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Abstract.

The novelty of this work is in presenting interesting error properties of two types of asymptotically “optimal” quadrilateral meshes
for bilinear approximation. The first type of mesh has an error equidistributing property where the maximum interpolation error is
asymptotically the same over all elements. The second type has faster than expected “super-convergence” property for certain saddle-
shaped data functions. The “super-convergent” mesh may be an order of magnitude more accurate than the error equidistributing
mesh. Both types of mesh are generated by a coordinate transformation of a regular mesh of squares. The coordinate transformation
is derived by interpreting the Hessian matrix of a data function as a metric tensor. The insights in this work may have application in
mesh design near known corner or point singularities.
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1 Introduction

This paper presents the theoretical effectiveness of two types of “optimal” bilinear quadrilateral meshes. The novelty of
this work is in presenting interesting error properties of two types of asymptotically “optimal” quadrilateral meshes for
bilinear approximation. The first type of mesh has an error equidistributing property where the maximum interpolation
error is asymptotically the same over all elements. The second type has faster than expected “super-convergence”
property for certain non-convex saddle-shaped data functions. The “super-convergent” mesh may be an order of
magnitude more accurate than the error equidistributing mesh. Both types of meshes are generated by a coordinate
transformation of a regular mesh of squares. The coordinate transformation is derived by interpreting the Hessian
matrix of a data function as a metric tensor. This work is a basic study on optimal meshes with the intention of gaining
insight into the more complex meshing problem in surface approximation and finite element analysis especially near
corner or point singularities.

For simplicity, we consider the problem of interpolating a given smooth data function with continuous piecewise bj-
linear quadrilaterals over a domain to satisfy a given error tolerance. A mesh that achieves this error tolerance with
the fewest elements is defined to be optimally efficient. Intuitively, one would expect smaller and denser elements in
regions where the function has sharp peaks or large variations.

Provably optimal triangular meshes [2, 4] have been produced by anisotropic mesh transformation. Anisotropic mesh
transformation is emerging as an effective technique for unstructured grid generation where the vertex distribution is
highly non-uniform. The central idea is to control the element shapes and sizes by specifying a symmetric metric ten-
sor that measures the approximation error. The metric tensor determines the corresponding anisotropic transformation.
The anisotropic mesh is then the image of a uniform mesh of optimal shape elements under the anisotropic transforma-
tion. Simpson [9] gives a survey on anisotropic meshes. Nadier [6], D’ Azevedo and Simpson (3, 4], and D’ Azevedo [2]
have studied local anisotropic transformation for generating optimally efficient triangular meshes. Numerous works
such as Borouchaki [1], Peraire [7], and Shimada [8], have used the Hessian matrix as a metric tensor for anisotropic
mesh generation. In this paper we apply a similar analysis to bilinear approximation on quadrilateral patches.

An outline of the paper follows. In §2, we present a simple local quadratic model for error analysis and introduce the
coordinate transformation to the “isotropic” space. In §3 we show a square over the isotropic space is the most efficient
shape to minimize the ratio of Error/Area. A regular mesh of squares over the isotropic space would correspond to an
optimally efficient mesh in the original space. Section 4 states a classical result in differential geometry on the conditions
for finding the anisotropic transformation [#(x, y), #(x, y)] for a general data function. Results of numerical experiments

are presented in §5 to demonstrate the error equidistributing property and the effectiveness of the super-convergent
meshes. .
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2 Quadratic model

We shall consider a local analysis where we assume the data function f(x,y) in the neighborhood of (x.,y.) is well
approximated by its quadratic Taylor expansion,
fe,y) = flre+dx,yc+dy)

= fxe, Yo + Vfxe, yo)dx, dy] + %[dx,dy]H[dx,dy]' . M

The function is convex if det(H) > 0 and saddle-shaped if det(H) < 0. The key insight in [2] is in interpreting the
Hessian matrix H in (1) as a symmetric metric tensor. Let the symmetric Hessian matrix be diagonalizable as

H = Q’{ N ;)2 }Q: sf[ 59 ]s, where ¢ = sign(det(H)), @)
_ VMl 0 ] : te) —
S = [ 0 m Q, and Qis orthogénal, QQ=1I.

Note that transformation § is essentially a rotation to align eigenvectors along the coordinate axes then followed
by a simple scaling. Under this transformation S, the expression [dx,dy]H[dx, dy]* reduces to (d%)* + €(dp)?, where
[%,7]' = Slx, y}. Over the transformed space (%(x, ¥), 7(x, ¥)), the Hessian matrix is reduced to a simple form (2) with
no preference for any direction. We shall call this transformed space the “isotropic” space. We shall use a quadratic data
function to derive a simple model for deriving the maximum interpolation error over a bilinear quadrilateral patch.

3 Quadrilateral patch

The bilinear interpolant over a quadrilateral element is given by the isoparametric formulation (commonly used in
finite element analysis) over the normalized (p, 4)-space on the unit square, 0 < p,4 < 1. Basis functions are ‘

alp.g)=1-p)1-9),  dlp,9)=p{-29), 3)
&3(p,q) = pq, dulp, ) =1L —p)q,
that satisfy ¢;(x;, y;) = d;;, and sﬁm to one,y 1= =t oi(p,9q). k

iz=1

Mapping from (p, q) to the original (x, y)-space is by

x(p,q) 1161(p, ) + %202(p, 9) + x383(p, 9) + x204(p, ) 4)
¥(p, ) = vidi(p,9) + v202(p,9) + Ysb3(p, ) + yada(p,q)

that maps vertex (0,0) to (x1, y1), vertex (1,0) to (x2,¥2), (1,1) to (x3,ys) and (0,1) to (x4, ys). The bilinear interpolant
(over (p, g)-space) is given by

i=4

pox(p, ), y(p, ) = 3, flxi,y)di(p,q) . (5)
i=1

The error function for quadratic interpolation over a parallelogram can be shown by direct algebraic expansion (see
Appendix A) to be

I

Enlp,q) Po(x(p, q), y(p, 9 — flx(p,9), y(p,q9)

- % (1(p = pef® + 2(q = 4c) ®)

]

with centroid at [p., 4] = [}, 3],

= ~x, 12 = n1l, [0 0] =[x~ 21,4 — 1],



1
B = EQ(Pc’Qc)=§(#1+H2),

e} 0
= _— o= e 7
0 ap EQ(pH qC) aq EQ(pCa qc) 3 . ( )

= [weu,)Hlug,uy),  po = [vx,0,]H[0e, v,
For a convex function (det(H) > 0), uy and p, are positive, hence the maximum error is attained at the centroid [p., 9.].

For the case of a general convex quadrilateral, the error expression is more complicated. However, we can show asquare
over the isotropic space is of optimal shape by minimizing the efficiency ratio (Error/Area). Since the isoparametric
bilinear interpolant (5) exactly fits linear functions [5], the error attained at the centroid (x., y.) can be written as

=4
B = % (Z%[thi]H[Xﬁ,yi]') = 3lxe, v Hlxe, vl ®)

=1

i=4
= glg (2 (Lxi, il Hlxi, yi)f — [xc,yC]H[xc,yc]‘))

i=

[xe,ye] = [(rr+x2+x5+x0)/4, Y1+ y2 +y3 + ya)/4] . )]

This expression can be further simplified over the isotropic space where H is the identity,
1 i=4 )
v = g\ (@ +7)-E+5)
! i=1
1, 5 - -
= (B+B+B+H) -4+ T+ B+ 75+ 7)) - 47)
= SWIHLFLIHLD, withL?= (5 -2+ (- TR

where {%;, ;] = S[x;, ;] and [%, 7.} = S[x., y.]’ are the corresponding coordinates over the isotropic space. The area
of this transformed convex quadrilateral is (see Figure 1)

Area = % (L1L2 Sin(91) + L2L3 sin(ez) + L3L4 sin(93) - L4L1 sin(01 + 92 + 93)) .

Since the isotropic transformation S in (2) is a rotation followed by a rescaling of coordinate axis, the area of quadri-

lateral over the isotropic space is scaled by \/|A1A;| = +/|det(H)| (intrinsic to H). By calculus, we can show this ratio
of Ey/Area is minimized and attained by a square with L; = L, = L3 = L; and 8; = 8, = 65 = = /4. Hence the most
efficient shape among all general convex bilinear quadrilaterals is a square over the isotropic space with an efficiency
ratio of 1/4.

If f(x,y) is saddle-shaped (det(H) < 0), the error expression for a parallelogram is still

1
Eqpd) = gltm) = 5Gus(p = pof +pald 47 .

Under the anisotropic transformation S,

— 52 72 ) ~2 ﬁx Ux — Uy Uy 10
p =1 =1y, pp=0—7,, [fly 3, =S W, v, | (10)

For a square over the isotropic space, we have
[uxauy] =[L’O], [nyvy] = [0) L]) H1= LZ) . H2 = —Lz )
12 132 12 1y L 1y2 1y2
EQ(P:Q)_‘—‘—E(L (p—3) —LG@g—-3)0)= 7((7— Y —=p—-3).

The maximum error is L?/8 and attained at (p,4) = (},1) or (1,0).
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Figure 1: Convex quadrilateral over isotropic space.

Note that both u, and u; vanish for
i, 4] = [LL), [6x8,)=I-L,L] , (11)

which correspond to a square rotated by n /4. The above indicates an “exact fit” (Eq(p,q) = 0) if 1 = p» = 0. This
suggests bilinear approximation has higher than expected accuracy and the simple quadratic model is inadequate to
fully capture the error properties in this case.

To summarize, a square over the isotropic space in any orientation is of optimal shape for the convex (det(H) > 0) case,
and a square rotated by 7 /4 is the optimal shape for the saddle-shaped (det(H) < 0) case. A regular square mesh over
the isotropic space would correspond to a error equidistributing mesh where each patch incurs the same maximum
error. For a saddle-shaped data function det(H) < 0, a regular mesh of squares rotated 7/4 would have higher than
expected accuracy.

4 Differential Geometry

The constant Hessian Matrix H = {h;;} in (1) determines the coordinate transformation S that maps [, 7]' = S[x, y]' so
that :

[dx,dy]H[dx,dy]’ = d& + edif .
For more general functions, we may view the Hessian matrix H(x, i) as a metric tensor for measuring the interpolation

error [dx,dy]H[dx,dy]'. Thus we need to determine [#(x, y), #(x, y)], a continuous transformation that globally satisfies
[dx,dy]H[dx,dy)' = d#* + edif* for infinitestimals [dx,dy]. The transformation [#(x, ), #x, ¥)] should satisfy

- 8%, 8%, \* (87,  07,\
2 2 [ 9% g% 9y A
hiudx® 4 2hpdxdy 4+ hndy” = (6xdx+ 6ydy> +e (axdx + Bydy> )



» % \* a7\*
o = = (%) ()
& _9xdy 0pox

ha mf(%}/)-—agg%-é*é;a—yﬂ
& 9% \? ay\*
= G (5) v (8)

The conditions for finding the anisotropic coordinate transformation [¥(x, ¥), #(x, y)] are given by a classical result in

(12)

differential geometry for characterizing a “flat” space [10]: that the Riemann-Christoffel tensor formed from the metric

tensor H is identically zero. In this case, a sufficient condition is for H = {h;;} to satisfy
Kihy + Kohiz + Kahyy = 0 (13)

for some constants Kj, K;, K. In particular, (13) is satisfied by harmonic functions (1 + hy; = 0). The coordinate
transformation [#(x, y), §(x, ¥)] may be found by solving an initial value ordinary differential equation. The details for
computing the anisotropic coordinate transformation {%(x, y), #(x, )] are described in {2].

5 Numerical Experiments

In this section, we demonstrate the effectiveness of a super-convergent mesh for interpolation over bilinear quadrilat-
erals on several harmonic functions, To clearly illustrate the error equidistributing properties, only elements entirely
interior to the unit square are generated to simplify the presentation.
Example 1. A logarithmic singularity at (xo, yo) = (0.5, —0.2),

[y =In((x — X0 + (y — %0))/2, det(H) = —((x —x0)* + (y — y0))* .

Coordinate transformation is

X(x,y) = arctan(y — yo,x = xo), J(x,y) = In((x ~ x0)* + (¥ — 0)*)/2 .
Example 2. A near singularity at (xo, yo) = (0.5, —0.2),

_ (x—=x0)* = (y — yo)?
f(x7 y) “' ((x — xo)z i (y — yo)z)z.a

det(H) = —36((x — xo)* + (y — y0))™* .
Coordinate transformation is

~ _ _ X — X ~ — Yy~ Yo .
x(x,y)—\/5<1 (x_x0)2+(y—y0)2>’ §xy) \/g(x*xo)z’*‘(y“y")z

Example 3. A more severe near singularity at (xo, Yo} = (0.5,—0.2),

flx,y) = ((x = %0)* + (¥ — ¥0)2)* — 8(x — x0)*(y — 10)*

= — x0)? EEPPRVAST
(x =zl + (¥ — yo))* , det(H) = —400((x — xo)* + (y — %)) ™° -

Coordinate transformation is

v ¥ — yo)? — (x — xo)? - (x — xl(y — o)
M =vV5i(1 s ¥y =2v5
¥y =v5 ( - ((x —x0)* + (y — yo)z)z) yxy) \/_((x — %0)% + (¥ — yo)*)?

Example 4. Potential flow around a corner at (xy, o) = (0.5,0.5) where #n = 7 /o = 16/31, & = 27 — 7 /16 is the angle of
corner, and 8 = arctan(y, x),

57600

flay) = (= x0)* + (y = yo))/ cos(nf),  det(H) = — oo

((x — x0)* + (y — yo)?)~4/°,



Table 1: Summary of results for Example 1.

Minimum | Median 90 Maximum | Number of
error error | percentile error elements
Mesh 1 3.56e-04 | 3.56e-04 | 3.56e-04 3.56e-04 918
Mesh I 8.90e-05 | 8.90e-05 | 8.90e-05 8.90e-05 3841
Mesh ] 2.22e-05 | 2.22e-05 | 2.22e-05 22205 - | 15674
Mesh1l || 3.44e-06 | 3.44e-06 | 3.44e-06 3.44e-06 923
MeshIl || 4.30e-07 | 4.30e-07 | 4.30e-07 4.30e-07 3847
Mesh Il | 5.37e-08 | 5.37e-08 | 5.37e-08 5.37e-08 15695
/
Table 2: Summary of results for Example 2.
Minimum | Median 90 Maximum | Number of
error error | percentile error elements
Mesh 1 1.30e-02 | 1.30e-02 | 1.30e-02 1.30e-02 920
Meshil || 1.27e-04 | 1.79e-04 | 3.18e-04 6.93e-04 921

Coordinate transformation is

[%(x, y), 7(x, )] = —\/zljfi((x — 2% + (y — o))/ [sin(86/31), cos(86/31)] .

The results of the experiments are summarized in Figures 2, 3, 4, 5 and in Tables 1, 2, 3 and 4. Mesh I is generated
by a regular mesh of squares over the isotropic space. Mesh II is generated by a regular mesh of squares but with the
7 /4 rotation over the isotropic space to capture the super-convergent behavior. Both Mesh I and Mesh IT have similar
element size, element shape and density and differ mainly in the 7 /4 rotation. The error equidistributing meshes
(Mesh I) are displayed in Figures 6, 8, 10 and 12. The super-convergent meshes (Mesh II) are displayed in Figures 7, 9,
11 and 13. The error profiles in 2, 3, 4 and 5 clearly show significant improvement in accuracy of Mesh II over Mesh 1.
The almost level error profile for Mesh I indicates an equidistribution of interpolation error evenly over all elements as
predicted by our simple error model.

Note that Example 1 produces a simple radially symmetric mesh with a regular angular partition. Even in this simple
case, a 7 /4 rotation yields substantial improvement in approximation accuracy.

Results on Table 1 and Table 3 show the expected O(h?) convergence rate for Mesh 1. A four-fold increase of elements
leads to a four-fold decrease in error. Results for Mesh II demonstrate a higher than O(h*) convergence. A four-fold
increase of elements leads to an eight fold decrease in error. This suggests O(h*) convergence behavior for Mesh II.

In summary, we have derived a simple error model for bilinear approximation over a parallelogram. We used this
model to motivate the generation of super-convergent meshes using an anisotropic coordinate transformation of a
regular mesh of squares. The numerical experiments clearly demonstrate the effectiveness of the super-convergent
mesh for certain non-convex data functions. The insight gained here might have application to mesh design near
known point or corner singularities.



Table 3: Convergence test on Example 3.

Minimum | Median 90 Maximum | Number of
error error percentile error elements
Mesh [ 1.51e+00 | 1.51e+00 | 1.52e+00 1.56e+00 255
Mesh 1 4.54e-01 4.54e-01 4.54e-01 4.60e-01 916
Mesh I 1.13e-01 1.13e-01 1.14e-01 1.15e-01 3837
Mesh 1 2.84e-02 2.84e-02 2.84e-02 2.85e-02 15685
Mesh I1 2.36e-02 4.06e-02 9.66e-02 5.09e-01 259
Mesh II 3.69e-03 6.6%e-03 1.63e-02 9.64e-02 918
Mesh II 4.52e-04 8.29¢-04 2.04e-03 1.44e-02 3834
Mesh II 5.53e-05 1.03e-04 2.54e-04 1.92e-03 15682
Table 4: Summary of results for Example 4.
Minimum | Median 90 Maximum | Number of
error error | percentile error elements
Mesh I 4.21e-4 4.21e-4 422e-4 4.26e-4 576
Mesh I 5.90e-6 9.90e-6 1.90e-5 3.97e-5 575
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Figure 2: Error profiles for Example 1.
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Figure 4: Error profiles for Example 3.
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Figure 6: Mesh I for Example 1.



Figure 7: Mesh II for Example 1.

Figure 8: Mesh I for Example 2.



Figure 9: Mesh II for Example 2.

Figure 10: Mesh I for Example 3.



Figure 12: Mesh I for Example 4.



Figure 13: Mesh II for Example 4.



Appendix A

In this section, we show the error function for quadratic interpolation over a parallelogram is given by (6) using only

simple algebraic expansion. Let the data function be
' 1
f(xay) = E[xyy]H[x>y]t+[gl;gZ][xyy]t'Fc
and the affine isoparametric transformation be
x(p,q) | {p] [xl] T=[u, vx]=[x2—-x1
[ yp 9 } g ltlnm ] Uy vy Y2—h

Then the interpolation error can be shown to be

EQ(P,q)

Po(x(p,9), y(p, 9 — f(x(p, 9), y(p, 4)
E - % (1P — pe)* + p2(g — 9%

with centroid at [p, g:] = [%, %]I

%o

m = [weu)Hus,ul,  p2 =[x, v]Hlos, vyl
Let the data function over (p, 4)-space be written as

fo.) = feelp, )y 9)
= JpalAlp.al +glpal +E

1
Eg(pe,q0) = 3 (1 + p2)

’:ln }:112

where H =T'HT = { P

] and

81,8 = (gn&l+x,nlH)T,

1
c+ g1, glix, I + i[xl ylHDa, yil .

¢
The function values at the four interpolating corners are

(14)

X3 — X1
g, } . (15)

(16)

(17)

(18)

A= fOO=E, fi= 0= g+t i)+ g+ 5+, | 19)

1

2E22+g2+c'.

f2 = f(1:0)=

By (5) and (16) (note the vanishing of linear and constant terms),

E11+g1+61 f4=f(0a1)=

N =

1

Eg(p.q)

I

1l
—

fx’dh‘(P,‘J)) — fp.9)

fl
N =

(p(1 = @)y + pq(hn + iz + 2h12)

+(1 = p)ghy — (P*hu + ¢Phs + 2pqhiz))

(P(l - P)flu + q(l - q)ilzz)

N TSN T

- - 1. 1 - 1
= §(h11 + hn) — E(hn(P - 5)2 + hpa(q — 5)2) .

(Pflu + gl + 2pghiy — phu — g7 — 2pghia)

(20)

From (15) and (17), we have fn = 41 and B = 2; hence the error function has the form given in (16).
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