The Domination Parameters of Cubic Graphs

Igor E. Zverovich*!

RUTCOR — Rutgers Center for Operations Research
Rutgers, The State University of New Jersey
Piscataway, NJ 08854-8003
USA

Vadim E. Zverovich*

Department of Mathematical Sciences
Brunel University, Uxbridge
Middlesex, UB8 3PH
UK

Vadim.Zverovich@brunel.ac.uk

Abstract
Let ir(G), v(G), i(G), Bo(G), I'(G) and IR(G) be the irredundance number, the

domination number, the independent domination number, the independence number,
the upper domination number and the upper irredundance number of a graph G,
respectively. In this paper we show that for any integers ki, ko, k3, k4, k5 there exists
a cubic graph G satisfying the following conditions: v(G)—ir(G) > ki, i(G) —~(G) >
ko, Bo(G) —i(G) > ks, I'(G) — Bo(G) > ky, and IR(G) — I'(G) > ks. This result
settles a problem posed in [8].

1 Introduction and Main Result

All graphs will be finite and undirected without multiple edges. If G is a graph, V(G)
denotes the set, and |G| the number, of vertices in G. Let N(x) denote the neighborhood
of a vertex z, and let (X) denote the subgraph of G induced by X C V(G). Also let
N(X) =UgexN(z) and N[X]| = N(X)UX.

A set I C V(G) is called independent if no two vertices of I are adjacent. A set X
is called a dominating set if N[X| = V(G). An independent dominating set is a vertex
subset that is both independent and dominating, or equivalently, is maximal independent.
The independence number By(G) is the maximum cardinality of a (maximal) independent
set of G, and the independent domination number i(G) is the minimum cardinality taken
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over all maximal independent sets of G. The domination number v(G) is the minimum
cardinality of a (minimal) dominating set of G, and the upper domination number I'(G) is
the maximum cardinality taken over all minimal dominating sets of G. For x € X, the set

PN(z,X) = N[z] = N[X — {z}]

is called the private neighborhood of x. If PN(x, X) = 0, then x is said to be redundant
in X. A set X containing no redundant vertex is called irredundant. The irredundance
number ir(G) is the minimum cardinality taken over all maximal irredundant sets of G,
and the upper irredundance number I R(G) is the maximum cardinality of a (maximal)
irredundant set of G. An ir-set X of G is a maximal irredundant set of cardinality ir(G).
A v-set, an i-set, a [y-set, a [-set and an [ R-set are defined analogously.

The following relationship among the parameters under consideration is well-known
12, 3]:

ir(G) <7(G) <i(G) < fo(G) <T(G) < IR(G).

The above and related parameters for regular graphs were investigated by many authors
[1],[4]-[16]. For example, Cockayne and Mynhardt [4] and independently Rautenbach [14]
disproved the Henning-Slater conjecture [11] that I'(G) = I R(G) for any cubic graph G,
while the Barefoot-Harary-Jones conjecture on the difference between the domination and
independent domination numbers of cubic graphs was disproved independently in [12] and
[16].

In this paper, we deal with the next problem:

Problem 1 ([8]) Does there exist a cubic graph for which ir < v <i< fy < <IR?
We define the graph Wy, (k > 0) as follows. Take a disjunct union of the graphs
By, By, .. Fopys, G, Go, ., Gagre, Hiy Ha, - Hagope,
where F}, G; and H; are shown in Figure 1, and add the edges
{fifisr 1< <26+ 7T}, foris0n,

{gigi1: 1 <01 <2k 41}, gopy6ha,
{hihip1 11 <@ <3k+1}, hiy g/

Theorem 1 For any integers ki, ko, ks, ky, ks there exists an integer k such that the cubic
graph Wy, satisfies the following conditions: v(Wy) — ir(Wy) > ki, i(Wy) — y(Wy) > ko,
ﬁo(Wk) - Z(Wk) Z kg, F(Wk) — 50(Wk) Z k4, and ]R(Wk) — F(Wk) Z ]{5.

It follows from Lemmas 1-5 of Section 2 that the graph W, has the property
ir<vy<i<fy<ID<IR,

thus solving Problem 1.
We conclude this section with the next conjecture.

Conjecture 1 For any integers ky, ko, k3, kq, ks there exists a 3-connected cubic graph G
satisfying the following conditions: v(G)—ir(G) > ki, i(G)—v(G) > ka, Bo(G)—i(G) > ks,
I(G) = Bo(G) > k4, and IR(G) — T'(G) > ks.
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Figure 1. Graphs F;, G;, and H;.

2 Proof of Theorem 1

The proof of Theorem 1 is based on 5 lemmas. Let us denote by F,G and H the graphs
induced by the sets U2V (F), UXTSV(G;), and UETOV (H;), respectively.

Lemma 1 y(Wy) —ir(Wy) > k+ 1.

Proof: Let D denote a ~y-set of Wy. It is straightforward to check that |[D NV (G;)| = 4
whenever both ¢g; and g, are dominated by D — V(G;), and |D N V(G;)| = 5 otherwise.
Moreover, if |D N V(G;)| = 4, then g;,¢9; ¢ D. Thus, the number of components G;
satisfying |D N'V(G;)| = 4 is at most k + 3. We obtain

IDNV(G)| > 4(k+3) +5(k + 3) = 9k + 27,

3



Consider the set J = (D — V(G)) U R, where
R={N(g:)NV(G),N(g:) NV (Gi) : 1<i<2k+6}

We have
|R| = 8k + 24.

Let us construct a maximal irredundant set of Wjy. We first put J' = J. Further, if
N[hi]NJ = 0, then we put gh,.¢ € J'. If N[f3,,5]NJ =0, then we put g, € J'. If hy € D
and PN (h1, D) = gh.,6, then we put hy ¢ J'. Finally, if f3, ¢ € D and PN(f3;,4, D) = g1,
then we put f3;,.¢ & J'. It is easy to see that the set J' is a maximal irredundant set, and
|J'| < |J|+ 2. We obtain

y(Wy) —ir(Wy) > |D| = |J'| > |D| = |J|-2=|DNV(G)|—|R| — 2>k + 1.

Lemma 2 (W) —~y(Wy) > k + 1.
Proof: We denote by I an i-set of Wj.

Claim 1 We have [INV(H;)| = 3 or4 for anyi, 1 <i < 3k+6. Moreover, |INV (H;)| =3
if and only if either h; or hl is dominated by I — V (H;), and additionally h;, h; & I.

Proof: Assume that h;, h; € I for some i, 1 < i < 3k + 6. We obtain |/ NV (H;)| = 4.
Suppose now that exactly one vertex from h;, h; belongs to I, say h; € I and h, ¢ I. If
b;, c; & I, then these vertices cannot be dominated by an independent set, a contradiction.
Therefore, without loss of generality, b; € I and ¢; € I. Hence a; € I, and either ¢, € I or
d; € I. We have |I NV (H;)| = 4. Consider the case h;, h, & I. Since I N {b;,},¢;,ct} # 0,
we may assume without loss of generality that b; € I and hence a; € I. If ¢, € I, then
di€lTand |[INV(H;)|=4. 1f ¢, € I, then d, € I and |I NV (H;)| = 3. 1

By Claim 1, the number of components H; satisfying |/ NV (H;)| = 3 is at most 2k + 4.
Therefore,
1NV (H)| > 10k + 20.

Let us consider the set D = {hf; 4, hi, b, c; : i =1,2,...,3k +6}. It is evident that the set
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J=(—-V(H))UD is a dominating set of W}, and
i(Wy) —v(Wy) > |I| — || = [INV(H)| — |D| > 10k + 20 — 9k — 19 = k + 1.
1

Now we estimate the difference between the independence and independent domination
numbers of Wj.



Proof: It is easy to construct a maximal independent set I of W}, such that [INV(F};)| = 6,
IINV(G;)| =6, and |[I NV (H;)| = 4. We define the set R C V(H) as follows. For each
i€{l1,2,..,3k+ 6}, we put a;,d;,b; € Rif i =1 (mod 3), hy, h},b.,c; € R if i =2 (mod

3), and a}, b;,d; € R if i =0 (mod 3). Now, the set J = (I —V(H))U R is an independent

7

dominating set and hence i(W}) < |J|. We obtain

Bo(Wi) — (W) = 1] — || = |[I NV (H)| — |R| = 12k + 24 — 10k — 20 = 2k + 4.

Lemma 4 I'(Wy) — Go(Wy) > 3k + 5.

Proof: We can split V' (F;) into three cycles C3 and one C7, V(G;) into two cycles C5 and
two cycles Cs3, and V(H;) into two cycles Cs. Therefore,

Bo(Wi) < 6(2k + 8) + 6(2k + 6) + 4(3k + 6) = 36k + 108.

It is easy to construct a maximal independent set I of Wy such that |I N V(F;)| = 6,
I NV(G;)| = 6 and gy, € I, and |[I NV (H;)| = 4. Thus, |I| = 36k + 108 and hence
Ao(Wy) = 1],

Consider the set S = {h;,a;, b}, c;,d; : 1 < i < 3k+ 6} — Ry It is evident that

27 771 ) Ty T

R=(I—-V(H))US is a minimal dominating set. We have

D(Wi) — Bo(Wi) = |R| — || = |S] — [T NV (H)| = 15k + 29 — 12k — 24 = 3k + 5.

Denote by D a I'-set of Wj.
Proposition 1 |[D N V(F)| < 13k + 53.

Proof: Let us label the vertices of F; as shown in Figure 2, and put X = {z,a,b, h,i,j}.

z g

Figure 2.
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Claim 2 It holds |D N X| = 2. Moreover, f,e,m & D if ¢c,d € D and at least one of the
vertices k, k', p belongs to D.

Proof: We consider 4 cases.

Case 1. ¢,d ¢ D. Since x must be dominated by D, it follows that one vertex from
{a,b,z} must belong to D. Analogously for the vertex j, one vertex from {h,,j} must
belong to D. Now, the set X is dominated by those two vertices and hence |D N X| = 2.

Case 2. ¢ ¢ D, d € D. Suppose that k € D. If j € D, then h,j € D, for otherwise
PN(j) = 0. We see that exactly one vertex from {a,b,xz} belongs to D. Assume that
ke D. 1f j € D, then x = PN(d) and hence a,b,x ¢ D. We have h or i € D and therefore
PN(j) =0, a contradiction. Thus, j ¢ D and without loss of generality h € D. Tt is easy
to see that exactly one vertex from {a,b, x, 7} belongs to D and we are done.

Case 3. c€ D, d ¢ D. If x € D, then a,b € D, for otherwise PN (z) = (). We see
that exactly one vertex from {h,i,j} belongs to D and we are done. If x ¢ D, then a or
b belongs to D, say a € D. Now, exactly one vertex from {b, h,i,j} belongs to D and we
are done.

Case 4. c¢,d € D. Suppose that at least one of the vertices k, k', p belongs to D.
We have x = PN(d) and hence a,b,x ¢ D. Therefore h,i € D and j ¢ D. Moreover,
PN(c) = e and hence m,e, f ¢ D. The case k,k',p ¢ D easily implies |D N X| = 2. |

We define 16 types for the component F; as follows:

F; has type Alif k', ¢ € D and k € PN(K'), g € PN(¢');
F; has type A2 if k', ¢’ € D and k ¢ PN(k'), g € PN(¢');
F; has type A3 if k', ¢’ € D and k € PN(k'), g ¢ PN(q')
F; has type Adif k', ¢’ € D and k & PN(k'), g ¢ PN(¢');
F, has type Blif k' € D, ¢’ € D and k € PN(K'), ¢ € N(D — V(F));
Fy has type B2if &' € D.¢' ¢ D and k ¢ PN(K'), ¢’ € N(D — V(F}));
F; has type B3 if £’ € D, ¢’ ¢ D and k € PN(k'), ¢ € PN(g
F; has type B4 if k' € D, ¢’ ¢ D and k ¢ PN(K'), ¢ € PN(g
F; has type Clif k' € D,¢' € D and k' € N(D — V(F;)), g € PN(¢');

F; has type C2if ¥ ¢ D,g' € D and k' € N(D — V(F})), g € PN(¢);

F; has type C3if k' € D,¢' € D and k' € PN(k), g ¢ PN(¢');

F; has type C4if k' € D,¢' € D and k' € PN(k), g € PN(¢');

F; has type D1if k', ¢’ ¢ D and k' € N(D —V(F})), ¢ € N(D - V(F));
F; has type D2 if k', ¢’ ¢ D and k' € PN(k), ¢ € N(D — V(F}));

F; has type D3 if k', ¢’ ¢ D and k' € N(D — V(F})), ¢ € PN(g);

F; has type D4 if k', ¢’ ¢ D and k' € PN(k), ¢ € PN(g);

Let us denote D; = D NV (F}).

I

)i
)i

Claim 3 We have

(a1) |Di| =5 if F,
(a2) |Di| = 6 if F;
(a3) |Di| =5 if F;
(a4) |D;| =6 if F;
(b1) |Di| = 5 if F,
(b2) |Ds| = 6 if F;

is of type Al;
is of type A2;
is of type A3;
s of type A4;
1s of type B1;
is of type B2;



(b3) |D;| =5 if F; is of type B3;
(b4) |Di| =7 if Fi is of type B4;
(c1) |D;| = 6 if F; is of type C1;
(c2) |D;| = 6 if F; is of type C2;
(¢3) |D;| =7 if F; is of type C3;
(c4) |Ds| = 6 if F; is of type C4;
(d1) |D;| =6 if F; is of type D1;
(d2) |D;| =T if F; is of type D2;
(d3) |D;| =T if F; is of type D3;
(d4) |Di| = 8 if F; is of type D4;

Proof: In what follows we will use the first part of Claim 2 without further reference.

(al) Since k € PN(k') and g € PN(¢g'), we have d,k,p,g,f ¢ D. Also, y € D, for
otherwise p is not dominated. Suppose that e € D. We have m,n ¢ D and |D;| = 5.
Assume that e € D. We obtain n € D. It is easy to see that exactly one of the vertices
¢, m belongs to D and hence |D;| = 5.

(a2) We have p,g,f € D. If ¢ ¢ D, then |D; — X| = 4 and hence |D;| = 6. Suppose
that c € D. If d € D, then m,e ¢ D by Claim 2. Hence n € D and |D;| =6. If d € D,
then again |D;| = 6.

(a3) We have d, k,p ¢ D. If ¢ ¢ D, then |D; — X| = 3 and hence |D;| = 5. Consider
the case ¢ € D. If y € D, then |D;| = 5. If y € D, then g € D, for otherwise p is not
dominated. To dominate y we must take either m or n and hence |D;| = 5.

(ad) Assume that ¢,d ¢ D. It is not difficult to see that |D; — X| = 4 and hence
|D;| = 6. Consider the case ¢ ¢ D and d € D. If k € D, then p = PN(k) and hence
9,0,y € D. We have |D;| = 6. If k ¢ D, then one can easily check that again |D;| = 6.
The case ¢ € D and d € D is analogous. Finally, suppose that ¢,d € D. By Claim 2,
e,fym & D. If k € D, then p = PN(k). Therefore, y,p,g & D, n € D and |D;| = 6. If
k & D, then exactly two vertices from {n,y,p, g} belong to D and |D;| = 6.

(b1) We have d, k,p & D. Suppose that ¢ ¢ D. If y € D, then |D; — X| = 3 and hence
|D;| =5. Ify & D, then g € D to dominate p. Again, |D; — X| =3 and |D;| = 5. Consider
the case c € D. If y € D, then f € D or g € D, for otherwise g is not dominated. We have
|D;| =5. If y € D, then g € D, for otherwise p is not dominated. Also, one of the vertices
m,n belongs to D to dominate y. We obtain |D;| = 5.

(b2) Suppose that ¢,d ¢ D. It is not difficult to see that |D; — X| = 4 and hence
|D;| = 6. Consider the case |D N {c,d}| = 1. If k € D, then p = PN(k) and hence
9,0,y € D. We have |D;| = 6. If k & D, then one can easily check that again |D;| = 6.
Finally, assume that ¢,d € D. By Claim 2, f,e,m ¢ D. If k € D, then PN (k) = p and
hence g,p,y € D. Now ¢ is not dominated, a contradiction. If £ ¢ D, then |D;| = 6.

(b3) We have d,k,p ¢ D and g € D. Suppose that ¢ ¢ D. If y € D, then f,m & D,
e € D and hence |D;| = 5. If y ¢ D, then again |D;| = 5. Consider the case ¢ € D. To
dominate y, exactly one of the vertices m, n,y belongs to D. Hence |D;| = 5.

(b4) We have g € D. Suppose that ¢,d ¢ D. It is not difficult to see that |D; — X| =5
and hence |D;| = 7. Consider the case |[D N{c,d}| = 1. If k € D, then PN(k) = 0, a
contradiction. Therefore, k& ¢ D. It is easy to see that |D;| = 7. Finally, assume that
¢,d € D. By Claim 2, f,e,m & D. If k € D, then PN(k) = (), a contradiction. Therefore,
k ¢ D. We obtain |D;| = 6. Since D is a maximum minimal dominating set, we conclude



(c1) We have f,g,p ¢ D. Suppose that k ¢ D. We obtain y € D to dominate p, and
d € D to dominate k. Therefore, |D;| = 6. Consider the case k € D. If ¢,;d ¢ D, then
|D;| = 5. If exactly one vertex from {c,d} is present in D, then it is checked directly that
|D;| = 6. Finally, suppose that ¢,d € D. By Claim 2, e,m ¢ D. We have |D;| = 6. Since
D is a maximum minimal dominating set, we conclude that |D;| = 6.

(c2) Assume that ¢,d ¢ D. It is not difficult to see that |D; — X| = 4 and hence
|D;| = 6. Consider the case ¢ ¢ D and d € D. If k € D, then p = PN(k) and hence
9,0,y € D. We have |D;| = 6. If k ¢ D, then one can easily check that again |D;| = 6.
Consider the case c € D and d € D. If k ¢ D, then p € D to dominate k. We obtain
|D;| = 6. If k € D, then p &€ D, for otherwise PN (k) = (). Tt is easy to see that |D;| = 6.
Finally, suppose that ¢,d € D and consider two cases.

Case 1. k € D. By Claim 2, e, f,m ¢ D. Further, p = PN (k). Therefore, g,p,y & D,
n € D and |D;| = 6.

Case 2. k ¢ D. Suppose that p € D. By Claim 2, e, f,m ¢ D. Also, y € D, for
otherwise PN (p) = (). We obtain n € D and |D;| = 6. Assume now that p & D. If y € D,
then |D;| = 6. If y € D, then g € D to dominate p. Moreover, exactly one vertex from
{m,n} belongs to D. Thus, |D;| = 6.

(¢3) We have k € D. Suppose that ¢,d € D. By Claim 2, f,e,m ¢ D. We see that
|D;| = 7. Consider the case |D N {c,d}| = 1. It is checked directly that |D;| = 7. If
¢,d € D, then |D;| = 6. Since D is a maximum minimal dominating set, we conclude that
|Di| = 7.

(c4) We have f,g,p € D. Suppose that ¢ ¢ D. It is checked directly that |D;| = 6.
Consider the case ¢ € D. If d € D, then |D;| = 6. If d € D, then e,m ¢ D by Claim 2.
Again, |D;| = 6.

(d1) Assume that ¢,d & D. If k ¢ D, then p € D and |D;| = 5. If k € D, then it is
not difficult to see that |D; — X| = 4 and hence |D;| = 6. Consider the case ¢ ¢ D and
de D. If k € D, then p = PN (k) and hence g,p,y € D. We have |D;| = 6. If k ¢ D, then
one can easily check that again |D;| = 6. Consider the case c € D and d ¢ D. If k & D,
then p € D and |D;| = 6. If k € D, then p € D, for otherwise PN (k) = (). It is easy to
see that |D;| = 6. Finally, suppose that ¢,d € D. By Claim 2, e, f,m ¢ D. If k € D,
then p = PN (k). Therefore, y,p,g € D, n € D and |D;| = 6. If £ ¢ D, then exactly
two vertices from {n,y,p, g} belong to D and |D;| = 6. Since D is a maximum minimal
dominating set, we conclude that |D;| = 6.

(d2) The proof is analogous to the case (c3).

(d3) We have g € D. The only difference between this case and the case (b4) is that
the vertex k is dominated by &’ in the latter case. Hence, if d € D or k € D, then we
use the corresponding reasoning of the case (b4) and obtain |D;| = 7. Suppose now that
d,k ¢ D. We have p € D, for otherwise k is not dominated. Obviously that c,e, f € D
and |Dz’ =1.

(d4) We have k,g € D. Suppose that ¢,d ¢ D. It is not difficult to see that D; — X =
{k,e, f,g,p}. Hence |D;| = 7. Consider the case |D N {c,d}| = 1. It is checked directly
that |D;| = 8. Finally, assume that ¢,d € D. By Claim 2, f,e,m ¢ D and hence |D;| = 7.
Since D is a maximum minimal dominating set, we conclude that |D;| = 8. 1

Claim 4 If F; (2 < i <2k+7) has type D4, then both (i) and (ii) hold; if F; has type D4
and i = 2k + 8, then (i) holds. Furthermore, if F; (2 <1i <2k +7) is of type B4, C3, D2
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or D3, then at least one of the properties (i) and (i) holds.
(1) Fi—1 has type A1, A2, C1 or C4 and |D;_1| < 6.
(11) Fii1 has type A1, A3, B1 or B3 and |D;41| = 5.

Proof: This follows immediately from the definition and Claim 3. ]

Let F; be a component of type D4 for some ¢ < 2k+7. By Claim 3, |D;| = 8. By Claim
4, F;;q1 has type Al, A3, B1 or B3 and |D;.;| = 5. We denote by m the number of such
pairs. These components contain exactly 13m vertices of D, and any other component Fj
with j < 2k + 7 has |D;| < 7. Suppose that there exist three sequential components F;,
Fii1, Fiio such that |D;| = |D;11| = |Djise| = 7, i.e., they are of type B4, C3, D2 or D3 by
Claim 3. Applying Claim 4 to F;,; we arrive at a contradiction. Consider two components
F;, Fiyq of type B4, C3, D2 or D3 such that i < 2k 4+ 6. We have |D;| = |D;1| = 7.
Applying Claim 4 to Fj;q, we obtain |D; 5| = 5 for the component F; 5. Denote by n the
number of such triples. We see that these triples contain 19n vertices of D.

Suppose that the component Fy, g belongs to one of the above pairs or triples, and

consider a maximal sequence
E—‘rl) E+2a SE3) E-ﬁ-r

not containing the components from the above pairs and triples. It is obvious that either
|Diyri1| = 8 or |Digyri1| = |Divry2] = 7. In the first case we know that Fj ., is of type
D4 and |D;;,| < 6 by Claim 4. For the latter case we know that Fj,,,; must have type
B4, C3, D2 or D3. Hence, by Claim 4, |D;y,| < 6. Thus,

Z |Di+j| S 6.57.

j=1
Taking into account all such maximal sequences, we obtain
IDNV(F)| <13m+19n+ 6.5(2k + 8 — 2m — 3n) = 13k + 52 — 0.5n < 13k + 52.

Assume now that the component Fb; s does not belong to any of the above pairs or
triples, and denote by L a maximal sequence

Fro, Fiyo, . Foryg

not containing the components from those pairs and triples. If |Dogis| = 8, then | Doy 7| =
6 by Claim 4. We have

2k+8—1
S |Diy| <652k +8—1) 4+ 1.5 =6.5/L| + 1.5.

j=1
If |Dogyg| = 7, then it is not difficult to see that

2k+8—1
> Dyl <6502k +8—1)+1=6.5L]+ 1.

j=1

We already proved that if Fj.q, Fiio, ..., Fiy, (i + 17 < 2k + 8) is a maximal sequence not
containing the components of the pairs and triples, then

=1



Taking into account all such maximal sequences and L, we obtain
IDNV(F)| <13m+19n+ 6.5(2k +8 —2m — 3n — |L|) + 6.5|L| + 1.5 =

13k 4+ 53.5 — 0.5n < 13k + 53.5.

Thus,
[DNV(F)| <13k + 53,

as required. The proof of Proposition 1 is complete. ]

Proof: Since D is a I'-set, it follows that D is maximal irredundant. Adding to D — V' (F)
some new vertices, we will construct a set D’ which is maximal irredundant and

D' NV(F)| > 14k + 54.

We first put D' = D — V(F). Taking into account the definition of the 16 types of the
component Fy, we consider 4 cases. Suppose that k' € D and k € PN (k’, D). In this case,
we put a,b,x,m,n,y € D'. We do the same if ¥’ € D and k &€ PN(k', D). Assume that
K & Dand k' € N(D—V(F})), say k' is adjacent to k”. Now, we put a,b, z,m,n,y € D" if
k' = PN(k",D), and we put h,i,j,k,m,n,p € D' otherwise. Finally, suppose that k¥’ ¢ D
and k' € PN(k,D). We put h,i,j,k,m,n,p € D'.

Let us consider the component Fyy 5. Suppose that ¢ € D and g € PN(¢', D). We put
a,b,x,m,n,y € D'. Assume that ¢ € D but g € PN(¢’, D). We put a,b,z,m,n,y € D'.
Consider now the case ¢ ¢ D and ¢’ € N(D — V(F)), say ¢ is adjacent to ¢”. We put
a,b,z,m,n,y € D' if ¢ = PN(g¢", D), and we put a,b,c,d,e, f,g € D' otherwise. Finally,
suppose that ¢ € D and ¢ € PN(g, D). We put a,b,c,d,e, f,g € D'.

For 2 <i <2k+ 7, we put a,b,c,d,e, f,g € D' if i is even, and h, i, j, k,m,n,p € D’
if 7 is odd. It is easy to see that the resulting set D’ is a maximal irredundant set and
|D' NV (F)| > 14k + 54. Applying Proposition 1, we obtain

IR(W),) —=T(W,) > |D'| = |D| = |D' N V(F)| = |DNV(F)| > 14k +54 — 13k — 53 = k + 1.
|

Using Lemmas 1-5 we can easily choose the integer £ such that the conditions of
Theorem 1 are satisfied. The proof of Theorem 1 is complete.
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