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1. Introduction.
Let N be the set of positive integers. Let a(z) = = + asx?® + azz® + - -

and a(;_)'m =y a(n,m)xn—T for m € N. In Section 2 we show that for any

n=m
k,n eN,
k

a(n + k,n) = Zl (Z::) (Zi:)a(k—kr,r).

r=

Let f(x) = co+ c1x + ca2? + - -+ with ¢y # 0. In Section 3 we establish the
following general inversion formula:

ap =M i[m"‘m]f(az)mhm (n=1,2,3,...)
m=1

— b, = %T;w—m]f@:)—”.am (n=1,2,3,...),

where [2¥]g(x) is the coefficient of ¥ in the power series expansion of g(z). As
a consequence, for a given complex number ¢ we have the following inversion

formula:
a —ni mi b, (n>1) < b —li —nt am (n>1)
"o = \n—-m m - n_nmzl n—m/) " -7
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Let a~!(x) be the inverse function of a(z). In Section 4 we derive a general
formula for [z™"]a(x)™ by using the power series expansion of a~1(x). As a
consequence, we deduce a symmetric inversion formula, see Theorem 4.3.

Suppose n € N and k € {0,1,...,n}. Let s(n,k) be the unsigned Stirling
number of the first kind and S(n, k) be the Stirling number of the second kind
defined by

n

=1 (z—n+1)=Y (-1)" Fs(n,k)a*

k=0
and
"t = Stn,k)x(x—1)---(x —k+1).
k=0

In the paper we obtain new formulas for Stirling numbers, see Theorems 2.3
and 4.2.

2. The formula for [z™]f(z)".

Lemma 2.1. Lett be a variable and m € N. Then

[2™](1 4 a1z + asx® + -+ @™ + - -+)°

tt—1)---(t—(k1+---+kmn)+1) ks k.
> File o] G m

k142ko+--4+mky,=m

Proof. Using the binomial theorem and the multinomial theorem we see that

[2™](1 4+ arx + az2® + -+ -+ @™ +---)"
= [2™](1 + a12 + aga® + - - + ama™)’

oo

= [z"] Z (;) (@12 + agz? + - - + apz™)"

e
= Z <n) [™] (a1 + ax? 4 -+ apma™)"

. t n! k1 m\km
— Z (n) ZL’ Z kll _ .km!(a]‘a’:) e (amx )

n=0 kit+ko+-+km

u t n' ky k
_Z<n) Tyl 101 Om

n=0 ki+-- —|—k

k142ko+-- +mk'm—m
1) (= (k) 4 D) 0
_ 3 .
Fal - hop]

k142ko+--4+mky,=m



Theorem 2.1. Let t be a variable, m € N and f(z) = 1+ a1z + asz? + -+ -.

Then .
) =3 (g:t) (t) = o)

r=1

Proof. From Lemma 2.1 we see that [z™]f(z)" is a polynomial of ¢ with
degree < m. Hence

Pt = 15wy =X (1) (D riser

r=1
is also a polynomial of ¢ with degree < m. If r € {1,2,...,m} and t €
{0,1,...,m} with ¢ # r, then t <r or m —t < m —r and hence (:Z:ﬁ)(:;) =0.

Thus P, (t) =0 for t =0,1,...,m. Therefore P,,(t) = 0 for all ¢. This yields
the result.

Corollary 2.1. Let m € N and let a be a complex number. Then

(e (e

r=1
Proof. Clearly [2](e”)! = L. Thus, by Theorem 2.1 we have
" = (m—t [\
m! _; <m—r) <r)ﬁ

Now taking ¢ = —a and noting that (7¢) = (=1)" (a+r_1) we deduce the result.

r

Theorem 2.2. Let a(x) = x + asz? + aza® +---. For m € N let a(;b)!m =
S a(n,m) T:. Then for any k,n € N we have

a(n+k,n) = :; (Z:ﬁ) <212>a<k+r’r)'

Proof. Set a(z) = a(x)/x. Then for m € N we have

> m/!
k ek
kz_oa m —+ m ( +k)!x

and [ask]a(a:)T =a(k+rr)
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Since a(0) = 1, by Theorem 2.1 we have

Hence

and so

a(n—i—k,n):i(ll{;::) (n+k) ja(k+r,r).

r=1
This is the result.

Theorem 2.3. Let k,n € N. Then

S(n + k,n) :é(’]z:’;) (’Zi:)sww,m

1(2:;}) (G )sth o),

Proof. It is well known that ([1])

and

]~

s(n+k,n) =

\3
Il

.3_\%

m!

(e® —1)™ _ i S(n m)ﬁ and (1og (1 +:L' i m)
Tl -

n=m n=m

Thus the result follows from Theorem 2.2.
3. A general inversion formula involving [z¥]f(z)t.

Lemma 3.1. Let a~!(x) be the inverse function of a(x). Then for any two
sequences {an 52y and {b,}5, we have:

oo

ay, = Z [z"]a(x) by, (n=0,1,2,...)

m=0
= by=> [2"la (@) am (n=0,1,2,...).
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Proof. Let a(x) = - janz™ and b(z) = >~ b,a™. Then clearly

an =Y _[2"]a(x) by (n=0,1,2,...)
m=0
<~ a(z) = Z bm Z[az”]a(az)mx” = Z ba(x)™
m=0 n=0 m=0
— a(z) =b(a(z)) <= bz) =ala"(z))
= b= [2"]a (@) "am (n=0,1,2,...).
m=0

So the lemma is proved.

Theorem 3.1. Let k € N. For nonnegative integers m and n let

i) = { 0 if ktn.

Then we have the following inversion formula:

oo

Ay = Z ag(n,m)b, (n=0,1,2,...)

m=0

= b, = Z ag(n,m)a, (nm=0,1,2,...).
m=0

Proof. Let a(z) = (1 — 2*)% (0 < z < 1). Then clearly a~!(z) = a(z) and

a(z)™ = (1—-a")% = >, (:L)(—l)’":z:k’" =" , ax(n,m)xz™. Thus applying
Lemma 3.1 we deduce the theorem.

=

Lemma 3.2 (Lagrange inversion formula ([1, p.148], [3, pp.36-44])).
Let a(x) = aqx + agz?® + -+ with ay # 0, and let k,n € N with k < n. Then

)0~ (@) = St (22) 7

n T

Theorem 3.2. Let f(x) = co + c1x + cox?® + -+ with cg # 0. Then for any
two sequences {an} and {b,} we have the following inversion formula:

ap, =1 zn:[x”_m]f(x)m-bm (n=1,2,3,...)
m=1

— b = % S @) (= 1,2,3,...).
5
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=0 for m > n. As

Proof. Set a(z) = zf(z). Then clearly [z"]a(x)™
a Hzf(z)) = a Ha(z)) = x we see that a=1(0) = 0 and so a~(z) = dyz +
dox® + - for some dy,ds,.... Thus [z"]a"!(z)™ = 0 for m > n. Set ag =
bo = 0. From Lemma 3.1 we see that
an =Y _[#"]o(z)™ by = Y [z"]a()™ by (> 1)
m=0 m=1
= b= "o @) am = [2"a (@)™ am (n>1)
m=0 m=1

For m < n we see that [x"]a(x)™ = [z"]z™ f(z)™ = [~ ™| f(x)™
Dz"=™] f(x)™" by Lemma 3.2. Thus

an= Y@ @) b (02 1) = b= Y " f (@) (02 1),

m=1

Now substituting a,, by a,,/n we obtain the result.

cr _ o0 (Cm)k
se =% /", 7 we see that

n—m r\m __ m"Tm an 2T ()TN — (_n)n—m
")) ~ (n—m)! d | Ie?) (n—m)!

Thus, putting f(z) = e” in Theorem 3.2 we have the following inversion for-

mula:
an:niﬂbm (n>1)<:>bn:lznjwam (n>1).
n— - n (n—m)! -

Substituting a,, by a,/(n —1)!, and b,, by b, /n! we obtain

4 = zn: (”)mn—mbm (n>1) <= b, = zn: (Z:i)(—n)”_mam (n>1).

m=1 m m=1
This is a known result. See [2, p.96].
As (1+2) =302 (92" (Jz] < 1), we see that

[xn—m](1+x)mt=< mt ) and 2" (1 4 2) " = (n__”fn).

n—m

Now putting f(z) = (14 )" in Theorem 3.2 and applying the above we deduce

the following result.
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Theorem 3.3. Let t be a complex number. For any two sequences {a,} and
{bn} we have the following inversion formula:

- mit 1 & —nt
an:nz<n_m)bm (n>1) <:>bn:EZ<n_m)am (n>1).
m=1

m=1

Theorem 3.4. Let f(x) = co + c1o + cox® + -+ with cg # 0. For k,n € N
with k < n we have

n

S ) )T = Y mla ) ) =0
m=k m=k

Proof. For m € N let b, = = >"  [2™ *] f(z)~™ - y*. Applying Theorem
3.2 we see that

On the other hand, )
S ) b = S ) S )
m=1 m=1 k=1
=S (T ) )
k=1 m=k
Thus,
S Sl ) =
k=1 m=k
and hence
%[xn—m] F@)™ - 2 f(2) ™ =0 for k< n.

m=k

For m € N let a,, = mY ;- [#™ %] f(z)* - y*. Applying Theorem 3.2 we

have
n

Z "™ f(x)™" - am = ny™.

m=1
On the other hand,

n

YT f(a) T am

m=1

I
3
1]+
)_\.—|
8
1
_3
=
&
|
S
3
[+
B
i
T
=
&
&
<
&

3
3



Thus,

and hence

n

Z mlz™ M f(2)F - [z f(x) " =0 for k< n.

m=k
This completes the proof.
Corollary 3.1. For k,n € N with k <n we have

n

= ) (n7) §m<mk—t o)) =0

=k

Proof. Since (1+z)™ =307, ("), taking f(z) = (1+z)’ in Theorem 3.4
we deduce the result.

4. A formula for [z™"]a(x)™.
Theorem 4.1. Let B(z) =z~ Bpa™ with By #0. Let a(x) be the inverse
function of B(x). For m,n € N we have

m Z (n+m—14+k +--+kp)!

[z M a(2)™ = tntm)! Tyl kol

k142k2+--4nk,=n
ki+k kn n— ki—-—kn nk1 gk kn
% (_1) 1+ko+-+ BOTL m—~K1 511 22"'Bn )

Proof. By the multinomial theorem we have

(Zﬁk k) Z ) ﬁﬁ(%ﬂ)&

kit +kn=s =1
Thus
B 2k B ok s! - Bi\ Fi
(Z ) (Z ) Z lﬁ!.-.kn!H(%) '
kit +kn=s i=1
k142ko+--4nk,=n
As

m—+n
i (5e)

B(x)

ﬁm”(ﬁwiﬁkx’“)_n_ —1—(1+ZB’“ )
=1

g (—n— m)( _n_m_i!)...(_n_m—s-l—l (Zﬁk k)
8




From the above we see that
n m+n< x >m—|—n
T —
I

“(—n—m)(-n—m—1)---(—n—m—s+1
5 )( b )

s=1

n
<Y ()
oo k|
kit tkn=s Fale - fin! i=1 Bo
k14+2ko+--4+nk,=n

B Z (n+m)(n+m+1)---(n+m+ki+---+k,—1)
kil---kp!

k14+2ko+---4nk,=n

()

Thus applying Lemma 3.2 we have

m—+n
e ate)™ = ) (50)
__ M s-m-n (k1+- -+ ky+n+m-—1)
_n—i—mﬁo Z k! kpl(n+m —1)! .

k14+2ko+--4+nk,=n
Kyt a—(k14+kn) ok kn
x (— 1)kt gk gl gl

This yields the result.

Corollary 4.1. For m,n € N we have

Z (k1+-+kp+m+n— 1)!(_1)k1+~~+kn _ (-1 <m +n>.

m-+n—1)k! k! m
ki1+2ko+--+nk,=n ( T ) 1 "

Proof. Let f(x) = ) 2, x" = 2. Then the inverse function of 3(z) is
given by a(x) = 5. Using the binomial theorem we see that [z™*"]a(z)™ =

(2™ (1+z)~™ = (7™) = (=1)* (™). Now applying Theorem 4.1 we deduce
the result.

Corollary 4.2. Forn € N we have

Z ( 1 kil k| ) (—1)k1+ +kn2k13k2...(n+1>kn
k14+2ko+-+nk,=n 1 n-

:(—1)”-(n+1)!'niz(?jf)'
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Proof. Let

T 1—-—+1-—-4x

1
m and «a(x) = 5 —1(O<x<—).

Bla) = ;

It is easily seen that a(x) = 87 !(z). From the binomial theorem we know that

<1 /2n+2)\ I = VI n
a<x>:x;n+2(n+l)x and B(w)—x;(—l) (n+1)z".

Now applying Theorem 4.1 (with m = 1) we deduce the result.
Corollary 4.3. Forn € N we have

3 (ki4 -+ ky+2n)  (=1)kathetothatn

. = —1)n2
Fal o ! Ssthe (g D en D

k142k2+--4nk,=n

Proof. It is well known that

. . - (_1)n 2n+1
SINT = ZO mﬂf

and -
o (2n — 1) 2n+1
arcsmx—a:‘-l—nz_:l(2n+1)'(2n)”x (Jz <1).

Set B(z) =sinz =z .- Bpa™. Then S~ (z) = arcsinz and

0 i1,
Bi = (—1 i/2

i 21k

Thus, taking m = 1 in Theorem 4.1 and substituting n by 2n we obtain

(2n + 1)! - [z*" ] arcsin x

B Z (2n+ Kk + koo -+ kap)!
N kilky -« - kop!

(_1) 1+ko---+k2 B11522_._ 272L

k142k2+--42nkon=2n

2n 4+ ko + kg - + kop)! Koy +ate ooy - —1)% \ ke
_ 3 @t ks tkae ko) e H(%)

kolka!- - - kop! 2t +1
ko42ka+--+nkan=n 21 n i=1 +

Replacing ks; by k; in the above formula and observing that

@2n-D1! (2n — 1112

|. [gp2ntl inx = L
(20 4+ 1)t [ aresing = (20 + D! @ B my=E oy =

we deduce the result.
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Theorem 4.2. For m,n € N we have

(=" oot (kK14 +ky+n+m—1)!
S(n+m,m) = ——— (—1) 1+t kn
(m N )' k1+2k2+§~~:—i—nkn:n 201k - 3Rzl (TL + 1)knkn'
and

) k142ko+--4nk,=n

Proof. Clearly e* — 1 and log(1 4 x) are a pair of inverse functions. As

et —1)m gtm

Mg
Yo
==

m!

n=0 1=0

putting a(x) =e” — 1, f(z) = log(1+z) and 5; = (;rl%z in Theorem 4.1 we see
that

m!S(n 4+ m,m)

= (e - 1)

(n+m)!
oom Z (ki1+-+ky+n+m-—1)!
N ! bk |
(n+m)! b2k e kqle - kp!
1
_1)kitkettkn 1 \kiA+2ket Ak, )
X( ) ( ) 2k13k2(n+1)kn
Since
(log(1+z))™ & Zntm =zttt
—_— = " — d e"—1=
— 1;)( ) s(n+m,m)(n+m)! and e ;(i—i—l)"

p}llltting a(x) =log(l+z), B(xr) =e*—1and §; = ﬁ in Theorem 4.1 we see
that

(="

m!s(n +m,m)

(n+m)!
= [z"""](log(1 + x))™
__m Z (k14 +ky+n+m—1)! . (=1)krtthn
(n+m)! kK, 2k . 3Rz . (o + 1)Fn

ki1+2ko+---4+nk,=n

By the above, the theorem is proved.
We remark that Theorem 4.2 provides a straightforward method to calculate

s(n+m,m) and S(n + m,m) for small n. For example, we have
(4.1)

st s~ ("F)(7F7) st = (75 ("5)

11



Corollary 4.4. For m,n € N we have

i <7:L) (_1ym-rpmn

r=0

=m Z (—1)krtrthntn (k14 +ky+n+m—1)

kif 1. 3kaL 0. .. knl 1°
k1 +2ko+-+nkn=n 281k - 3M2 ks (n+1)knk,!

Proof. It is well known that ([1, p.204])

i <m) (=1 = mlS(n + m, m).

r
r=0

Combining this with Theorem 4.2 we obtain the result.
Let a(r) = —2 + a12? + a2z’ + -+ and B(z) = —x + B1a® + Boz3 + -+ be
a pair of inverse functions. Taking m = 1 in Theorem 4.1 we deduce:

Theorem 4.3. We have the following inversion formula:

o= B (n 2 1)
] Lok | 1 n
(n—l— 1) P S S ]{71. kn.
B (—1)n+1 (ki 4+ -+ ko +n)! k.,
= =03 2 ok et =)

ki1+2ko+---+nk,=n

Definition 4.1. If a(z) = a1 (z), we say that a(x) is a self-inverse function.

For example, a(x) = 722 ((r2 +1%)(r? + st) # 0) and o(x) = (1 — 2*)* are
self-inverse functions.

Theorem 4.4. Let a(z) = —x + a12% + aax® + - - - be a self-inverse function.
Then as, g, ... depend only on aq,as,.... Moreover, forn € N,
(k14 -+ kp_1+n) 4 -
Z kil ok, ! A O
(42) ki+2ko+-+(n—1)kn_1=n

0 if214n,
{—2~(n+1)!an if 2 | n.

Proof. By Theorem 4.3 we have

o (—1)n+1 Z (k1+"'+k”+n)!a’f1...akn
n = | l... | "
(n + 1)t k1+2ke++nkn=n fls R
_1)”-1'1 (/ﬁ + otk + n)! k kn—1 n+1
BRG] 2 Bkt O1 e DT

ki+2ko+-+(n—1)kn_1=n
12



Thus (4.2) is true. Using (4.2) and induction we deduce that aae, ay, ... depend

only on aq,as,.... This completes the proof.
If a(x) = —2 + a1 2? + apa® + - -+ is a self-inverse function, from (4.2) we
deduce
g = —oz%, oy = 20/11 — 3o as,
(4.3) ag = —13ab — dajas — 204% + 1803 a3,

ag = 14504? — 22104?043 + 5004%04% + 35@“;’045 — bagas — baar.
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