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Abstract

Combining theoretical arguments with calculations in the computer algebra package
GAP, we are able to show that there are 27 isomorphism classes of hyperplanes in the
near hexagon for the group Uy (3). We give an explicit construction of a representative of
each class and we list several combinatorial properties of such a representative.
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1 Introduction

1.1 Basic definitions

In this subsection, we recall the basic notions regarding hyperplanes, embeddings and near
polygons which are necessary to understand the results discussed in Subsection 1.2. Readers
familiar with these notions might skip this subsection and go immediately to Subsection 1.2.

Let I' = (P, L, 1) be a point-line geometry with point-set P, line-set £ and incidence relation
[ CPxL. AsetS of points of I is called a subspace if every line containing at least two points
of S is completely contained in S. A hyperplane of T" is a proper subspace of I' which meets
every line.

A full (projective) embedding of T into a projective space ¥ is an injective mapping e from
P to the point-set of ¥ satisfying: (i) (e(P))s = X; (ii) e(L) := {e(z)|x € L} is a line of
Y. for every line L of I'. The dimensions dim(X) and dim(X) + 1 are respectively called the
projective dimension and the vector dimension of e. If e : I' — X is a full embedding of I'; then
for every hyperplane a of ¥, e~ !(a N e(P)) is a hyperplane of I'. We say that the hyperplane
e H(ane(P)) of T arises from the embedding e.

Two full embeddings e; : I' — ¥; and ey : I' — X5 of T' are called isomorphic (e; = ey) if
there exists an isomorphism f : 3; — Y5 such that e; = foey. If e: I' — X is a full embedding
of I and if U is a subspace of ¥ satisfying



(C1) (U,e(p))s # U for every point p of T,
(C2) (U,e(pr))s # (U, e(p2))s for any two distinct points p; and py of ',

then there exists a full embedding e/U of T" into the quotient space ¥/U mapping each point
pof ' to (Uye(p))s. Ifeg : T' — 3 and ey : I' — ¥y are two full embeddings of I, then we
say that e; > eq if there exists a subspace U in ¥; satisfying (C1), (C2) and e;/U = ey. If
e: ' = ¥ is a full embedding of I', then by Ronan [28], there exists (up to isomorphism) a
unique full embedding € : I' — ¥ satisfying (i) € > e, (i) if ¢ > e for some full embedding €' of
[, then € > ¢/. We say that € is universal relative to e. If € = e for some full embedding e of T,
then we say that e is relatively universal. A full embedding e of T" is called absolutely universal
if it is universal relative to any full embedding of I" defined over the same division ring as e.

Suppose I' = (P, L, 1) is a point-line geometry with three points on each line. If X; and X5
are two sets of points of ', then we define X; * Xy = (X7 N X3) U (P \ (X7 U Xy)). Clearly,
X1+P =X, X1 X1 =P, X1 Xy = Xox X; and Xp * (Xy x X3) = (X7 * Xy) * X3 for
all X1, X5, X3 CP. If X; and X, are two distinct hyperplanes of I', then X; x X5 is again a
hyperplane of I". If H(I") denotes the set of all hyperplanes of I, then H(I') U {P} carries the
structure of a vector space over the field Fy if we put Hy + Hy := Hy % Hy, 0 - H; := P and
1- Hy := H; for all Hy, Hy € H(T).

Suppose I' = (P, L,1) is a fully embeddable point-line geometry with three points on each
line. Then by Ronan [28], I admits the absolutely universal embedding and every hyperplane of
' arises from this embedding. We now give a description of the absolutely universal embedding
of I'. Let V be a vector space over the field F, with a basis B whose vectors are indexed by the
elements of P, say B = {7, | p € P}. Let W denote the subspace of V' generated by all vectors
Up, + Up, + Upy wWhere {p1,pa, ps} is a line of I'. Then the map p € P — {7, + W, W} defines a
full embedding of I" into the projective space PG(V/W') which is isomorphic to the absolutely
universal embedding of I'.

A near polygon is a partial linear space I' = (P, £, 1) with the property that for every point
p € P and every line L € L, there exists a unique point on L nearest to p. Here, distances
d(-,-) are measured in the collinearity graph G of T". If d is the diameter of G, then the near
polygon is called a near 2d-gon. We will always assume that d is finite. The near 0-gon consists
of one point (no lines) and the near 2-gons are precisely the lines. Near quadrangles are usually
called generalized quadrangles (GQ’s).

For every point z of a near polygon I' = (P, L,1I), for every non-empty subset X of P
and every i € N, we define T;(z) := {y € P|d(z,y) = i}, 2+ = To(z) UT(z), d(x, X) =
min{d(z,y) |y € X}, Ti(X) = {y € P| d(y, X) = i}. If X; and X, are two non-empty sets of
points of T, then we define d(X1, X3) := min{d(x1, z2) |21 € X; and x5 € X5 }.

A near polygon is called dense if every line is incident with at least three points and if every
two points at distance 2 have at least two common neighbours. By Theorem 4 of Brouwer
and Wilbrink [5], every two points of a dense near polygon at distance ¢ from each other are
contained in a unique convex sub near 2d6-gon. These convex sub near 26-gons are called quads



if § = 2. If Xy, Xs,..., Xy are k (sets of) points of a near polygon I', then (X7, Xs,..., X})
denotes the smallest convex subspace of I' containing Xy, X, ..., X}.

The set of points at non-maximal distance from a given point x of a dense near polygon I'
is a hyperplane of I'. We call this hyperplane the singular hyperplane with deepest point x and
we denote it by H,. By Shult [30, Lemma 6.1], every hyperplane of a dense near polygon is
also a maximal subspace. If H is a hyperplane of a dense near polygon I' and if @) is a quad
of ', then either Q C H or Q N H is a hyperplane of Q). By Payne and Thas [26, 2.3.1], one of
the following cases then occurs:

(i) Q € H;

(ii) Q N H = 2+ N Q for some point z of Q;

(iii) @ N H is a proper subquadrangle of Q;

(iv) @ N H is an ovoid of @, i.e. a set of points of () meeting each line in a unique point.
If case (i), (i), (iii), respectively (iv), occurs, then @ is called deep, singular, subquadrangular,
respectively ovoidal, with respect to H.

Let e : I' — ¥ be a full embedding of a dense near polygon I' = (P, £, 1). If H is a hyperplane
of I arising from e, then since H is a maximal subspace of ', (e(H))y is a hyperplane of ¥ and
(e(H))s Ne(P) =e(H). The embedding e is called polarized if every singular hyperplane of T’
arises from e. If e is polarized, then the subspace R, := (),.p(e(H,))x satisfies the conditions
(C1) and (C2) mentioned above and e¢/R, : I' — ¥/R, is also a full polarized embedding of T',
see [15]. The embedding e/R, is called a minimal full polarized embedding of T

Now, let I" be a dense near polygon with three points on each line. Then I' has a full
embedding, see e.g. [15], and hence admits the absolutely universal embedding ¢ : I' — X
by Ronan [28]. The embedding € := €/R; is the unique minimal full polarized embedding of
[: we have ¢/ > € for any full polarized embedding ¢’ of T'. By Ronan [28], every hyperplane
of I" arises from e. The set H(I") of all hyperplanes of I' carries the structure of a projective
space isomorphic to (the dual of) Y if one takes the sets {Hy,Hy, H, x Hy}, H;, Hy, € H(I)
with Hy # Hs, as lines. Let H'(I") denote the subspace of H(I') generated by all singular
hyperplanes. Then H'(I") coincides with the set of all hyperplanes arising from the minimal
full polarized embedding e.

Remark. IfI'is a dense near polygon with three points per line, then the minimal full polarized
embedding e is sometimes also called the near polygon embedding.

1.2 The results

Classification results for hyperplanes have been obtained for several classes of dense near poly-
gons with three points per line, see [4] for the My, near hexagon Es, [27] (see also [14, Section
9]) for the dual polar space DW (5,2), [16, 17] for the dual polar space DH(5,4) and [18] for the
near hexagon Hj on the 2-factors of the complete graph Kg. The aim of the present paper is to
give a classification of the hyperplanes of another dense near hexagon with three points per line,
namely the U, (3) near hexagon Es. There are still three dense near hexagons with three points



per line whose hyperplane classification is still open (namely E;, G3 and Q(5,2) ® Q(5,2)). In
a sequel paper [19] we will deal with the classification of the hyperplanes of the near hexagon
E; which is related to the extended ternary Golay code. We start by giving a model for the
near hexagon under consideration in the present paper.

Consider in PG(6, 3) a nonsingular parabolic quadric (6, 3) and a non-tangent hyperplane 7
intersecting (6, 3) in a nonsingular elliptic quadric Q@ (5, 3) of m. There is a polarity associated
with @(6,3) and we call two points of PG(6,3) orthogonal when one of them is contained in
the polar hyperplane of the other. Let N denote the set of 126 internal points of Q(6,3) which
are contained in 7, i.e. the set of all 126 points in 7 for which the polar hyperplane intersects
Q(6,3) in a nonsingular elliptic quadric. Let E3 be the following point-line geometry:

e the points of E3 are the 6-tuples of mutually orthogonal points of N;

e the lines of E3 are the pairs of mutually orthogonal points of NV;

e incidence is reverse containment.

The incidence structure [E3 is a dense near hexagon with three points on each line. The above
description of the near hexagon has been taken from Brouwer & Wilbrink [5] and Brouwer et
al. [3]. Other descriptions of this near hexagon can be found in Aschbacher [1, p. 31], De
Bruyn [13], Kantor [23, p. 240}, Pasini & Shpectorov [25, p. 279], and Ronan & Smith [29,
p. 285]. The automorphism group Aut(Es) of E; is isomorphic to POg (3) and contains Uy(3)
as a subgroup of index 4. Every quad of Ej3 is isomorphic to either W (2) or Q(5,2). Here,
W (2) denotes the unique GQ with three points per line and three lines through each point, and
Q(5,2) denotes the unique GQ with three points per line and 5 lines through each point.

The aim of this paper is to enumerate the isomorphism classes of hyperplanes of the near
hexagon [Es, to give at least one explicit construction of a representative of each isomorphism
class and to list several combinatorial properties of such a representative. For some isomorphism
classes, we will indeed give more than one construction for a representative, thus obtaining
distinct constructions for the same hyperplane. The following is the main result of this paper.

Main Theorem. The Uy(3) near hexagon Es has 27 isomorphism classes of hyperplanes.
Among these 27 isomorphism classes, there are 17 classes whose hyperplanes arise from the
minimal full polarized embedding of Es.

By Ronan [28], every hyperplane of E; arises from the absolutely universal embedding of Es.
Yoshiara [31] showed that this absolutely universal embedding has vector dimension 21, see
also Bardoe [2] or De Bruyn [10] for alternative proofs. This implies that E; has precisely
|H(E3)] = 22! — 1 = 2097151 hyperplanes. We will show in Section 2 (Proposition 2.1) that
the minimal full polarized embedding of E3 has vector dimension 20. This implies that H'(E;3)
is a hyperplane of H(E3). So, H'(E3) is the subspace of H(E3) generated by all singular
hyperplanes of E3, and the whole space H(E;3) is generated by all singular hyperplanes +
one extra hyperplane of H(E;3) \ H'(E;3). We will call the hyperplanes of H'(E3) the Type A
hyperplanes and the hyperplanes of H(E3) \ H'(E3) the Type B hyperplanes.



[ [AT T A2 A3 ] A4 ] A5 [ A6 [ AT [ A8 [ A9 [ A10 | A11 [ A12 [ A13 | A14 [ A15 [ A16 | A17 |

Al 30 - 96 — 120 | 320 — - - — - — - — — - -
A2 - - - - 15 - 360 | 192 - - - - - - - - -
A3 12 - 15 - - 240 | 180 - 90 30 - - - - - - -
A4 - - - 21 - - - - - - 210 | 336 - - - - —
A5 8 1 - - 6 192 72 - 96 - - - 64 128 - - -
A6 2 - 12 - 18 87 108 - 72 12 - - 12 72 36 1 135
A7 - 1 4 - 3 48 131 8 52 - 8 64 8 80 64 - 96
A8 - 12 — - - — 180 | 45 - - — - 30 120 180 - —
A9 - — 4 — 8 64 104 - 53 22 8 48 — 96 — - 160
A10 - - 12 — - 96 — - 198 53 — 48 — - — 16 144
All - - - 6 - - 144 - 72 - 9 240 — 96 — - —
Al12 — - — 1 — — 120 - 45 5 25 91 — 100 60 - 120
Al13 - - - - 28 56 84 14 - - - - 21 168 28 - 168
Al4 - - - - 6 36 90 6 54 - 6 60 18 123 60 - 108
Al5 - - - - - 36 144 18 - - - 72 6 120 63 - 108
Al6 - - - - - 108 - - - 216 - - - - - - 243
A17 - - - - - 60 96 - 80 8 - 64 16 96 48 1 98

Table 1: The “action” of the singular hyperplanes on a Type A hyperplane

In the computer algebra package GAP ([22]), we have implemented the absolutely universal
embedding space 3 of [E; and its dual space i*, together with the action of Aut(E3) on these
spaces. Notice that there exists a natural bijective correspondence between the points of >* and
the hyperplanes of E3. We have randomly chosen points in the dual space ¥* and calculated
their orbits. We have repeated this process till the union of all orbits did coincide with the
whole point set of ¥X*. We found that there are 27 distinct orbits, i.e. 27 distinct isomorphism
classes of hyperplanes of [E;.

To obtain all isomorphism classes of Type A hyperplanes one can also proceed as follows.
Start with a given singular hyperplane H. The hyperplane orbit containing H has size 567
(= the total number of points of E3). Construct all hyperplanes of the form H x H,, where
x ranges over all points of E;. For each new hyperplane H’ arising, calculate the size of its
orbit, construct all hyperplanes of the form H’ * H, and determine once again the sizes of the
orbits of the new hyperplanes which arise. Repeat this until the sum of the sizes of all found
hyperplane orbits equals |H'(E3)| = 22 — 1. A priori, it might be possible that we need 20
singular hyperplanes to generate all Type A hyperplanes. It turns out however that at most
5 singular hyperplanes suffice. The results of this method for constructing the isomorphism
classes of Type A hyperplanes are listed in Table 1. There are 17 orbits of Type A hyperplanes
which we label by A1, A2, ..., A17. In Sections 3 and 5, we will give an explicit construction
of a representative of each orbit. We have labeled the hyperplane orbits in accordance with the
order in which we will describe these representatives. The Type Al hyperplanes are precisely
the singular hyperplanes. The number 192 in entry (A5,A6) of Table 1 means that for a
given hyperplane H of Type A5, there are 192 singular hyperplanes H, such that H x H, is a
hyperplane of Type A6. Notice that the sum of all entries in a given row distinct from “row
A1” equals 567. The sum of the entries in “row A1” is equal to 566 since we need to combine



| |B1| B2 | B3 |B4[B5]| B6 | BT | B8 [ B9 | B10 |

Bl | — [ 405|162 | — | — - - - - -

B2 1180 | 6 — |36 | 48 | 144 | — | 72 | 180
B3 71105 35 | — | — - = - | 210 | 210
B4 || - - - - | — 105|252 210 | - -

B5 | — | 36 | — - | 36| 72 |252] 48 | 9 | 114
B6 | — 8 - 1 ]12 160 | 204 | 26 | 12 | 144
BT | -] 20| - 2 |35 (170 {195 | 20 | 15 | 110
B8 | - - - | 15|60 | 195|180 | 57 | — 60
B9 | - | 72|12 -] 9 | 72108 — | 24 | 270
B10 | — | 30 | 2 - |19 | 144 | 132 | 8 | 45 | 187

Table 2: The “action” of the singular hyperplanes on a Type B hyperplane

two distinct singular hyperplanes. Some of the Type A hyperplanes can easily be constructed
without giving explicitly a generating set of singular hyperplanes. This is the case for the
hyperplanes of Type A2, A3 and A4. We call the hyperplanes of Type Al, A2, A3 and A4 the
basic hyperplanes of Type A and show how all the remaining hyperplanes of Type A can be
constructed from them. For some hyperplane classes we will give more than one construction
for a representative. The hyperplanes of Type A16 turn out to have a nice structure. In Section
6 we will give an alternative construction for these hyperplanes and discuss their structure.

A hyperplane of E3 on 405 points was constructed in [10, Section 3]. This hyperplane is
isomorphic to the hyperplane of Type B on 405 points which we will describe in Proposition
3.2. We will refer to this particular hyperplane as a Type Bl hyperplane. The points and
lines contained in a Type B1 hyperplane define a dense near hexagon which is isomorphic to
the near hexagon Gz which we will define in Section 2. To obtain all isomorphism classes
of Type B hyperplanes one can proceed in a similar way as above by starting from a given
hyperplane of Type B1 and combining it with singular hyperplanes. The results of this method
for constructing the isomorphism classes of Type B hyperplanes are listed in Table 2. There are
10 distinct orbits of Type B hyperplanes which we label by B1, B2, ..., B10. In Section 5.8, we
will give an explicit construction for a representative of each orbit. Again, we have labeled the
hyperplane orbits in accordance with the order in which we will describe these representatives.

In Table 3 we list the sizes of the hyperplane orbits and several combinatorial properties
of the hyperplanes. This information is obtained by means of computer computations. From
Table 3 we observe the following: (i) if H is a Type A hyperplane, then 8| v — 7 and every
point of H is incident with either 3, 5, 7, 9, 11 or 15 lines which are contained in H; (ii) if H
is a Type B hyperplane, then 16 |v — 5 and every point of H is incident with either 4, 6, 8, 10
or 12 lines which are contained in H. Some of the hyperplanes of E; carry the structure of a
near hexagon.



’ H N H v ‘ [ ‘ line distribution H DE‘ SU‘ SI ‘ de ‘ su ‘ si ‘ ov ‘

Al 267 247 | 435 31205967531 0 120 15 | 0 | 360 | 192
A2 267 375 | 1395 113001515 96 | 0 | 127|320 |120| O
A3 4536 || 327 | 1035 | 5!273091801190151° 80 | 30 | 57 | 240|270 | O
A4 324 231 | 315 32101521 0 [126 | 21 | 0 | 210 336

A5 || 8505 | 311 | 915 3874892241 124157
A6 || 90720 || 271 | 615 3185667120958 119
A7 | 204120 [ 279 | 675 | 31050871029761122151
A8 || 9072 | 255 | 495 33051807145

A9 | 102060 || 295 | 795 | 325%471329%81148151
A10 || 11340 | 263 | 555 | 3'851447489161136151
A1l || 11340 || 327 | 1035 3692401172159
A12 | 108864 || 271 | 615 | 32055671209507715
A13 | 19440 || 287 | 735 3la7168gsd] 121
A14 || 181440 || 279 | 675 3955471179901 19
A15 | 90720 || 303 | 855 5187108g11477163

96 | 24 | 55 | 192 ] 256 | 64
60 | 66 | 6 | 144 | 297 | 120
64 | 60 | 11 | 176 | 268 | 112
36 | 90 | 0 | 120 | 255 | 192
80 | 42 | 29 | 192 | 266 | 80
48 | 78 | 9 | 96 | 318 | 144
96 | 18 | 65 | 256 | 198 | 48
60 | 66 | 6 | 160 | 265 | 136
84 | 42 | 28 | 168 | 259 | 112
72 | 54 | 15 | 168 | 264 | 120
84 | 36 | 34 | 224|237 | 72

A16 840 351 | 1215 910811243 108 | 0 | 108|216 (243 | O
A17 || 204120 || 287 | 735 5079691167719 76 | 48 | 20 | 184 | 267 | 96
B1 112 405 | 1620 12405 8L | 0 |162{405| O 0
B2 | 45360 | 277 | 660 460g18g1441 92 57 | 66 | 6 | 189 | 252 | 120
B3 2592 || 245 | 420 42107935 21 |105| O | 105|210 | 252
B4 2592 || 357 | 1260 1025212105 105 0 | 112 245|210 | O

B5 || 45360 | 309 | 900 6i8814410™12%
B6 || 272160 || 293 | 780 | 4!26%814410%1213
B7 || 326592 | 277 | 660 44068081201 (3212°
B8 | 36288 | 261 | 540 4061201361215
B9 | 45360 | 309 | 900 41281921(721233
B10 || 272160 || 277 | 660 41260181441 (24123

81 | 36 | 38 | 229 | 252 | 48
81 | 42 | 28 | 189 | 262 | 88
65 | 60 | 10 | 165 | 280 | 112
45 | 81 6 | 105 | 300 | 156
89 | 30 | 42 | 237|216 | 72
69 | 57 | 12 | 169 | 262 | 124

ool wo|lRlolw HlvIEloooonolsovololos S o

The number N denotes the total number of hyperplanes in the relevant orbit, v and [ denote the

number of points and lines which are contained in the hyperplane H. The notation t7'¢52---t,*
means that there are precisely n;, i € {1,...,k}, points of H which are incident with precisely t;

lines that are contained H. The numbers DE, SU, respectively SI, denote the number of Q(5,2)-
quads which are deep, subquadrangular, respectively singular, with respect to H. (Notice that the
GQ Q(5,2) has no ovoids, see Payne and Thas [26, 3.4.1].) The numbers de, su, si, respectively owv,
denote the number of W (2)-quads which are deep, subquadrangular, singular, respectively ovoidal,
with respect to H.

Table 3: Some combinatorial properties of the hyperplanes



Theorem 1.1 If H is a hyperplane of B3 without ovoidal W (2)-quads, then the point-line
geometry I' induced on H is a near hexagon.

Proof. We show that I' is isometrically embedded into E3. Let x; and x5 be two points of I’
which lie at distance 0 in I and at distance d in E3. Obviously, 6 > d. We need to show that
0 =d.

If d <1, then § = d since H is a subspace.

Suppose d = 2. Since the quad (xy,z5) is either deep, singular or subquadrangular, there
exists a point in 27 Nz N H. Hence, § = 2.

Suppose d = 3. Let () be an arbitrary quad through z;. Since @ is either deep, singular
or subquadrangular, there exists a line L C () N H through x;. This line L contains a point
y which lies at distance 2 from x5 in the near hexagon E3. By the previous paragraph, the
distance between y and x5 in I is also equal to 2. It follows that § = 3.

Since I is isometrically embedded into [E3 and E3 is a near polygon, also [' must be a near
polygon. We show that the diameter of I' is equal to 3. Let x be an arbitrary point of H. If
H C H,, then since H is a maximal subspace, we must have H = H,, contradicting the fact
that every singular hyperplane of E3 admits ovoidal W (2)-quads. Hence, there exists a point
in I's(z) N H, proving the claim. O

From Theorem 1.1 and Table 3, we obtain

Corollary 1.2 Let H be a hyperplane of Type A2, A3, A16, B1 or Bj. Then the point-line
geometry induced on I' is a near hexagon.

Remark. As we have already mentioned above, the point-line geometry induced on a Type
B1 hyperplane is a near hexagon isomorphic to G3.

2 Dense near polygons

In this section, we will recall some of the more advanced notions and properties of dense near
polygons which we will need later.

A proper convex subspace F' of a dense near polygon I' is called big in I' if every point z of
" not contained in F' is collinear with a unique point 7p(z) of F. If F'is big in I" and if Hp is
a hyperplane of F', then the set H := Hp UT'1(Hp) = FU(I'y\(Hp) NT'1(F)) is a hyperplane of
I'. We call H the extension of Hp.

Suppose F' is a big convex subspace of a dense near polygon I' which has three points on
each line. If x € F, then we define Rp(z) := x. lf € F', then Rp(x) denotes the unique point
of the line x7p(z) different from = and 7p(z). The map R is an automorphism of I" and is
called the reflection about F.

Let I' = (P, L,1) be a dense near polygon. A function f: P — N is called a valuation of I’
if it satisfies the following properties (we call f(x) the value of x):

8



(V1) there exists a point with value 0;

(V2) every line L of ' contains a unique point x;, with smallest value and f(x) = f(zg)+1
for every point x of L different from x;

(V3) every point z of I is contained in a (necessarily unique) convex subspace F, such that

the following properties are satisfied for every y € F,: (i) f(y) < f(z); (ii) if z is a point
collinear with y such that f(z) = f(y) — 1, then z € F,.
Valuations of dense near polygons were introduced in De Bruyn and Vandecasteele [20]. If f
is a valuation of a dense near polygon I', then Of denotes the set of points of I' with value 0
and Gy denotes the point-line geometry with point-set O, with line-set the set of all quads
containing at least two points of Oy (each such quad intersects Oy necessarily in an ovoid), and
with natural incidence. If y is a point of a dense near polygon I' = (P, L,I), then the map
f:P — N;z— d(z,y) is a valuation of I'. We call any such valuation a classical valuation of
I'. If f is a valuation of a dense near polygon I', then the set of points with non-maximal value
is a hyperplane of T,

Let I be a dense near hexagon and let @ be a quad of I'. If x € I'1(Q), then z is collinear
with a unique point mg(x) of Q. If z € I'y(Q), then O := I'y(x) N Q is an ovoid of @ and
(x,z1) N {x,x9) = {x} for any two distinct points z; and xs of O. We will say that the point
x is ovoidal with respect to Q). If L is a line through x contained in one of the quads (z, z;),
x; € O, then L contains a unique point of I'; (@) and the remaining points of L are contained
in ['y(Q). If L is a line through = not contained in (J, .o (7, i), then L C T'y(Q).

If A is a set of points of a near polygon I, then we define A+ := (), ., #* and A+t = (A+)*
If B is a set of lines of a near polygon I', then B+ denotes the set of lines of I' meeting each line
of B and B+ := (B+)1. A spread of a near polygon is a set of lines partitioning the point-set.
A spread S of a generalized quadrangle @ is called regular if for every two distinct lines K and
Lof S, (i) {K,L}* and {K, L}*+ cover the same set of points of Q, and (ii) {K, L}*+ C S.

If z and y are two noncollinear points of the generalized quadrangle W (2), then {z,y}++
is a set of 3 points containing x and y. {z,y}** is called the hyperbolic line through x and
y. Every point of W(2) \ {z,y}** is collinear with either 1 or 3 points of {z,y}*+ and every
ovoid of W (2) intersects {z, y}** in either 0 or 2 points.

Let @ be a generalized quadrangle isomorphic to Q(5,2). If G is a (3 x 3)-subgrid of @,
then there exists a unique pair {G,Gs} of (3 x 3)-subgrids of @ such that {G,G,Gs} is a
partition of Q(5,2) in (3 x 3)-subgrids.

If Ly, Ly, L3y and Ly are four mutually disjoint lines of Q(5,2) such that L,, Ly and L3 are
contained in a (3 x 3)-grid, then L;, Lo, L3 and L4 are contained in a unique regular spread of
Q(5,2).

We now mention some properties of the near hexagon E;. The near hexagon E3 has 567
points, 3 points on each line and 15 lines through each point. Every quad is isomorphic to
either Q(5,2) or W(2). There are 126 (5, 2)-quads and 567 W (2)-quads. Every Q(5,2)-quad
is big. If a quad meets a Q(5,2)-quad @, then it intersects ) in either @ or a line of (). For
every point z of Eg, let £, (respectively £) denote the point-line geometry whose points are



the lines through = and whose lines are the quads (respectively W (2)-quads) through z, with

incidence being containment. Then £, = W (2) and £/, = W (2). Here, W (2) denotes the linear
space obtained from W (2) by adding its ovoids as extra lines.

We now define 3 additional classes of dense near hexagons with three points on each line.

(1) Let H(5,4) denote a nonsingular Hermitian variety in PG(5,4) and let DH (5,4) be the
point-line geometry whose points, respectively lines, are the planes, respectively lines, contained
in H(5,4) (natural incidence). The point-line geometry DH(5,4) is a dense near hexagon with
three points on each line. It is an example of a so-called dual polar space (Cameron [6]). All
quads of DH (5,4) are isomorphic to Q(5,2) and are big in DH (5, 4). By Pasini and Shpectorov
[25], the near hexagon E3 can be isometrically embedded as a hyperplane in DH(5,4).

(2) Again, let H(5,4) denote a nonsingular Hermitian variety in PG(5,4). We choose a
reference system in PG(5,4) in such a way that X3 + X3 + ... + X3 = 0 is the equation
describing H(5,4). The weight of a point of PG(5,4) is defined as the number of its nonzero
coordinates (with respect to the chosen reference system). Let X denote the set of all planes
of H(5,4) which contain a point with weight 2. Then X is a subspace of the dual polar space
DH(5,4) associated with H(5,4). By Brouwer et al. [3], the point-line geometry induced on
that subspace is a dense near hexagon with three points on each line and 12 lines through
each point. We will denote this near hexagon by (G3. The above description yields an isometric
embedding of G3 into DH (5,4). Every quad of Gj is isomorphic to either the (3 x 3)-grid, W (2)
or Q(5,2). Gz has 405 points, 405 grid-quads, 243 W (2)-quads and 45 Q(5,2)-quads. Every
Q(5,2)-quad is big. The automorphism group of G3 has two orbits on the set of lines. A line
of Gy is called special if it is contained in 2 Q(5, 2)-quads, 0 W (2)-quads and 3 grid-quads. A
line of Gj is called ordinary if it is contained in 1 Q(5, 2)-quad, 3 W (2)-quads and 1 grid-quad.
Every point of G5 is contained in 3 special lines and 9 ordinary lines.

(3) The near hexagon @Q(5,2) ® Q(5,2) is an example of a so-called glued near hexagon
([9]). It is a dense near hexagon with three points per line and 9 lines through each point.
There are 243 vertices and every quad is isomorphic to either the (3 x 3)-grid or Q(5,2). Every
Q(5,2)-quad is big. The set of 18 Q(5,2)-quads can be partitioned into two families F; and F;
such that

(i) every quad of F; intersects every quad of F; in a line;

(ii) the set S* = {Q1 N Q2| Q1 € F1,Q2 € Fo} is a spread of Q(5,2) ® Q(5,2);

(iii) every line of Q(5,2) ® Q(5,2) is contained in a quad of F; U Fy;

(iv) for a given Q € F;, ¢ € {1,2}, the set S := {QNQs_; | Q3—; € F5_;} is a regular spread
of Q.

Conversely, every dense near hexagon with three points per line admitting two partitions JF;
and F; in Q(5, 2)-quads satisfying (i), (ii), (iii), (iv) above is isomorphic to Q(5,2) ® Q(5,2).

By Cooperstein [8] and De Bruyn [12], there exists a nice full polarized embedding ¢’ of the
dual polar space DH(5,4) into the projective space PG(19,2). We refer to this particular
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embedding as the Grassmann-embedding of DH (5,4). Now, suppose E3 is (isometrically) em-
bedded as a hyperplane in DH(5,4). De Bruyn and Pralle [17], [16] showed that E3 cannot
arise from €’. Hence, (¢/(E3)) = PG(19,2) and €’ induces a full polarized embedding € of E5 into
PG(19,2). For every point x of Es, let H, (respectively H.) denote the singular hyperplane of
E; (respectively DH(5,4)) with deepest point . Then H, = H. N Es.

Proposition 2.1 The embedding € is the minimal full polarized embedding of Es.

Proof. Let zy,x9,...,29 be 20 points of Es such that (¢'(xy),...,€ (zy)) = PG(19,2).
By Cardinali, De Bruyn and Pasini [7, Section 4.2], k > 2 points €'(y1), € (y2),...,€ (yx) of
PG(19,2) are linearly independent if and only if the hyperplanes (¢'(H, )), (¢'(H,,)), ...,
(e'(H,,)) of PG(19,2) are linearly independent. It follows that (1,_, ., (e (H’ )) = 0. Now,
for every i € {1,...,20}, (e(Hs,)) = (¢'(H,,)). Hence, g, (€(H,)) = 0, implying that ¢ is
the minimal full polarized embedding of Es. O

3 The basic hyperplane classes of [E;

The aim of this section is to define five classes of hyperplanes of E3. These classes are called
the basic hyperplane classes of E3. We will construct all the remaining hyperplane classes
from them. It is straightforward to calculate some combinatorial properties of a representative
of each of these five classes (like N, v, DFE). In this way we were able to identify the five
hyperplane classes with five orbits found in our computer search.

Definition. A hyperplane of E;3 is said to be of Type A1 if it is a singular hyperplane of ;.
As said before, if x is a point of E3, then we denote by H, the singular hyperplane of E3 with
deepest point .

Proposition 3.1 If W is a W(2)-quad of E3, then W UT'1(W) is a hyperplane of Es.

Proof. Let z be an arbitrary point of I'y(W) and let L be an arbitrary line through z. The 5
W (2)-quads through = which meet W in a point of the ovoid I'y(x) "W of W partition the set
of 15 lines through z. Hence L, which is contained in precisely one of these quads, contains a
unique point of T';(W). This proves that W UT';(W) is a hyperplane of E;. O

Definitions. e A hyperplane H of E; is said to be of Type A2if H = W U T (W) for some
W (2)-quad W of E3. We will denote such a hyperplane by Hy,.

e A hyperplane of E3 is said to be of Type A3 if it is the extension of a W (2)-subquadrangle
W of a Q(5,2)-quad Q. We will also denote such a hyperplane by Hy,. Notice that also in this
case Hy = W UT(W).

By De Bruyn and Vandecasteele [21, Section 7.3], the near hexagon Ej has up to isomorphism
a unique non-classical valuation. Any such valuation can be obtained as follows. Let W
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be a W(2)-quad of E3 and let z € T'o(W). Put I'y(2) N W = {21, 22, 23, 24, 25} and let O,
i€{1,2,3,4,5}, denote the unique ovoid of the W (2)-quad (z, z;) containing the points z and
zi. Put Z := O U0 U---UO;5 and f(x) := d(x, Z) for every point x of E;. Then f is a
non-classical valuation of E; with Oy = Z and Gy =2 PG(2,4). A non-classical valuation of Eg
has 21 points with value 0, 210 points with value 1 and 336 points with value 2. The points
with value 0 and 1 define a hyperplane H; of Ej.

Definition. A hyperplane H of Es is said to be of Type A4 if H = Hy for some non-classical
valuation f of Es.

The hyperplane Hy can also be obtained as follows, see [21, Section 7.3]. Embed Ej isometrically
into the dual polar space DH (5,4). Then there exists a unique point x in DH(5,4) \ E3 such
that x+ NE3 = Oy and H; = H, N E3, where H/, denotes the singular hyperplane of DH (5,4)
with deepest point z.

Proposition 3.2 The near hexagon Gz can be embedded as a hyperplane into Es.

Proof. By Brouwer et al. [3], the near hexagon Gj can be isometrically embedded into
the dual polar space DH(5,4). The absolutely universal embedding of DH(5,4) has vector
dimension 22, see e.g. Yoshiara [31] or Li [24]. If € denotes the absolutely universal embedding
of DH(5,4) into PG(21, 2), then ¢ induces an embedding e of G3 into the subspace (€/(G3)) of
PG(21,2). Since € is polarized and the embedding of G3 into DH (5, 4) is isometric, also e has
to be polarized. In De Bruyn [11], it has been shown that there exists a unique full polarized
embedding of G3. This embedding has vector dimension 20. So, dim(¢’(G3)) = 19. Now, let
IT be one of the three hyperplanes of PG(21,2) through (¢’(G3)) and let H be the hyperplane
of DH(5,4) arising from II. Now, for every quad Q of Gs, there exists a unique quad @ in
DH(5,4) such that QN Gz = Q (Q is the smallest convex subspace of DH(5,4) containing Q).
Since both Gz and DH (5,4) have precisely 693 quads, every quad of DH (5,4) intersects G in
a quad. Now, if @ is a quad of DH(5,4), then @ N H contains the quad Q@ NG3 of Gs. It follows
that H is a locally subquadrangular hyperplane of DH (5,4). By Pasini and Shpectorov [25],
there exists up to isomorphism a unique locally subquadrangular hyperplane in DH (5,4). The
point-line geometry induced on such a locally subquadrangular hyperplane is a near hexagon
isomorphic to E;z. Since (¢'(G3)) is a hyperplane of II, every line of H meets Gg3, proving the
lemma. a

Definition. Every hyperplane of E5 carrying the structure of a G near hexagon is called a
hyperplane of Type BI.

A direct construction of the hyperplanes of Type Bl in the near hexagon [Es can be given by
relying on De Bruyn [10, Section 3]. Let @; and Q2 be two disjoint Q(5,2)-quads of E3, put
Qs = R, (Q2) = Rg,(Q1) and let V denote the set of all Q(5,2)-quads meeting ()1 and Qs.
Then |V| = 18. Moreover, the quad @1 can be partitioned into 3 subgrids G, G5 and G3 such
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that every line Q1 N Q with @ € V is contained in either Gy, G5 or G3. In [10, Lemma 5] it
was shown that Q1 U Qo U Q3 U UQeV () is a hyperplane of E5. The hyperplanes of E3 which
can be obtained in this way are precisely the Type B1 hyperplanes.

4 The mutual position of two W (2)-quads

In this section, we study the mutual position of two distinct W (2)-quads W, and Ws. In almost
all possible cases, we give an alternative description of the hyperplane Hyy, * Hy,. We will need
some of these alternative descriptions in Section 5.

Proposition 4.1 One of the following 5 cases occurs for two W (2)-quads Wy and Wy of Es:
(1) W1 = Wg,’
(2) Wy N Wy is a line;
(3) Wi N Wy is a point;
(4) Wy C I'1(Wh) and there ezists a unique Q(5,2)-quad Q such that Wy = Rgo(Wh);
(5) WinWy = 0, WonT'1(W1) is a (3% 3)-subgrid of Wo and WiNT'1(W3) is a (3 x 3)-subgrid
Of W1 .

Proof. If Wy N Wy # (), then obviously one of the cases (1), (2), (3) occurs. So, suppose
Wi N Wy = 0. Since Wi UT1(W)) is a hyperplane of Eg, T';(W;) N W, is either W5 or a
hyperplane of Ws.

Suppose the former case occurs. Then we show that there exists at most 1 Q(5,2)-quad @
such that Wy = Rg(W;). For, consider all 15 lines which meet W, and W, and let W3 denote
the set of all 15 points outside W7 U W5 which are contained in one of these lines. Then Wj is a
subspace which carries the structure of a generalized quadrangle isomorphic to W (2). So, either
W3 is a W(2)-quad or is properly contained in a Q(5,2)-quad which then necessarily coincides
with (W3). It follows that if @) is a Q(5,2)-quad such that Wy = Rg(W;), then @ = (Ws).

Suppose the latter case occurs. Let = be an arbitrary point of Wy NIy (W7) and let 2’ denote
the unique point of Wj collinear with z. There are two Q(5,2)-quads through the line xz'. If
@ is such a Q(5,2)-quad, then @ N W, and @ N W, are lines. Moreover, every point of Q N W,
has distance 1 from a unique point of @ N Wj. It follows that every point of T';(W;) N Wy is
contained in at least 2 lines which are contained in I';(W;) N W,. This is only possible when
the hyperplane I'y (W) N Wy of Wy is a (3 X 3)-subgrid.

Now, fix W; and let Wy range over all 567 W (2)-quads of E3. Let N;, i € {1,2,3,4,5},
denote the number of times case (i) of the lemma occurs. We calculate the N;’s. Obviously,
N; = 1. Through each of the 15 lines of W, there are 2 W (2)-quads which intersect W; in a
line. Hence, Ny = 152 = 30. Through each of the 15 points of W, there are 8 W (2)-quads
which intersect W7 in a unique point. Hence, N3 = 15-8 = 120. The W (2)-quads W5 of Eg
such that (WWy, W) satisfies property (4) of the lemma are in bijective correspondence with
the Q(5,2)-quads disjoint from Wj. Since there are 96 such Q(5,2)-quads, we have N; = 96.
In order to calculate N5, we count in two different ways the pairs (z, W5) where = € I'y(W7)
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and Wy is a W(2)-quad through z disjoint from W;. There are |T'o(W;)| = 192 possibilities
for z, and for given xz, there are 10 (= 15 — |['y(x) N Wy|) possibilities for . On the other
hand, there are NN; possibilities for W, and for given W5 there are 6 possibilities for z. Hence,
N = 19210 _ 320
5 6 .
The lemma now follows from the fact that Ny +No+ N3+ Ny+Ns = 14+30+120+96+320 =
567 equals the total number of W (2)-quads of Es. O

Proposition 4.2 Let Wy, Wy and W3 denote the three W (2)-quads of Eg through a given line
L of Es. Then Hy, * Hy, = Hy,.

Proof. Since hyperplanes are maximal subspaces it suffices to show that Hy, C Hyy, * Hyy,.
Since W5 C Hy,NHy,, W3 C Hy,*Hy,. Now, let  denote an arbitrary point of I'; (IW3) and let
x’ denote the unique point of W3 collinear with z. If 2’ € L, then x € Hy, N Hy, C Hy, * Hy,.
So, suppose z’ € L. Let 2” denote the unique point of L collinear with z’. We distinguish two
cases:

(1) Suppose @ := (z"2',2'x) is a Q(5,2)-quad. Then Q@ N W; and Q N Wy are lines. Every
point of xa’ has distance 1 from a unique point of QNW; and a unique point of Q NW,. Hence,
x € Hy, N Hy, C Hy, * Hy,.

(2) Suppose Q := (z"2',2'x) is a W (2)-quad. Since L, = W (2), Q intersects both W, and
W3 in only the point z”. It follows that = ¢ Hy, and x ¢ Hy,. Hence, x € Hy, * Hy,. O

Proposition 4.3 Let Wy and Wy denote two W (2)-quads of B3 intersecting in a unique point
x. Let W5 denote the unique W (2)-quad of Eg through x such that (i) WsNWy = W3NWy = {z};
(17) every W (2)-quad intersecting each of Wy, Wy in a line also intersects Wy in a line. (Wj is
the unique element of the set {Wy, Wo 1\ {W, Wy}, where Wy and Wy are regarded as lines
of the generalized quadrangle L, = W(2).) Then Hy, * Hw, = Hw, * H,.

Proof. We show that Hy, * Hyy, * Hy, x H, coincides with the whole point-set of Es. Let y
be a point of Es.

If d(z,y) <1, then y € Hy, N Hw, N Hy, N H, and hence y € Hy, * Hy, * Hy, * H,.

Suppose d(z,y) = 2. We distinguish four cases:

(1) y is contained in one of Wi, Wy, W3. Without loss of generality, we may suppose that
y is contained in Wj. Then y € Hw, N H, and y ¢ Hw, U Hy,. This implies that y €
Hyy, * Hyy, * Hyy, x H,.

(2) (z,y) is a W(2)-quad which intersects each of Wy, Wy, W3 in a line. Then y € Hy, N
Hy, N Hy, N H, C Hy, * Hy, * Hy, * H,.

(3) (z,y) is a W(2)-quad which intersects precisely 1 of Wy, Wy, W3 in a line and the two
others in the point z. Without loss of generality, we may suppose that (z,y) N W7 is a line and
(x,y) "Wy = (z,y) "N W3 = {z}. Theny € Hy, N H, and y ¢ Hy, U Hy,. It follows that
y € Hy, * Hy, * Hy, * H,,.

(4) (x,y) is a Q(5,2)-quad. Then (z,y) N W; is a line for every i € {1,2,3}. Hence,
y € Hy, N Hy, N Hy, N H, C Hy, * Hy, * Hy, * H,.
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From the above discussion it follows that the singular hyperplane H, with deepest point z is
contained in Hy, * Hy, * Hy, * H,. Since H, is a maximal subspace of Eg, it suffices to show
that there exists a point z at distance 3 from x which is contained in Hy, * Hy, * Hy, * H,.
Let y; be an arbitrary point of W, at distance 2 from x. Then y; is ovoidal with respect to
Wj. Let yo denote an arbitrary point of I's(y;) N Wa \ {z}. Let W be the quad (y1,y2). The
point z is ovoidal with respect to W. Put s(x) "W = {y1, y2, Y3, Y4, Y5 }. For every i € {3,4,5},
put R; := (x,y;). The quad R; intersects W3 in a line. Hence, ys3,y4,ys € I'1(W3). Now, since
y1 & Ty(Ws), T1(W3) N W is a (3 x 3)-subgrid G of W and I'y(W) N Wj is a (3 x 3)-subgrid G’
of W3. Clearly, {ys,v4,ys} is an ovoid of G. Now, let z be an arbitrary point of W collinear
with y; and yo. Then z € Hy, N Hy, and z ¢ H,. Since {y1, Y2, Vs, Y4, Y5} is an ovoid of W,
z is collinear with precisely one point of {ys,ys,y5}. Hence z € G, i.e. z & I';(W3). Since
z € Hy, N Hy, and z ¢ Hy, U H,, the point z belongs to Hy, * Hy, * Hy, * H,. As said
before, this implies that Hy, * Hy, * Hy, * H, coincides with the whole point-set of Ej. So,
we have that Hy, * Hy, = Hy, * H,. O

Proposition 4.4 Let Q be a Q(5,2)-quad of E3 and let Wy be a W (2)-quad disjoint from Q).
Put Wy :=Ro(W1) and Wy == no(W1) = mg(W2). Then Hy, * Hy, = Hy,.

Proof. Since W3 C Hy, N Hy,, W3 C Hy, * Hy,.

Let = be an arbitrary point of @ \ W3. Since x € Hy, U Hy,, we have @ € Hy, * Hy,.

Let L be an arbitrary line of [E3 which intersects @) in a point belonging to W3. If L meets
Wy and Ws, then L C Hy, N Hy, and hence L C Hy, * Hy,. Suppose therefore that L does
not meet W7 U Wj. Then L # L', where L’ is the unique line through L N @Q meeting W, and
W5. The quad (L, L') intersects ) in a line. If this line is contained in W3, then L C Hy, N Hy,
and hence L C Hyy, * Hy,. If this line is not contained in W3, then no point of L\ @ belongs
to Hy, U Hy, and hence also in this case we have L C Hyy, * Hyy,.

From the above we know that Hy, C Hy, * Hy,. Now, Hyy, is a maximal subspace of Ej
and Hy, * Hy, is a proper subspace of E3 since Hy, # Hw,. Hence, Hy, = Hy, * Hy,. O

5 Explicit constructions of a representative of the re-
maining hyperplane classes

5.1 Two lemmas

We leave the proofs of the following two lemmas as straightforward exercises to the reader.

Lemma 5.1 Let Gy and Gy be two distinct hyperplanes of Q(5,2).
(1) If G1 and Go are two singular hyperplanes whose respective deepest points x1 and x4 lie
on a line L, then Gy % Gy is the singular hyperplane whose deepest point is the unique point in

L \ {371,1‘2}.
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(17) If G1 and Gy are two singular hyperplanes whose deepest points lie at distance 2 from
each other, then G * Gy is a W(2)-subquadrangle of Q(5,2).

(131) If Gy is a W(2)-subquadrangle of Q(5,2) and if Gy is a singular hyperplane of Q(5,2)
whose deepest point lies in Gy, then G1 x Gy is a W (2)-subquadrangle of Q(5,2).

() If Gy is a W(2)-subquadrangle of Q(5,2) and if Gy is a singular hyperplane of Q(5,2)
whose deepest point xo lies outside Gy, then Gy x Gy is a singular hyperplane of Q(5,2) whose
deepest point lies in I's(xa) \ G1.

(v) If Gy and Go are two W (2)-subquadrangles of Q(5,2) intersecting in a (3 x 3)-subgrid
of both Gy and Go, then G * Gy is a W(2)-subquadrangle of Q(5,2).

(vi) If Gh and Gy are two W(2)-subquadrangles intersecting in the union of three lines
through a point x, then G % Gy is the singular hyperplane of Q(5,2) with deepest point x.

Lemma 5.2 Let Q) be a Q(5,2)-quad of E3 and let Gy and G5 be two distinct hyperplanes of Q.
Let H;, i € {1,2}, be the hyperplane of Eg obtained by extending G;. Then Hy * Hy coincides
with the extension of the hyperplane Gy * G of Q.

5.2 Hyperplanes of the form H,, * H,,

In this subsection, we give an interpretation to the entries occurring in line “A1” of Table 1.
This allows us to identify two extra classes of hyperplanes (A5 and A6).

Proposition 5.3 Let x1 and x5 be two points of Es.

(1) If d(xq,x2) =1, then H,, * H,, = H,,, where x3 is the third point of the line xix.

(13) If d(xy,22) = 2 and (x1,22) is a Q(5,2)-quad, then H,, x H,, is the extension of a
W (2)-subquadrangle of (x1,xs).

Proof. This follows from Lemmas 5.1 and 5.2. (For case (i), take an arbitrary Q(5,2)-quad
through the line zxz5.) O

For a given point x1, there are 30 points at distance 1 from 1, 120 points x5 € I'y(z7) for which
(x1,z9) is a W (2)-quad, 96 points z/, € ['y(z1) for which (xy, z3) is a Q(5, 2)-quad and 320 points
at distance 3 from 1. If x9 € I'y(x1) such that (x, z5) is a W(2)-quad and = € I'y(z1) NI (z9),
then each line through x is contained in H,, * H,,. Line “A1” of Table 1, the line distribution
mentioned in Table 3 and Proposition 5.3 now allow us to identify the two extra hyperplane
classes.

Definitions. e A hyperplane of Ej is said to be of Type A5 if it is of the form H,, * H,,, where
x1 and x5 are two points of Ej satisfying d(z1,z2) = 2 and (x1, z5) is a W(2)-quad.

e A hyperplane of Ej is said to be of Type A6 if it is of the form H,, x H,, where z; and x5
are two points of [E5 at distance 3 from each other.
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Two other easy constructions for a Type A5 hyperplane will be given in Corollary 5.5. We will
meet other constructions for a Type A6 hyperplane. The description mentioned in Proposition
5.6(iii) can compete in simplicity with the one given above.

5.3 Hyperplanes of the form H, x Hy, W a W(2)-quad

In this subsection, we give an interpretation to the entries occurring in line “A2” of Table 1.
This allows us to identify two extra classes of hyperplanes (A7 and AS).

Proposition 5.4 If {xy,x,x3} is a hyperbolic line of a W (2)-quad W, then H,, % Hy, x H,, =
Hyy.

Proof. Since W< H, NH,,NH,,, W C H,, «H,, x H,,.

Let x be an arbitrary point of I';(W) and let 2’ denote the unique point of W collinear
with z. If 2’ € {x1, 29,23}, then z has distance 1 from 2’ and distance 3 from each point of
{1, 29,23} \ {«'}, implying that x € H,, * H,, x H,,. If 2’ & {21, 29,23}, then 2’ has distance
1 from either 1 or 3 points of {z1, x5, x3}. Hence, = has distance 2 from either 1 or 3 points
of {1, 29,23} and distance 3 from the other points of {1, x2,23}. This again implies that
€ Hy xHyyx Hy,.

Let = be an arbitrary point of I'y(W). Then the ovoid I's(z) N W of W and the hyperbolic
line {x1, z9, x5} of W intersect in either 0 or 2 points. In either case, we have x ¢ H, *H,,*H,..

O

Corollary 5.5 (i) If W is a W(2)-quad of E3 and x € W, then H, * Hy is a hyperplane of
Type Ad.

(i7) If Wy and Wy are two W (2)-quads meeting in a singleton {x}, then Hw, * Hy, is a
hyperplane of Type Ab.

Proof. Part (i) follows from the fact that the equality H,, * H,, * H,, = Hy of Proposition
5.4 can also be written as H,, x Hy = H,, * H,,. Part (ii) follows from part (i) and Proposition
4.3. a

Now, for a given W (2)-quad W, there are 15 points contained in W, 360 points contained in
[';(W) and 192 points contained in I'y(W). If z € T'; (W), then every line through my (x) is
contained in Hyy x H,. Line “A2” of Table 1, the line distribution mentioned in Table 3 and
Corollary 5.5(i) now allow us to identify the two extra hyperplane classes.

Definitions. e A hyperplane of E3 is said to be of Type A7 if it is of the form Hy x H,, where
W is a W(2)-quad and = € T'; (W).

e A hyperplane of E3 is said to be of Type A8 if it is of the form Hy, * H,, where W is a
W (2)-quad and x € T'y(W).
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5.4 Hyperplanes of the form H, x Hy, W a W (2)-subquadrangle of a
Q(5,2)-quad

In this subsection, we give an interpretation to the entries occurring in line “A3” of Table 1.
This allows us to identify two extra classes of hyperplanes (A9 and A10).

Proposition 5.6 Let W be a W (2)-subquadrangle of a Q(5,2)-quad @ and let x be a point of
Eg.

(1) If x € W, then H, x Hy is a hyperplane of Type AS3.

(17) If x € Q \ W, then H, * Hy is a singular hyperplane whose deepest point belongs to
(Q\W)NTy(z).

(1ii) If = & Hy, then H, x Hy is a hyperplane of Type A6.

() If x € T1(Q) N1 (W) such that precisely one of the two Q(5,2)-quads through the line
xmg(x) intersects W in a line, then H, x Hy is a hyperplane of Type A7.

Proof. Claims (i) and (ii) follow from Lemmas 5.1 and 5.2.

We prove Claim (iii). Suppose that = ¢ Hy . Let x; denote the unique point of @ collinear
with z. By (ii), Hw * H,, is a singular hyperplane whose deepest point xs is contained in
(Q\W)NTy(xy). Now, H, * Hy = H, x (H,, * H,,) = H, * H,,, where y denotes the unique
point of the line zz; different from z and x;. Since d(y, z2) = d(y, z1) + d(z1,22) =14+ 2 =3,
H, x Hy = Hy x H,, is a hyperplane of Type AG6.

We prove Claim (iv). Suppose z is a point of I'i(Q) N I'y(W) such that precisely one
of the two Q(5,2)-quads through the line zmg(z) intersects W in a line. Let Q" denote the
unique @(5,2)-quad through zmg(x) which intersects @) in a line which is not contained in
W. Let W, denote the other quad through xmg(x) which intersects () in a line not belonging
to W. Then Wy = W(2). Let y; denote an arbitrary point of (W; N Q) \ {mg(x)} and put
{y1, 2} = {z,y1,y3}. Now, H,, * Hy is a singular hyperplane whose deepest point y» belongs
to (@ \ W) NTy(y1). Since mo(x) € y1 N W, mg(z) € yy. This implies that y is contained
in (Q' NQ)\{mg(x)}. Now, there are 3 quads through mg(x)y, which intersect W; in a
line. Two of these, namely @’ and @, are isomorphic to Q(5,2). The remaining quad Wy :=
(o ()Y, To(x)ys) is isomorphic to W (2). Put {y2, ys}*+ = {y2,y3, ya} and let Wy denote the
unique third W(2)-quad through the line Wy N Wy = mg(2)ys. By Propositions 4.2 and 5.4,
H,xHy = H,xHy, «H,, = (H,*H,, *H,,)*(Hy,+«H,,+H,,)«H,, = Hy,*Hy,+«H,, = Hy,*H,,.
This is a hyperplane of Type A7 since d(ys, W3) = 1. O

Now, for a given W (2)-subquadrangle in a Q(5, 2)-quad @, there are 15 points in W, 12 points
in @ \ W, 240 points in ['y(W) and 180/90/30 points = € I'1(Q) N 'y (W) such that precisely
1/2/0 of the two Q(5,2)-quads through zmo(z) meet W in a line. Observe also that if x is a
point of I'1 (@) NI'; (W) such that the two Q(5,2)-quads through zm(z) meet W in a line, then
()1 and (), are contained in H, * Hy,. Proposition 5.6, line “A3” of Table 1 and the values of
DE mentioned in Table 3 now allow is to identify the two extra hyperplane classes.
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Definitions. e A hyperplane of E3 is said to be of Type A9 if it is of the form H, x Hy,, where
W is a W(2)-subquadrangle of a Q(5,2)-quad @ and x € I'1(Q) NI (W) such that each of the
two QQ(5,2)-quads through the line 7o () intersects W in a line.

e A hyperplane of Ej3 is said to be of Type A10 if it is of the from H, x Hy, where W is
a W (2)-subquadrangle of a Q(5,2)-quad @ and z € T'1(Q) N[y (W) such that none of the two
Q(5,2)-quads through the line zmg(x) intersects W in a line.

An alternative construction for the hyperplanes of Type A9 will be given in Proposition 5.8(vii).

5.5 Hyperplanes of the form H, x H;, f a non-classical valuation of
[E3

In this subsection, we give an interpretation to the entries occurring in line “A4” of Table 1.
This allows us to identify two extra classes of hyperplanes (A1l and A12).

Proposition 5.7 Let f be a non-classical valuation of Ez and let x be a point with value 0.
Then H, * Hy = Hyp for some non-classical valuation f' of Es.

Proof. Let the near hexagon E; be isometrically embedded into the dual polar space DH (5,4)
and let y denote the unique point of DH (5,4)\ E3 such that y* NE3 = O;. Notice that z and y
are collinear since x € Oy. Let 2 denote the third point on the line zy. Let H; (H,, respectively
H!) denote the singular hyperplane of DH (5, 4) with deepest point x (y, respectively z). Then
H. = H}*H, and hence (H.NE3) = (H,NE3)*(H,NE3). Now, H,NE3 = H, and H,NE3 = H}.
Now, for every point u of Eg, define f'(u) = d(u, z) — 1. Then f’ is a non-classical valuation of
E; and H,NE; = Hy. Hence, H, * Hy = Hyr. a

Now, for a given non-classical valuation f of Ej, there are 21 points with value 0, 210 points
with value 1 and 336 points with value 2. If x is a point with value 1 and y € Oy NI';(z), then
every line through y is contained in H, * Hy. Proposition 5.7, line “A4” of Table 1 and the line
distribution mentioned in Table 3 now allows us to identify the two extra hyperplane classes.

Definitions. e A hyperplane of E; is said to be of Type A11 if it is of the form H, * H; where
f is a non-classical valuation of E3 and z is a point such that f(z) = 1.

e A hyperplane of Ej is said to be of Type A12 if it is of the form H, * H; where f is a
non-classical valuation of E3 and x is a point such that f(z) = 2.

5.6 The hyperplanes of the form Hy x H,, « H,,, W a W(2)-quad and
r1 €W

In this subsection, we give an interpretation to the entries occurring in line “A5” of Table 1.
This allows us to identify two extra classes of hyperplanes (A13 and Al14). Recall that every
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hyperplane of Type A5 is of the form H, x Hy,, where W is a W (2)-quad and x € W (Corollary
5.5(1)).

Proposition 5.8 Let W be a W (2)-quad of E3 and let x1, x be points of Es such that x, € W.

(i) If x1 = xo, then Hy % H,, x H,, = Hy .

(i) If my € 21y NW, then Hy x H,, * H,, = Hy * H,,, where x3 is the unique point of the
line x1xo different from x, and x-.

(iit) If zo € W\ 21 and {x1, 2o} = {21, 29,23}, then Hy x H,, * H,, = H,,.

(iv) If w2y € a1 \ W, then Hy * H,, x H,, = Hy * H,,, where x3 is the unique point on the
line x1xy different from xy and xs.

(v) If kg € Ty (W) NT3(xq), then Hy x Hy, *x H,, is a hyperplane of Type A6.

(vi) If xo € Ty(W) N Ta(x1) such that (x1,x2) is a W(2)-quad, then Hy % H,, * H,, is a
hyperplane of Type A7.

(vii) If xo € Ty (W) NTo(xq) such that (xq,x9) is a Q(5,2)-quad, then Hy x H,, * H,, is a
hyperplane of Type A9.

Proof. In case (i), Hy * H,, * H,, = Hy * (H,, *x H,,) = Hy xE3 = Hy. In cases (ii)
and (iv), Hw * H,, * H,, = Hw % (H,, x H,,) = Hw * H,,. In case (iii), Hy * H,, * H,, =
(Hy, « H,, * H,,) * H,, x H,, = H,, (cf. Proposition 5.4).

Suppose now that xo € I'y(W)NT'5(2z1). Let x4 denote the unique point of W collinear with
Ty, let 4 denote the unique third point on the line zo24 and put {zy, 25} = {x1, 25, 23}
Then Hyw * Hy, % Hyy = (Hyy * Hyy % Hyy) % Hyy x Hyy = Hyy x Hyyo This is a hyperplane of
Type A6 since d(z3,25) = d(xs,2b) + d(zh, 25) =2+ 1= 3.

Suppose now that xo € T'1 (W) N y(x;) such that (xq,xs) is a W(2)-quad. Let x5, denote
the unique point of W collinear with xy, let x3 € Ty(z1) NTy(xh) N W and put {z;, 23}t =
{x1,23,24}. Then Hy x H,, *x H,, = (H,, * Hy, * H,,) * Hy, * H,, = (Hy, * H,,) x H,,.
The two Q(5,2)-quads through the line xox} intersect W in lines and hence coincide with
(x9,23) and (xq,x4). It follows that H,, * H,, = Hy, where W' is a W (2)-subquadrangle of
(15, 73) containing the point x, € x3 Nz3, but not the lines zhxy and zhz3. Since d(xy, W) =
d(zg,xh) = 1, (z4,29) = Q(5,2) and (x4, x3) = W(2), Hy * H,, * H,, = Hy x H,, is a
hyperplane of Type A7 by Proposition 5.6 (iv).

Suppose now that xo € 't (W) NTy(x) such that (x,z5) is a Q(5,2)-quad. Let zf, denote
the unique point of W collinear with s, let x3 € T'y(x1) NIy (25)NW such that (xq, x3) = Q(5,2)
and put {x17x3}lj_ = {$1,$3,J}4}. Then HW * H:m * H;L’z = (Hm * Haca * Hz4) * Hac1 * Ha:2 =
(Hy, * Hy,) x H,, = Hy % H,,, where W’ is a W(2)-subquadrangle of (5, z3) containing the
point z, € x5 N a3, but not the lines x4z, and zhrs. Since d(zy, W) = d(x4,25) = 1 and
(x4, 22) 2 W(2) = (x4,23), Hy * H,, * H,, = Hy x H,, is a hyperplane of Type A9. O

Now, for every W(2)-quad W and every point z; € W, there is 1 point coinciding with z;, 6
points in 21 NW, 8 points in W\ z1, 24 points in zi-\ W, 192 points in T'y (W) NT3(z;), 48 points
xo € ['1(W) N Ty(z1) such that (xq,x9) is a W(2)-quad, 96 points i, € I'y(W) N [y(z1) such
that (zq, %) is a Q(5, 2)-quad, 64 points in I's(x1) N 'y (W) and 128 points in I'g(z1) NT(W).
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If 25 € T3(z1) NTo(W) and @ is a Q(5, 2)-quad through x (necessarily disjoint from W), then
the unique point y of @ collinear with x; belongs to I';(z1) N I'y (W) N T'y(z2) and there are
precisely 5 lines through y which are completely contained in H,, * Hy * H,,. Proposition 5.8,
line “A5” of Table 1 and the line distribution mentioned in Table 3 now allow us to identify
the two extra hyperplane classes.

Definitions. e A hyperplane of E3 is said to be of Type A13if it is of the form Hy, x H,, x H,
where W is a W (2)-quad, z1 € W and zo € I'y(z1) N Ta(W).

e A hyperplane of Ej is said to be of Type A14 if it is of the form Hy * H,, * H,,, where
W is a W(2)-quad, 21 € W and x5 € ['s(xy) N Ty(W).

29

5.7 The remaining hyperplanes of Type A

We still need to define three extra classes of Type A hyperplanes. In Section 4, we studied the
possible configurations of two distinct W (2)-quads W, and W5, and determined which kind of
hyperplane Hy, * Hy, is. There was however one case which we did not consider. If W; and
W, are two W (2)-quads satisfying condition (5) of Proposition 4.1, then by counting we find
that ‘1'.’[1/[/1 N HWQ‘ = 243. Hence, ‘HW1 * HW2’ = 567 — ’HW1’ — ’HW2’ +2- ’[‘[{/y1 N HW2’ = 303.
Table 3 now allows us to identify an extra class of hyperplanes.

Definition. e A hyperplane of E; is said to be of Type A15 if it is of the form Hy, * Hy,,
where W; and W, are two W (2)-quads satisfying Wiy NW, = (), WoNI'1(W7) is a (3 x 3)-subgrid
of Wy and W7 N T (Ws) is a (3 x 3)-subgrid of W;.

In order to define the hyperplanes of Type A16 and A17, we need to define a certain config-
uration of two W (2)-subquadrangles. Let @ and @’ be two disjoint Q(5,2)-quads of E3. Let
{G1, G2, G5} be the partition of @ in three (3 x 3)-subgrids such that for every line L of G,
i € {1,2,3}, the quad (L, mg (L)) is isomorphic to Q(5,2). Put G} := mo/(G;), i € {1,2,3}.
Let W denote a W(2)-subquadrangle of @) through G, let W’ be a W(2)-subquadrangle of
Q' through G’ such that W' # mo (W) and let x be an arbitrary point of G;. By count-
ing, we find that |Hy N Hy/| = 219. (One can consider all the quads which meet @ and
Q' in lines. These determine a partition of the points outside Q U Q' U Ro(Q’).) Hence,
|Hw * Hy+| = 567 — |Hw| — |Hw+| + 2 - |Hw N Hy/| = 351. Table 3 now allows us to identify
an extra class of hyperplanes.

Definition. e A hyperplane of E; is said to be of Type A16 if it is of the form Hy, * Hyy, where
W and W' are two W (2)-subquadrangles which are obtained in the way described above. In
Section 6, we will discuss the structure of the hyperplanes of Type A16.

The two (5, 2)-quads through  which meet G; and G/ in lines are contained in Hy x Hy % H,,.
Line “A16” of Table 1 and the values of DE mentioned in Table 3 now allow us to identify the
last class of Type A hyperplanes.
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Definition. e A hyperplane of E3 is said to be of Type Type A17if it is of the form HyyxHy xH,
where W and W’ are two W (2)-subquadrangles and z is a point obtained in the way described
above.

5.8 The hyperplanes of Type B

The aim of this subsection is to give explicit constructions for the Type B hyperplanes.

Lemma 5.9 Let the near hexagon Gz be isometrically embedded as a hyperplane into the near
hexagon Es. Then every quad of Es intersects Gs in a quad of Gs.

Proof. If @ is a quad of G, then there exists a unique quad Q in E5 such that Q = Q N Gs.
The quad @ is the smallest convex subspace of E3 containing ). The lemma now follows from
the fact that both the near hexagons Gz and Ej contain precisely 693 quads. a

So, with respect to an isometric embedding of G3 into Eg, there are two types of Q(5, 2)-quads
in E3. There are Q(5,2)-quads which are contained in Gs and there are Q(5,2)-quads which
intersect Gz in a W (2)-quad of G3. Similarly, there are two types of W (2)-quads in Ez. There
are W (2)-quads which are contained in G and there are W (2)-quad which intersect G3 in a
grid-quad of Gg.

Recall that a hyperplane H of Ej is said to be of Type B1 if it carries the structure of a near
hexagon isomorphic to Gs. A line of E3 contained in a Type B1 hyperplane H is said to be a
special line (respectively an ordinary line) of H if it is a special (respectively ordinary) line of
the G3 near hexagon associated with H. (Recall the definitions given in Section 2.) We now
give explicit constructions of the remaining Type B hyperplanes occurring in Table 2.

Definitions. e A hyperplane of Ej is said to be of Type B2 if it is of the form H % H, where
H is a hyperplane of Type Bl and where z is a point of H.

e A hyperplane of Ej is said to be of Type B3 if it is of the form H % H, where H is a
hyperplane of Type B1 and z is a point not belonging to H.

e A hyperplane of E3 is said to be of Type B4 if it is of the form H *x Hy, where H is a
hyperplane of Type Bl and W is a W (2)-quad contained in H.

e A hyperplane of Ej is said to be of Type B5 if it is of the form H * Hy, where H is a
hyperplane of Type B1 and W is a W (2)-quad not contained in H.

e A hyperplane of Ej is said to be of Type B6 if it is of the from H % Hy, * H,, where H is
a hyperplane of Type B1, W is a W(2)-quad contained in H and = € W.

e A hyperplane of Ej is said to be of Type B7if it is of the form H x Hy, x H,, where H is
a hyperplane of Type B1, W is a W (2)-quad contained in H and x € I'; (W) N H such that the
unique line through x meeting W is an ordinary line of H.

e A hyperplane of Ej is said to be of Type BS if it is of the form H % Hy, * H,, where H is
a hyperplane of Type B1, W is a W (2)-quad contained in H and = € T's(W) N H.
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e A hyperplane of Ej is said to be of Type B9 if it is of the form H % Hy, * H,, where H is
a hyperplane of Type B1, W is a W (2)-quad not contained in H and z is one of the 9 points
of WNH.

e A hyperplane of Ej is said to be of Type B10 if it is of the form H % Hy, x H,, where H is
a hyperplane of Type B1, W is a W (2)-quad not contained in H and z is one of the 6 points
in W\ H.

We have verified with the aid of a computer that the hyperplanes of Type Bi (i € {2,...,10})
as defined above agree with those which occur in Tables 2 and 3. It is also possible (with some
effort) to derive this only from the information provided by these tables. Let us do this for
the hyperplanes of Type B6 and B7, since the reasoning will also provide information on the
hyperplanes of the form H x Hy * H,, where H is a Type Bl hyperplane, W a W (2)-quad
contained in H and xz € I'y(W) N H such that xmy (x) is a special line.

Suppose H is a Type B1 hyperplane, W a W (2)-quad contained in H and y a point. Recall
that every Q(5,2)-quad which meets W intersects W in a line. Assume that we already know
that H x Hy is a Type B4 hyperplane (as occurring in Tables 2 and 3). By Table 2, H x Hy, x H,
is of Type B6, B7 or B8. If y is one of the 15 points of W, then H * Hy * H,, is of type B6,
since the three (5,2)-quads through y contained in H are deep with respect to H * Hy x H,
(observe the values of DE in Table 3). If y is one of the 90 points of I'y (W) N H such that the
line ymw (y) is special, then H % Hy, * H, is of Type B6, since the two Q(5,2)-quads through
ymw (y) are deep. So, we have located all 105 = 90 + 15 points y for which H x Hy * H,, is of
Type B6. Now, if y is a point of I';(W) N H for which the line ymy (y) is ordinary, then the
unique Q(5,2)-quad through ymy (y) contained in H is deep and hence H * Hy * H, must be
of Type B7 by Table 3.

6 The structure of the hyperplanes of Type A16

Besides the basic hyperplane classes, there is one additional class whose hyperplanes seem to
have a “nice structure”, namely the Type A16 hyperplanes. Indeed, looking at Table 3, we
observe that every point of such a hyperplane H is incident with either 9 or 11 lines which are
contained in H. The aim of this section is to discuss the structure of the hyperplanes of Type
A16 by means of an alternative construction we will give for these hyperplanes.

Let @1 and Q2 be two disjoint (5, 2)-quads of E3 and put Q3 := R, (Q2) = Rg,(Q1). Let
V denote the set of all 18 Q(5,2)-quads of E3 which intersect each of (1, Q2, Q3 in a line. The
quad @; can be partitioned into 3 grids G, G2 and G5 such that if L is a line of Gy, i € {1,2,3},
then (L, mg,(L)) € V. Let W denote the set of all 18 lines of the form @; N () where Q € V.
Let S be a regular spread of ()1 such that every line of S is contained in W. Let Ry, Ro, ..., Ry
be the 9 Q(5,2)-quads of V such that R; N Q; € S for every i € {1,...,9}. Without loss of
generality, we may suppose that (i) RiNQ1, RoNQy, R3NEQ; are lines of Gy; (i) R4NQ1, RsNQy,
RG N Ql are lines of Gg, (lll) R7 N Ql, Rg N Ql, Rg N Ql are lines of Gg. The set Ql U QQ U Qg
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intersects Ry in a (3 x 3)-grid G}. Let G, and G denote the (3 x 3)-subgrids of R; such that
{G, G, G4} is a partition of R; into 3 subgrids. Now, let 2 denote an arbitrary point of GY.
Let L; denote the unique line through = meeting R, and R3 and let L, denote the unique line
through = meeting R4. The quad (Li, Ls) intersects each of the quads Ry, Rs, R3, R4 in a line
since these quads are isomorphic to Q(5,2). There are two possibilities for the line (L, Ly) N R;.
Either this line is contained in G, or this line meets G'. Suppose the latter case occurs. Then
without loss of generality, we may suppose that (L, Ly) meets @)1 (necessarily in a line). Then
7, ((L1, Lo)) is a line. But this is impossible since g, ((L1, L2)) contains the point g, (L1 N R;y)
of Ry NQy, the point 7y, (L1 N Ry) of ReNQ1, the point mg, (L1 N R3) of R3NQ; and the point
7o, (LaNRy) of RyNQ. Hence, (L1, Ly) is disjoint from Q1 UQ2UQ3 and (Lq, L) N Ry is a line
belonging to GY. Put Q4 := (L1, La). Then mg, (Q4) contains the lines mg, (Q4NR1) = R1NQy,
TQ, (Q4 N Rz) = RQ N Ql, TQ, (Q4 N Rg) = Rg N Ql and TQ, (Q4 N R4) = R4 N Q1~ The smallest
subspace of Ql containing (Rl le) U (R2 ﬂQl) U (Rg ﬂQl) U <R4ﬂQ1) = G1 U (R4OQ1) coincides
with Q1. Hence, mg, (Q4) = @1 and Q4 is a Q(5, 2)-quad. Since ()4 intersects each of Ry, Ry, Rs,
R, in a line, it also intersects each of R, (R1), Rr,(R2), Rr,(R3), i.e. each of Ry, Rg, Ry, in a
line. In a similar way one shows that )4 intersects each of R5, Rg in a line. Now, let S’ denote
the unique regular spread of R; containing the lines Q1N Ry, Q2N Ry, Q3N Ry, Q4N Ry and let
Qs, Qs, Q7, Qs, Qg denote the Q(5, 2)-quads of E3 such that {Q; | 1 < i < 9} are all the 9 Q(5, 2)-
quads of E3 which intersects Ry in a line of S’. Without loss of generality, we may suppose that
QsNRy C Gy, QsNRy C G, QrNRy C G, QsNRy € G, QeNR C Gf. Since @1, Q2, @3, Q4 are
Q(5,2)-quads which intersect each quad R;, i € {1,2,...,9}, in a line, also Rg, (Q4), Rg,(Q4)
and Rg,(Q4) intersect each quad R;, i € {1,2,...,9}, in a line. In other words, Q7, Qs, Q9
intersect each quad R;, i € {1,2,...,9} in a line. With a similar reasoning, one shows that
also Qs, Qs € {Rg,(Q7), R, (Qs), Ro, (Q9)} intersect each quad R;, i € {1,2,...,9}, in a line.
It is now easily seen that the set X := Q1 U QU ---UQg = Ry U Ry U---U Ry carries the
structure of a Q(5,2) ® Q(5,2) near hexagon. Put S* :={Q, N R; |1 <1i,j <9}.

Now, let E3 be isometrically embedded into the dual polar space DH(5,4). By De Bruyn
and Pralle [17, Section 4.6], there are 3 hyperplanes of DH(5,4) which contain X and which
arise from the Grassmann-embedding of DH (5,4). If H is one of these three hyperplanes, then
H satisfies the following properties:

e Through every point x € H \ X, there are 9 lines which are contained in H. These are
precisely the 9 lines through = meeting one of the quads Q1,Qs, ..., Qy, or equivalently, the 9
lines through = meeting one of the quads Ry, Ry, ..., Ry.

o If Q) is a Q(5, 2)-quad through one of the lines of S* such that Q & {Q1,Qs, ..., Qq, R1, Ra,
..., Ro}, then @ is singular with respect to H.

e Through every point z € X, there are 13 lines which are contained in H.

It is now clear that the hyperplane H NE3 of E; satisfies the following properties:

e Through every point x € H \ X, there are 9 lines which are contained in H. These are
precisely the 9 lines through = meeting one of the quads Q1,Qs, ..., Qy, or equivalently, the 9
lines through x meeting one of the quads Ry, Rs, ..., Ry.
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e Let @ be a Q(5,2)-quad of DH(5,4) through one of the lines of S* such that @ ¢
{Q1,Q2,...,Q9, R, Ry, ..., Rg}. Then @ intersects E3 in a W (2)-quad of Es. (Notice that
there are already two Q(5,2)-quads of the set {Q1,...,Qq, R1,..., Ro} through that line of
S*.) The W (2)-quad @ NE; of E; is singular with respect to the hyperplane H N Ej of Ej.

e Through every point z € X, there are 11 lines which are contained in H.

By Table 3, the hyperplane H NIE3 of [E3 must be a hyperplane of Type A16. If x is an arbitrary
point of X, then H,x(HNE3) is a hyperplane of Type A17, since the two Q(5, 2)-quads through
x contained in X are deep with respect to H, * (H NE3). (Recall line “A16” of Table 1 and the
values of DE in Table 3.) So, we have located all 243 = | X| points x for which H, x (H N Es)
is a hyperplane of Type A17.
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