0. On recalling (3.46), as well as the matching conditions,

lim @ = ®o(p) = tanh(——), lim fo = Mo(s, 1) = 5,, lim 930 =0,
{—>+00 —>—+00

y(»)' >+

we get in the case of &1, 1 — oo that

0= [ [n(@0 o)) do = ~p0) [ m(@0)dpne - Viss,.

—00

This yields the zero-flux condition
D(w)n. - Vs, =0. (3.51)

In addition, the attachment condition in (2.2a) follows naturally.
In summary, we thus obtain the following system of equations as the sharp-interface
limit of the regularized diffuse-interface model (3.3):

2
V= —:—FVS -[D()Vssy] with V=V.v and s = —V;s- y'(v) on I'(1),
o
(3.52a)
V-n,=0, y ¥ -ny,+0=0, D()n - Vgir, =0 on A(t).
(3.52b)

Remark 3.1 In the case of the double-obstacle potential (1.2c) and the degenerate
mobility m(¢) = (1 — ¢?),, we could obtain (3.52a) in a similar manner. But the
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leading order inner solution (3.20) should be replaced by

sin(5Gy) if o € [=Fy (), Ty ],
Qo(p) =3 —1 it p<—5y), (3.53)
1 if o> Zy).

This yields ¢, = % in (3.52a). The boundary conditions in (3.52b) can be derived
similarly. It is also possible to consider the logarithmic potential (see (1.2b)) along
with the mobility m (@) = (1 —¢?),.1f0 = O(e¥) forsome & > 0, it can be shown by
means of the techniques from Cahn et al. (1996) that the same desired sharp-interface
limit is obtained.

4 Analysis of the Diffuse-Interface Model

In this section, we analyze a general class of diffuse-interface models of the type

adip=V- (M(Vga, go)V,u) in Q, (4.1a)
w=—eV-ANp)+e 'Flp) in 0, (4.1b)
Vu-n=0 on X, 4.1¢)
eA' (Vo) n+c,o0G (p)=0 on X, (4.1d)
gA' (Vo) - n=0 on X\ Xy, 4.1e)
@lr=0 = 9o in Q, (4.1f)

where «, €, ¢, € R.p and 0 € R are given constants. In contrast to the previous
sections, the potential F : R - Rand G : R - R, A : RY > Rand M : R xR —
R are general functions satisfying certain conditions that will be specified in Sect. 4.1.
If A, F, G, m® and B¢ are chosen as in (2.5), (2.8), (2.9), (3.1) and (3.2), respectively,
and if M is defined by M(p, s) := BE(p)m®(s) for all p € R¢ and s € R, then the
system (4.1) is exactly the model (3.3) that was introduced in Sect. 3. The total free
energy functional £ : H'(Q2) — R associated with the system (4.1), up to an additive
constant, reads as

E@) == cif 8A(V¢)+8_1F((p)dx+0/ G(p)dsS. 4.2)

F JQ Ty

Itis also possible to consider the system (4.1) for F being the double-obstacle potential,
which can be expressed as

F:R— [0, o0], F(s) = Fo(s) + Ij—1,11(s), (4.3)
where the function

Fop:R—[0,00), Fo(s) =41 —¢?), (4.4)
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represents its regular part, and

0 if |s| <1,
I :R — [0, o0], Ir— = ) 4.5
000k Tt =04 i s = 1 (45)

denotes the indicator functional of the interval [—1, 1]. In this case, (4.1b) needs to be
represented by a variational inequality, see (4.18b).

4.1 Notation and Preliminaries

Notation. In this section, we use the following notation: For any 1 < p < oo and
k > 0, the standard Lebesgue and Sobolev spaces on €2 are denoted by L?(£2) and
Wk-P (). Their standard norms are written as || - llLr() and || - lwk.p(q)- In the case
p = 2, these spaces are Hilbert spaces, and we write H k(Q) = W52(Q). Here, we
identify H°(Q) with L?(2). For the Lebesgue and Sobolev spaces on 92, we use an
analogous notation. For any Banach space X, its dual space is denoted by X’, and the
associated duality pairing by (-, -) x. If X is a Hilbert space, we write (-, -) x to denote
its inner product. We further define

1
(fla = @(f, Dy for feHY(Q)

as the generalized spatial mean of f, where |2| denotes the d-dimensional Lebesgue
measure of Q. With the usual identification L'(Q) ¢ H!()’, it holds that ( f lg =
ﬁ fQ fdxif f e L'(Q). In addition, we introduce

H(lm)(Q) ={ueH(Q)| ()}g=m} foranym eR,
Hg (@) :={f € (H'@)'| (/)g =0}.

1
(m

H' (). In the case m = 0, it is even a closed linear subspace, meaning that H(lo)(Q)
is also a Hilbert space.

General assumptions We make the following general assumptions that are supposed
to hold throughout this section.

We point out that for every m € R, H ) (82) is an affine subspace of the Hilbert space

Al Theset Q2 C R? withd € {2, 3} is a bounded Lipschitz domain. Moreover, T > 0
denotes an arbitrary final time.

A2 The function G : R — R is non-negative and twice continuously differentiable.
Moreover, there exists an exponent g € [2, 4), as well as positive constants Cg
and Cg, such that

G(s) < Cg(1+1s1) and |G'(s)| < Cor(1 415177

forall s € R.
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A3 “The function A : R? — R is continuously differentiable, positively homoge-
neous of degree 2 and positive on R? 0. Hence there exist constants Ag, A; € R
with 0 < Ag < Aj such that”

Aolpl* < A(p) < Ay [p/* forall peRY.

The gradient A’ : RY — R is strongly monotone, i.e., there exists a constant
ap > 0 such that

(AP —A'@)-(p—q) > aolp—ql* forall p,qeR?

which implies that A is strongly convex and thus strictly convex. Moreover, there
exists a constant a¢; > 0 such that

|A/(p)] <ap|p| forallpeR?.

A4 The function M : RY xR — Ris continuous and there exist constants My, My € R
with 0 < My < M such that

Mo < M(p,s) < M; forall pe R? and s € R.
Remark 4.1 (a) We point out that the choices
G(s) :i= %(3s — ) foralls e R (cf. (2.9)),
M(p.s) = B*(p)m"(s)
with

mé(s) =¢ + (1 - sz)i_ forall s € R (cf. (3.1)),

d2 2r 1 D2
pop) = A ED®) forallpe RY  (cf. (3.2)),
vpe® + v (p)

are admissible as they satisfy the conditions imposed in A2 (with ¢ = 3) and A4.
(b) Suppose that the function y that was introduced in Sect. 2.1 additionally satisfies
the following convexity condition: There exists a constant oy > 0 such that

Y (P)q-q > aglg> forall p,qeR? with [pj=1 and p-q=0,
4.6)

where y” represents the Hessian of y. Thus, the function

A:RI SR, A(p) = 1y
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is admissible as it satisfies all conditions imposed in assumption A3. In particular,
as shown in Griser et al. (2013), the convexity condition (4.6) ensures that A’ is
strongly monotone.

A special inner product on H (6)1 (£2). We now introduce a certain inner product on the

function space H(B)l (£2) based on the solution operator of a suitable elliptic problem.
Therefore, leta € L°°(£2) be a uniformly positive function, i.e., there exist ag, a; € R
with 0 < ap < aj such that

apg <a <aj; ae.in Q.

Then, for every f € H(B)l (£2), there exists a unique weak solution u 5 € H(lo)(Q) of
the elliptic boundary value problem

—V - (aVu) = f in , (4.7a)
Vu-n=0 on 9<2, (4.7b)
meaning that
/ aVuyg-Vedx =(f, ¢), forall ¢ € H'(Q). (4.8)
Q

We can thus define a solution operator

S, : H(;))‘ (Q) > Hy(Q). [ Sa(f) :=uy. (4.9)

We next define the bilinear form

(' > ')Sa : H(B)I(Q) X H(B)l(Q) — R, (f > g)Sa = /;Za VSa(f) - VSa(g)dx,
(4.10)
which defines an inner producton H (6)1 (£2) since a is uniformly positiveand VS, (f) =
0 a.e. in Q2 already implies f = 0 a.e. in Q2. Its induced norm is given by

I-lls, : Hg) (@) = R, I flls, = (. f)y - (.11

We point out that on the space H(B)l (€2), the norm || - ||, is equivalent to the standard
operator norm || - [ 51(g)y - The bilinear form (-, -)g, also defines an inner product on

the space H(lo)(Q). Moreover, || - ||, is also a norm on H(IO)(Q) but the space is not
complete with respect to this norm.

4.2 Existence of Weak Solutions

For ease of presentation, in what follows, we simply fix @« = & = 0 = ¢, = 1, since
the precise choice of these values has no impact on the mathematical analysis.
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4.2.1 Weak Solutions for Smooth Potentials

In this subsection, we make the following assumption on the potential F:

F1 The potential F : R — R is continuously differentiable. Moreover, there exists
an exponent p € [2, 6), as well as non-negative constants Br, Cr and Cps such
that

—Br < F(s) <Cp(1+1sl”) and |F'(s)| < Cpr(1+[s|P7h).

forall s € R.

Obviously, the smooth double-well potential introduced in (1.2a) fulfills F1 with p =
4. However, the logarithmic potential (see (1.2b)) and the double-obstacle potential
(see (1.2¢)) do not satisfy this assumption.

A weak solution of the general diffuse-interface model (4.1) is then defined as
follows.

Definition 4.2 Suppose that the assumptions A1-A4 and F1 are fulfilled, and let
wo e H L) be any initial datum. Then, the pair (¢, i) is called a weak solution
to system (4.1) if the following properties hold:

(i) The functions ¢ and p have the following regularity:

g € COVA([0, T1; LA()) N L™®(0, T; H' () N H' (0, T; H'()'),
ne L*(0, T; H'(Q)).

(i1) The pair (¢, u) satisfies the weak formulations

/,undx:/ A’(V(p)~Vn+F’(g0)ndx+/ G'(p)ndS  (4.12b)
Q Q

'y

a.e.on [0, T] for all test functions ¢, n € H L(Q). Moreover, @ satisfies the initial
condition

90) =¢p a.e.in Q. 4.13)

(iii) The pair (¢, u) satisfies the weak energy dissipation law

1 13
E(w(t)) + 5/ / MV, ) |VpL|2 dxdr < E(pg)  foralmostall t € [0, T].
0 Ja
(4.14)

The existence of such a weak solution is ensured by the following theorem.
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Theorem 4.3 Suppose that the assumptions AI-A4 and F1 are fulfilled, and let
@0 € HY(Q) be any initial datum. Then, there exists a weak solution (¢, i) to the
system (4.1) in the sense of Definition 4.2.

The proof of this theorem is presented in Sect. 4.3.

In the next subsection, we intend to prove the existence of a weak solution to the
diffuse-interface model (4.1) for the double-obstacle potential (1.2c). Our strategy is to
approximate the double-obstacle potential by a sequence of regular potentials. To this
end, in Corollary 4.4, we will present an additional uniform estimate for F’(¢), where
(¢, p) is a weak solution to (4.1) with a regular potential F' satisfying the following
assumption:

F2 The potential ¥ : R — R is twice continuously differentiable and there exist
constants cq, ¢; > 0 such that

—co < F"(s) <c; forall s € R. (4.15)

We point out that if F2 is fulfilled, then F1 holds with p = 2.

Corollary 4.4 Suppose that the assumptions AI-A4 and F2 are fulfilled. Let ¢o €
H'(Q) be any initial datum satisfying |(¢0)Q| < 1 — « for some k € (0, 1], and
let (¢, ) be a corresponding weak solution. Then, there exists a constant ¢ > 0
depending only on @y, E(¢o), co and the constants in AI-A4, but not on c1, such that

[F'@) 320 = <5 (1 IF I wqpiry): (4.16)

where R .= |((p0)Q| +5 <L

Remark 4.5 In Corollary 4.4, the assumption ’ {(90)q ’ < 1—«k ismade in order to ensure
R < 1, which is crucial for later use. However, without this assumption, a similar
estimate can be derived if R > 1 is allowed. For instance, choosing R := |(g00)9| +1,
we obtain the estimate

|F' @720y = (1 + IF IR g r)) (4.17)

instead of (4.16) even without the mean value assumption.

4.2.2 Weak Solutions for the Double-Obstacle Potential

In this subsection, we assume that F = Fp + I[—1, 1] is the double-obstacle potential
as introduced in (4.3). Then, a weak solution of the general diffuse-interface model
(4.1) is defined as follows.

Definition 4.6 Suppose that the assumptions A 1-A4 are fulfilled, and let gy € H'(Q)
be any initial datum satisfying |@g| < 1 a.e. in Q2. Then, the pair (¢, ©) is called a
weak solution to system (4.1) if the following properties hold:
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(i) The functions ¢ and u have the following regularity:

¢ € COV4(10, T1; L2(@) N L=(0, T; H'()) n H' (0, T; H'(Q)'),
we L0, T; H'(Q)).

(ii) It holds that |p| < 1 a.e. in Q and the pair (¢, ) satisfies the weak formulation
(9. )i = —/QM(ng),(p) V- V¢ dx, (4.18a)
for all ¢ € H'(S2) as well as the variational inequality
//Q H(p—n)dxdi = //Q N(V9) - (Vo = V) + Fi(@) g — ) dx dr
[ G w-masa (4.18b)

for all n € L2(0, T; H'()) with |n| < 1 a.e. in Q. Moreover, ¢ satisfies the
initial condition

90) =¢p a.e.in Q. (4.19)

(iii) The pair (¢, u) satisfies the weak energy dissipation law

1 13
E(gp(t)) + E,/ / MV, ) |V[L|2 dxdr < E(pg) foralmostall r € [0, T].
0 Ja
(4.20)

The existence of such a weak solution is ensured by the following theorem.

Theorem 4.7 Suppose that the assumptions AI1-A4 are fulfilled, and let gy € H'(2)
be any initial datum satisfying |po| < 1 a.e. in Q2 and ’(‘/)O)Q‘ < 1 — « for some
k € (0, 1]. Then, there exists a weak solution (¢, () to the system (4.1) in the sense
of Definition 4.6.

The idea behind the proof of Theorem 4.7 is to approximate the double-obstacle
potential by a sequence (Fy),en of regular potentials where for eachn € N, F,, is a
regular potential fulfilling the condition F2. Therefore, Corollary 4.4 can be applied to
derive a suitable uniform bound on the terms involving F,,. We point out that the same
strategy could be used to construct a weak solution to the diffuse-interface model (4.1)
in the case that F is the logarithmic potential (1.2b).

4.3 Proofs
4.3.1 Proof of Theorem 4.3

The proof is divided into five steps.
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Step 1: Implicit time discretization. Let N € N be arbitrary. We define 7 := T /N
as our time step size. Letnow n € {0, ..., N — 1} be arbitrary. We now define functions
¢" withn = 0, ..., N by the following recursion:

e The zeroth iterate is defined as the initial datum, i.e., 9° := ¢p.
e Ifforsomen € {0, ..., N — 1}, the n-th iterate ¢" is already constructed, we choose
"t eH (lm) as a minimizer of the functional

1
By Hipy(@) = R Jule) = o— o = ¢"[[5, +€@).  @2D)

Here, £ is the energy functional defined in (4.2), withe = o = ¢, = 1, and |||,
is the norm defined in (4.11) with a being chosen as

a:=MVe", ¢"). (4.22)

This choice is actually possible since the function M is assumed to be bounded
and uniformly positive (see A4). The existence of a minimizer of the functional
J, will be established in Step 2.

The idea behind this construction is that the first variation in the functional J,, at the
point ¢"*1 is zero since ¢"*! is a minimizer of J,. This means that

(pn+l _ (/)”
) + /Q A (V" v+ F(o" T ndx +/ G' @ hHnds=0
Sll

w

(4.23)
for all test functions n € H(lo)(SZ). We now define
wt=5, <—‘pn+lt—_¢n> +c" e HY(Q), (4.24)
with
M= |%| ( /Q F' (" dx + / G’@”“)dS) (4.25)

and a being chosen as in (4.22). Recalling the definition of the inner product (-, -)g,
(see (4.10)), we infer from (4.23) that

/Qu”“ndx=/;2A/(V<p"“)~Vn+F’(<p"+1)ndX+/ G'(¢"ynds
FIU
(4.26)

forall n € H(IO) (). Due to the choice of the constant ¢"*!, a straightforward com-
putation reveals that (4.26) remains true even for all test functions n € H' (). This
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means that for every n € {0, ..., N — 1}, the pair ((p”“, u”“) satisfies the equations

(pn+1 _ (pn
<—, §> = —/ M(Ve", ")Vt Ve dx, (4.27a)
T HI(Q) Q

/ " ydx = / A (V" Vi + F'(e" T ndx + f G'(¢"Tnds
Q Q 'y
(4.27b)

forall test functions £, n € H'(Q). Here, (4.27a) follows directly from the construction
of u"*! in (4.24) and the definition of the solution operator S, (see (4.9)). The system
(4.27) can be interpreted as a time-discrete approximation of the weak formulation
4.12).

The time-discrete approximate solution now needs to be extended onto the whole
time interval [0, T']. The piecewise constant extension (¢n, [ty ) is defined as

(po, o) ift <0,

, 1) = 4.28
((pN MN)( ) (", " ifte ((n—l)r,nr],ne{l,..., N}, ( )
whereas the piecewise linear extension (¢, [ty) is defined as

@ns BN D = 20", 1"+ (=" 1 (4.29)

fort =Aint+ (1 —A)(n— 1T withn e {l,.., N}and A € [0, 1].

Henceforth, the letter C will denote generic positive constants that may depend
only on ¢ and the constants introduced in A2—A4 and F1 but not on n, N or 7. These
constants may also change their value from line to line.

Step 2: Existence of a minimizer to the functional J,. We now prove that the func-
tional J, introduced in (4.21) actually possesses a minimizer. Therefore, we employ
the direct method of the calculus of variations.

For any ¢ € H(]m)(Q), we obtain

lell2@) < [@all 2 + le = @al 2@ = CO+1V0l2g)

by means of Poincaré’s inequality. This directly implies
Il < c(1 + Vel 2q)) forall g € Hp, () (4.30)

for some positive constant ¢, depending only on m and 2. Recalling the assumptions
on A (see A3), that F > —Bp (see F1) and that G > 0 (see A2), we use Poincaré’s
inequality to derive the estimate

Iz [ AV dx = BrIR) = A0 Vel g, — BriS
Q

Ao 5
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forall ¢ € H(lm) (£2). This means that J, is coercive and bounded from below. Hence,
the infimum

Z:= inf J,
Hiyy ()

exists, and consequently, there also exists a corresponding minimizing sequence
(Pr)ken With

Jo(pr) > T ask — oo and J,(¢r) <Z+1 forall k e N.

Now, (4.31) directly implies that (¢ )xen is bounded in H(lm) (€2). Using the Banach—
Alaoglu theorem, the compact embeddings H(lm)(Q) — LP(2) and H(lm)(Q) (IS
L7(0%2), we infer that there exists a function ¢ € H<1m) (£2) such that

o — ¢ weakly in H(lm)(Q), strongly in L?(Q2) and in LY(8%), 432)
pointwise a.e. in €2, and pointwise a.e. on 92 .

along a non-relabeled subsequence. Since A is continuous and convex (see A3), we
infer

f A(V@)dx < liminf / A(Vyg) dx (4.33)
Q k—o00 Q

due to weak lower semicontinuity. Recalling the growth conditions on F' and G (see
F1 and A2) and the convergences in (4.32), we apply Lebesgue’s general convergence
theorem (see Alt 2016, [Section 3.25]) to conclude

/F(<pk)dx—>/F(a)dx and / Gl dS — | G@dS (434
Q Q w r“)

as k — oo. Combining (4.33) and (4.34), we obtain

Jn(@) < liminfJ, (¢r) = .
k—o00

This proves that @ is a minimizer of the functional J,,.
Step 3: A priori estimates for the piecewise constant extension. We now claim that
the piecewise constant extension (¢y, () fulfills the uniform priori estimate

lenllooo,7: 151 @) T RN 220,751 (@) < C- (4.35)

To prove (4.35), we exploit the recursive construction of the time-discrete approx-
imate solution. Since for any n € {0, ..., N — 1}, (p"“ was chosen to be a minimizer
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of the functional J,,, we have

(pn—H _ (pn

1
21‘

2
o FE@TD =" < @) =" (4.36)
foralln € {0, ..., N — 1}. By a simple induction, we thus infer

E(@") < E(pp) forallme{0,..,N —1}. 4.37)

Recalling the assumptions on A (see A3) and that the potentials /' and G are bounded
from below (see A2 and F1), we use estimate (4.30) and (4.37) to obtain

2 2
P H <C+cC Hw"“ ” <C+ C/QA(W"“) <C+CEYth <cC

HY(Q) ~ L2(Q) ~
(4.38)
foralln € {0, ..., N — 1}. By the definition of ¢y, this directly implies
||<PN||L00(0,T;H1(Q)) <C. (4.39)
For any n € {1, ..., N}, we now set t, := nt. By the definition of the piecewise
constant extension, we have
on(t) = @(ty) = ¢" and () = pu(ty) = p" (4.40)

forallt € (1,1, t,]. Recalling the priori estimate (4.36) and the definition of " (see
(4.24)), we obtain

1
E(pn () + 5/ /QM(V(PN(S —1),9n(s — 1)) [Vun(s)[* dxds
th—1

In

1
=E(pn(tn)) + ﬁ/

tn

lon(s) — on(s — D5, ds
1

1
=E(pn ) + - lon () — on(ta = DI,
< E(on (ta-1))

foralln € {0, ..., N — 1}. Hence, by induction, we get
l In 2
E(pn () + 5/0 /QM(VwN(S — 1), on(s — 1)) [Vun ()" dxds < E(go)

@ Springer



34 Page32o0f56 Journal of Nonlinear Science (2023) 33:34

foralln € {0, ..., N —1}. Now, forany ¢t € (0, T'], we find anindex n € {0, ..., N — 1}
such that t € (t,—1, t,]. Recalling (4.40), we eventually conclude that

1 t
Elpn ) + 5/0 /QM(W?N(S — 1), on(s = 1)) [Vun(9)]* dx ds < E(go)
(4.41)

for all t € [0, T]. In particular, choosing t = T, we obtain the uniform bound

IViNI720.7: 1200 < C- (4.42)

We now test (4.27b) with the constant function n = 1/ |€2]. Using the growth assump-
tions from F1, the continuous embeddings H'(Q) < L>(Q)and H!(Q) — L3(3Q),
as well as the uniform bound (4.39), we derive the estimate

1
|<MN<z>>Q|s—( / I (on(0)] dx + / |G’(¢N<r>)|ds)
12| \Jgq Ty

< C(1+ len Dl s + len D350, )
5 3
= C(l + ”gDN”L:’O(O,T;HI(Q)) + ”‘pN”Loc(O’T;HI(Q))) = C.
Applying Poincaré’s inequality, we thus obtain
len Oll2@) < [{ev ) 2, + [1v = kv O)al 12 g,
< C(L+ VN D2 )- (4.43)

Combining (4.42) and (4.43), this yields

lenll 20,11 @) < C- (4.44)

Due to (4.39) and (4.44), the a priori estimate (4.35) is now established.
Step 4: A priori estimate for the piecewise linear extension. We next claim that for
alls,r €[0,T],

|88 () = BN )| 12 < Clr =515, (4.452)
|78 @ = on @) 12 = CTF, (4.45b)
l9@n [ 20,7 112y = € (4.45¢)

In particular, the first estimate means that the piecewise linear extension ¢y is Holder
continuous in time.

To prove these inequalities, we first infer from (4.27a) and the definition of the
piecewise linear extension (see (4.29)) that

<31‘¢N(T) ’ §>HI(Q) = - /Q VU’N(I) : vé‘ dx (446)
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for almost all 7 € [0, 7] and all ¢ € H'(Q). Let now & € L*(0, T; H'(Q)) be
arbitrary. We test (4.46) with £(7) and integrate the resulting equation with respect to
T from O to T. Then, using Holder’s inequality as well as the a priori estimate (4.35),
we obtain

T
‘/0 <3t¢N(T) s S>H‘(Q) dr| < HU—N”LZ(O‘T;HI(Q)) ||5||L2(0,T;H1(Q)) <C ||§||L2(0,T;H1(Q))~
4.47)

Taking the supremum over all £ € L2(0, T: H'(Q)) with ||5||L2(0,T;H1(§z)) < 1, this
proves estimate (4.45c).

Next, let s, ¢ € [0, T'] be arbitrary. Without loss of generality, we assume s < .
Integrating (4.46) with respect to t from s to ¢, choosing ¢ = @ (1) — @y (s), and
using Holder’s inequality, we derive the estimate

t
|78 ) = n &) |20 = [VEN O = VEN 6] 12y f IVin (D)l 2y de
N

1
=2 lenllpco, ;i m1 () I-NIL20,7:12(0)) IS — 212 -
(4.48)

In view of the a priori estimate (4.35), this proves (4.45a).
Let now ¢ € [0, T'] be arbitrary. Then, we find A € [0, 1] and n € {1, ..., N} such
that t = Ant + (1 — A)(n — 1)7. We thus obtain

[on®) —on @] 2y = ”wn =0 =g

=(1—A)‘ !

n__ _n—
A 2@

=1 =1 [on(nt) —on (= D7) 12 -

Applying (4.45a) with t = nt and s = (n — 1)7, we conclude (4.45b). This means
that all estimates in (4.45) are established.

Step 5: Convergence to a weak solution. In view of the uniform a priori esti-
mate (4.35), the Banach—Alaoglu theorem implies the existence of functions ¢ €
L0, T; H'(Q)) and u € L*(0, T; H'(2)) such that

oN = @ weakly —* in L>°(0, T; H'()), (4.49)
UN — i weakly in L*(0, T; H'(Q)), (4.50)

as N — oo, along a non-relabeled subsequence. We further know that
||¢N ||LOO(O,T;H1(Q)) = ||§0N “LOO(O,T;HI(SZ)) <C.
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In combination with the uniform estimate (4.45c), we use the Banach—Alaoglu theorem
to infer ¢ € H'(0, T; H'(Q)') with

@y — ¢ weaklyin H'(0, T; H'(Q)) (4.51)

as N — oo, up to subsequence extraction. Moreover, due to the compact embeddings
HY(Q) — LP(Q) and H'(Q) — L7(3%), we apply the Aubin—Lions lemma to
obtain

@y — ¢ strongly in C([0, T1; LP()) N C([0, T1; LY (3Q)). (4.52)

By passing to the limit in estimate (4.45a), we conclude ¢ € cO%1/4(0, T1, L*(2)).
This means that the functions ¢ and w satisfy the regularity conditions of Defini-
tion 4.2(i). Using the estimate (4.45b), we directly deduce from (4.52) that

oN — @ strongly in L*°(0, T; LP(2)) N L*°(0, T; L91(dRQ)),
, (4.53)
a.e.in €, and a.e. on 092,

as N — oo, after another subsequence extraction.

From the time-discrete weak formulation (4.27), we infer that the piecewise con-
stant extension (¢, ) and the piecewise linear extension (¢, fty) satisfy the
approximate weak formulation

T
/0 (BN ). )1y U1 = — f /Q M(Voy(t — 1), gyt — D) Viy (1) - VE dx di,
(4.54a)

// MNz?dxdt:// A/(Vq;N)-V79+F/(¢N)z9dxdt+// G'(py) v dSdt
o o Sw
(4.54b)

for all test functions &, ¥ € LZ(O, T: H' (Q)). Recalling the growth conditions on F’
and G’ from F1 and A2, as well as the priori estimate (4.35), we infer that the sequence
(F'(¢n))Nen is bounded in L0, T; L%/3(Q2)) and the sequence (G'(¢n))neN is
bounded in L*°(0, T LY 3(8 2)). Hence, according to the Banach—Alaoglu theorem,
there exist functions f* € L0, T; L%>(Q)) and g* € L°°(0, T; L*3(3R)) such
that

F'(gn) — f* weakly —* in L>(0, T; L¥>()),

G'(pn) — g* weakly —* in L>(0, T; L*?(0Q)),
as N — oo, along a non-relabeled subsequence. Moreover, the convergences in (4.53)
directly imply F'(¢pn) — F'(p) ae. in Q and G'(pn) — G'(p) a.e. on IQ. By a

convergence principle based on Egorov’s theorem (see DiBenedetto 2002, [Proposi-
tion 9.2¢]), we now infer f* = F'(p) a.e. in Q and g* = G’'(¢) a.e. on 9. This
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means that
F'(pn) — F'(¢) weakly —* in L°(0, T; L%°(R)), (4.55)
G'(pn) = G'(9) weakly —* in L>°(0, T; L*?(3Q)), (4.56)

as N — oo. Testing the approximate weak formulation (4.54b) with ¢ = ¢n — ¢ and
employing the strong monotonicity condition on A’ from A3, we obtain

alVoy = Vol g, < [ /Q (A'(Vgw) — A'(Vg)) - (Vo — Vo) dxdi

=//QMNO/)N—w)dxdt—//QF’(wzv)(wzv—w)dxdt

- //E G'(gn) (pn — @) dS dr
- f/ A'(Vo) - (Voy — Vo) dx dr. (4.57)
o

Using the convergences (4.50), (4.53), (4.55) and (4.56) along with the weak-strong
convergence principle, we infer that the right-hand side of the above estimate tends to
zero. We thus conclude that

Vony — Ve strongly in L2(Q) and a.e. in Q (4.58)

as N — 00, up to subsequence extraction. In view of the growth condition on A’ from
A3, Lebesgue’s general convergence theorem further reveals that

A'(Voy) — A'(Ve) strongly in L2(Q; RY). (4.59)

Due to the convergences (4.50), (4.55), (4.56) and (4.59), we can now pass to the limit
in (4.54b) to conclude that

// udxdr = // A' (V) - VO + F/((p)ﬁdxdt+/f G (p)®dSdt
o 0 Sw
(4.60)

holds for all & € L%(0, T; H' (Q)).

We now fix an arbitrary time 7o € (0,7]. Sincet = T/N — Oas N — oo,
we may assume (without loss of generality) that N is chosen large enough to ensure
t —t€[0, T]forallt € [ty, T]. We have

||V<PN(7 —7)— VW(I)H%Z(I(),T;LZ(Q))

<C|Ven(t —1) = Vo — +C Vet —1) =

2 2
20,712 VOO 20,7120

=< c ||V<PN(Z) - V(P(l)”iz(o’T;Lz(Q)) + c ”ku - T) - V(p(t)”iz(lo,T;Lz(Q)) (461)
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for almost all ¢ € [ty, T]. Here, from the second to the third line, we used the change
of variables s = ¢ — 7 and the fact that [tro — t, T — ] C [0, T'] to estimate the
first summand. Now, as N — o0, the first summand in the third line of (4.61) tends
to zero because of (4.58), whereas the second summand tends to zero since due to
mean-continuity in L” (Q) (see, e.g., Alt 2016, [Section 4.15]). This proves

Von(-, -— 1) = Vo strongly in LZ(Q X [to, T']) (4.62)
as N — oo. Since #9 € (0, T'] was arbitrary, we deduce
Von(-, -—1) > Vo ae.in Q (4.63)

as N — oo, after extracting a subsequence. Proceeding similarly, and using the strong
convergence gy — @ in L2(Q) (which directly follows from (4.53)), we further obtain

oN(-, - —1) = @ ae.in Q (4.64)

as N — oo. Using (4.63) and (4.64) along with Lebesgue’s dominated convergence
theorem, we infer

M(Ven(-, - —1),on(-, - — 1)) Ve — M(Ve, ) V¢ (4.65)

strongly in L2(Q), as N — oo, up to subsequence extraction. Employing the weak-
strong convergence principle, we can thus pass to the limit N — oo in the approximate
weak formulation (4.54a) to obtain

T

forall ¢ € L%, T; H'(Q)). Combining (4.60) and (4.66), we eventually conclude
that the pair (¢, p) satisfies the weak formulation (4.12). Moreover, as a direct conse-
quence of the convergence (4.52), ¢ satisfies the initial condition (4.13). This means
that all conditions of Definition 4.2(ii) are fulfilled.

Recalling the growth conditions on F and G from F1 and A2, as well as the
convergences in (4.53), we apply Lebesgue’s general convergence theorem (see Alt
2016, [Section 3.25]) to conclude

F(pn) — F(p) strongly in L! (Q), 4.67)
G(pn) — G(g) strongly in L' (Q). (4.68)

Then, from the convergences (4.58),(4.67) and (4.68), we infer that

E(pn (1)) = E(p(1)) foralmost all 7 € [0, T, (4.69)
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as N — oo.Recalling (4.50) and (4.65), we use the weak-strong convergence principle
to infer

\/M(VfﬂN(', = 1), ¢N(-, - — T)) Viuy—+M(Ve, @) Vi weakly in L2(Q)
(4.70)

as N — oo. We now use the convergences (4.69) and (4.70), the weak lower semicon-
tinuity of the L>(Q)-norm, as well as the discrete energy inequality (4.41), to derive
the estimate

] 1
Elp0) + 5 fo /Q M(Vo(s). 9()) V()] dx ds
1 t
< liminf & (o (0) + limint > /0 fQ M(Von(s — 7). on (s — D) Vi ()] dx ds
L. 1 [t
< glvnllgg[s(ww)) +3 /0 fg M(Von(s — ), 5 (s — D) IV () dx ds]
< E(go) @.71)

for almost all # € [0, T]. This proves the weak energy dissipation law (4.14), and thus,
the condition in Definition 4.2(iii) is fulfilled.

We eventually conclude that the pair (¢, @) is a weak solution to system (4.1) in
the sense of Definition 4.2. Hence, the proof is complete. ]

4.3.2 Proof of Corollary 4.4

Let (¢, 1) be a weak solution to the system (4.1), whose existence is guaranteed by
Theorem 4.3. By a straightforward computation, we notice that

T
2
|F' @20, = / / (F/(@) dxdr <21 + oo, 4.72)
0 Q

where

T T 2
I ::/ / (F'(@) — (F'(9))g )2dx dt and D ::/ (/ |F'(¢)] dx) dr.
0o Ja 0o \Ja

Hence, in the following, we intend to prove (4.16) by deriving suitable bounds on the
terms /1 and /. The letter C will denote generic positive constants depending only
on ¢g, £(¢o), co and the constants in A1-A4, but not on cj.

Let n € H'(S) be arbitrary. Since A is convex (see A3), we know that

A' (Vo) -V(n—¢) < A(Vn) — A(Vg) ae.in Q.
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Testing the weak formulation (4.12b) with n — ¢ instead of n and using the above
estimate, we thus infer that the variational inequality

/QF’(tp)(w—n)dx 5/Qu(qo—n)der/QA(Vn)—A(Wp)dx—/ G (@) (¢ —n)dS
4.73)

holds a.e. in [0, T'] for all n € H'(S2). Moreover, since (¢, ) is a weak solution of
(4.1), it satisfies the weak energy inequality (4.14). Using Poincaré’s inequality, we
infer

||§0||L°°(0,T;H1(S2)) + ||M||L2(0,T;1-11(Q)) <C. (4.74)

Step 1: We first derive an estimate for the term /1. Therefore, we choose
n=9—8(F(p)—(F(p)g) (4.75)
for sufficiently small § > O which ensures 1 — §F”(p) > 0. Since F'(p) €
L>®(0, T; H'()) due to (4.15), we know that n € L0, T; H'(R)). Recalling

that A is positively homogeneous of degree 2, we obtain

A(Vn) — A(Vg) = A(Ve = §F"(¢)Vg) — A(Ve)

= (1-8F"())’A(Vg) — A(Vp)
= (—2F"(p) + 8 F"(9)*) A(Vp) (4.76)

a.e. in Q. We now test the variational inequality (4.73) with n. After dividing the
resulting inequality by §, we use (4.76) to deduce

fQ (F'(9) - (F' (@), )* dx = /Q Fi)(F'(9) - [F'(@)g) dx
< /Q (1 — e ) (F'@) - [F @), dx
- f G'(0)(F'(9) - [F'(9)) ) dS

Ty

+ f (= 2F"(p) + 82 F"(¢)*) A(Vg) dx
Q

a.e. in [0, T']. Recalling that F2 implies that F1 holds with p = 2, we derive the
estimate

(F'(@))g| = C+ CfQ ol dx < C+ Cligllimor;11@) = €
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a.e. in [0, T']. Hence, using the growth condition on G’ from A2 and the continuous
embedding H!(Q2) — L*(32), we deduce

‘ /r G'(0)(F'(9) — (F'(9))g,) ds'
s/r 1G'()| (|F'(9)] + C) dS

5/ (C+C|¢|3)(C+C|<p|)dS§C+C/ lp|* dS
Ty r

w

< C+Cllgljapn = C+Cllollyiq, 4.77)

a.e.in [0, T']. Sending § — 0 and using the growth condition from A3, the condition
—F" < ¢g (cf. (4.15)) as well as Poincaré’s inequality and Young’s inequality, we
infer

/Q(F’(w) (P @)g) dx = 1+ el o + 1210))

a.e. in [0, T']. Integrating this inequality with respect to time from O to 7', and using
estimate (4.74), we eventually conclude the bound

L <C. (4.78)

Step 2: We now derive a suitable estimate for the term /5. Let A € L°°([0, T']) be
any function that will be fixed later. We set

n:=¢—38p— (¢ (4.79)

for some § > 0. Testing the variational formulation with this 7, dividing the resulting
equation by §, and recalling that A is positively homogeneous of degree 2, we derive
the estimate

/Q F'(@)0. — (p)g) dx
= /Q F'(@)(A — @) dx +/QF’(¢)(¢ —(p)g) dx
< /Q F(@)(h — g) dx + /Q (1 — (W)e)e dx — / G'(9)(g — (9)0) S

Ty

+806—2) / A(Vg)dx. (4.80)
Q
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Since F” + co > 0 due to (4.15), we know that the function s +— F(s) + %cos2 is
convex. We thus have

F() + Ycor? = F(9) + Scop? + (F'(¢) + cop) (A — ¢)
> (F'(¢) + cop) (L — ¢)

a.e. in Q. Using this estimate, as well as Young’s inequality, we now get

f F'(9)(A — @) dx < / F(})dx +f 3cop® + cor? dx (4.81)
Q Q Q

almosteverywhere in [0, T']. Sending § — 01in (4.80) and using the above estimate, the
growth conditions from A2 and A3, the continuous embedding H!(Q) — L439),
as well as Poincaré’s inequality, we infer

/Q F/((p)(k —(p)g)dx =C ||F()»)||L°°([0,T]) + C(l + ||(P||21(Q) + ||M||H1(Q) ||<P||H1(Q) )
(4.82)

We now fix A as

) {«o(r)m +5 if (F/pn))g = 0, “53)

%
(p)g =5 if (F'(p(0))g < 0.

for all # € [0, T]. Testing (4.12a) with ¢ = 1 and integrating the resulting equation
with respect to time, we infer (¢ (t))q = (po)q for all r € [0, T']. In view of (4.82),
we thus get

K
5/ |F'()] dx < CIIFG) I qoryy + C(1+ ol g + Il Il @) )-
Q
(4.84)

a.e. in [0, T]. We now multiply this estimate by % and take the square on both sides.
Integrating the resulting inequality with respect to time and using the uniform estimate
(4.74), we eventually conclude

I < Ci 2 | Fllzoqog gy + Ck 2 (1+ 1001 ) + 1l g 10111 ) )
< Ck N Fll o p.ry + C- (4.85)

We finally plug the estimates (4.78) for /1 and (4.85) for I into (4.72). This proves
(4.16), and thus, the proof of Corollary 4.4 is complete. (]
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4.3.3 Proof of Theorem 4.7

The proof is split into three steps.

Step 1: Approximation of the double-obstacle potential by smooth potentials. To
prove the assertion, we approximate the double-obstacle potential F by a sequence of
regular potentials (F;),en. Therefore, we define the function

652 +20s +17 if s < =2,

(s + D* if —2<s<—1,
J:R—[0,00), s {0 if —1<s<1,
(s —1* ifl <s <2,

65 —20s + 17 if s > 2,
and for any n € N, we set
F, :R — [0,00), st> Fo(s)+nJ(s). (4.86)

By this construction, we have J € C2(R; [0, o0)), J is convex, and F,, = Fy on
[—1, 1] for all » € N. It is straightforward to check that for all n € N, the approximate
potential F;, satisfies the assumption F2 with ¢yp = 1 and ¢; = 12n. It thus follows
that F1 is satisfied with p = 2 and B = % In the remainder of this proof, it will be
crucial that the constants Br and cp are independent of n. For any n € N, we further
define the approximate energy functional by

i HY Q) = R, Eilg) ::/ A(V(p)+Fn(<ﬂ)dx+/ G(p)dS.  (4.87)
Q

w

Step 2: A priori estimates for the sequence of approximate solutions. We now
conclude from Theorem 4.3 that for every n € N, there exists a weak solution (¢,,, ()
of the system (4.1) to the potential F;, in the sense of Definition 4.2. In the following,
the letter C will denote generic positive constants that may depend on ¢g, k and the
constants in A1-A4 but not on the approximation index 7.

As the weak solutions (¢,, u,) satisfy the weak energy dissipation law (4.14)
written for &,,, we deduce the estimate

1 1 !
—/ IV (1) dx — Br|Q| + —Mo/ / |V in(s))? dx ds
2 Ja 2 0 Ja

1 t
< Enlpa®) + 5_/0 /QM(V%(S), 9n(9)) |Vin(9)]* dx ds

< &(90) = CIVgoll7q + C 1Foll L1,y < €
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for almost all # € [0, T] and all n € N. As Bp is independent of n, we use Poincaré’s
inequality to conclude the uniform bound

l@nll Lo, 7: 1)) + ltnll 20701 (@) < C- (4.88)

Integrating the weak formulation (4.12a) written for (¢, /t,) With respect to time
from O to T, we now use (4.88) to derive the uniform estimate

19:@nllL20,7; 112y = C- (4.39)

Furthermore, Corollary 4.4 provides the estimate
2 c
|E@)[1200) = 7 (L + IFull e rorp ) (4.90)

where R = |(<p0)9| + % < 1. Here, the constant ¢ depends only on ¢g, &, (¢p), co = 1
and the constants in A1-A4. Since F,, = Fpon[—1, 1], we know that F}, (¢9) = Fo(¢o)
for all n € N. Consequently, £, (¢o) does not depend on 7, and thus, ¢ is independent
of n. We infer the uniform bound

2 c
[ Frton 12 = (1 + IFolloe—1.17)) < C. (4.91)
Using (4.88), we further get

| F5@n) | 120y = lenll2) < C lenllLo.7:120) < C- (4.92)
Combining (4.91) and (4.92), we now conclude

1 Cc
1@l 120y = - (IF3@n | 2oy + [ Faton) ] 12g)) = — (4.93)

Step 3: Convergence to a weak solution. In view of the uniform estimates (4.88)
and (4.89), we now use the continuous embedding H 1(Q) — L*%), the Banach—
Alaoglu theorem, and the Aubin—-Lions lemma along with the compact embeddings
HY'(Q) — L*(Q)and H' () — L"(3Q) for r € [1, 4) to conclude the existence of
functions ¢ and p such that

dgn — O weakly in L?(0, T; H'(Q)"), (4.94)
¢n — ¢ weakly —*in L0, T; H'()) and in L®(0, T; L*(3Q)),
strongly in C([0, T1; L*(R2)), a.e.in Q,
strongly in C([0, T]; L"(0€2)) and a.e. on X, (4.95)
pn — w weakly in L2(0, T; H'(Q)), (4.96)
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for all » € [1,4) as n — o0, after extraction of a subsequence. Using the uniform
bound (4.93) along with the Banach—Alaoglu theorem, as well as the pointwise—
a.e. convergence stated in (4.95), we deduce

J (gn) = 0 strongly in L>(Q), (4.97a)
J (@n) = J' (@) a.e.in Q, (4.97Db)

as n — 00. As the strong limit in L2(Q) and the pointwise limit coincide, we have
J'(¢) = 0 ae.in Q. Since J'(s) = 0if |s| < 1 and [J'(s)| > Oif |s| > 1, we
conclude

lp| <1 ae.in Q.
As F{(¢n) = —¢n, the convergence
F{(pn) — F(@) weakly in L?(Q) and a.e. in Q, (4.98)
follows directly from (4.95). Moreover, using the growth condition on G’ (see A2),

(4.95) and Lebesgue’s general convergence theorem (see Alt 2016, [Section 3.25]),
we obtain

G'(gn) = G'(p) strongly in L4/3(E) and a.e. on X, (4.99)

as n — o0, after another subsequence extraction. Arguing as in the proof of Theo-
rem 4.3, we exploit the strong monotonicity condition on A’ from A3 to further derive
the convergences

Vo, —> Vo strongly in LZ(Q) and a.e.in Q, (4.100)
A' (Vo) — A'(Vo) strongly inL?(Q; RY), (4.101)

asn — 00, up to subsequence extraction. Combining (4.95) and (4.100), we eventually
get

M(NVeu, @) > M(Vo, @) a.e.inQ. (4.102)

Let now n € N be arbitrary and let { € H'(Q) and 5 € L2(0, T; H'()) with
In| < 1 a.e. in Q be an arbitrary test functions. This already implies that J'(n) = 0
a.e. in Q. Moreover, since J is convex its derivative J' is monotonically increasing.
We thus have

J' (@) (@n —n) = T () (gp —n) =0 ae.inQ. (4.103)

We now recall that the weak solution (¢,, i) satisfies the weak formulation (4.12)
written for (¢,, u,) instead of (¢, u). The weak formulation (4.12a) written for
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(¢n, 1) and tested with ¢ reads as

(s &) = —/QM(V%,%)VM VEdr. (4.104)

Testing the weak formulation (4.12b) written for (¢,, 1,) with ¢, — n, integrating
with respect to time from 0 to 7', and employing estimate (4.103), we obtain

//Q o (gon—n)dxdtzf/Q A (V) - (Vo — V) + Fyln) (o — n) dx dr

+ // G'(¢n) (@ — ) dS dr. (4.105)
Z

Using the convergences (4.94)—(4.102), Lebesgue’s dominated convergence theorem,
as well as the weak-strong convergence principle, we pass to the limit n — 00 in
(4.104) and (4.105). This proves that the pair (¢, ) satisfies the weak formulation
(4.18a) for all ¢ € H 1(), as well as the variational inequality (4.18b) for all n €
L%(0, T; H'(Q)) with |n| < 1 a.e. in Q. Moreover, (4.95) directly implies that ¢
satisfies the initial condition (4.19). This means that all conditions of Definition 4.6(ii)
are verified.

Proceeding similarly as in Step 4 of the proof of Theorem 4.3, and using the weak
formulation (4.18a), we can show a posteriori that ¢ is Holder continuous in time
in the sense that ¢ € C%1/4([0, T']; L?(R2)). In combination with (4.94)—(4.96), this
proves that all conditions of Definition 4.6(i) are fulfilled.

Recalling that |¢| < 1 a.e. in Q, we use (4.95) along with Lebesgue’s general
convergence theorem (see Alt 2016, [Section 3.25]) to conclude

/F(go)dx:/ Fo(p)dx = lim /Fo((pn)dxgliminf / F (@) dx
Q Q n—00 Jq n—oo  Jo

a.e. in [0, T']. Using the convergences (4.95), (4.96), (4.100) and (4.102), we now
proceed similarly as in Step 5 of the proof of Theorem 4.3 (cf. (4.71)) to verify
that the pair (¢, n) satisfies the weak energy dissipation law (4.20). This means that
Definition 4.6(iii) is also fulfilled.

In summary, we conclude that the pair (¢, i) is a weak solution to system (4.1)
(with F being the double-obstacle potential) in the sense of Definition 4.6. Hence, the
proof of Theorem 4.7 is complete. g

5 Numerical Results

In this section, we present numerical comparisons between the diffuse-interface model
(3.3) and its sharp-interface limit (3.52).

For the sharp-interface computations, (SI), we employ the parametric finite element
approximation from Bao et al. (2023), which uses piecewise linear finite elements and
relies crucially on the stable approximation of the anisotropy introduced in Barrett et al.
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(2008a, b), see also Bao and Zhao (2022). Here, we recall that this stable approximation
is designed for anisotropy functions of the form

L
y(®) =Y JVAwp-p. (5.1)
(=1

where Ag, £ = 1, ..., L, are symmetric and positive definite matrices. We refer to
Barrett et al. (2008a), Barrett et al. (2008b), Barrett et al. (2010b), Bao and Zhao
(2022), Bao et al. (2023) for details. Clearly, for (5.1), the assumption A3 is satisfied,
recall Remark 4.1.

For the diffuse-interface approximations, (DI), we adapt the finite element dis-
cretizations from Barrett et al. (2014) to the system (3.3). To this end, we assume that
Q2 is a polyhedral domain and let 7, be a regular triangulation of €2 into disjoint open
simplices. Associated with 7}, is the piecewise linear finite element space

s'={cec’@: g, e P Voe T,

where we denote by Pj (o) the set of all affine linear functions on o, cf. Ciarlet (1978).
We also let (-, -) denote the L2-inner product on €2, and let (-, )" be the usual mass

lumped L2-inner product on €2 associated with 7j,. In a similar fashion, we let (-, ~)¥w

denote the mass lumped L2-inner product on I',,. Finally, Ar denotes a chosen uniform
time step size.

Our fully discrete finite element approximation of (3.3) is then given as follows.
Forn > 0, let ¢} € S" be given. Then, find (¢Z+l, ;LZH) e S" x §" such that

n+l _ n

h
4 ¥ _
o ( h o h , X) +eé l(mg(QDZ),BS(VwZ)VMZ-’_l, VX) —0., (5.2a)

_ h
e(BVe) Vo™ Vi) + e (F/(@p ). n)" + coo(G/(gp™h b, = Gt o)
(5.2b)

forall (x, n) € S" x §". The above scheme utilizes the linearization B (p)p = A’(p)
for anisotropies of the form (5.1), which was first introduced in Barrett et al. (2013).
In particular, the symmetric positive definite matrices B are defined by

L
Ay
e 0,
y(p); T p#
. (5.3)

LY A p=0.
=1

B(p) =

We stress that the induced semi-implicit discretization of A’(V¢) in (5.2b) ensures that
our numerical method is stable. In fact, using the techniques in Barrett et al. (2013),
Barrett et al. (2014), and on employing semi-implicit approximations of F’(¢) and
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G’'(¢) based on convex/concave splittings of F and G, an unconditional stability
result can be shown. However, for the purposes of this paper, we prefer the simpler
approximation (5.2). We also note that extending the scheme (5.2) to the case of the
obstacle potential (1.2c), when (5.2b) needs to be replaced with a variational inequality,
is straightforward. We refer to Barrett et al. (2013), Barrett et al. (2014) for the precise
details.

We implemented the scheme (5.2), and its obstacle potential variant, with the help
of the finite element toolbox ALBERTA, see (Schmidt and Siebert 2005). To increase

computational efficiency, we employ adaptive meshes, which have a finer mesh size

hy = 1‘6—? within the diffuse interfacial regions and a coarser mesh size h. = #

away from them, with Ny, N. € N, see Bafas and Niirnberg (2008), Barrett et al.
(2004) for a more detailed description. The nonlinear systems of equations arising
from (5.2) at each time step are solved with a Newton method, where we employ
the sparse factorization package UMFPACK, see Davis (2004), for the solution of
the linear systems at each iteration. In the case of the double-obstacle potential, we
employ the solution method from Banas and Niirnberg (2008), Barrett et al. (2014).

In all our computations, we fix the mobility D (v) = 1 and, up to possible rotations,
use the anisotropy

d
y@ =3 /A —8p2 + 82 p=(p1 . p) (5.4)
=1

which can be regarded as a smoothed £!-norm, with a small regularization parameter
8 > 0. Note that, (5.4) is a special case of (5.1). For the (DI) computations, we choose
for the potential F either (1.2a), so that ¢, = %, or (1.2¢), so that ¢, = 7. We let G
be defined by (2.9), while the regularized mobility functiczms are defined via (3.1) and

(3.2), withr = 2 and y9g = d; = 1. We also choose o = CTF so that (3.25) is consistent
with (2.1a). Finally, unless otherwise stated, we use the smooth potential (1.2a) for
our (DI) computations.

5.1 2d Results

In numerical simulations of solid-state dewetting problems, it is often of interest
whether a thin film of material breaks up into islands. For example, in two space dimen-
sions and in the isotropic case with a 90° contact angle condition, it has been observed
that elongated films undergo pinch-off once the aspect ratio of length versus height
goes beyond a critical value Ry ~ 127.9, (Dornel et al. 2006; Wang et al. Jan 2015). For
nonzero values of o, the critical value behaves like Ry =~ 96.6/ sin(% arccos o) —8.60,
(Dornel et al. 2006).

it turns out that the anisotropy y can have a dramatic influence on the critical value
Rp. To investigate this numerically, we simulate the evolution of small thin films,
starting from an initial interface in the form of the upper half of a tube with aspect
ratio R = L/H, and fix H = 0.3. We consider the following four example situations:

Sm.

(a) anisland of R = 15 with anisotropy y(R(%)p) and o = cos -;
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</ 0%

-0.5 0 0.5 1 1.5 2 25

Fig.4 Evolution of small island films toward the equilibrium (red line) for the SI approximations. a Plots at
t =0,0.002,0.01, 0.02, 0.030878, 0.0319, 0.0339, 0.1, where the island occurs pinch-off at# = 0.030878;
b-d are the plots at t = 0, 0.01, 0.02, - - - , 0.1 (Color figure online)

i . . 5.
(b) anisland of R = 15 with anisotropy y (p) and o = cos ¢;

(c) anisland of R = 15 with anisotropy y (R(%)p) and o = cos 7;

(d) anisland of R = 13 with anisotropy y(R(%)p) and o0 = cos %”,

where R(0) is the rotation matrix with an angle 6, and y (p) is given by (5.4) with
d = 2,6 = 0.1. We note that anisotropies with a fourfold symmetry like our choices
above are often used in two-dimensional models for materials with a cubic crystalline
surface energy (Liu and Metiu 1993; McFadden et al. 2000; Zhang and Gladwell
2003).

Plots of the interface profiles for the SI approximations are presented in Fig. 4a—d
for the four examples, respectively, where the approximated polygonal curve consists
of 2048 line segments, and the time step size is fixed as 10~°. From these figures, we
can observe the influence of the anisotropy y, the contact energy density difference
o, and the aspect ratio R of the thin film on the evolution. In particular, comparing
the evolutions in Fig. 4a and d, we see that the critical value R for break-up to occur
appears to satisfy 13 < Ry < 15, which is much smaller than in the isotropic case.
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Fig.5 The time history of the energy for the DI and SI approximations in the four different examples using
the double smooth potential

Moreover, we see that either rotating the anisotropy, Fig. 4b, or changing the contact
angle, Fig. 4c, ensures that no break-up occurs, meaning that Ry > 15 in both cases.

Let us remark that the pinch-off observed in Fig. 4a represents a singularity for the
parametric description on which the SI approximations are based. Hence, we perform
a heuristical topological change, from a single curve to two separate curves, once an
inner vertex of the polygonal curve touches the substrate. In what follows, we will use
the computations in Fig. 4 as reference solutions for our DI approximations, in order
to empirically confirm our theoretical results from Sect. 3.

For our DI approximations, we consider the computational domain = [0, 3] x
[0, 1], on which for symmetry reasons, we only compute the right half of the evolving
thin film. As interfacial parameters, we consider ¢ = 1/ (24+i71), fori =0,...,2,and
choose the discretization parameters as Ny = 28+ N. = 25+ Ar = 10732442
These spatial adaptive discretization parameters allow for a sufficient resolution of
the diffuse-interface, while the temporal discretization parameters yield an excellent
agreement with the SI approximations. In fact, in Fig. 5, we show the energy plots of
the DI approximations and compare them with the corresponding SI approximations
for the four different examples from Fig. 4. We observe that for sufficiently small
values of ¢, there is excellent agreement between the SI and DI evolutions, in line with
our asymptotic analysis in Sect. 3. What is interesting to note is that for Example (a),
the pinch-off time predicted by the DI computations is too early when ¢ is not small,
and this can be explained by the fact that the wider interfacial region “sees” contact

@ Springer



Journal of Nonlinear Science (2023) 33:34 Page 49 of 56 34

T T T T 10! :
(d) —=I — & - (a)smooth
9 —_— = 1/(167r) 1 - (b)-smooth
R O R I O,
s v =1/(32m) ] 107 ee s (d)-smooth V‘ ¥
—-—-e=1/(64m) — B - (d)obstacle | /7
/
7t 5.4 . /
N 0L Y

53 SN 4 =2

6 &, (%) -7 -+
N\ B _ —0— i

5.2 S\ S o

5 10 o 7
r 0.018 0.022 V /
~
e
4t 102k P S om——— T i
= /
- 7
3 w7 0(e)
L e
0 0.02 0.04 0.06 0.08 0.1 0 e . - : .
0.005 0.01 0015 002 0.025 0.03
3

Fig.6 Left panel: The time history of the energy for the DI and SI approximations in Example (d) using the
obstacle potential (1.2c¢). Right panel: The errors £ of the energy at the final time 7 = 0.1 between the
SI and DI approximations plotted against €. Here, “(d)-obstacle” refers to Example (d) with the obstacle
potential, while the remaining graphs are for Examples (a)—(d) with the smooth potential

with the substrate earlier, leading to the break-up into two islands. For the same reason,
in Examples (c) and (d), the DI computations for ¢ = 1/(16s) erroneously predict a
pinch-off, leading to a larger final energy. But once ¢ is sufficiently small, no pinch-off
occurs, in agreement with the SI evolutions.

We note that using the double-obstacle potential (1.2c) leads to very similar results.
As an example, we show the evolution of the discrete energies for Example (d) in
Fig. 6. In addition, in order to also have a quantitative comparison between our SI and
DI computations, in the same figure, we also present plots of the energy difference
En between the final SI and DI solutions against €. The presented results suggest that
the DI energies of the final states approach the corresponding SI energy with O (¢).
Note that, the three instances where £x > 1071 correspond to cases where the DI
computations wrongly predict a pinch-off. Moreover, in practice, we observe that the
contact angles between DI and SI at the final time agree very well, with the error being
of order 10~3 throughout.

The qualitative behavior of the DI and SI approximations is compared in Figs. 7, 8,
9, 10. In all four examples, we note an excellent agreement between the two different
approaches. This is particularly noteworthy in Example (a) with the occurrence of a
topological change, which is not covered by our asymptotic analysis.

5.2 3d Results

In 3d, we compare our SI and DI approximations for the evolution of an initially
spherical island for the anisotropy y (R ( %)Ry(%)p), where y (p) is given by (5.4)
withd = 3, § = 0.1, and where R, (0), Ry(6) are rotation matrices which rotate a
vector through an angle 6 within the (y, z)- and (x, z)-planes, respectively. The initial
interface is chosen to be a semisphere of radius 0.4, attached to the (x, y)-plane, and
we let o = cos(%”).

For the SI computation, we consider a polyhedral surface with 8256 triangles and
4225 vertices, and a time step size 10~*. For our DI approximations, on the other
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Fig.7 [Example (a)] Interface profiles at times # = 0, 0.01, 0.02, 0.03, 0.04, 0.1 for the DI approximations
with & = 1/(647), and the red dash line represents the SI approximations (Color figure online)
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Fig.8 [Example (b)] Interface profiles at times t = 0, 0.01, 0.02, 0.03, 0.04, 0.1 for the DI approximations
with & = 1/(647), and the red dash line represents the SI approximations (Color figure online)

hand, we consider the computational domain 2 = [—%, %]3 and as interfacial param-
eters consider e = 1/ (22+i ), fori =0, ..., 2, with the corresponding discretization
parameters Ny = 25t N, = 22+ At = 1073/2% In Fig. 11, we show the energy
plots of the DI approximations and compare them with the corresponding SI simula-
tion, noting once again an excellent agreement when ¢ is sufficiently small. We also
present a plot of the error in the energy between the DI and SI approximations against
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Fig.9 [Example (c)] Interface profiles at times # = 0, 0.01, 0.02, 0.03, 0.04, 0.1 for the DI approximations
with & = 1/(647), and the red dash line represents the SI approximations (Color figure online)
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Fig. 10 [ Example (d)] Interface profiles at times t = 0, 0.01, 0.02, 0.03, 0.04, 0.1 for the DI approxima-
tions with ¢ = 1/(64m), and the red dash line represents the SI approximations (Color figure online)

¢. Note that, the large error for ¢ = 1/(4m) is due to that DI simulation wrongly
predicting a pinch-off.

Moreover, a qualitative comparison between the evolutions of the interface for both
approaches is shown in Fig. 12. In particular, at the bottom of Fig. 12, we see that
the sharp-interface approximation agrees very well with the zero level set from the DI
computation, underlining once more our asymptotic analysis in Sect. 3.
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Fig. 11 Leftpanel: The time history of the energy for the DI and SI approximations for the semisphere exper-
iment in 3d. Right panel: The error £ of the energy at the final time between the DI and SI approximations
plotted against &

Fig. 12 A visualization of the zero level sets of the DI approximations for ¢ = ( 167)~ ! at times t =
0,0.01, 0.1, together with a slice through the adaptive mesh. Below a comparison between the DI and the
SI computation at time t = 0.01
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