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Abstract. For a connected graph G of order n and minimum degree § we prove the
existence of two disjoint dominating sets Dy and Dj such that, if 6 > 2, then |[D;UD,| < gn
unless G = Cy, and, if 6 > 5, then |D; U Dy| < 2%71. While for the first estimate
there are exactly six extremal graphs which are all of order 7, the second estimate is
asymptotically best-possible.
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1 Introduction

We consider graphs G' = (V, E') with vertex set V' and edge set E which are finite, simple
and undirected.

Let G = (V, E) be a graph and let u € V' be a vertex. The neighbourhood Ng(u) of u
in G is the set {v € V | wv € E} and the degree dg(u) of u in G is the number of edges
incident with u. The minimum and maximum degree of a vertex in G are denoted by §(G)
and A(G). The closed neighbourhood Nglu| of u € G is the set {u} U Ng(u). For some
ieNletVi={ueV|dgu)=i}and V5; ={u eV |dg(u) > i}.

A set of vertices D C V is said to dominate a vertex u € V', if Ng[u| N D # 0. D is
a dominating set of G, if D dominates all vertices in V' and the minimum cardinality of
a dominating set of G is the domination number v(G) of G. Similarly, a pair (D, Ds)
of disjoint sets of vertices D1, Dy C V is said to dominate a vertex v € V, if D; and
Dy dominate w. (D1, Ds) is a dominating pair, if (D, Ds) dominates all vertices in V.
The (total) cardinality of a pair (D1, Ds) is |D;| + |D2| and the minimum cardinality of a
dominating pair is the disjoint domination number yvy(G) of G.

A path of length [ > 0 in G is a sequence P : ugujus...u; of [ + 1 distinct vertices
of G such that u;_qu; € F for 1 < ¢ < [. A cycle of length [ > 3 in G is a sequence
C :uqus ... wuy such that uy, us, ..., u; € V are [ distinct vertices, u;_ju; € E for 2 <i </,
and uyu; € E. A path of length ¢ + 1 whose endvertices are of degree at least 3 and whose
17 internal vertices are all of degree 2 is called an i-path. A cycle of length ¢ + 1 which
contains 7 vertices of degree 2 and one vertex of degree at least 3 is called an ¢-cycle.

Domination is a classical and well-studied graph-theoretical notion [14,15]. Among the
most fundamental results on the domination number are upper bound for graphs which
satisfy a minimum degree condition [1,2,4,20-23].
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The first such result is due to Ore [21] who observed that the complement of every
minimal dominating set of a graph G = (V, E) of minimum degree at least 1 is also a
dominating set. This implies that every such graph has two disjoint dominating sets and
hence

1
1(G) < §|V|

For graphs G = (V, E) of minimum degree at least 2, Blank [4] and — independently —
McCuaig and Shepherd [20] proved that

v(G) < |V

ol D

unless G is one of the seven graphs Hy, Hs, ..., H; in Figure 3.

Several authors studied so-called domatic partitions which are partitions of the vertex
set of a graph into dominating sets. The maximum number of disjoint dominating sets
into which a graph can be partitioned is known as the domatic number [6] (cf. Zelinka’s
contribution to [15]). Furthermore, graphs G having two disjoint minimum dominating
sets [3] — i.e. graphs G with vv(G) = 27(G) — and also the minimum intersection of
pairs of minimum dominating sets [5,9, 13] were considered.

Recently several authors initiated the study of the cardinalities of pairs of disjoint
dominating sets in graphs. Kulli and Sigarkanti [19] introduce the inverse domination
number which is the minimum cardinality of a dominating set whose complement contains
a minimum dominating set (cf. [8,11]).

Motivated by the inverse domination number, Hedetniemi et al. [17] defined and studied
the disjoint domination number vv(G) of a graph G. By Ore’s observation,

1(G) < |V

for every graph G = (V, E) without isolated vertices and Hedetniemi et al. characterized
all extremal graphs for this bound. They also proved that it is NP-hard to determine
vy(G) even for chordal graphs G. In [17] they list 22 open problems in connection with
the disjoint domination number, 9 of which were solved in [18].

It is a natural question why to devote special attention to the case of two disjoint
dominating sets rather than k disjoint dominating sets for general k. The reason is that,
by Ore’s observation, the trivial necessary minimum degree condition is also sufficient for
the existence of two disjoint dominating sets. For all fixed k > 3, it is NP-complete [12]
to decide the existence of k disjoint dominating sets and no minimum degree condition is
sufficient for the existence of three disjoint dominating sets. As a simple example attributed
to Zelinka consider a bipartite graph with one partite set A containing 30 — 2 vertices and
a second partite set B containing (35[;2) vertices each of which is adjacent to a different
set of § vertices from A. Clearly, this graph has minimum degree § but does not contain
three disjoint dominating sets.



Feige et al. [10] (cf. also [7]) proved that every graph G can be partitioned into

(1= o) [

dominating sets where the o(1)-term tends to 0 as A(G) tends to infinity. Considering the
smallest k of these sets implies that every graph G has k disjoint dominating sets whose
total cardinality is

kIn A(G)

(1+0(1)) WWY (1)

Our results in the present paper are

e a best-possible upper bound on the disjoint domination number of graphs of minimum
degree at least 2 together with the characterization of the unique exceptional graph
and the six extremal graphs (Theorem 6) and

e an asymptotically best-possible upper bound on the disjoint domination number of
graphs of minimum degree at least 5 (Theorem 8).

The first result is inspired by McCuaig and Shepherd’s [20] work and their seven exceptional
graphs Hi, H,, ..., H; play an important role. The second result improves (1) for £ = 2
and relies on a beautiful probabilistic argument used by Alon and Spencer [1] to prove the
asymptotically best-possible bound

1+In(0(G)+1)
N = 571

VI

2 Graph of Minimum Degree at least 2

We first prove the desired bound for graphs which arise by suitably subdividing the edges
of some multigraph which may contain multiple edges but no loops.

Theorem 1 Let G* = (V*, E*) be a multigraph which may contain multiple edges but no
loops such that every vertex is incident with at least 3 edges. Let EYUE;UES be a partition
of the edge set E* of G*.

If the graph G = (V, E) arises from G* by subdividing every edge in E; exactly i times
for 1 <i <3, then G has a dominating pair (D1, Dy) such that V>3 =V* C Dy U Dy and
|D1 U D2| < g’V|

Proof: Let G* and G be as in the statement of the result. We will prove the desired
statement by explicitely describing the construction of a suitable dominating pair (D1, Ds)

for G. Initially, let (Dy, Do) = (0,0).



Note that the edges in EF correspond exactly to the i-paths of G. Let p; = |E}| for
1 < i < 3. Furthermore, let n; = |V;| and ns; = |V5,| for i € N. Clearly, counting the
vertices of G and the edges of G* we obtain

V| = ns3+p1+ 2p2 + 3p3 and (2)
« 3
E*| = pitpt+ps> ons 2n3y. (3)

As a first step, we add all vertices in V>3 = V* to either Dy or Ds.

If u,v € V53 are the endvertices of an i-path P, then we call P good, if either i € {1,3}
and u and v do not both lie in one of the two sets D; and D, or i = 2 and u and v both
lie in one of the two sets Dy and Do, i.e.

either i€ {1,3} and [{u,v} N Di|=[{u,v} N Dyl =1,
or =2 and {[{u,v} N D[, {u,v} N Dsf} = {0,2}.

We call i-paths bad, if they are not good and denote the number of bad i-paths by b; for
1 <3 <3,

We assume that the vertices in V>3 = V* are added to either D; or D, in such a way
that the total number of bad i-paths is as small as possible, i.e.

(bl + bQ + bg) — min. (4)

Next, for every good i-path, we add ¢ — 1 of the internal vertices to either Dy or Dy and
for every bad i-path, we add all ¢ internal vertices to either D; or Dy in such a way that
(D1, Dy) dominates all vertices of degree 2 and as many vertices of degree at least 3 as
possible, i.e. if V and V>Z denote the sets of vertices in V; and V5; which are not — yet —
dominated by (D, Dy), 7; = |Vi|, and f>; = V], then

n>3 — min. (5)

Clearly, we may assume that the internal vertices of all i-paths are added to either Dy or
D, as indicated in Figure 1 where all vertices within squares belong to one of the two sets
Dy or Dy and all vertices within cycles belong to the other set.

Fe—a( e et Je-e—e e

good 1-path good 2-path good 3-path
bad 1-path bad 2-path bad 3-path
Figure 1



Let V; and V5; denote the set of vertices in V; and V5; which do not belong to a bad i-path
or a good 3-path. Let 7i; = |V;| and #i>; = |V5;|. Since all vertices in V>3 which lie on a
bad i-path or a good 3-path are already dominated by (D, Ds), we have

ns < ng (6)
and
>3 < >3, (7)
Claim 1 | | )
(b1 + by +b3) < 5(191 +p2 +p3) — s N>y4 — §ﬁ3 (8)

Proof of Claim 1: It follows by the handshaking lemma that

2(p1 +p2+p3) = Zmz
i>3

Furthermore, by (4), every vertex in V>3 belongs at least to as many good i-paths than
bad i-paths. Therefore, another application of the handshaking lemma yields

>3 >3
(20
N HE

Combining these two observations, we obtain

2(b1 +ba+b3) < 2(p1+p2tps) =) EJ = [ﬂ n;

i>3 i>3
= (p1+p2+Dp3) +Z§nz - Z {ﬁJ n; — Z [5—‘ n;
i>3 i> i>3

1 . .
< (p1+p2+ps)— 5”3 — 2M>4 — N3

which is equivalent to the statement of the claim. O

For the purpose of the present proof we will consider a suitable directed graph

C_j*
with vertex set V* = V>3 which contains a directed edge (u,v) from u to v for every good
2-path P : uzyv in G such that y € Dy U Dy, i.e. a directed edge “(u,v)” indicates that
v is already properly dominated by the vertices on P. (Note that G* can contain multiple
directed edges.)

For a vertex u € Vg let
T

denote the set of vertices v € V>3 such that G* contains a directed path from u to v.
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Claim 2 Ifv € T, for some u € Vzg, then v is not contained in a bad i-path or a good
3-path in G and v is not the endvertex of two directed edges in G*.

Proof of Claim 2: For contradiction, we assume that vertices u and v as stated in the claim
exist.

Let P : uguy ...u; be a directed path in G* from u = g to v = u;. By definition, every
directed edge (u,_1,u,) for some 1 < r <[ corresponds to a good 2-path P, : u,_12,y,u,
with y. € D; for some fixed s € {1,2}. If we replace the vertex y, in Dy with z, for
1 < r <[, then, by the assumption, all vertices which were dominated by (D;, Dy) — in
particular v — are still dominated by the new pair and the total number of bad i-path
remains unchanged. Since u is dominated by the new pair, n>3 is reduced by 1, which is
a contradiction to (5). O

By Claim 2, the sets T;, for u € Vzg induce disjoint rooted treed T, w within G* with root w.
Furthermore, again by Claim 2, every leaf of T, which is different from w is the endvertex
of at least two good 1-paths. Clearly, the sum of the number of good 1-paths which contain
u and the number of leaves in T}, is at least dg(u) > 3. Therefore, we can associate 3 good
1-paths to every vertex in Vzg such that every good 1-path is associated at most twice to
vertices in Vzg. By double counting, we obtain

. 2 2
nx3 < =(p1—b) < oo 9)
3 3
We now turn (D, D) into a dominating pair of G by adding at most n>3 vertices to the
two sets and possibly moving some vertices from D to D3, if all their neighbours belong
to Ds.

We are ready to estimate the cardinality of (D;, Dy).

|D1UDs| < nsg+ by +pa+ by + 2p3 + bs + N3

(i) n 1 n 3 n 5 1 . 1. Sy
n — — —D3 — —N3 — N>q4 — =N n
= >3 2191 2]92 2]73 1 3 >4 5 3 >3

= - +§ +§ +§n +n +1n + (Nzq — 70 )+1(n )
= 2271 2]?2 2]03 1 3 >4 5 3 >4 >4 5 3 3
M 1 3 5 3 1

< —-p1+=p2+ =ps+-n3+ + =7
= 2171 2]92 21?3 47"L3 N>y 2”3

(2) 1 + 5 + > + 5 + + 1 + L 5
— — — -n n —-n -p1— =N
= 2p1 2]72 2]?3 A 3 >4 5 3 4]91 3 3

< + 5 + > + ! +
- — — -n n
= 4291 2]92 2103 3 3 >4

(2) 3 +3 +5 +7 + + 1( + p2 + p3) 3 L
” = = sng+n — —SNnNg — N
> 4271 2292 21’03 3 3 >4 14 P1 T P2 T DP3 28 3 7 >4
23 +2 1 +3 0 +43 +6
= _— - —_— . — —n —’]’L
28! 1472 7P3 T g T g2
@ 6
) v
— 7’ |7



where equality is only possible if p; = p, = n3 = 0, i.e. every vertex in G belongs to a
3-path and no vertex has degree exact 3.
In this case

VI = 3ps+nz, (10)
D3 2 27124 (11)

and we construct a dominating pair (D;, D) for G in the following way: First we add
all vertices in V>4 to either Dy or Dy in such a way that the number of bad 3-paths is
minimum as in (4). Clearly, every vertex in V5, belongs to a good 3-path. Therefore, we
can turn (Di, Dy) to a dominating pair of G by adding exactly two internal vertices of
every 3-path to either D; or Dy as indicated in Figure 2.

Fro—sf@-a  Jo-eofE

good 3-path bad 3-path

Figure 2
Now
|IDyUDy| < nsy+2ps

1 2
< nsg+2p3+ <—p3 - —n>4)

7 7
5) +15
= —n -
7 >3 7p3
(10) §
‘v
< 2w
6
< |V
7| |7

and the proof is complete. O



U2 vy U3 Uy U2 (o

U3
(%1 U3 01 U1 Us
Uy Uy Vg Vs (% Ve
H1 H2 H3
H4 H5 H6 H7
Figure 3
Lemma 2 (i) yy(Hy) =4, vy(H2) = ... =vyy(H7) =6.

(i) If G = (V,E) € {Hy,Hs, Hs} and v € V', then G has a minimum dominating pair
(D1, Dy) such that v € D.

(1)) If G = (V,E) € {Hy,Hy, Hs} and v € V, then there is a pair (D1, Ds) of disjoint
sets of vertices of G such that |Dy U Dy| = vy(G) — 1, v € Dy, Dy is a dominating
set, and V '\ {v} C Ng[Ds].

(iv) If G arises from a path P : vivs... 00041 ... Upys by adding the edge viv, such that
r € {3,4,5} and s € {1,3,4,5}, then G has a minimum dominating pair (D, Ds)
with V.15 € Dy, Upys—1 € Do, and v, C Dy U Dy. Furthermore, yy(G) < g|V| with
equality if and only if (r,s) = (4,3).

Proof: Since (i) is easily verified, we proceed to (ii).

Clearly, ({vi, vs3}, {ve, v4}) is a dominating pair of Hy, ({v1,vs, v6}, {v2, v, v7}) is a dom-
inating pair of Hy, and ({v1,vs, v}, {vs, v4, v7}) is a dominating pair of Hz. By symmetry
- considering suitable automorphisms of the graphs, (ii) follows.

If G = Hy, then let (Dq, Ds) = ({v1,v2},{v3}), and, if G = Hs, then let (Dq, Ds) =
({v1,v4,v5}, {vs,v6}). In both cases v; € Dy, D; is dominating, and V' \ {v;} C Ng[Ds]
which, by symmetry, implies (iii) for G € {Hy, Ha}.

If G = Hs and (Dq,Ds) = ({v1,v4,v6},{vs,v5}), then v; € Dy, Dy is dominat-
ing and V \ {v1} C Ng[Dy]. If G = Hy and (D1, D3) = ({v2,v3,v6},{vs,v7}), then
vy € Dy, Dy is dominating and V' \ {va} C Ng[Ds]. Finally, if G = Hs and (Dy, D) =
({vs, v, v7}, {v1,v5}), then v3 € Dy, Dy is dominating and V' \ {v3} C Ng[Ds]. By sym-
metry, the above observations imply (iii) for G = Hj.
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Now let G be as in (iv). It is easy to verify that the Table 1 defines suitable minimum
dominating pairs for G which completes the proof. O

r]s[D | D |
311 | {vg,v4} {vs}
313 | {vs,v6} {vg,v5}
3 4 {UQ,U4,U7} {Ug,vﬁ}
315 | {vs,vs,vs} {vg, vg,v7}
411 | {vg,v5} {vs, v4}
4|3 | {ve,v4,v7} {v1,v3,v6}
4 4 {UQ,U5,U8} {Ug,U4,U7}
415 | {vs,vg,v6,09} | {va,v5, 08}
5 1 {UQ,’U4,1)6} {U3,’U5}
513 | {vs,vs, v} {vg, vg,v7}
514 | {vg,v4,v6,09} | {v3,05,08}
515 | {vs,vs,v7,v10} | {v2,v4, V6,9 }

Table 1

Lemma 3 If G = (V, E) is a graph such that
(1) 6(G) = 2,
(ii) G is connected,
(iii) V>3 is independent, and
(iv) G & {H:, Hy, H3},
then G has a dominating pair (Dy, Ds) with Va3 C Dy U Dy and | Dy U Dy| < E|V].

Proof: For contradiction, we assume that G = (V, E) is a counterexample of minimum
order. It is easy to check that |[V| > 5.

Claim 1 There is no path P : vivouzvgvs in G such that the vertices vy, ve, v3, and vy are
of degree 2 and vivs & E.

Proof of Claim 1: For contradiction, we assume that a path P as described in the claim
exists. The graph

Gl = G[V \ {UQ, V3, ’114}] + V1V5
= (V\ {ve,vs, 04}, (E\ {v1v2, vau3, 304, V405 }) U {v105})

satisfies (i)-(iii) of the hypothesis.



If G' € {Hy, Hs, H3}, then G is either Hs, or a cycle of length 10 or arises from Hj
by subdividing one edge three times. In all three cases the desired result follows easily.
Hence, we may assume that G' & {Hy, Ho, H3}.

By the choice of G, this implies the existence of a dominating pair (D}, D}) of G’ with
Vo = VL3 € D{UD) and | DU D] < &(|V|—3). Since der(vy) = 2, either vy or vs belong
to D} U Db,

If vy & D} U D) and vy € D, then let (Dy, Dy) = (D} U{wvs}, DU {vq}), if vy € D]
and vy € D), then let (Dy, Dy) = (D} U{vs}, Dy U{vs}), and if v; € D} and vs ¢ D}, then
let (D1, Dy) = (D] U{vs}, D5 U{vs}). In all three cases (Dy, Ds) is a dominating pair of
G with 5 5

|DyUDy| =|DyU D +2< ?(|V| -3)+2< ?|V]

which is a contradiction. By symmetry, this completes the proof. O

Claim 2 There is no cycle C : vivgusvgvy in G such that dg(vi) + dg(vs) > 7, dg(ve) =
dc(vy) = 2 and GV \ {vq, v4}] has two components with vertex sets {v,} UU; and {vs}UU;
such that vi ¢ Uy and vs &€ Us. (Note that one of the two sets Uy and Us may be empty.)

U1 Ul
U4 Vg Q v
U3 U3
G G’
Figure 4

Proof of Claim 2: For contradiction, we assume that a cycle C' as described in the claim
exists. The graph G’ which arises by contracting the cycle C' to a single vertex v satisfies
(1)-(iii) of the hypothesis. Since d¢/(v) > 3, the graph G’ is different from H;. Therefore,
by Lemma 2 (i) and the choice of G, G’ has a dominating pair (D}, Dj) such that v € D]
and | D} U Dj| < &(|V| — 3). By symmetry, we may assume that v has a neighbour v in
Dy nVi. Now (Dy, Ds) with

D1 = {Ul,Ug}U<D/1ﬂU1)U(D;ﬂU3) and
Dy = {us}U(DyNUL) U (D NUs)

is a dominating pair of G with
, , 6 6
[D1U Dy = [(Dy\ v U Do +3 < { 2(IV]=3) =1 ) +2< V],
which is a contradiction. O
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Claim 3 There are no six vertices vy, Vs, V3, Vg, Vs, Vg € V' such that
VU2, VU3, U3Vg, V4Vs, V2Us, UgUs € F,

v1, vs, Us, and vg are of degree 2, vy and vy are of degree 3, G|V \ {vy}] is not connected.

U3
U1 U2 V4 Us w
Vs
Figure 5
Proof of Claim 3: For contradiction, we assume that six vertices vy, vy ..., vg as described

in the claim exist. Let w be the neighbour of v different from v4. The graph
G = GV \{vs,v3,v4,v5 06} + v1w

satisfies (i)-(iii) of the hypothesis.

Since the edge vyw is a bridge of G', G' ¢ {Hy, Hy, H3}. By the choice of G, this
implies the existence of a dominating pair (D}, Dj) of G' with V53 \ {va,v4} C D} U D),
and | D} U D] < &(|V| —5). Since der(v1) = 2, either vy € D{ U D}y or w € D} U Dj.

If v, ¢ D} U D) and w € D), then let (Dy, Dy) = (D} U {vg,v6}, Dy U {vg,v3}), if
vy € Dy and w ¢ D} U D), then let (Dy, Dy) = (DyU{wva,v5}, DyU{vs,v4}), if v1 € D] and
w € DY, then let (Dy, Do) = (D] U{vy}, Dy U{vs,v5}), and if v; € D] and w € D), then
let (D1, Ds) = (D] U{vy,v5}, DS U{vse,v3}). In all four cases (D, Dy) is a dominating pair
of G’ with 5 6

|Dy U Dy| < |DjUDgy|+4< ?(]V] —5)+4< ?\V\

which is a contradiction. By symmetry, this completes the proof. O

By Claim 1, for every i-path in G we have ¢ € {1, 2,3} and for every i-cycle in G we have
i€{2,3,4}.
If G has no i-cycle, then the desired result follows from Theorem 1. Hence, we may
assume that
C:vvy.. .00

with r € {3,4,5} is an (r — 1)-cycle and dg(v,) > 3. If dg(v,) = 3, then there is an
(s — 1)-path
P :vv, .00

in G with s € {2,3,4}, v,11 &€ {v1,v,_1}, and dg(v4s) > 3. If dg(v,) > 4, then let s = 0,
ie. se {0,234},

Claim 4 dg(v,) <4 and, if da(v,) = 3, then dg(v,45) = 3.

11



Proof of Claim 4: For contradiction, we assume that dg(v,) > 5 or that dg(v,) = 3 and
dc(vr4s) > 4. The graph G' = G[V '\ {v1,va, ..., vr4s—1}] satisfies (i)-(iii) of the hypothesis
and is different from H; and H,. Therefore, by Lemma 2 (i) and the choice of G, G’ has a
dominating pair (D}, D}) such that v, € D] and |D{ U Dj| < S(|V]| — (r + s — 1)).

Table 2 summarizes how to construct a suitable dominating pair (D;, Ds) for G which
yields a contradiction and completes the proof of the claim. O

| | DI\D{ [ Dy\Dj |
0 {oi}

{v2} {vs}

{vs} {v2, va}
{va, v4} {v1,v5}
{vs} {2}
{U1,U3} {Uz,v4}
{U3,U4} {Uz,Us}
{Uz, U5} {Uh U3, UG}
{vs} {v1, va}
{va, va} {vs, vs}
{U3, Us} {UQ, Uy, UG}
{UQ,U4,06} {01,03,1)7}

YO O O i s | W W W W=
B WIN| O WO WO ®»

Table 2

By Claim 4, v, has exactly two neighbours x,y & {v1,va,...,v,151}. By (iii), dg(z) =
da(y) = 2.

If xzy € E, then V = {vy,v9,...,0,15,2,y} and the result follows easily using Lemma 2
(iv). Therefore, the unique neighbour z of y different from v, is different from z.

If xz € E, then Claim 2 and Claim 3 imply that V' = {vy,vs,..., 045, x,y, 2} and the
result follows easily. Therefore, xz € F.

The graph

G =V E)=GV\{v,ve,...,004sy} + 22

satisfies (i)-(iii) of the hypothesis.

If G € {Hy, Hy, Hs}, then the desired result follows easily by combining Lemma 2 (iii)
and (iv). Hence, we may assume that G’ € {Hy, Hy, H3}. This implies, by the choice of
G, that G’ has a dominating pair (D}, D}) with VZ; C D} U D} and |Dj U Dj| < &[V'|.
In this case, Lemma 3 (iv) easily implies that G' has a dominating pair (Dy, Dy) with
Va3 € D1 U D, and | Dy U Dy| < 8|V| which is a contradiction and completes the proof. O

Lemma 4 If G = (V, E) is a graph such that
(i) 0(G) = 2,

(i1) G connected,

12



(11i) G is edge-minimal with respect to (i)-(ii), and
(M}) G ¢ {Hh HQ; H3}7
then vy(G) < &V

Proof: Let ¢(G) denote the number of 3-cycles of G with exactly one vertex of degree 3.
For contradiction, we assume that G = (V, E) is a counterexample for which |V| 4 ¢(G) is
minimum. Clearly, we may assume again that V| > 5.

In view of Lemma 3, we may assume that V53 is not independent, i.e. v'v"” € E for some
v, 0" € Vsg. By (iii) of the hypothesis, the edge v'v” must be a bridge, i.e. G arises from
the disjoint union of two graphs G’ = (V' E’) and G"” = (V" E") by adding the bridge
v'v"” where v' € V’ and v” € V”. Note that G’ and G” satisfy (i)-(iii) of the hypothesis.

First, we assume that G',G” € {Hy, Hy, H3}. In this case let (D, D}) and (DY, DY) be
as in Lemma 2 (iii) with o' € D] and v" € D]. Clearly, (DU D}, DY U D}) is a dominating
pair of G and | D} U D§ U D} U Dj| < &|V| which is a contradiction.

Next, we assume that G’ € {Hy, Hy, H3} and G” # H;. Since ¢(G'),c(G") < ¢(G) + 1
and [V’|,[V”] > 3, we obtain, by the choice of G, vy(G') < £[V’| and y7(G") < S|V"|.
If (D}, D) and (DY, DY) are minimum dominating pairs of G’ and G”, then (Dy, Dy) =
(D{UDY, D4UDY) is a dominating pair of G with |[D;UD,| < £|V| which is a contradiction.

Therefore, we may assume that G’ ¢ {Hy, Hy, H3} and G” = Hy, i.e. G" is a 3-cycle of
G with exactly one vertex of degree 3. Let

G” = ({U” = Uy, V2, Vs, 04}7 {’U11)27 Va3, U3y, U4U1})

and let
G" =G — vy +0'vy = (V,(E\ {vioa}) U {v'vs}).

Clearly, G" satisfies (i)-(iii) of the hypothesis, G" & {H, Hs, H3} and ¢(G") < ¢(G).
Therefore, by the choice of G, we obtain that yy(G") < S|V|.
Let (DY, DY) be a minimum dominating pair of G"””. Note that

‘(Dllll U DIQ/I) M {/0/7,0177}27 U3, U4}‘ 2 4
and that we may assume v' € D{". Now, (Dy, Dy) with

Dy = (D{\{v1,v9,v3,v4}) U {v3} and
Dy = (D3 \{v1,v2,v3,v4}) U {01, 02}

is a dominating pair of G with |D; U D,| < £|V| which is a contradiction.
This completes the proof. O

Lemma 5 (McCuaig and Sherpherd, cf. Lemma 2 in [20]) IfG = (V, E) is a con-
nected graph with |V| <7, 6(G) > 2, and ~(G) > 2|V, then

G € {H,,H,,H;, Hy, H5, Hg, H7}.

13



Theorem 6 If G = (V, E) is a graph such that
(1) 6(G) = 2,
(ii) G connected, and
(i) G & {H,y, Hy, H3, Hy, Hs, Hg, H7},
then vy(G) < §|V|.
Proof: Let G' = (V', E’) be a graph with V/ =V and E’ C E such that
(i) 6(G") = 2,
(ii) G’ connected, and
(iii) G’ is edge-minimal with respect to (i)-(ii).

Clearly, vy(G'") > vy(G), and thus, by Lemma 4, the statement of the theorem is true, if
G' ¢ {H,, Hy, Hy}.

If G’ = Hy, then it is straightforward to check that vv(G) < 2|V|, because G # H;.
Therefore, we may assume that G’ € {H,, H3}.

If G has a hamiltonian cycle and v(G) < 2, then yy(G) < 5, because for any 2 vertices
v;,v; € V there exists a dominating set of G of cardinality 3 that does not contain v; or v;.
Thus, if G’ = H,, then, by Lemma 5, vy(G) < 2|V|, because G & {H,, Hy, Hs, Hg, Hz}.

Hence we may assume that G' has no hamiltonian cycle and G' = Hs. If G = (V" E")
is a graph that arises from Hj by adding an edge e € E'\ E’, then yvy(G") > vv(G). By
symmetry, e € {v1v3, V104, V1V, Vov4, Vo207 } (cf. Figure 3). Thus yy(G") < % or G = Hg in
which case G' has a hamiltonian cycle — a contradiction. This completes the proof. O

While Theorem 6 is best-possible in view of the graphs Hs, Hs, ..., H7, we believe that the
following considerable strengthening is possible.

Conjecture 7 If G = (V, E) is a graph such that
(1) 6(G) = 2,
(ii) G connected, and

(i) G & {H,, Hy, H3, Hy, Hs, Hg, H7},

then vy(G) < g|V].

By the results of McCuaig and Shepherd [20], there would be infinitely many extremal
graphs for this estimate. In fact, we believe that the edge-minimal extremal graphs for the
bound in Conjecture 7 are the same as those described in [20] for the bound v(G) < 2|V|.

14



3 Graph with Minimum Degree at least 5

In this section we prove an upper bound on vv(G) for graphs G using the probabilistic
method.

The proof builds on an elegant probabilistic argument given by Alon and Spencer [1].
Several times during the proof we will use Ore’s observation [21] that the complement of a
minimal dominating set in a graph of minimum degree at least 1 is also a dominating set.

Theorem 8 [fG = (V, E) is a graph of order n and minimum degree § > 5, then

1+ 1In(0 + 1)n

<
1(G) <2 51

Proof: Let p = %. Note that p < %

We construct a partition of V' into three sets
V=DuDIuy

by assigning every vertex independently at random to the set D{ with probability p, to the
set DY with probability p, and to the set Y with probability (1 — 2p).
Clealy, E[|DY] = E1DY]] = np.
Let
Z'={v eV |Ngv]n(DyuDI) =0}.

For a fixed vertex v € V, we have
Pve Z'] =P [Nglv] CY] = (1 —2p)lettL,
Let
Dy
be a minimal dominating set of G[Z'] and let
D,

be the union of Z'\ D} and a minimal set of vertices of G such that each isolated vertex in
G[Z'] has a neighbour in D). Clearly, D3 C Y \ Dj and (Di, D)) dominates every vertex
in Z1.

Note that |Dj| + |D3| < 2]|Z'| and thus

E [|D}| + |D§I] < 22(1 — 2p)dc(v)+1.
veV

Let
Zi ={v eV |Ngv]n(DyuD;) =0}.

Note that | Ng[v]ND3| > 1 for each v € Z2, since otherwise v € Z' and thus | Ng[v]NDi| > 1
- a contradiction to v € Z3.
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For a fixed vertex v € V,

PlveZi] = P[Nglv]n(D}uUDy)=10]

P [(Ng[v]n DY = 0) A (Ng[v] N Dy # 0)]

P [Ng[v] N DY = 0] — P [Ng[v] N (DY U DY) = 0]
(1— p)dc(v)H —(1- 2p)dc(v)+1_

IN

Let
D?

be a minimal set of vertices in V'\ (D9 U D1}) such that each vertex v € Z? which satisfies
[Ne[v] N (D3 U Dy)| < da(v) +1

is dominated by D?. Note that |D?| < |Z?| and thus

E[|DY]] <) ((1=p)e®H — (1 —2p)fe@t).

veV
Let
Zy={v eV |Ngw]n(DIUD}) =0}.

Note that | Ng[v]ND?| > 1 for each v € Z3, since otherwise v € Z' and thus |Ng[v]ND3| > 1
- a contradiction to v € Z3.
For a fixed vertex v € V,

PlveZy] = P[Ng]n(DSUDy) =0

P
P [(Ne[v] N D3 = 0) A (Ngv] N DY # 0)]
P
(1

IN

[Ne[v] N Dy = 0] — P [Ng[v] N (D3N DY) = 0]
— p)dc(v)+1 —(1— 2p)dc(v)+1'
Let
D;
be a minimal set of vertices in V' \ (DY U Di U D?) such that each vertex v € Z2 which

satisfies
|INg[v] N (DY U Dy U D?)| < dg(v) + 1

is dominated by D3. Note that | D3| < |Z2| and thus

E [|D§|} < Z ((1 _p)le®HL (1 2p)dG(v)+1) .

veV

For i € {1,2} let
D)= DU D} u D?.

Clearly, Dy N D} = 0.
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For i € {1,2} let

X;={veV|Ngv|CD}.
Let D? be a minimal dominating set of G[X3_;] for ¢ € {1,2}.
Let

Dy = (D)\ D3)uD? and
Dy = (DQ\D?)UDS-

Clearly, (D, Ds) is a dominating pair of G and, by the first moment method [1], we obtain

1(G) < E[[Di| + D]

E [|(Dy\ Dy) U DY|] + E [|(D;\ Dy) U D]

= E[Di[] + E[|Dy]]

= E|[|D}uUD;uU Dj] +E[|DOUD1UD2|]

2np+22(1_2 o v)+1+22 p)le@+ _(1_2p)dc(v)+1)

veV veV

2np+2) (1 —p)e@*

2np + 2n(1 — p)°*!
2np + 2ne PO+
1+1In(0+1)
n—
d+1

IA

VANVAN

which completes the proof. O
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