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Abstract

We presenta simplesetof datastructures,anda collectionof methodsfor constructingandupdatingthestructures,
designedto supportthe useof cohesive elementsin simulationsof fractureandfragmentation.Initially all interior
facesin thetriangulationareperfectlycoherent,i. e.,conformingin theusualfinite elementsense.Cohesiveelements
areinsertedadaptively at interior faceswhentheeffectivetractionactingonthosefacereachesthecohesivestrengthof
thematerial.Theinsertionof cohesive elementschangesthegeometryof theboundaryand,frequently, thetopology
of themodelaswell. Thedatastructuresandmethodspresentedherearestraightforwardto implementandenablethe
efficient trackingof complex fractureandfragmentationprocesses.Theefficiency andversatilityof theapproachis
demonstratedwith theaidof two examplesof applicationto dynamicfracture.

1 Intr oduction

Theessentialinterplaybetweengeometryandmechanicscomesinto sharpfocusin applicationswherethe topology
of thedomainmaychange,oftentimesextensively, in thecourseof calculations.Fragmentation,which mayresultin
a runawayproliferationof bodiesin theform of fragments[1, 2, 3, 4], providesacasein point.

CamachoandOrtiz [5, 6] in two dimensions,andPandolfietal. [7, 8, 9] in threedimensions,haveestablishedthe
feasibilityof: i) accountingexplicitly for individualcracksasthey nucleate,propagate,branchandpossiblylink up to
form fragments;andii) simulatingexplicitly thegranularflow which ensuesfollowing widespreadfragmentation.In
this approach,cracksareallowedto form andpropagatealongelementboundariesin accordancewith a cohesive-law
model [10, 11]. Clearly, it is incumbentuponthe meshto provide a rich enoughsetof possiblefracturepaths,an
issuewhich may be addressedwithin the framework of adaptive meshing. In contrastto otherapproaches[10, 11]
which requireinterfacialelementsto be insertedat theoutsetalongpotentialfracturepaths,CamachoandOrtiz [5],
andPandolfi et al. [7, 8, 9], adaptively createnew surfaceasrequiredby the cohesive modelby duplicatingnodes
along previously coherentelementboundariesand insertingsurface-like cohesiveelementswhich encapsulatethe
fracturebehavior of the solid. Theseelementsaresurface-like andarecompatiblewith generalbulk finite element
discretizationsof thesolid, includingthosewhich accountfor plasticityandlargedeformations.

PandolfiandOrtiz [12] have givenan enumerationof the waysin which the topologyandgeometryof a three-
dimensionalfinite-elementmodelmayevolveasaconsequenceof fractureandfragmentation,andhavedescribedthe
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actionswhich may be taken in order to updatethe boundaryrepresentation,or Brep, of the solid. Maintainingan
up-to-dateBrep is of the essencewhenmeshingmethodssuchasthe advancingfront [13, 14, 15] areutilized [16].
TheBrepmayalsoassistin theimplementationof contactalgorithms[17]. Thegeometricalframework proposedby
PandolfiandOrtiz [12] hasextensively utilized in a broadrangeof applicationsinvolving fractureandfragmentation
[7, 8, 9].

TheBrepof asolidcanbecomeinordinatelycomplex, andthuscomputationallycostlyto maintain,in applications
involving profusefragmentation.In addition,somemeshingalgorithms,e. g., thosebasedon subdivision [18], and
contactalgorithms(e.g., [19]) do not requirea full Brepfor their implementation.In thesecases,muchsimplerdata
structuressuffice in orderto accountfor fragmentationprocesses.

The purposeof this article is to presentonesuchsetof datastructures,anda suiteof methodsfor constructing
andupdatingthestructures.Thedatastructuresandmethodsarestraightforwardto implementandenabletheefficient
trackingof complex fractureandfragmentationprocesses.We alsopresenttwo examplesof applicationto dynamic
fracturewhichillustratetheuncanny ability of themethodto representintricategeometricalandtopologicaltransitions
resultingfrom crackbranching,the nucleationof surfacesandinterior cracks,crackcoalescence,the detachmentof
fragments,andothereffects.

The organizationof the paperis as follows. In Section2 we introducethreesimple datastructureswhereall
necessaryinformationpertainingto tetrahedra,facesandedgesis stored.In Section3 wepresentthesuiteof methods
for evolving thedatastructuresin responseto fragmentation.Finally, in Section4 wepresentexamplesof application
which demonstratethescopeandtheversatilityof theapproach.

2 TopologicalData Structuresfor a 3D finite elementmodel

We shall restrictour attentionto tetrahedraltriangulationsandregardthecomputationalmodelasa three-dimension
simplicial complex [20, 21, 22]. In addition,we focuson thecaseof quadraticinterpolationand,hence,every tetra-
hedronin thetriangulationgivesriseto a ten-nodetetrahedralfinite-element(e. g., [16]). Extensionsto higher-order
elementsarestraightforwardbut will not bepursuedhere.The local nodalnumberingconventionfor thetetrahedral
elementsadoptedhereis shown in Fig. 1a. Eachtetrahedronis boundedby exactly four triangularfaces,Fig. 1b,
andsix edges,Fig. 1c. Thefacesandtheedgescanbeorientedconsistentlyby anappropriateorderingof thenodes,
Figs.1b andFig. 1c. A faceis boundedby exactly threeedges.Eachfaceis incidenton exactly onetetrahedron,if
thefaceis on theboundaryof thebody, or two tetrahedra,if thefaceis in theinterior. Edgesareincidenton ringsof
varyingnumbersof tetrahedra.Likewise,a variablenumberof facesmaybeadjacentto anedge.
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Figure1: (a)A 10-nodestetrahedron; (b) descriptionof its four facets; (c) descriptionof its six segments.

3



A. PandolfiandM. Ortiz An EfficientAdaptive Procedure�����

2

10

5

1

8

6

3

4

T1

T2 T3

T4

9
7

(a)

Figure2: Tetrahedronconnectedto four adjacenttetrahedra.

We begin by introducingthreedatastructureswhich collectthesedataandrelationships,namely, thetetrahe-
dra, facets andsegments structures.In describingthesestructures,we adoptC syntaxfor definiteness.The
datastoredin thetetrahedra structureconsistsof thenumberof theelement,theelementconnectivity, pointers
to its six segments, pointersto its four facets, andpointersto the four adjacenttetrahedra, Fig. 3. Some
of thesepointerscanbe null. For instance,if a tetrahedronis incidenton the boundaryoneor moreof the pointers
to adjacenttetrahedraarenull. With a view to facilitating fragmentationsimulationsbasedon the useof cohesive
elements[12], we includein thetetrahedra structurethenumberof theadjacentcohesiveelementsandtheside
of thecohesiveelementsincidenton thetetrahedron.

/*--------------------------------------------------------------*
* Tetrahedron data structure *
*--------------------------------------------------------------*/

typedef struct tetra�
struct tetra *Link, *Rink; /* Links*/
int el; /* Elementno.*/
int N[10]; /* Nodes*/
struct segment *S[6]; /* Pointers to Segments*/
struct facet *F[4]; /* Pointers to Facets*/
struct tetra *T[4]; /* Pointers to Tets*/
int C[4]; /* Cohesiveelement*/
int L[4]; /* Coh.el. side:0=bottom,1=top*/�
Tetra;

Figure3: Descriptionof thetetrahedron datastructure.

Thedatastoredin thefacet structureconsistsof anarraycontainingsix nodalnumbers,orderedcyclically soas
defineanorientationfor theface;pointersto thetopandbottomtetrahedra,definedin accordancewith theorientation
of theface,Fig. 4a;pointersto thethreeedgesincidenton theface;anda booleanvariableindicative of whetherthe
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Figure4: (a)A facet connectedto two tetrahedra; (b) asegment connectedto severalfacets.

faceis interior or exterior, Fig. 5. Specifically, the identify top (bottom)or positive (negative) tetrahedron is
that tetrahedronfrom which the nodesof the facet appearto be traversedcounterclockwise(clockwise). For
facets which areon thesurface,thebottomtetrahedron is null. With a view to fragmentationapplications,
we additionalcollect thecomponentsof theunit normal; thecritical tractionfor the insertionof a cohesive element,
andanindex designatingthecohesivelaw to beusedwithin thecohesiveelement.

/*--------------------------------------------------------------*
* Facet data structure *
*--------------------------------------------------------------*/

typedef struct facet	
struct facet *Link, *Rink; /* Links*/
int N[6]; /* Nodes*/
struct tetra *T[2]; /* Pointers to Tets*/
struct segment *S[3]; /* Pointers to Segments*/
int posi; /* 0 = internal,1 = external*/
double v[3]; /* Componentsof theunit normal*/
double sc; /* Tractionlimit value*/
int cm; /* Cohesivematerial index */

Facet;

Figure5: Descriptionof thefacet datastructure.

Theedgestructuresegment containsanarraywith thenumbersof its threenodes,Fig.6, all of whichareshared
with oneor moreadjacentfacets andwith oneor moreadjacenttetrahedra. Thelocal sequentialnumbering
of thenodesdefinestheorientationof theedge.Owing to thevariableenvironmentof theedgesin thetriangulation,
thestructuresegments additionallycontainsarraysof pointerswhich needto beallocateddynamically. Theseare
thearrayof pointersto thetetrahedraandfacesadjacentto theedge.Thedimensionof thesearraysis alsostoredin
thestructure,aswell asanadditionalbooleanvariablewhich designatestheedgeasinterioror exterior.
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/*--------------------------------------------------------------*
* Segment data structure *
*--------------------------------------------------------------*/

typedef struct segment�
struct segment *Link, *Rink; /* Links*/
int N[3]; /* Nodes*/
int nt; /* No.adj tets*/
struct tetra **T; /* Pointers to thefirst Tet*/
int nf; /* No.adj Facets*/
struct facet **F; /* Pointer to thefirst Facet*/
int posi; /* 0 = internal,1 = external*/

Segment;

Figure6: Descriptionof thesegment datastructure.

A C procedurefor settingup thestructuresjustdescribedfrom a conventionalfinite-elementconnectivity arrayis
shown in Fig. 7. As theconnectivity tableis traversed,eachelementis addedto thelinkedlist of tetrahedra. The
correspondingsix segments of eachtetrahedra areidentified,andthe linked list of thesegments andthe
list of incidenttetrahedra of thesegments areupdated.Likewise, the four facets of eachtetrahedraare
identified,andthelinkedlist of thefacets andthelist of incidenttetrahedra of thefacets areupdated.
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int sc[6][4] = ��� 0,4,1 � , � 1,5,2 � , � 2,6,0 � , /* segmentstopology */� 0,7,3 � , � 1,8,3 � , � 2,9,3 ��� ;
int fc[4][6] = ��� 0,1,2,4,5,6 � , � 0,3,1,7,8,4 � , /* facestopology */� 1,3,2,8,9,5 � , � 0,2,3,6,9,7 ��� ;
int p1[3] = � 1,2,0 � ;
/*--------------------------------------------------------------*
* void CreateDataStructures *
*--------------------------------------------------------------*/�
Segment *S[6], *G;
Facet *F[4], *R;
Tetra *T, *Ti;
int ie, ic, i, j;
int n[10];
TetraList = NULL; /* Initialize theTetrahedra list */
SegmentList = NULL; /* Initialize theSegmentslist */
FacetList = NULL; /* Initialize theFacetslist */
for (ie = 0; ie < TetraElementNumber; ie++) �

/* AddTetrahedron */
for (j = 0; j < 10; j++) n[j] = connectivity[ie*nodes_element+j];
TetraList = T = AddTetra (TetraList, n[0], n[1], n[2], n[3], n[4],

n[5], n[6], n[7], n[8], n[9], ie);
for (ic = 0; ic < 6; ic++) � /* AddSegments*/
S[ic] = SearchInSegments (T, n[sc[ic][0]], n[sc[ic][1]],

n[sc[ic][2]]);
TetraList->S[ic] = S[ic];�

for (ic = 0; ic < 4; ic++) � /* AddFacets */
F[ic] = SearchInFacets (T, n[fc[ic][0]], n[fc[ic][1]],

n[fc[ic][2]], n[fc[ic][3]],
n[fc[ic][4]], n[fc[ic][5]]);

for (j = 0; j < 3; j++) � /* Check SegmentsandFacets */
for (i = 0; i < 6; i++) �

if ((S[i]->N[0] == F[ic]->N[j] &&
S[i]->N[2] == F[ic]->N[p1[j]]) ||
(S[i]->N[2] == F[ic]->N[j] &&
S[i]->N[0] == F[ic]->N[p1[j]])) �

F[ic]->S[j] = S[i];
SegmentFacet (S[i], F[ic]);���

/* updatetheincidentFacet */
TetraList->F[ic] = F[ic];��
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/* CompletetheTet list with adj Tets */
for (T = TetraList; T != NULL; T = T->Rink) �

for (i = 0; i < 4; i++) �
R = T->F[i];
if (R->T[0] == T) T->T[i] = R->T[1];
if (R->T[1] == T) T->T[i] = R->T[0];��

/* CompletetheFacetslist definingif insideor outside */
for (R = FacetList; R != NULL; R = R->Rink) �

if (R->T[0] == NULL) R->posi = 1;
if (R->T[1] == NULL) R->posi = 1;�

/* CompletetheSegmentlist definingif insideor outside */
for (G = SegmentList; G != NULL; G = G->Rink) �

for (i = 0; i < G->nf; i++) �
if (G->F[i]->posi == 1) G->posi = 1;��

return;�

Figure7: Thisprocedurefills thedatastructuresdescribedin Fig.3-6. A new segment orfacet insertionfollows
from thefailureof asearchin thecorrespondinglinkedlists. Subroutinesaredescribedin Fig. 8-10.
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/*----------------------------------------------------------------*
* Tetra *AddTetra *
*----------------------------------------------------------------*/

Tetra
*AddTetra (Tetra *beg, int n1, int n2, int n3, int n4, int n5,

int n6, int n7, int n8, int n9, int n10, int ie)�
Tetra *T; /* Adda Tet to thelinkedlist */
T = calloc (1, sizeof(Tetra));
T->el = ie + 1;
T->N[0] = n1; T->N[1] = n2;
T->N[2] = n3; T->N[3] = n4;
T->N[4] = n5; T->N[5] = n6;
T->N[6] = n7; T->N[7] = n8;
T->N[8] = n9; T->N[9] = n10;
T->C[0] = 0; T->C[1] = 0; T->C[2] = 0; T->C[3] = 0;
T->Link = NULL;
T->Rink = beg;
if (beg != NULL) beg->Link = T;
return T;�

/*----------------------------------------------------------------*
* Segment *SearchInSegments *
*----------------------------------------------------------------*/

Segment
*SearchInSegment (Tetra *T, int n1, int n2, int n3)�

Segment *S; /* Search for a Segmentin SegmentList */
int nt;
for (S = SegmentList; S != NULL; S = S->Rink)

�
if ((n1 == S->N[0] && n3 == S->N[2]) ||

(n1 == S->N[2] && n3 == S->N[0]))
�

nt = S->nt;
nt++;
S->T = realloc (S->T, nt * sizeof(Tetra *));
S->T[nt - 1] = T;
S->nt = nt;
return S;��

SegmentList = S = AddSegment (SegmentList, n1, n2, n3, T);
return S;�

Figure8: Insertionof anew tetrahedron andcheckof theexistenceof asegment in thecorrespondinglinked
lists.
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/*----------------------------------------------------------------*
* Segment *AddSegment *
*----------------------------------------------------------------*/

Segment
*AddSegment (Segment *beg, int n1, int n2, int n3, Tetra *T)�

Segment *S; /* Adda Segmentto thelinkedlist */
S = calloc (1, sizeof(Segment));
S->posi = 0;
S->N[0] = n1; S->N[1] = n2; S->N[2] = n3;
S->nt = 1;
S->T = calloc (1, sizeof(Tetra *));
S->T[0] = T;
S->nf = 0;
S->F = calloc (1, sizeof(Facet *));
S->Rink = beg;
S->Link = NULL;
if (beg != NULL) beg->Link = S;
return S;�

/*----------------------------------------------------------------*
* Segment *SearchInFacets *
*----------------------------------------------------------------*/

Facet
*SearchInFacets (Tetra *T, int n1, int n2, int n3,

int n4, int n5, int n6)�
Facet *F; /* Search for a Facetin theFacetList */
for (F = FacetList; F != NULL; F = F->Rink)

�
if ((n1 == F->N[0] || n1 == F->N[1] || n1 == F->N[2]) &&

(n2 == F->N[0] || n2 == F->N[1] || n2 == F->N[2]) &&
(n3 == F->N[0] || n3 == F->N[1] || n3 == F->N[2]))

�
F->T[1] = T;
return F;��

FacetList = F = AddFacet (FacetList, n1, n2, n3, n4, n5, n6, T);
return F;�

Figure9: Insertionof a new segment andcheckof theexistenceof afacet in thecorrespondinglinkedlists.
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/*----------------------------------------------------------------*
* Facet *AddFacet *
*----------------------------------------------------------------*/

Facet
*AddFacet (Facet *beg, int n1, int n2, int n3,

int n4, int n5, int n6, Tetra *T)�
Facet *F; /* Adda Facetto thelinkedlist */
F = calloc (1, sizeof(Facet));
F->posi = 0;
F->N[0] = n1; F->N[1] = n2; F->N[2] = n3;
F->N[3] = n4; F->N[4] = n5; F->N[5] = n6;
F->T[0] = T;
F->Rink = beg;
F->Link = NULL;
if (beg != NULL) beg->Link = F;
return F;�

/*----------------------------------------------------------------*
* void *SegmentFacet *
*----------------------------------------------------------------*/

void
SegmentFacet (Segment *S, Facet *F)�

int nf = S->nf;
int j;
for (j = 0; j < nf; j++) if (S->F[j] == F) return;
AddFaceToSegment (S, F);
return;�

/*----------------------------------------------------------------*
* void *AddFaceToSegment *
*----------------------------------------------------------------*/

void
AddFaceToSegment (Segment *S, Facet *F)�

int nf = S->nf;
nf++;
S->F = realloc (S->F, nf*sizeof(Facet));
S->F[nf - 1] = F;
S->nf = nf;
return;�

Figure10: Insertionof a new facet in the correspondinglinked list, updateof the list of facet in theseg-
ment datastructure.

3 Fragmentation

Ortiz andPandolfi[23] developedaclassof three-dimensionalcohesiveelementsconsistingof two six-nodetriangular
facets(Fig. 11a).Theopeningdisplacementsaredescribedby quadraticinterpolationwithin theelement.Theelement
is fully compatiblewith –andmaybeusedto bridge–pairsof ten-nodetetrahedralelements(Fig. 11b).Theelements
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Figure11: (a)Geometryandconnectivitiesof 12-nodescohesiveelement;(b) Assemblyof 12-nodetriangularcohe-
siveelementandtwo 10-nodetetrahedralelements.

areendowedwith full finite-deformationkinematicsand,in particular, areexactly invariantwith respectto superposed
rigid bodytranslationsandrotations.

Weareherespeciallyconcernedwith dynamicfragmentation,althoughstaticapplicationsmaybetreatedsimilarly.
Theanalysisproceedsincrementallyin time,e.g., by explicit dynamics.Following CamachoandOrtiz [5], cohesive
elementsareintroducedadaptively at elementinterfacesasrequiredby a fracture–or spall–criterion. For instance,
fracturemaybesupposedto initiateatapreviouslycoherentelementinterfacewhenasuitablydefinedeffectivetraction
attainsa critical value[5, 24, 23]. Whenthe fracturecriterion is met at an elementinterface,a cohesive elementis
inserted,leadingto the creationof new surface. In this manner, the shapeandlocationof successive crackfronts is
itself anoutcomeof thecalculations.

Next we discussedhow thedatastructuresdefinedin theprecedingsectionmaybeusedto supportfragmentation
simulationsof the type just described. In particular, we specificallyaddressthe issueof how to updatethe data
structuresin responseto fragmentation.Theupdateprocedureconsistsof two basicoperations:

1. Selectionof interior faces(facets) for theinsertionof new cohesiveelements.

2. Updatingthedatastructuresbasedon theselectedfacets.

We proceedto discussthesetwo stepsin turn.

3.1 Selectionof facesto be fractur ed

The selectionof an interior facefor the insertionof a cohesive elementis basedon the attainmentof a suitable
fracturecriterion. Thespecificform of this criteriondependson thetypeof cohesivemodelusedin calculations.For
definiteness,weconsidertheclassof cohesivelawsproposedby [5, 24, 23], whicharebasedon theintroductionof an
effectiveopeningdisplacementandthecorrespondingwork-conjugateeffective traction:

�! #"$"&%(' �#)*,+.-0/1)32 465�2 )
(1)

where
-

is a tension-shearcouplingparameter,
� *

denotesthe tractioncomponentnormal to thefacet, and
475

is
thecorrespondingtangentialtraction,Fig. 12. If, in addition,cohesive surfacesareassumedto berigid, or perfectly
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coherent,below a certaincritical traction 9;: , or spallstrength,thentheappropriateform of thefracturecriterionis:

<!=!>�>@? 9 : (2)

This conditionis checked for eachinternalfaceat the conclusionof a prespecifiednumberof time stepsin the cal-
culations,and the faceswherethe criterion is met areflaggedfor subsequentprocessing.Evidently, criterion (2),
which arisesdirectly from themechanicsof cohesive fracture,drivestheevolution of thegeometricaldescriptionof
themodel.Thisconnectionexemplifiesthetight couplingbetweenmechanicsandgeometrywhich is characteristicof
fragmentationsimulations.

3.2 Data-structure update

4

3
2

1

Figure13: Classificationof casesaccordingto whetherthe fracturedfacet haszero(case1), one(case2), two
(case3) or three(case4) segments on theboundary.
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The operationsto performin order to processa fracturedfacedependcritically on its positionwith respectto the
externalboundariesof thedomain.Fourmaincasesmaybeidentifieddependingonwhetherthefracturedfacet has
zero,one,two or threesegments restingon theboundary, Fig. 13. This informationis suppliedby theflag posiof
eachsegment containedin thefacet. In all casesthefracturedfacet is duplicatedanda new facet is added
to thecorrespondinglinkedlist. Theremainingoperationsto beperformedare:

1. No segments areon theboundary:No furtheroperations,Fig. 14a.

2. Onesegment is on theboundary:thesegment is duplicatedby doublingthemid-sidenode,Fig. 14b.

3. Two segments areon the boundary:thesegments areduplicatedby doublingthe mid-sidenodes;the
cornernodeis duplicatedwhenit representsthesoleremainingconnectionbetweenthetopandbottomtetra-
hedra, Fig. 14c.

4. Threesegments are on the boundary: the segments are duplicatedby doubling the mid-sidenodes;
a cornernodeis duplicatedwhen it representsthe sole remainingconnectionbetweenthe top and bottom
tetrahedra, Fig. 14d.Thenew nodeis addedto thetop elementsof thefracturedfacet.

ThecommentedC codereportedin listing 15 givesa detailedaccountof theoperationsto be performedin orderto
updatethedatastructuresandtheconnectivities. Stepsreferredto in thecodearegraphicallydisplayedin Figs.16-22.
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Figure14: Topologicalchangesinducedby thefracturingof afacet. Theprimednumbersindicatethenew inserted
nodes.(a) Case1: no segments on the boundary. No action; (b) Case2: onesegment on the boundary. The
mid-sidenodeis duplicated.(c) Case3: two segments on the boundary. The cornernodeis duplicatedandthe
mid-sidenodesareduplicated;(d) Case4: threesegments on theboundary. All six nodesareduplicated.
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/*--------------------------------------------------------------*
* void CreateSurface *
*--------------------------------------------------------------*/

void
CreateSurface (int cohmate, Facet *facet)D

Tetra *TEB, *TET; /* TopandBottomtetrahedra */
int open[3]; /* Boundarysidescounters */
Segment *S[3]; /* FacetSegments*/
Facet *facetnew; /* New Facet */
int i, j;

/* Getthesix nodeson theFacet*/
for (i = 0; i < 6; i++) node[i] = nold[i] = facet->N[i];
TET = facet->T[0];
TEB = facet->T[1];
for (i = 0; i < 3; i++)

D
S[i] = facet->S[i];
open[i] = S[i]->posi;E

/* adda new facet*/
FacetList = facetnew = AddFacet (FacetList, node[0], node[2], node[1],

node[5], node[4], node[3], TET);
UpdateNewFacet (facet, facetnew, TEB, TET, cohmate);
for (i = 0; i < 3; i++)

D
/* Check themidsidenode*/

if (open[i] == 0) continue;
nodes++;
node[i + 3] = nodes;
UpdateMidNodes (TET, S[i], node[i + 3], cohmate);
DefineNodeVectors (node[i + 3], nold[i + 3]);E

/* Check thecornernode*/
counted = calloc (elements + 1, sizeof(int));
for (i = 0; i < 3; i++)

D
if (open[i] == 0 || open[perm[i]] == 0) continue;
for (j = 1; j <= TetraElementNumber; j++) counted[j] = 0;
if (CornerToOpen (TET, TEB, nold[i]) == 0) continue;
nodes++;
node[i] = nodes;
UpdateCornerNodes (TET, node[i], nold[i], cohmate);
DefineNodeVectors (node[i], nold[i]);E

free (counted);
if (cohmate > 0) AddCohesive (cohmate, trli);
return;E

Figure15: Main for theinsertionof a new surface.Thesubroutinesarereportedin Figs.16-22.
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/*----------------------------------------------------------------*
* void UpdateNewFacet *
*----------------------------------------------------------------*/

void
UpdateNewFacet (Facet *facet, Facet *facetnew,

Tetra *TEB, Tetra *TET, int cohmate)G
Segment *S[3];
int move[3] =

G
2,1,0 H ;

int i;
/* Updatetheold Facet*/

facet->T[1] = NULL;
facet->posi = 1;

/* Updatethenew Facet*/
facetnew->posi = 1;

/* AddSegmentsto new Facetandnew Facetto Segments*/
for (i = 0; i < 3; i++)

G
S[i] = facet->S[i];
S[i]->posi = 1;
facetnew->S[move[i]] = S[i];
S[i] = AddFaceToSegment (S[i], facetnew);H

/* UpdatetheFacetandadjacencyof theTets*/
for (i = 0; i < 4; i++)

G
if (TEB->F[i] == facet)

G
TEB->T[i] = NULL;
if (cohmate > 0)

G
TEB->C[i] = elements + 1;
TEB->L[i] = 0;HH

if (TET->F[i] == facet)
G

TET->F[i] = facetnew;
TET->T[i] = NULL;
if (cohmate > 0)

G
TET->C[i] = elements + 1;
TET->L[i] = 1;HHH

return;H

Figure16: Insertionof a new facet into thedatastructures.
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/*----------------------------------------------------------------*
* void UpdateMidNodes *
*----------------------------------------------------------------*/

void
UpdateMidNodes (Tetra *TET, Segment *SO, int nn, int cohmate)J

Segment *SN;
Tetra *T;
int n1 = SO->N[0];
int n2 = SO->N[2];
int ot = SO->nt;
int of = SO->nf;

/* Inserta new Segment*/
SegmentList = SN = AddSegment (SegmentList, n1, nn, n2, TET);
SN->posi = 1;
SN->nt = 0;

/* TransferTetsfromtheold to thenew Segment*/
SN->T = realloc (SN->T, ot*sizeof(Tetra));
TetraInSegments (TET, SO, SN, cohmate);
SN->T = realloc (SN->T, SN->nt*sizeof(Tetra));
SO->T = realloc (SO->T, SO->nt*sizeof(Tetra));

/* TransferFacetsbetweenthetwo Segments*/
SN->F = realloc (SN->F, of*sizeof(Facet));
FacetInSegments (SO, SN);
SN->F = realloc (SN->F, SN->nf*sizeof(Facet));
SO->F = realloc (SO->F, SO->nf*sizeof(Facet));
return;K

Figure17: Changesin the datastructuresrequiredby the duplicationof a mid node. First, a new segment is
added(seeFig. 8). Then, the list of the tetrahedra incident to the original segment is traversedand the
tetrahedra aremovedfrom theold to thenew segment (Fig. 18). Finally, thelist of thefacets incidentto
theoriginalsegment is traversedandthefacets aremovedfrom theold to thenew segment (Fig. 19).
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/*----------------------------------------------------------------*
* void TetraInSegments *
*----------------------------------------------------------------*/

void
TetraInSegments (Tetra *TET, Segment *SO, Segment *SN, int cohmate)M

Tetra *T;
int el = (TET->el - 1)*nodes_element;
int no = SO->N[1];
int nn = SN->N[1];
int ot = SO->nt;
int nt = SN->nt;
int i, j;
for (i = 4; i < 10; i++)

M
/* Change theconnectivity */

if (TET->N[i] != no) continue;
TET->N[i] = connectivity[el + i] = nn;
if (cohmate > 0) UpdateCohesive (TET, nn, no, 3);N

for (j = 0; j < 6; j++)
M

/* Change theSegmentin theTet */
if (TET->S[j] != SO) continue;
TET->S[j] = SN;N

for (i = 0; i < ot; i++)
M
/* MoveTet fromold to new Segment */

T = SO->T[i];
if (T != TET) continue;
SN->T[nt] = T;
nt++;
SO->T[i] = NULL;N

SN->nt = nt;
for (j = i + 1; j < ot; j++, i++) SO->T[i] = SO->T[j];
ot--;
SO->nt = ot;
for (i = 0; i < ot; i++)

M
/* Lookat adjacentTets */

T = SO->T[i];
for (j = 0; j < 4; j++)

M
if (T->T[j] != TET) continue;
TetraInSegments (T, SO, SN, cohmate);
return;NN

return;N

Figure18: Updatethetetrahedra connectedto thesegment.
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/*----------------------------------------------------------------*
* void FacetInSegments *
*----------------------------------------------------------------*/

void
FacetInSegments (Segment *SO, Segment *SN)P

Tetra *T;
Facet *F;
int nn = SN->N[1];
int of = 0;
int nf = 0;
int i, j, k;
for (i = 0; i < SN->nt; i++)

P
/* Updateconnectivities*/

T = SN->T[i];
for (j = 0; j < 4; j++)

P
F = T->F[j];
for (k = 0; k < 3; k++)

P
if (F->S[k] != SO) continue;
F->S[k] = SN;
F->N[3 + k] = nn;
SN->F[nf] = F;
nf++;
break;QQQ

SN->nf = nf;
for (i = 0; i < SO->nt; i++)

P
/* UpdatetheincidentFacets */

T = SO->T[i];
for (j = 0; j < 4; j++)

P
F = T->F[j];
for (k = 0; k < 3; k++)

P
if (F->S[k] != SO) continue;
SO->F[of] = F;
of++;
break;QQQ

SO->nf = of;
return;Q

Figure19: Updatethefacets connectedto thesegment.
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/*----------------------------------------------------------------*
* void UpdateCohesive *
*----------------------------------------------------------------*/

void
UpdateCohesive (Tetra *T, int nn, int no, int add)S

int ce, cc, i, j;
for (i = 0; i < 4; i++)

S
ce = T->C[i] - 1;
if (ce < 0 || ce == elements) continue;
cc = ce*nodes_element + T->L[i]*6 + add;
for (j = 0; j < 3; j++)

S
if (connectivity[cc + j] != no) continue;
connectivity[cc + j] = nn;TT

return;T
/*----------------------------------------------------------------*
* void CornerToOpen *
*----------------------------------------------------------------*/

int
CornerToOpen (Tetra *TET, Tetra *TEB, int no)S

Tetra *T;
int i, j, res;
counted [TET->el] = 1;
for (i = 0; i < 4; i++)

S
T = TET->T[i];
if (T == NULL) continue;
for (j = 0; j < 4; j++)

S
if (T->N[j] != no) continue;
if (T == TEB) return 0;
if (counted[T->el] > 0) continue;
if (CornerToOpen (T, TEB, no) == 0) return 0;TT

return 1;T

Figure 20: Updateof the cohesive elementconnectivity. The recursive subroutineCornerToOpen checksthe
existenceof additionalconnectionsbetweenthe Top and the Bottom tetrahedron beforeduplicatinga corner
node.

21



A. PandolfiandM. Ortiz An EfficientAdaptive ProcedureU�U�U

/*----------------------------------------------------------------*
* void UpdateCornerNodes *
*----------------------------------------------------------------*/

void
UpdateCornerNodes (Tetra *TET, int nn, int no, int cohmate)V

Segment *S;
Facet *F;
Tetra *T;
int el = (TET->el - 1)*nodes_element;
int j, i;

counted[TET->el] = 0; /* Flag theTet aschecked */

for (j = 0; j < 4; j++)
V

/* Check Tetandconnectivity */
if (TET->N[j] != no) continue;
TET->N[j] = nn;
connectivity[el + j] = nn;
if (cohmate > 0) UpdateCohesive (TET, nn, no, 0);
break;W

for (j = 0; j < 6; j++)
V

/* UpdateSegments*/
S = TET->S[j];
if (S->N[0] == no) S->N[0] = nn;
if (S->N[2] == no) S->N[2] = nn;W

for (i = 0; i < 4; i++)
V

/* UpdateFacets */
F = TET->F[i];
if (F->N[0] == no) F->N[0] = nn;
if (F->N[1] == no) F->N[1] = nn;
if (F->N[2] == no) F->N[2] = nn;W

for (i = 0; i < 4; i++)
V

/* Next adjacency*/
T = TET->T[i];
if (T == NULL) continue;
if (counted[T->el] == 0) continue;
UpdateCornerNodes (T, nn, no, cohmate);W

return;W

Figure21: Recursive subroutineto performchangesin the datastructuresrequiredby the duplicationof a corner
node. First, thetetrahedron connectivity is update.Thenthe incidentsegments andfacets areupdated.
Finally, theadjacenttetrahedra arechecked.
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/*----------------------------------------------------------------*
* void DefineNodeVectors *
*----------------------------------------------------------------*/

void
DefineNodeVectors (int node, int nold)Y

int nd = nodes*dof_node;
int nn = (node - 1)*dof_node;
int no = (nold - 1)*dof_node;
int j;
coordinates = realloc (coordinates, nd*REAL);
for (j = 0; j < dof_node; j++)

Y
coordinates[nn + j] = coordinates[no + j];Z

return;Z
/*----------------------------------------------------------------*
* void AddCohesive *
*----------------------------------------------------------------*/

void
AddCohesive (int cohmate, double trli)Y

int k, i;
k = nodes_element * elements;
elements++;
connectivity = realloc (connectivity, (k + 1)*sizeof(int));
element_material = realloc (element_material, elements*sizeof(int));
for (i = 0; i < 6; i++)

Y
connectivity[k + i ] = nold[i];
connectivity[k + i + 6] = node[i];Z

element_material [elements - 1] = cohmate;
return;Z

Figure 22: Reallocationof the nodal vectors(DefineNodeVectors) and elementvectors(AddCohesive).
Thesesubroutinemustbecompletedwith thereallocationof all thenodeandelementbasedvectors.

4 Examplesof application

In thissectionwedemonstratethescopeandversatilityof theproceduresdescribedabovewith theaidof two examples
of application.Thefracturecriterion(2) isadoptedin orderto determinetheonsetof fracturein afacet [5, 24, 23]. In
all calculations,thematerialis modeledasnonlinearelasticobeying aNeohookeanconstitutivelaw [25]. In particular,
full finite kinematicsis takeninto account.

Thefirst applicationconcernsthesimulationof thedynamicfragmentationof athree-pointbendPMMA specimen
with a sharpprecrackcontainedwithin its symmetryplane. The centralpoint of the top side of the specimenis
suddenlyimparteda uniform velocity 40 m/sat time []\_^ , andthevelocity is heldconstantthereafter. Thelengthof
thespecimenis 8.4mm, its width 1 mm andits height1.4mm (Fig. 23).
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V= 40 m/s

1.4 mm

8.4 mm

Figure23: Threepointbendtestin PMMA specimen,loadingconditions.Theimpactissimulatedimposingauniform
andconstantvelocity a alongthecentralline. Owing to thehigh impactspeed,thesupportsarenot simulated.

The model is meshedinto 4,260ten-nodetetrahedraand6,420nodes. The meshis finer in the centralpart and is
graduallycoarsenedaway from thecrack(Fig. 24a).

Thematerialparametersemployedin thecalculationsare:specificfractureenergy perunit area,or critical energy
releaserate, bdcfehgjilk N/m; critical cohesive stress,or spall strength,m;cfeni�kok MPa; tension-couplingconstantp eqi ; Young’smodulusrqe_s GPa; Poisson’s ratio tue_kjv sow ; andmassdensity xyezioi�wok kg/m{ . Theequationsof
motionareintegratedin time by recourseto Newmark’sexplicit algorithmwith parameters

p e|k , }~eqi$�og [26, 27].
Thetimestepusedin thecalculationsis ���0e�i3v�� x ilkj�;�7� s.

Figs.24bandc show the computedfractureandfragmentationpatternafter 20 � s. The ability of the approach
to track the evolution of complex crack geometriesis noteworthy. As may be seenin the figure, the geometrical
updateprocedureeffectively dealswith the intricategeometricalandtopologicaltransitionswhich resultfrom crack
branching,thenucleationof surfacesandinterior cracks,crackcoalescence,thedetachmentof fragments,andothers.
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(c)

(b)

(a)

Figure24: Fragmentationalgorithmappliedto thethree-pointbenddynamictestin PMMA: (a) initial mesh;(b) final
configuration;(c) detailof thefractureandfragmentationpatternin thefinal configuration.

Thesecondexampleof applicationconcernsthesimulationof dynamiccrackbranchingin a PMMA thin square
plate. Theplateis 3 mm in lengthand0.3 mm in thickness.Thespecimencontainsan initial 0.25mm sharpnotch.
Constantnormalvelocities,tendingto openthecracksymmetricallyin modeI, areprescribedon thetop andbottom
edgesof thespecimen.Themagnitudeof theprescribedvelocitiescorrespondsto anominalstrainrateof 0.002/� s. In
addition,theinitial velocity field is assumedto belinearin thecoordinatenormalto thecrackandto correspondto a
uniformrateof deformationof 0.002/� sthroughoutthespecimen,Fig. 25.
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Figure25: Geometryof thePMMA squareplateandmode-Iloadingconditions.

The modelis meshedinto 14,319ten-nodetetrahedraand25,936nodes,Fig. 26a. Theequationsof motion are
integratedusingNewmark’s explicit algorithmwith time step ���d��� x ��������� s. The materialparametersusedin
thecalculationare: specificfractureenergy perunit area�d�����$���j ¡��� N/m; critical cohesive stress¢;�£�q¤3¥�¦ MPa;
tension-shearcouplingconstant§¨�|¥ ; Young’smodulus©q�|¤ª  ¥o« GPa; Poisson’s ratio ¬��|�j  ¤3� ; andmassdensity­ �®�3�l«3� kg/m̄ . Figs.26b andc show the fracturepatternat the conclusionof the test. As may be seen,at a low
prescribedstrainratethe cracktendsto grow within its plane,andit branchesonly whenit sensesthe proximity of
thefreesurfaceon theright sideof thespecimen.Resultsfrom a similar calculationat a highernominalstrainrateof
0.01/� sareshown in Figs.27a-c.Themeshin this casecontains6,363ten-nodetetrahedraand11,569nodes,andthe
stabletimestepis ��� = 6 x 10���°� s. Figs.27bandc show thecrackpatternsat theconclusionof thetest.Initially the
crackremainswithin its planeandacceleratessteadily. As a certaincrackspeedis attained,thecrackbeginsto issue
lateralbranches.Thesebranchesconsumeadditionalfractureenergy, therebylimiting themeancrackspeed.As the
crackapproachesthefreesurface,theextentof branchingincreasessteadily.
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(a)

(b) (c)

Figure26: Mode-I dynamicfracturetestin PMMA at nominalstrainrate0.002/² s. (a) Initial meshandprescribed
andinitial velocities;(b) final configuration;(c) detailof thebranchingin thefinal configurationat time5 ² s.

As in thepreviousexample,theability of themethodto dealwith complex geometricalandtopologicaltransitions
simplyandeffectively is noteworthy. In particular, cracksareallowedto branchunimpeded,connectwith freesurfaces
or with othercracksto form fragments.

We concludethis sectionby emphasizingthat the simulationspresentedabove, while representative of a broad
classof engineeringmaterialsandloadingconditions,arenot intendedasa validationof thecohesive modelbut asa
demonstrationof thecomputationalmethodology. Detailedvalidationstudies,includingextensive comparisonswith
experiment,basedon testconfigurationssimilar to thosejust describedmaybefoundelsewhere[7, 8, 9, 28].
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(a)

(b) (c)

Figure27: Mode-I dynamicfracturetest in PMMA at a nominalstrainrateof 0.01/́ s. (a) Initial mesh;(b) final
configuration;(c) detailof thebranchingin thefinal configurationat time5 ´ s.

5 Summary and Conclusions

In cohesive theoriesof fracture,materialseparationis governedby a suitablecohesive law. In finite-elementsimu-
lationsbasedon a tetrahedraltriangulationof the domainof analysis,decohesionandopeningmayconvenientlybe
restrictedto interior triangularfaces.Thecohesive lawsconsideredherearerigid up to theattainmentof thecohesive
strengthof thematerial.Consequently, initially all thefacesin thetriangulationareperfectlycoherent,i. e.,conform-
ing in the usualfinite elementsense.Cohesive elementsareinsertedadaptively at interior faceswhenthe effective
tractionactingon thosefacereachesthecohesivestrengthof thematerial.Theinsertionof cohesiveelementschanges
thegeometryof theboundaryand,frequently, thetopologyof themodelaswell.

We have presenteda simplesetof datastructures,anda collectionof methodsfor constructingandupdatingthe
structures,designedto supportthe useof cohesive elementsin simulationsof fractureandfragmentation.The data
structuresandmethodsarestraightforward to implementandenablethe efficient trackingof complex fractureand
fragmentationprocesses.Theexamplesof applicationdiscussedhereillustratetheuncanny ability of themethodto
representintricategeometricalandtopologicaltransitionsresultingfrom crackbranching,thenucleationof surfaces
andinterior cracks,crackcoalescence,thedetachmentof fragments,andothers.
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