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CONSTRUCTIONS OF LARGE GRAPHS ON
SURFACES

RAMIRO FERIA-PURON AND GUILLERMO PINEDA-VILLAVICENCIO

ABSTRACT. We consider the degree/diameter problem for graphs
embedded in a surface, namely, given a surface > and integers A
and k, determine the maximum order N (A, k,X) of a graph em-
beddable in ¥ with maximum degree A and diameter k. We intro-
duce a number of constructions which produce many new largest
known planar and toroidal graphs. We record all these graphs in
the available tables of largest known graphs.

Given a surface X of Euler genus g and an odd diameter k, the
current best asymptotic lower bound for N (A, k,X) is given by

3

2 gAlE/2]
89

Our constructions produce new graphs of order

{6AW2J if 3 is the Klein bottle

(% +4/6g + i) AlF/2] otherwise,

thus improving the former value by a factor of 4.

1. INTRODUCTION

Given a class C of graphs and integers A and k, the degree/diameter
problem aims to find the maximum order N(A,k,C) of a graph in C
with maximum degree A and diameter k. For background on this
problem the reader is referred to the survey [6].

Given a surface X, let G(X) denote the class of graphs embeddable
in ¥. Weset N(A,k,X) := N(A,k,G(X)) for simplicity.

The Moore bound

1+ A+AA -1 +...+AA = 1)1

provides an upper bound for the order of an arbitrary graph with max-
imum degree A and diameter k. This bound, however, is a very rough
upper bound when considering graphs on surfaces. The current best
upper bound for N(A, k, ¥) was provided by Siagiova and Simanjuntak
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[T1] who showed that, for every surface ¥ of Euler genus g, every k > 2
and every A > 3,
N(A Kk, %) < cghAF/2

Before continuing we clarify what we mean by a surface and its Euler
genus, as different authors adopt different definitions. A surface is a
compact (connected) 2-manifold (without boundary). Every surface is
homeomorphic to the sphere with h handles or the sphere with ¢ cross-
caps [0, Theorem 3.1.3]. The sphere with h handles has Fuler genus
2h, while the sphere with ¢ cross-caps has Euler genus c.

The bound cgkAl*/2! still seems to be rough for graphs on surfaces
of Euler genus g, as demonstrated in [I0]. For the class P of planar
graphs the paper [10] recently showed that, for a fixed k, the limit

L N(AEP)
Al Al
is an absolute constant, independent of A or k.

Knor and Siran [2] proved that, for every surface ¥, there exists an
integer A such that, for all A > A,,

N(A,2,5) = N(A,2,P) = [CA] 41

This result motivated Miller and Sirdn to pose the following problem
[6l pp. 46].

Problem 1.1 ([6, pp. 46]). Prove or disprove that, for each surface
Y and each diameter k > 2, there exists a constant Ay such that, for

mazximum degree A > Ay, N(A kX)) = N(A Kk, P).

Problem [Tl was answered in the negative by Pineda-Villavicencio
and Wood [10], where the authors proved that, for every surface 3 of
Euler genus g, every odd k > 3 and every A > /1 + 24g + 2,

N(A K, Y) > ,/ggAW?J.

In Section Bl we construct graphs whose orders improve the above
lower bound for N (A, k,X) by a factor of 4. We obtain

6ALF/2] if ¥ is the Klein bottle

N(AEY) >
(A, )—{(%Jr\/m) AE21 otherwise.

Sections[3land M are devoted to the construction of new largest known
planar and toroidal graphs for maximum degree 3 < A < 10 and
diameter 2 < k < 10. In the appendix we provide tables cataloging the
largest known such graphs. In the case of planar graphs the existing
table was updated with the new orders. For toroidal graphs no such
table existed; only a table recording largest regular graphs was available
at [9]. We also updated accordingly (created in the case of toroidal
graphs [5]) the online table of largest known planar graphs [4].
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Our constructions extend approaches put forward in [I]; Section
explains the methodology.

2. MULTIGRAPHS AND DIAGRAMS

We start from the definition of a diagram presented in [I]. A diagram
D is a multigraph where edges are labelled in the form a(A, 3) (« and
[ positive integers); see Figure[Il (a). An edge in a diagram D is called
thin if = [ = 1, otherwise it is called thick. Similarly, a vertex in D is
called thin if all its incident edges are thin, otherwise it is called thick.
For thin edges labels are omitted. The unlabelled degree of a vertex v in
D is the number of edges incident with v, while the (labelled)degree of
a vertex v in D is the sum of all the a values on the labels of the edges
incident with v. For instance, in Fig. Il (a) vertex v has unlabelled
degree two and (labelled) degree three. The weight of a walk in D
is the sum of all the 3 values on the labels of the edges of the walk.
An edge e in D with an endvertex of unlabelled degree one is called
pending, otherwise e is called non-pending. For an integer k > 2, Dk
denotes any diagram D with maximum degree A and labels a(A, )
satisfying 5 < k for non-pending edges, and 8 < |k/2] for pending
edges.

The depth of a tree rooted at a vertex v is the length of a longest
path from v to the tree leaves. For a positive integer v, a (A, v)-tree is
a tree of depht v with its root and leaves having degree 1 and all other
vertices having degree A. Given a positive integer 3, we call a (A, 5)-
pod the planar graph obtained from two (A, |3/2])-trees, identifying
their leaves if [ is even and matching their leaves if § is odd; see
Figure [I (b) for an example. The roots of the two trees used in the
pod construction are the roots of the pod; the remaining vertices are
called internal. In a pod, a path linking its roots is called a vein. The
number of internal vertices in a (A, §)-pod with 5 > 2 is

A(A —1)B=2/2 2
A—2

if 8 is even,

and
2(A —1)B-1/2 2
A—2
From a diagram DX we define a compound graph G(D%) as follows:
a thick non-pending edge e in DX, labelled by a(A, 3), is replaced by
a “disjoint” (A, f)-pods. By “disjoint” pods we mean pods that only
share their roots. The endvertices of e are identified with the roots
of the pods; see Figure [l (c). If instead e is a thick pending edge in
DX, e is replaced by a “disjoint” (A, B)-trees. The endvertex of e with
unlabelled degree other than one is identified with the roots of the trees
replacing e.

if 3 is odd.
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A diagram FY

(a) A (3,6)-pod and a (3,7)-pod
(b)

(% 2(3’6>

The graph G(F?)
(c)
FIGURE 1.

Next we establish relations between DX and G(DX); most of them
already appeared in [1].

Proposition 2.1 ([1, Lemma 1]). The mazimum degree of G(DY) is
at most A.

Lemma 2.2 ([I, Lemma 2]). Consider a diagram D% and the graph
G(DX), and suppose that e and €' are two thick edges of DX which lie
on a cycle of weight at most 2k + 1. Let v and v’ be vertices in G(DY)
of pods corresponding to e and €' respectively. Then the distance in
G(DX) between v and v' is at most k.

Proposition 2.3. Consider a diagram D% and the graph G(DX), and
suppose the following conditions hold.
(1) Any two thick edges of DX are contained in a closed walk of
weight at most 2k + 1.
(2) For any thin vertex v and any thick edge e of DX, v and e lie
in closed walk of weight at most 2k + 1.
(3) There is a path of weight at most k between any two thin vertices
of DX.
Then the graph G(DY) has diameter at most k.
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Proof. If a thick non-pending edge e of DX has label a(A, 3) then the
distance between any two vertices in G(DX) belonging to the pods
which replaced e is at most k [I, pp. 277]. Since 8 < |k/2], for a
thick pending edge e labelled by a(A, ), the distance between any
two vertices in G(DX) belonging to the trees which replaced e is at
most k as well. Condition (1) assures that any two vertices of G(DX)
belonging to pods replacing distinct thick edges are at distance at most
k. Conditions (2) and (3) guarantee that the distance from a thin vertex
to any vertex in a pod of G(DX), and to any other thin vertex, is also
at most k. t

As we will show in the proofs of Proposition 3.1 and LemmaZ.2]
Condition (1) can often be relaxed to containment in two closed walks
of weight 2k + 2, rather than just one closed walk of weight at most
2k + 1.

3. LARGE PLANAR GRAPHS WITH ODD DIAMETER

Figure 2 (a) depicts the diagram C& (A > 4) suggested in [I], which
gives rise to the largest known planar graphs of maximum degree A > 6
and odd diameters k > 5. The order of G(C%) for odd k > 5 is

k= (%) 12BN 22

As noted in [I], the diagram C% has maximum degree A and readily
satisfies the conditions of Proposition 23l Thus, the graph G(C%)
has maximum degree A and diameter k. A minor modification of C§
produces a diagram Y£ (for odd k > 5) with three additional vertices
and, in the case of odd A, with an extra pending edge; see Figures
(b) and (c). Clearly, in both cases Y has maximum degree A.

Proposition 3.1. For odd k > 5 the diameter of the graph G(Y%) is
k.

+9.

Proof. The diagram YX does not satisfy Proposition 23] as the pairs
of edges (ac,bg), (ac,hi) and (bg, hi), and only those pairs, violate
Condition (1). It is not difficult to verify that all other pair of edges
meet the conditions of Proposition 2.3

The edges ac and bg, however, are contained in the two closed walks
of weight 2k + 2, namely abgeica and adgbrca. Let u be a vertex in
G(YF) of a pod replacing ac, and P the vein containing u. Similarly, let
v be a vertex in G(YX) of a pod replacing bg, and P’ the vein containing
u’. We observe that, since k is odd, if v and «’ are at distance k + 1
in the closed walk abP’geicPa, then they cannot also be at distance
k + 1 in the closed walk adgP’'bxcPa. This alternative to Condition
(1) guarantees that the distance between any two vertices in the pods
replacing ac and bg is at most k. A similar argument applies to the
pairs of edges (ac, hi) and (bg, hi); note the symmetry in Y£. O
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Diagram C% Diagram Y} (even A)

(a) (b)

h=[22](Ak—-1)
Iy =[2721(Ak = 1)
I3 = (A =3)(Ak—1)
Lbh=1(A,%52)

Diagram Y} (odd A)
()

FIGURE 2. Diagrams C% and Y}.

The number of vertices in G(Y) is
|G(CK)| +3 if A is even
1G(CK)| + @*2% +3 if Ais odd
For odd £ > 5 and each A > 6 new largest known planar graphs
arise from G(Y}).

When k& > 7 we can do even better, by incorporating three additional
pending edges to Y¥. The resulting diagram Z% is shown in Figure Bl

Proposition 3.2. For odd k > 7 the diameter of the graph G(ZX) is
k.

G(Y)| = {

Proof. By virtue of Proposition B.I, we only need to verify that Con-
dition (1) of Proposition 223 holds for any pair of thick edges of Z%, in
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Diagram Z& (odd A)
(a) (b)

(A k—1) Iy = 1(A, 53)

2

(A k=1) ls=(A—-2)(A, [55])

2

Iy = (A —3)(Ak—1)

FIGURE 3. Diagram Z%.

which at least one of the three additional pending edges is implicated.
This fact can be verified with little effort. U

For the new diagram Z& we have

(A-—DL= ) —1
A—2
For odd £ > 7 and A > 6 new largest known planar graphs arise
from G(Z%).
The new record orders obtained from G(YX) and G(Z%) have been
added to the table of largest known planar graphs [4], and they are also
displayed in Table [I] of the appendix.

G(ZX)] = |G(YA)| +3(A - 2)

4. LARGE GRAPHS EMBEDDED IN THE TORUS

The diagram-based approach explained in the previous section can
be used to produce large graphs embeddable in an arbitrary surface.

Remark 4.1. If a diagram DX is embeddable in a surface ¥ then the
graph G(DX) is also embeddable in 3.

In this section we obtain large graphs in the torus. For our construc-
tions we will use the diagrams P& (for A > 3) and Q% (for A > 5 and
odd diameter k), depicted in Figure @ (a) and (b), respectively. Since
the Petersen graph embeds in the torus, the diagram P%, based on
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the Petersen graph, also embeds in the torus. Furthermore, P¥ readily
satisfies Proposition 2.3l Thus, we have the following.

Diagram P}

(a)

L =(A=2)(Ak—1) Diagram QX
b= (A-4)(Ak—1) (b)

FIGURE 4. Diagrams PX and Q%.

Proposition 4.1. For any k > 3 the diameter of the graph G(PX) is
k.

The order of the graph G(P¥) is

5(2(A — 1)% —2)+10 if k is even

GPk = k-3
G(PA)] {5(A(A_1)2_2)+10 if & is odd

An embedding of Q% in the torus, based on an embedding of K7, is
presented in Fig. Bl We use the drawing solution suggested in [3, Sec-
tion 2|, where the torus is represented by the inner unshaded rectangle.
This rectangle is surrounded by a larger, shaded rectangle, containing
copies of the actual vertices and edges of the embedding. This draw-
ing solution allows easy visualisation of the faces and adjacency of the
embedding.

Next we prove that G(Q%) has diameter at most k.

Lemma 4.2. Let DX be a diagram for odd k > 3. Let e = vy and e =
2"y’ be two thick edges in DY, labelled by a(A, k —1) and o/ (A k — 1),
respectively. Suppose there is a thin edge in DY joining x and ', and
thin edges f = xy and f = 2’y parallel to e and €', respectively. Then
the distance in G(DY) between any vertez u in a pod replacing e and
any vertex v’ in a pod replacing €' is at most k.
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L= (A—4)(Ak—1)

l
hL
l

h
h

Ao 7
Diagram Q%

FIGURE 5. Embedding of Q% in the torus based on an
embedding K.

Proof. We use a similar argument as in the proof of Proposition 3.1l
Note that, also in this case, the thick edges e and ¢’ are contained in two
closed walks of weight 2k+-2 (see Figure[@]). Let P and P’ be the veins in
G(D%) containing u and v/, respectively. Since k is odd, if u and ' are
at distance k+1 in the closed walk xx’ Py’ f'x’x Py fx, then they cannot

also be at distance k + 1 in the closed walk zx' f'y/ P'x'x fyPux. O
/
yo—~/ =2 i —aak—1)
l . I I'=ad/(Ak—1)
T T

FIGURE 6. Auxiliary figure for Lemma

From Lemma it immediately follows

Proposition 4.3. For odd k > 3 the diameter of the graph G(QX) is
k.

From Q% we obtain

k-2

5(A — 4)“?7_22_2 +14 if kis even
k=3

BA—4)2B=D 2 =2 414 if & is odd

The orders for toroidal graphs obtained from PX and QX are dis-
played in Table 2

G(QA)l =
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5. LARGE GRAPHS ON SURFACES

As mentioned in the introduction, Pineda-Villavicencio and Wood
[T0] constructed, for every surface ¥ of Euler genus g, every odd di-
ameter k > 3 and every maximum A > /1 + 24g + 2, graphs with

order
/3
2 aAlk/2]
89

This is the current best lower bound for N (A, k,3). In the following
we improve this lower bound on N (A, k, ) by a factor of 4, obtaining
the following bound.

6ALE/2] if ¥ is the Klein bottle

N(AE,T) >
( )= {(% + /69 + i) A2 otherwise.

Our construction modifies a complete graph embedded in the surface
3, so we need the Map Colouring Theorem. This theorem was jointly
proved by Heawood, Ringel and Youngs; see [7, Theorems 4.4.5 and
8.3.1].

Theorem 5.1 (Map Colouring Theorem). Let ¥ be a surface with
Euler genus g and let G be a graph embedded in 3. Then

7+ I+ 24g
< - Y =

Furthermore, with the exception of the Klein bottle where x(G) < 6,
there is a complete graph G embedded in 3 realising the equality.

The right-hand side of the inequality of Theorem [(.1] is called the
Heawood number of the surface ¥ and is denoted H(X). Define the
chromatic number x of a surface 3 as follows:

(%) = 6 if ¥ is the Klein bottle
A b7 (X)) otherwise.

The main result of this section is the following.

Theorem 5 2. For every surface ¥ of Euler genus g, and for every
A > fX(E Y+ 1 and every odd k > 3,

N(AES) > y(D) (A 1 {X@;_ 1]) AlA ;?kj —2 o).

Before proving Theorem we recall the operation of vertex split-
ting. Splitting a vertex v consists of replacing v by two adjacent vertices
v" and v”; and of replacing each edge incident with v by an edge incident
with either v' or v” leaving the other end of the edge unchanged.
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Proof of Theorem[2.2. We construct large graphs based on a generali-
sation of the diagram Q% in Figured (b). For a given g we construct a
diagram QX embeddable in a surface ¥ of Euler genus ¢ such that the
graph G(Q%) has maximum degree A and diameter k.

To obtain QA we start from the complete graph K, () and an em-
bedding of K, (x) in 3. We split every vertex v in K, (x) as follows. On
the surface ¥ we operate inside a neighbourhood B.(v) centred at v,
with radius € small enough so that no vertex of K, other than v is
contained in B.(v). Take any edge of K, () incident with v and de-
note it by ey, then denote the other edges incident with v clockwise by
€2, €3, . .., Cy(x)— Spht a vertex v and obtain adjacent vertices v" and
v 50 that the Vertex v’ is incident with the edges e, eo, . . ., € xm-1 and

the vertex v” incident with the edges CXE)=1) 4 € Xy oy -y Ex(D)-1

Then a thick edge v'v” labelled by (A — 1 — f%])(A,k — 1) is
added; see Figure [0 (b). Note that splitting each vertex v of Ky
and the subsequent addition of one parallel thick edge do not affect the
embeddability in ¥ as all these operations are carried out inside the
neighbourhood B, (v).

The resulting diagram QX has maximum degree A, and so does the
graph G(Q%). The embeddability of G(QX) follows from the embed-
dability of QK. Note also that every thick edge in QX has a parallel
thin edge, and any two thick edges in QX% are joined by a thin edge.
Thus, by Lemma [£.2] the diameter of G(QX) is k. Finally we have

- -1 [ 2

+ 2x(2).
U

An example of the construction put forward in Theorem was
already depicted in Fig. [ (b); see also Fig. [l for an embedding of such
a construction in the torus.

When x(X) is even we can think of one improvement. Since the
vertices in Q&) arising from v’ have degree A — 1, it is possible to add
an extra pending edge v'v” labelled by 1(A, £52); see Figure[T (c). This

k—3
(A-1)"Z -1

A vertices.

would increase the order of G(QX) by another x(%)
Thus, we have the following.

Corollary 5.3. For every surface ¥ of Euler genus g and even x (%),
and for every A > [X Z) X711 11 and every odd k > 3,

N(A K, %) > x(%) (A_ 1_ [X(E;— 1D AA—1)5 —2

A—2

k=3

(A—1)5 -1

+XE) x5

+ 2x(2).
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€ — e _
LX(QQ) 1J LX(QQ) 1J
X(g)_lj-‘rl
2

ol

b= (A1 YA k- 1)
I =1(A, 52)
[ ] Neighbourhood B.(v)

FIGURE 7.

6. CONCLUSIONS

Our results and those from [10] imply that, for a fixed odd diame-
ter k, N(A, k,X) is asymptotically larger than N(A, k,P). For even
diameter, however, we believe this is not the case; thus, we dare to
conjecture the following.

Conjecture 6.1. For each surface > and each even diameter k > 2,
there exists a constant Ay such that, for mazimum degree A > Ay,
N(AE,Y) and N(A,k,P) are asymptotically equivalent for a fized k;
that is,
i AR D)

A—o0 N(A, ]{Z, 7))

Knor and Siran [2] result for diameter 2 supports this conjecture.

For odd k we think the actual assymptotic value of N(A, k,>) is
(c1+co \/§)AW 2] where ¢; and ¢, are absolute constants. The case of
g = 0 was proved in [10].
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All the graphs constructed in this paper are non-regular. We could
look at large regular graphs embedded in surfaces as well. This varia-
tion of the degree/diameter problem has already attracted some inter-
est; see, for instance, [8]. Such direction merits further attention.
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A k|l 20 3 4 5 6 7 8 9 10
FHS E| FHS| FHS| FHS| FHS
3 7| 12 18) 28 38| 53 77| 109 157
YLD FHS FHS T| FHS| FHS
4 9| 16/ 27| 44| 81} 134| 243| 404| 728
YLD| FHS| E| FHS| T| FHS T| FHS T
5 10| 19| 39| 73| 158 289 638 1153| 2558
YLD| FHS| T| 117 71| 579 T| 2889 T
6 11| 24| 55| 114 280| 564| 1405 2814| 7030
YLD| FHS| T| 165 T 984 T| 5898 T
7 12| 28| 74| 161| 452| 959| 2720 5747| 16328
FHS| FHS| T| 228 T| 1590 T| 11124 T
8 13| 33| 97| 225 685 1569 4901| 10977| 33613
FHS| FHS| T| 295  T| 2338 T| 18698 T
9 14| 37| 122| 289| 986| 2305 7898| 18433| 63194
FHS| FHS| T| 375\  T| 3369 T| 50315 T
10 16| 42| 151) 372| 1366| 3342| 12301| 30072 110716

TABLE 1. Table of largest known planar graphs in Feb-
ruary 2013. Bold entries denote optimal graphs. Under-
lined entries correspond to the order of our largest known
graphs; the old value is also recorded in the same cell. A
Y LD acronym denotes a graph found — or proven to be
optimal — by Yang, Lin and Dai [13]. A FHS acronym
denotes a graph found by Fellows, Hell and Seyffarth [1].
A T acronym denotes a graph found by Tishchenko [12].
An FE acronym denotes a graph found by Geoffrey Exoo.

CENTRE FOR INFORMATICS AND APPLIED OPTIMISATION, UNIVERSITY OF
BALLARAT
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k|l 2] 3] 4] 5 6 7 8 9 10
A

ror or r T T r P P

3 10| 16| 26| 38 56 74 92 120 160

ror or r P P P P P

4 13| 25| 41| 61 90| 180 270 540 810

rr r p P P P P P

5 16| 30| 48] 100| 160| 400 640| 1600| 2560

rlrf r p p P p P p

6 191 37| 61| 150| 280| 750| 1405| 3750 7030

PP PP p P p P p

7 12| 35| 74| 210| 452| 1260 2720| 7560 16328

PP PP p P p P p

S 13| 40| 97| 280| 685 1960| 4901| 13720| 33613

bl Pl Pl Q P Q P Q p

9 14| 45| 122| 364| 986| 2884| 7898| 23044| 63194

bl Pl Pl Q P Q P Q p

10 | 16] 50| 151| 476| 1366| 4256| 12301| 38276| 110716

TABLE 2. Table of largest known toroidal graphs in Feb-
ruary 2013. Entries displaying P and () denote graphs
resulting from diagram P%¥ and Q% respectively. An r
denotes a largest known regular toroidal graph, whereas

a p denotes a largest known planar graph.
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