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Abstract

We presenta simple setof datastructuresanda collectionof methodsfor constructingand updatingthe structures,
designedo supportthe useof cohesie elementsn simulationsof fractureand fragmentation.Initially all interior
facesn thetriangulationareperfectlycoherentj. e.,conformingin the usualfinite elementsense Cohesve elements
areinsertedadaptvely atinterior facesvhentheeffectivetractionactingonthosefacereacheshe cohesie strengthof
the material. Theinsertionof cohesve elementshangethe geometryof the boundaryand,frequently the topology
of themodelaswell. Thedatastructureandmethodpresentedherearestraightforvardto implementandenablethe
efficient trackingof complex fractureandfragmentatiorprocessesThe efficiency andversatility of the approackhis
demonstratedith the aid of two examplesof applicationto dynamicfracture.

1 Intr oduction

The essentialnterplay betweengeometryand mechanicsomesinto sharpfocusin applicationswherethe topology
of the domainmay changepftentimesextensiely, in the courseof calculations.Fragmentationwhich may resultin
arunavay proliferationof bodiesin theform of fragmentd1, 2, 3, 4], providesa casein point.

CamachandOrtiz [5, 6] in two dimensionsandPandolfietal. [7, 8, 9] in threedimensionshave establishedhe
feasibility of: i) accountingexplicitly for individual cracksasthey nucleatepropagatebranchandpossiblylink upto
form fragmentsandii) simulatingexplicitly the granularflow which ensuegollowing widespreadragmentationn
this approachcracksareallowedto form andpropagatealongelementooundariesn accordancevith a cohesve-lav
model[10, 11]. Clearly, it is incumbentuponthe meshto provide a rich enoughsetof possiblefracturepaths,an
issuewhich may be addressedvithin the framework of adaptve meshing. In contrastto otherapproache$10, 11]
which requireinterfacial elementgo be insertedat the outsetalong potentialfracturepaths,CamachaandOrtiz [5],
andPandolfietal. [7, 8, 9], adaptvely createnew surfaceasrequiredby the cohesve modelby duplicatingnodes
along previously coherentelementboundariesand inserting surface-like cohesiveelementswhich encapsulatehe
fracturebehaiior of the solid. Theseelementsare surface-like andare compatiblewith generalbulk finite element
discretization®f the solid, includingthosewhich accountfor plasticityandlargedeformations.

Pandolfiand Ortiz [12] have givenan enumeratiorof the waysin which the topologyandgeometryof a three-
dimensionafinite-elemenmodelmay evolve asa consequencef fractureandfragmentationandhave describedhe
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actionswhich may be takenin orderto updatethe boundaryrepresentationor Brep, of the solid. Maintainingan
up-to-dateBrepis of the essencavhenmeshingmethodssuchasthe advancingfront [13, 14, 15] areutilized [16].
The Brep may alsoassistin theimplementatiorof contactalgorithms[17]. The geometricaframevork proposedy
PandolfiandOrtiz [12] hasextensively utilized in a broadrangeof applicationdnvolving fractureandfragmentation
[7,8,9].

TheBrepof asolid canbecomenordinatelycomplex, andthuscomputationallycostlyto maintain,in applications
involving profusefragmentation.In addition,somemeshingalgorithms,e. g., thosebasedon subdvision [18], and
contactalgorithms(e. g., [19]) do notrequireafull Brepfor theirimplementationln thesecasesmuchsimplerdata
structuressuffice in orderto accounffor fragmentatiorprocesses.

The purposeof this articleis to presentone suchsetof datastructuresanda suite of methodsfor constructing
andupdatingthe structuresThedatastructureandmethodsarestraightforvardto implementandenablethe efficient
trackingof complex fractureandfragmentatiorprocessesWe also presentwo examplesof applicationto dynamic
fracturewhichillustratethe uncany ability of themethodto represenintricategeometricabndtopologicaltransitions
resultingfrom crackbranchingthe nucleationof surfacesandinterior cracks,crack coalescencehe detachmenof
fragmentsandothereffects.

The organizationof the paperis asfollows. In Section2 we introducethreesimple datastructureswvhereall
necessannformationpertainingto tetrahedrafacesandedgesds stored.In Section3 we presenthesuiteof methods
for evolving thedatastructuresn responséo fragmentationFinally, in Section4 we presenexamplesof application
which demonstratéhe scopeandthe versatility of theapproach.

2 TopologicalData Structur esfor a 3D finite elementmodel

We shallrestrictour attentionto tetrahedratriangulationsandregardthe computationamodelasa three-dimension
simplicial complex [20, 21, 22]. In addition,we focuson the caseof quadraticinterpolationand,hence every tetra-
hedronin thetriangulationgivesrise to a ten-nodeetrahedrafinite-elemeni(e. g., [16]). Extensiondo higherorder
elementsare straightforvard but will not be pursuechere. Thelocal nodalnumberingconventionfor the tetrahedral
elementsadoptedhereis shavn in Fig. 1la. Eachtetrahedroris boundedby exactly four triangularfaces,Fig. 1b,
andsix edgesFig. 1c. Thefacesandthe edgescanbe orientedconsistentlyby anappropriateorderingof the nodes,
Figs.1b andFig. 1c. A faceis boundedby exactly threeedges.Eachfaceis incidenton exactly onetetrahedronif
the faceis on the boundaryof the body; or two tetrahedraif thefaceis in theinterior. Edgesareincidenton rings of
varyingnumbersof tetrahedral ik ewise,a variablenumberof facesmaybe adjacento anedge.
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Figurel: (a) A 10-nodeg et r ahedr on; (b) descriptionof its four f acet s; (c) descriptionof its six segments.
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Figure2: Tetrahedrortonnectedo four adjacentetrahedra.

We begin by introducingthreedatastructuresvhich collectthesedataandrelationshipsnamely thet et r ahe-
dra, facets andsegnents structures.In describingthesestructureswe adoptC syntaxfor definitenessThe
datastoredin thet et r ahedr a structureconsistsof the numberof the elementthe elementconnectvity, pointers
to its six segnent s, pointersto its four f acet s, andpointersto the four adjacent et r ahedr a, Fig. 3. Some
of thesepointerscanbe null. For instance|f a tetrahedrons incidenton the boundaryone or more of the pointers
to adjacenttetrahedraare null. With a view to facilitating fragmentatiorsimulationsbasedon the useof cohesie
elementq12], we includein thet et r ahedr a structurethe numberof the adjacentohesve elementsaandthe side
of the cohesve elementsncidenton thetetrahedron.

/* ______________________________________________________________ *
* Tetrahedron data structure *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e - */

typedef struct tetra

{

struct tetra *Link, *Rink; /* Links*/

int el ; / * Elementno.*/

i nt N[ 10]; / * Nodes*/

struct segment *S[6]; / * Pointersto Sgmentst/

struct facet *F[ 4] ; / * Pointersto Facets*/

struct tetra *T[4]; / * Pointersto Tets* /

int d4]; / * Cohesiveslement:/

i nt L[ 4]; / * Coh.el. side:0=bottom,1=top */

} Tetra;

Figure3: Descriptionof thet et r ahedr on datastructure.

Thedatastoredin thef acet structureconsistof anarraycontainingsix nodalnumbersprdereccyclically soas
defineanorientationfor theface;pointersto thetop andbottomtetrahedragefinedin accordancevith the orientation
of the face,Fig. 4a; pointersto the threeedgesncidenton the face;anda booleanvariableindicative of whetherthe
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(a) (b)

Figure4: (a)A f acet connectedotwot et r ahedr a; (b) asegnent connectedo severalf acet s.

faceis interior or exterior, Fig. 5. Specifically the identify top (bottom) or positive (negative) t et r ahedr on is
that tetrahedrorfrom which the nodesof the f acet appearto be traversedcounterclockwisg/clockwise). For
facets whichareonthesurface,thebottomt et r ahedr on is null. With aview to fragmentatiomapplications,
we additionalcollectthe component®f the unit normal; the critical tractionfor theinsertionof a cohesve element,
andanindex designatinghe cohesie law to be usedwithin the cohesie element.

/* ______________________________________________________________ *
* Facet data structure *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e - */

typedef struct facet

{

struct facet *Link, *Rink; /* Links*/
int N 6] ; / * Nodes*/
struct tetra *T[2]; / * Pointersto Tets* /
struct segment *S[3]; / * Pointersto Sgmentst/
int posi ; / * 0= internal,1 = external*/
doubl e v[3]; / * Componentsf theunit normal* /
doubl e SC; [ * Tractionlimit value*/
int cm / * Cohesivamaterialindex * /
} Facet;

Figure5: Descriptionof thef acet datastructure.

Theedgestructuresegnment containsanarraywith thenumberf its threenodesFig. 6, all of whichareshared
with oneor moreadjacenf acet s andwith oneor moreadjacent et r ahedr a. Thelocal sequentiahumbering
of the nodesdefinesthe orientationof the edge.Owing to the variableervironmentof the edgesn the triangulation,
thestructuresegnent s additionallycontainsarraysof pointerswhich needto be allocateddynamically Theseare
thearrayof pointersto thetetrahedraandfacesadjacento the edge. The dimensionof thesearraysis alsostoredin
the structure aswell asanadditionalbooleanvariablewhich designateshe edgeasinterior or exterior.
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/* ______________________________________________________________ *
* Segnent data structure *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e - */

t ypedef struct segment

{

struct segnent *Link, *Rink; /* Links*/

i nt N 3]; / * Nodes*/

i nt nt; / * No.adjtets*/

struct tetra **T, / * Pointersto thefirst Tet* /

i nt nf; / * No.adj Facets*/

struct facet **F; / * Pointerto thefirst Facet* /
int posi ; /* 0= internal, 1 = external*/

} Segnent;

Figure6: Descriptionof thesegnment datastructure.

A C procedurdor settingup the structuregustdescribedrom a corventionalfinite-elementonnectvity arrayis
shavnin Fig. 7. As theconnectvity tableis traversed eachelementis addedto thelinkedlist of t et r ahedr a. The
correspondingix segrment s of eacht et r ahedr a areidentified,andthelinkedlist of thesegnent s andthe
list of incidentt et r ahedr a of thesegnent s areupdated.Likewise,thefour f acet s of eachtetrahedreare
identified,andthelinkedlist of thef acet s andthelist of incidentt et r ahedr a of thef acet s areupdated.
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int sc[6][4] = {{0, 4,1}, {1,5, 2}, {2, 6, 0}, [ * sementgopolay */
{0, 7,3}, {1,8,3},{2,9, 3}};
int fc[4][6] = {{0,1,2,4,5,6},{0,3,1,7,8,4}, /* facestopolagy */
{1,3,2,8,9,5},{0,2,3,6,9, 7}};
int pl[3] = {1,2,0}

/* ______________________________________________________________ *
* void CreateDataStructures *
K o e e e e e e e e e e e e e e m e e e e e e e e e e e e e e e e = - */
{

Segnent *§[6], *G
Facet *F[ 4], *R

Tetra *T, *Ti ;

int ie, ic, i, j;

i nt n[ 10];

Tet rali st = NULL; /* Initialize the Tetraheda list */
Segnent Li st = NULL; [ * Initialize the Sgmentdist */
Facet Li st = NULL; / * Initialize the Facetslist */

for (ie = 0; ie < TetraEl ement Nunber; ie++) {
/* AddTetrahedon */
for (j =0; j <10; j++) n[j] = connectivity[ie*nodes_el ement+j];
TetraList = T = AddTetra (TetralList, n[0], n[1], n[2], n[3], n[4],
n[5], n[6], n[7], n[8], n[9], ie);
0; ic <6; ictt) { /* AddSgments*/
Sear chl nSegnents (T, n[sc[ic][0]], n[sc[ic][1]],
nfsclicl[2]]);

for (ic
S[ic]

TetralList->S[ic] = gic];

}
for (ic =0; ic < 4; ic++t) { [* AddFacets*/

F[ic] = SearchlnFacets (T, n[fc[ic][0]], n[fc[ic][1]],
nffclic][2]], n[fclic][3]],
nffclicl[4]], n[fc[ic][5]]);

for (j =0; j <3; j++) { [/* ChekSgmentaandFacets */

for (i =0; i <6; i++) {
if ((S[i]->N[0] == F[ic]->Nj] &&
S[i]->N[2] == F[ic]->Npl[j]]) ||
(S[i]->N[2] == Flic]->Nj] &&
S[i]->N[0] == F[ic]->N[p1[j]])) {
Flicl->S[j] = S[il;
Segnent Facet (S[i], F[ic]);
}
}
/ * updatetheincidentFacet */
TetraList->F[ic] = F[ic];
}
}
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[ * CompletetheTetlist with adj Tets */
for (T = TetraList; T != NULL; T = T->Rink) {
for (i =0; i < 4; i++) {

R=T->Fi];
if (R>T[0] ==T) T->T[i]
if (R>T[1] ==T) T->T[i]

R->T[ 1] ;
R->T[ 0] ;

}
}

/ * Completethe Facetslist definingif insideor outside */
for (R = FacetList; R!= NULL; R = R>Rink) {
if (R>T[0] == NULL) R->posi ;
if (R>T[1] == NULL) R->posi
}
[ * Completehe Sggmentlist definingif insideor outside */
for (G = SegrentlList; G!= NULL; G = G>Rink) {
for (i =0; i <G>nf; i++) {
if (G>F[i]->posi == 1) G>posi = 1;

=l

}
}

return;

}

Figure7: Thisprocedurdills thedatastructureslescribedn Fig. 3-6. A new segnent orf acet insertionfollows
from thefailure of asearchin the correspondindinkedlists. Subroutinesaredescribedn Fig. 8-10.
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/* ________________________________________________________________ *
* Tetra *AddTetra *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */
Tetra
*AddTetra (Tetra *beg, int nl, int n2, int n3, int n4, int n5,

int n6, int n7, int n8, int n9, int nl0, int ie)
{

Tetra *T; /* AddaTetto thelinkedlist */

T = calloc (1, sizeof(Tetra));

T- >el =ie + 1

T->N[0] = nl; T->N1] = n2;

T->N[2] = n3; T->N3] = n4;

T->N[4] = n5; T->N5] = n6;

T->N[6] = n7; T->N7] = n8;

T->N8] =n9; T->N9] = nl0;

T->C[ 0] = 0; T->C1] =0; T->C2] =0 T->C[3] = 0;

T->Li nk = NULL;

T->Ri nk = beg;

if (beg '= NULL) beg->Link = T;

return T,

}

/* ________________________________________________________________ *
* Segnent *Sear chl nSegnents *
K o e o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */
Segnent
*Sear chl nSegnent (Tetra *T, int nl, int n2, int n3)

{

Segnent *S; [ * Seach for a Sgmentin S@mentList*/
int nt;
for (S = SegrentList; S != NULL; S = S->Rink) {
if ((nl == S>N[0] & n3 == S->N2]) ||
(nl == S->N[2] & & n3 == S->N[0])) {
nt = S->nt;
nt ++;
S->T = realloc (S->T, nt * sizeof(Tetra *));
S->T[nt - 1] =T,
S->nt = nt;
return S;
}
}
Segnent Li st = S = AddSegnent (SegnentList, nl, n2, n3, T);
return S;
}

Figure8: Insertionof anew t et r ahedr on andcheckof theexistenceof asegnent in thecorrespondindinked

lists.




A. PandolfiandM. Ortiz An Efficient Adaptive Procedure .

/* ________________________________________________________________ *
* Segnent *AddSegnent *
K o e o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */
Segnent
*AddSegnent (Segnment *beg, int nl, int n2, int n3, Tetra *T)
{

Segnent *S; [ * Adda S@mentto thelinkedlist */

S = calloc (1, sizeof(Segnent));

S->posi = 0;

S->N[0] =nl; S>N1] =n2; S >N2] = n3;

S->nt =1,

S->T = calloc (1, sizeof(Tetra *));

S->T[0] =T,

S- >nf = 0;

S->F = calloc (1, sizeof(Facet *));

S->Ri nk = beg;

S->Li nk = NULL;

if (beg !'= NULL) beg->Link = S;

return S;
}
/* ________________________________________________________________ *
* Segnent *Searchl nFacets *
K o e e e e e e e e e e e e e e e m e e e e e e e e e e e e e e e e e e e . */
Facet

*Searchl nFacets (Tetra *T, int nl, int n2, int n3,
int n4, int n5 int n6)
{

Facet *F; [ * Seach for a Facetin the FacetList */
for (F = FacetList; F != NULL; F = F->Rink) {
if ((n1 ==F->NO0] || nl ==F>N1] ||] nl ==F->N2]) &&
(n2 == F->N[0] || n2 == F->N[1] || n2 == F->N[2]) &&
(n3 == F->N[0] || n3 ==F->N[1] || n3 == F->N2])) {
F->T[1] = T;
return F;
}
}
FacetList = F = AddFacet (FacetList, nl, n2, n3, n4, n5 n6, T);
return F;

Figure9: Insertionof anew segnent andcheckof theexistenceof af acet in thecorrespondindinkedlists.

10
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/* ________________________________________________________________ *

* Facet *AddFacet *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */
Facet

*AddFacet (Facet *beg, int nl, int n2, int n3,

int n4, int n5 int n6, Tetra *T)

{

Facet *F; /* Adda Facetto thelinkedlist */

F = calloc (1, sizeof(Facet));
F->posi = 0;

F->N[0] = nl; F->N1] =n2; F->N2] = n3;
F->N[3] = n4; F->N[4] = n5; F->N5] = n6;
F->T[0] =T,

F->Ri nk = beg;

F->Li nk = NULL;

if (beg !'= NULL) beg->Link = F;

return F;

}

/* ________________________________________________________________ *
* void *Segnent Facet *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d
Segnent Facet (Segnment *S, Facet *F)

{

int nf = S >nf;

int j;

for (j =0; j <nf; j++) if (S->F[j] == F) return;
AddFaceToSegnent (S, F);

return;

}

/* ________________________________________________________________ *
* voi d *AddFaceToSegnent *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d

AddFaceToSegnent (Segnent *S, Facet *F)

{

int nf = S >nf;
nf ++;
S->F =realloc (S->F, nf*sizeof(Facet));
S->F[nf - 1] = F
S->nf = nf;
return;
}

Figure 10: Insertionof anew f acet
nment datastructure.

in the correspondindinked list, updateof thelist of f acet in theseg-

3 Fragmentation
Ortiz andPandolfi[23] developedaclassof three-dimensionalohesve elementsonsistingof two six-nodetriangular

facetqFig. 11a). Theopeningdisplacementaredescribedy quadratidnterpolationwithin theelement.Theelement
is fully compatiblewith —andmay be usedto bridge—pairsof ten-nodetetrahedraklementgFig. 11b). Theelements

11
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Figurell: (a) Geometryandconnectiities of 12-nodesohesve elementjb) Assemblyof 12-nodetriangularcohe-
sive elementandtwo 10-nodetetrahedraklements.

areendavedwith full finite-deformatiorkinematicsand,in particular areexactly invariantwith respecto superposed
rigid bodytranslationsaandrotations.

We areherespeciallyconcerneavith dynamicfragmentationalthoughstaticapplicationsnaybetreatedsimilarly.
Theanalysisproceedsncrementallyin time, e. g., by explicit dynamics.Following CamachandOrtiz [5], cohesie
elementsareintroducedadaptiely at elementinterfacesasrequiredby a fracture—or spall—criterion. For instance,
fracturemaybesupposedbo initiate atapreviously coherenelemeninterfacewhenasuitablydefinedeffectivetraction
attainsa critical value[5, 24, 23]. Whenthe fracturecriterionis metat an elementinterface,a cohesve elementis
inserted leadingto the creationof new surface. In this manneythe shapeandlocationof successie crackfrontsis
itself anoutcomeof the calculations.

Next we discussedhow thedatastructuresiefinedin the precedingsectionmaybe usedto supportfragmentation
simulationsof the type just described. In particular we specificallyaddresshe issueof how to updatethe data
structuresn responseo fragmentationThe updateprocedureconsistf two basicoperations:

1. Selectionof interior faceyf acet s) for theinsertionof new cohesve elements.

2. Updatingthedatastructuredasedntheselected acet s.

We proceedo discusghesetwo stepsn turn.

3.1 Selectionof facesto be fractur ed

The selectionof an interior facefor the insertionof a cohesve elementis basedon the attainmentof a suitable
fracturecriterion. The specificform of this criteriondepend®n the type of cohesve modelusedin calculations.For
definitenesswe considetthe classof cohesie laws proposedy [5, 24, 23], which arebasedntheintroductionof an
effective openingdisplacemenéndthe correspondingvork-conjugateeffective traction:

terr = V15 + B[t 1)

whereg is a tension-sheacoupling parametert,, denoteghe tractioncomponeninormalto thef acet , andt, is
the correspondingangentialtraction,Fig. 12. If, in addition,cohesie surfacesareassumedo berigid, or perfectly

12
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Figure12: Normalandtangentiacomponent®f thetractionactingon aninterface.

coherentbelow acertaincritical tractiono., or spallstrengththenthe appropriatdorm of thefracturecriterionis:

teff >0 (2)

This conditionis checledfor eachinternalfaceat the conclusionof a prespecifiechumberof time stepsin the cal-
culations,and the faceswherethe criterion is met are flaggedfor subsequenprocessing.Evidently, criterion (2),
which arisesdirectly from the mechanicf cohesve fracture,drivesthe evolution of the geometricaldescriptionof
themodel. This connectiorexemplifiesthetight couplingbetweermechaniceandgeometrywhichis characteristiof
fragmentatiorsimulations.

3.2 Data-structure update

Figure 13: Classificationof casesaccordingto whetherthe fracturedf acet haszero(casel), one(case2), two
(caseld) or three(cased) segnent s ontheboundary

13
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The operationgo performin orderto processa fracturedfacedependcritically on its positionwith respectto the
externalboundarie®f thedomain.Four maincasesnaybeidentifieddependingpnwhetherthefracturedf acet has
zero,one,two or threesegnent s restingon the boundaryFig. 13. This informationis suppliedby the flag posiof
eachsegnent containedn thef acet . In all casegshefracturedf acet is duplicatedandanew f acet isadded
to the correspondindinkedlist. Theremainingoperationgo be performedare:

1. Nosegnent s areontheboundary:No furtheroperationsFig. 14a.
2. Onesegnent isontheboundarythesegnent is duplicatedoy doublingthemid-sidenode,Fig. 14h

3. Two segnent s areonthe boundary:the segnent s areduplicatedby doublingthe mid-sidenodes;the
cornemodeis duplicatedvhenit representthesoleremainingconnectiorbetweerthetopandbottomt et r a-
hedr a, Fig. 14c.

4. Threesegnent s areon the boundary: the segnent s are duplicatedby doubling the mid-side nodes;
a cornernodeis duplicatedwhenit representghe sole remainingconnectionbetweenthe top and bottom
t et r ahedr a, Fig. 14d. Thenew nodeis addedo the top elementf thefracturedf acet .

The commentedC codereportedin listing 15 givesa detailedaccountof the operationgo be performedin orderto
updatehedatastructureandtheconnectvities. Stepsreferredto in the codearegraphicallydisplayedn Figs.16-22.

14



A. PandolfiandM. Ortiz An Efficient Adaptive Procedure .

3
6 5 6| 5 _e3
4
3 2
4/ 1@2 4_ /5
(@) (b) (©
6 3

(d)

Figurel4: Topologicalchangesnducedby thefracturingof af acet . Theprimednumbersndicatethenew inserted
nodes.(a) Casel: nosegnment s ontheboundary No action;(b) Case2: onesegnent ontheboundary The
mid-sidenodeis duplicated. (c) Case3: two segnent s on the boundary The cornernodeis duplicatedandthe
mid-sidenodesareduplicated(d) Case4: threesegnment s ontheboundaryAll six nodesareduplicated.

15
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/* ______________________________________________________________ *
* void CreateSurface *
K o o o e e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e - */

voi d

CreateSurface (int cohmate, Facet *facet)

{

Tetra  *TEB, *TET,; / * TopandBottomtetraheda */
int open[ 3]; /* Boundarysidescountes */
Segment *S[ 3]; /* FacetSgments*/

Facet *facet new, /* New Facet */

int i,

/ * GetthesixnodesontheFacet* /
for (i =0; i <6; i++) node[i] = nold[i] = facet->Ni];
TET = facet->T[O0];
TEB = facet->T[1];
for (i =0; i <3; i++) {
S[i] = facet->S[i];
open[i] = S[i]->posi;
} / * adda new facet*/
Facet Li st = facetnew = AddFacet (FacetList, node[0], node[2], node[1],
node[ 5], node[4], node[3], TET);
Updat eNewFacet (facet, facetnew, TEB, TET, cohmate);
for (i =0; i <3; i++) { / * Chekthemidsidenode* /
if (open[i] == 0) continue;
nodes++;
node[i + 3] = nodes;
Updat eM dNodes (TET, S[i], node[i + 3], cohnate);
Def i neNodeVectors (node[i + 3], nold[i + 3]);
} / * Chedkthecornernode*/
counted = calloc (elements + 1, sizeof(int));
for (i =0; i <3; i++) {
if (open[i] == 0 || open[pernfi]] == 0) continue;
for (j = 1; j <= TetraFEl ement Nunber; j++) counted[j] = O;
if (CornerToQpen (TET, TEB, nold[i]) == 0) continue;
nodes++;
node[i] = nodes;
Updat eCor ner Nodes (TET, node[i], nold[i], cohmate);
Def i neNodeVectors (node[i], nold[i]);
}
free (counted);
if (cohmate > 0) AddCohesive (cohmate, trli);
return;

Figure15: Main for theinsertionof anew surface.The subroutinesirereportedn Figs.16-22.
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/* ________________________________________________________________ *
* voi d Updat eNewFacet *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d

Updat eNewFacet (Facet *facet, Facet *facetnew,
Tetra *TEB, Tetra *TET, int cohmate)

{
Segnent *9[ 3];
int nmove[ 3] = {2,1, 0},
int i

/* Updatetheold Facet*/
facet->T[ 1] = NULL;

facet->posi = 1;
/* Updatethenew Facet*/
f acet new >posi = 1;

/* AddSegmentgo newv Facetand new Facetto Sgments*/
for (i =0; i <3; i++) {
S[i] = facet->S[i];
S[i]->posi = 1;
facetnew>S[ nove[i]] = §[i];
S[i] = AddFaceToSegnent (S[i], facetnew);

/ * Updatethe Facetandadjacencyof the Tets* /
for (i =0; i <4; i++) {
if (TEB->F[i] == facet) {
TEB->T[i] = NULL;

if (cohmate > 0) {
TEB->C[i] = elenments + 1;
TEB->L[i] = O;

}

if (TET->F[i] == facet) {
TET->F[i] = facetnew,
TET->T[i] = NULL;
if (cohnmate > 0) {
TET->C[i] = elements + 1;
TET->L[i] = 1;

Figurel6: Insertionof anew f acet into thedatastructures.
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/*

}

R
* voi d Updat eM dNodes
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
voi d
Updat eM dNodes (Tetra *TET, Segnent *SO, int nn, int cohnate)
{
Segnment *SN;
Tetra *T;
i nt nl = SO >N 0];
int n2 = SO >N 2];
int ot = SO >nt;
int of = SO >nf;
/* Insertanew Sgment*/
Segnent Li st = SN = AddSegnent (SegnentlList, nl, nn, n2, TET);
SN->posi = 1;
SN >nt = 0;
[ * TransferTetsfromtheold to thenew Sgment* /

SN->T = realloc (SN->T, ot*sizeof(Tetra));
Tetral nSegnents (TET, SO, SN, cohnate);

SN->T = realloc (SN->T, SN->nt*sizeof (Tetra));
SO >T = realloc (SO >T, SO >nt*sizeof (Tetra));

TransferFacetsbetweernthetwo Sgments*/
SN->F = realloc (SN->F, of *sizeof (Facet));
Facet | nSegnents (SO, SN);

SN->F = realloc (SN->F, SN >nf*sizeof (Facet));
SO >F = realloc (SO >F, SO >nf*sizeof (Facet));
return;

Figure 17: Changesn the datastructuresrequiredby the duplicationof a mid node. First, a new segnent is

added(seeFig. 8). Then,thelist of thet et r ahedr a incidentto the original segnent

is traversedand the

t et rahedr a aremovedfrom theold tothenewv segnent (Fig. 18). Finally, thelist of thef acet s incidentto
theoriginalsegnent is traversedandthef acet s aremovedfrom theold to thenew segnent (Fig. 19).
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{

voi d
Tetral nSegnents (Tetra *TET, Segnent *SO, Segnent *SN, int cohmate)

Tetra *T;
int el
nt no
nt nn
nt ot
nt nt
nt i,
for (i =4; i <10; i++) { /* Changtheconnectivity*/

if (TET->N[i] != no) conti nue;

TET->N[i] = connectivity[el + i] = nn;

if (cohmate > 0) UpdateCohesive (TET, nn, no, 3);
}
for (j =0; j <6; j++) { /* ChangtheSgmentntheTet */

if (TET->S[j] != SO continue;

TET->S[j] = SN
}
for (i =0; i <ot; i++) {/* MoveTetfromoldtonev Sgment*/

T = SO >T[i];

if (T != TET) continue;

SN->T[nt] = T;

(TET->el - 1)*nodes_el enent;
SO >N 1];

SN->N[ 1] ;

SO >nt

SN->nt ;

—

nt ++;
SO >T[i] = NULL;
}
SN->nt = nt;
for (j =i +1; j <ot; j++ i++) SO>T[i] = SO>T[j];
ot--
SO >nt = ot;
for (i =0; i <ot; i++) { /* LookatadjacentTets */
T = SO >T[i];
for (j =0; j <4 j+) {
if (T->T[j] !'= TET) continue;
Tetral nSegnents (T, SO SN, cohmate);
return;
}
}
return;

Figure18: Updatethet et r ahedr a connectedo thesegnent .
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/* ________________________________________________________________ *
* void Facet|nSegnents *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d
Facet | nSegnents (Segnment *SO, Segrment *SN)

{

Tetra *T;
Facet *F;
i nt nn = SN->N[ 1] ;
int of = 0;
int nf = 0;
int i, j, k;
for (i =0; i < SN>nt; i++) { /* Updateconnectivities*/
T = SN>T[i ];
for (j =0; j <4; j++) {
F=T->F[j];
for (k = 0; k < 3; k++) {
if (F->S[k] !'= SO continue;
F->9[ k] = SN,
F->N[3 + k] = nn;
SN- >F[ nf] = F
nf ++;
br eak;
}
}
}
SN->nf = nf;
for (i =0; i <SO>nt; i++) { /* UpdatetheincidentFacets */
T = SO >T[i];
for (j =0i j <4 j++) {
F=T->F[j];
for (k = 0; k < 3; k++) {
if (F->S[k] !'= SO continue;
SO >F[of] = F;
of ++;
br eak;
}
}
}
SO >nf = of;
return;
}

Figure19: Updatethef acet s connectedo thesegnent .
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/* ________________________________________________________________ *
* voi d Updat eCohesi ve *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d

Updat eCohesive (Tetra *T, int nn, int no, int add)

{

int ce, cc, i, j;

for (i =0; i < 4; i++) {
ce = T->Ci] - 1;
if (ce <0 || ce == elenents) continue;
cc = ce*nodes_elenment + T->L[i]*6 + add;
for (j =0; j <37 j++) {

if (connectivity[cc + j] !'= no) continue;
connectivity[cc + j] = nn;
}
}
return
}
/* ________________________________________________________________ *
* void Corner ToQpen *
K o o o e o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */
int
Corner ToQpen (Tetra *TET, Tetra *TEB, int no)
{
Tetra *T,
int i, j, res;

counted [TET->el] = 1;
for (i =0; i <4; i++) {
T = TET->T[i];
if (T == NULL) conti nue;
for (j =0; j <4; j++) {
if (T->N[j] !'= no) continue;
if (T == TEB) return O;
if (counted[T->el] > 0) continue;
if (CornerToQpen (T, TEB, no) == 0) return O;
}
}

return 1;

Figure 20: Updateof the cohesie elementconnectiity. The recursice subroutineCor ner ToOpen checksthe
existenceof additionalconnectionsbetweenthe Top andthe Bottomt et r ahedr on beforeduplicatinga corner
node.
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/* ________________________________________________________________ *
* voi d Updat eCor ner Nodes *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d
Updat eCor ner Nodes (Tetra *TET, int nn, int no, int cohnmate)

{

Segnment *S;

Facet *F;

Tetra *T:

i nt el = (TET->el - 1)*nodes_el enent;

i nt i.oi;

count ed[ TET->el] = 0; | * FlagtheTetaschedked */

for (j =0; j <4; j++) { [/* ChekTetandconnectivity */
if (TET->N[j] != no) continue;
TET->N[j] = nn;
connectivity[el + j] = nn;
if (cohmate > 0) Updat eCohesive (TET, nn, no, 0);
br eak;

}

for (j =0; j <6; j++) { [/* UpdateSgments*/
S = TET->5[j];
if (SS>N[0] == no) S->N O]
if (S>N[2] == no) S->N 2]

nn;
nn;

}
for (i =0; i <4; i++) { [ * UpdateFacets */
F = TET->F[i];

if (F->N[0] == no) F->N[0] = nn;
if (F->N[1] == no) F->N[1] = nn;
if (F->N[2] == no) F->N[2] = nn;
}
for (i =0; i <4; i++) { /* Nextadjacency*/
T = TET->T[i];
if (T == NULL) conti nue;
if (counted[T->el] == 0) conti nue;
Updat eCor ner Nodes (T, nn, no, cohmate);
}
return;

Figure 21. Recursie subroutineto performchangesn the datastructuresrequiredby the duplicationof a corner
node. First, thet et r ahedr on connectity is update.Thentheincidentsegnment s andf acet s areupdated.
Finally, theadjacent et r ahedr a arechecled.
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/* ________________________________________________________________ *
* voi d DefineNodeVectors *
K o o o e o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e */

voi d
Def i neNodeVectors (int node, int nold)

{

int nd = nodes*dof _node;

int nn = (node - 1)*dof _node;
int no = (nold - 1)*dof _node;
int j;

coordinates = realloc (coordi nates, nd*REAL);
for (j =0; j < dof_node; j++) {
coordinates[nn + j] = coordinates[no + j];

}
return;

}

/* ________________________________________________________________ *
* voi d AddCohesive *
K o e e e e e e e e e e e e e e e m e e e e e e e e e e e e e e e e e e e e . */

voi d

AddCohesi ve (int cohmate, double trli)

{

int k, i;

k = nodes_el ement * el enents;

el ement s++;

connectivity reall oc (connectivity, (k + 1)*sizeof (int));
el enent _materi al realloc (elenment_material, elenents*sizeof(int));
for (i =0; i <6; i++) {

connectivity[k + i ] =nold[i];
connectivity[k + i + 6] = node[i];
}
el enent _material [elenments - 1] = cohnate;
return;

Figure 22: Reallocationof the nodal vectors(Def i neNodeVect or s) and elementvectors(AddCohesi ve).
Thesesubroutinemustbe completedwith thereallocationof all the nodeandelementhasedvectors.

4 Examplesof application

In this sectiorwe demonstratéhe scopeandversatilityof theprocedureslescribedibore with theaid of two examples
of application.Thefracturecriterion(2) is adoptedn orderto determingheonsetof fracturein af acet [5, 24, 23). In
all calculationsthe materialis modeledasnonlinearelasticobeying aNeohoolkanconstitutive law [25]. In particular
full finite kinematicsis takeninto account.

Thefirstapplicationconcernghesimulationof thedynamicfragmentatiorof athree-poinbendPMMA specimen
with a sharpprecrackcontainedwithin its symmetryplane. The central point of the top side of the specimenis
suddenlyimparteda uniform velocity 40 m/sattime ¢t = 0, andthevelocity is held constanthereafter Thelengthof
thespecimeris 8.4mm, its width 1 mm andits heightl.4mm (Fig. 23).
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V=40 m/s ‘ l

1.4 mm

8.4 mm

Figure23: Threepointbendtestin PMMA specimenloadingconditions.Theimpactis simulatedmposingauniform
andconstantselocity V' alongthe centralline. Owing to the high impactspeedthe supportsaarenot simulated.

The modelis meshednto 4,260ten-nodetetrahedreand 6,420nodes. The meshis finer in the centralpartandis
graduallycoarsenedway from the crack(Fig. 24a).

Thematerialparameteremployedin the calculationsare: specificfractureenegy perunit areaor critical enegy
releaserate, G. = 210 N/m; critical cohesve stress,or spall strength,c. = 100 MPa; tension-couplingconstant
B = 1; Young's modulusE = 3 GPa; Poissons ratio v = 0.38; andmassdensityp = 1180 kg/m?. The equationf
motionareintegratedin time by recourséo Newmark’s explicit algorithmwith parameterg = 0,y = 1/2 [26, 27].
Thetime stepusedin the calculationds At = 1.7 x 10~ us.

Figs.24bandc shav the computedfractureandfragmentatiorpatternafter 20 us. The ability of the approach
to track the evolution of complex crack geometrieds notevorthy. As may be seenin the figure, the geometrical
updateprocedureeffectively dealswith the intricate geometricalandtopologicaltransitionswhich resultfrom crack
branchingthe nucleationof surfacesandinterior cracks crackcoalescencehe detachmenof fragmentsandothers.
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Figure24: Fragmentatioralgorithmappliedto thethree-pointbenddynamictestin PMMA: (a)initial mesh;(b) final
configurationyc) detail of thefractureandfragmentatiorpatternin thefinal configuration.

The secondexampleof applicationconcernghe simulationof dynamiccrackbranchingn a PMMA thin square
plate. The plateis 3 mmin lengthand0.3 mm in thickness.The specimercontainsaninitial 0.25mm sharpnotch.
Constannhormalvelocities,tendingto openthe cracksymmetricallyin model, areprescribedn thetop andbottom
edgeof the specimenThemagnitudeof the prescribed/elocitiescorrespond$o a nominalstrainrateof 0.002/us. In
addition,theinitial velocity field is assumedo belinearin the coordinatenormalto the crackandto correspondo a
uniform rateof deformationof 0.002fzs throughouthe specimenFig. 25.
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Figure25: Geometryof the PMMA squareplateandmode-lloadingconditions.

The modelis meshednto 14,319ten-nodetetrahedraand 25,936nodes,Fig. 26a. The equationsof motion are
integratedusing Newmark’s explicit algorithmwith time stepAt = 6 x 10~ 5us. The materialparametersisedin
the calculationare: specificfractureenepgy perunit areaG. = 176.15 N/m; critical cohesve stresso, = 324 MPa;
tension-sheatouplingconstan{ = 2; Young's modulusE = 3.29 GPa; Poissonératio v = 0.35; andmassdensity
p = 1190 kg/m?®. Figs.26bandc shav the fracturepatternat the conclusionof the test. As may be seen at a low
prescribedstrainratethe cracktendsto grow within its plane,andit branchesonly whenit senseghe proximity of
thefreesurfaceon theright sideof the specimenResultsfrom a similar calculationat a highernominalstrainrate of
0.01jusareshaown in Figs.27a-c. Themeshin this casecontainss,363ten-nodeetrahedraand11,569no0desandthe
stabletime stepis At =6 x 105 us. Figs.27bandc shov thecrackpatternsatthe conclusiorof thetest. Initially the
crackremainswithin its planeandacceleratesteadily As a certaincrackspeeds attainedthe crackbeginsto issue
lateralbranches.Thesebranchesonsumeadditionalfractureenegy, therebylimiting the meancrackspeed.As the
crackapproachethefreesurface the extentof branchingncreasesteadily
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Figure26: Mode-I dynamicfracturetestin PMMA at nominalstrainrate0.0024s. (a) Initial meshandprescribed
andinitial velocities;(b) final configuration;c) detail of the branchingn thefinal configurationattime 5 us.

As in thepreviousexample theability of themethodto dealwith comple< geometricahndtopologicaltransitions
simply andeffectively is notavorthy. In particular cracksareallowedto branchunimpededconnectwith freesurfaces

or with othercracksto form fragments.

We concludethis sectionby emphasizinghat the simulationspresentedibore, while representatie of a broad
classof engineeringnaterialsandloadingconditions,arenot intendedasa validationof the cohesve modelbut asa
demonstratiorof the computationamethodology Detailedvalidationstudies including extensive comparisonsvith
experimentbasedn testconfigurationssimilar to thosejust describednaybefoundelsevhere[7, 8, 9, 2§].
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Figure 27: Mode-I dynamicfracturetestin PMMA at a nominalstrainrate of 0.01jus. (a) Initial mesh;(b) final
configurationyc) detail of the branchingn thefinal configurationattime 5 us.

5 Summary and Conclusions

In cohesve theoriesof fracture,materialseparationis governedby a suitablecohesve law. In finite-elementsimu-
lationsbasedon a tetrahedratriangulationof the domainof analysis,decohesiorand openingmay corvenientlybe
restrictedto interior triangularfaces.The cohesie laws considerederearerigid up to the attainmenbpf the cohesve
strengthof the material. Consequentlyinitially all thefacesn thetriangulationareperfectlycoherent;. e.,conform-
ing in the usualfinite elementsense.Cohesve elementsare insertedadaptvely at interior faceswhenthe effective
tractionactingon thosefacereacheshe cohesie strengthof the material. Theinsertionof cohesve elementchanges
thegeometryof the boundaryand,frequently the topologyof the modelaswell.

We have presentedh simplesetof datastructuresanda collectionof methodsfor constructingandupdatingthe
structuresdesignedo supportthe useof cohesve elementsn simulationsof fractureandfragmentation.The data
structuresand methodsare straightforvard to implementand enablethe efficient tracking of complex fractureand
fragmentatiorprocessesThe examplesof applicationdiscussedhereillustrate the uncanity ability of the methodto
represenintricate geometricalandtopologicaltransitionsresultingfrom crackbranching the nucleationof surfaces
andinterior crackscrackcoalescencehe detachmenof fragmentsandothers.
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