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PERCOLATION WITH SMALL CLUSTERS ON RANDOM GRAPHS

MUSTAZEE RAHMAN

ABSTRACT. Consider the problem of determining the maximal induced subgraph in a
random d-regular graph such that its components remain bounded as the size of the
graph becomes arbitrarily large. We show, for asymptotically large d, that any such
induced subgraph has size density at most 2(log d)/d with high probability. A matching
lower bound is known for independent sets. We also prove the analogous result for sparse
Erdds-Rényi graphs.

1. INTRODUCTION

A subset S of a graph G is a percolation set with clusters of size at most T if all the
components of the induced subgraph G[S] have size at most 7. For instance, independent
sets have clusters of size one. We consider the following problem on random d-regular
graphs and Erdds-Rényi graphs of average degree d. Given a threshold 7 what is the
density, |S|/|G|, of the largest percolation sets S with clusters of size at most 7 on the
aforementioned graph ensembles? We say S is a percolation set with small clusters when
we do not want to mention the parameter 7 explicitly.

Edwards and Farr [9] study this problem for some general classes of graphs under the
notion of graph fragmentability. They consider a natural 7 — oo version of the problem
and provide upper and lower bounds on densities of percolation sets with small clusters
for bounded degree graphs. Their bound is sharp for the family of graphs with maximum
degree 3, and optimal, in a sense, for several families of graphs such as trees, planar graphs
or graphs with a fixed excluded minor. However, their bounds are not of the correct order
of magnitude for random d-regular graphs.

For random graphs the correct order of the density of percolation sets with small clusters
can be deduced from just considering the largest independent sets (that is, the 7 = 1 case).
Bollobas [4] proved that with high probability the density of the largest independent sets in
a random d-regular graph is at most 2(log d)/d for d > 3. The same bound was proved for
Erdés-Rényi graphs of average degree d by several authors (see [6] Theorem 11.25). Frieze
and Luczak [10, 11] provided lower bounds of order 2(log d — loglogd)/d for large d.

Our main result is that relaxing the problem from independent sets to percolation sets
with small clusters provides no improvement to the maximum density for large d. Roughly
speaking, for both the aforementioned graph ensembles we prove that for any 7 and large d,
the density of the largest percolation sets with clusters of size at most 7 is bounded above
by 2(log d)/d with high probability. In fact, 7 may be taken to be of linear order in the size
of the graph. Precise statements are in Section 1.2.
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1.1. Preliminaries and terminology. Let V(G) and E(G) denote the set of vertices and
edges of a graph G, respectively. For an integer 7 > 1 define

o’ (G) = max{ |V|(SC|¥)| : S C V(G) is a percolation set with clusters of size at most T} .
We say that a sequence of events F,,, generally associated to G, 4, occurs with high proba-
bility if P[E,] — 1 as n — oc.

We use the configuration model (see [6] chapter 2.4) to sample a random d-regular graph
Gn.a on n labelled vertices. Recall that G, 4 is sampled in the following manner. Each
of the n distinct vertices emit d distinct half-edges, and we pair up these nd half-edges
uniformly at random. (We tactically assume that nd is even.) These nd/2 pairs of half-
edges can be glued into full edges to yield a random d-regular graph. There are (nd—1)!! =
(nd —1)(nd — 3)---3 -1 such graphs.

The resulting random graph G, ; may have loops and multiple edges, that is, it is a
multigraph. However, the probability that G, 4 is a simple graph is uniformly bounded
away from zero at n — oo. In fact, Bender and Canfield [7] and Bollobés [5] showed that

2
P[G), q is simple] — e
n—oo

Also, conditioned on G,, 4 being simple its distribution is a uniform d-regular simple graph
on n labelled vertices. It follows from these observations that any sequence of events that
occur with high probability for G, 4 (as n — o0) also occurs with high probability for a
uniformly chosen simple d-regular graph.

We denote by ER(n, p) an Erdés-Rényi graph on n vertices and edge inclusion probability
p. In this model every pair of vertices {u,v} is independently included as an edge with
probability p. We are interested in the sparse case when p = d/n for a fixed d.

We set the function h(z) = —xlog(x) for 0 < & < 1 with the convention that h(0) = 0.
We will use the following properties of h(z) throughout.

(1) h(zy) = zh(y) + yh(z). (1.1)
(2) h(l—z)>z—2?/2—-23/2 for 0 <z < 1.
(3) h(l—z)<z—2%/2 for 0 <z <1.

The inequalities in (1.1) follow from Taylor expansion. It is clearly valid for z = 1. For
0 < x < 1 note that —log(1 — 2) = Y., #¥/k. Hence, —log(l — x) > x + 2%/2, which
implies that h(1 —z) > x — (1/2)2? — (1/2)2®. Furthermore, —log(1 — z) < z + (1/2)x? +
(1/3)23(1 + 2 + 22 - --), which shows that —log(1 — z) < x + (1/2)z? + 23/(3(1 — x)) for
0 <z < 1. Consequently, h(1 —z) <z — (1/2)2% — (1/6)23 <z — (1/2)22.

1.2. Statement of results.

Theorem 1. Let 7 = edlosd n where 0 < eg <1 and e¢g — 0 as d — oo. Given € > 0 there

exists a dy = do(€, {eq}) such that if d > dy, then with high probability any induced subgraph
of Gn,q4 with components of size at most T has size at most

logd .
d

Corollary 1.1. For e > 0 and every fived T with respect to n there exits a dy = do(€) such
that for d > dy,

(2+¢€)

log d
o8 —1 asn — .

Pla™(Gna) < (2+¢)
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It can be verified with careful bookkeeping in the proof of Theorem 1 that for every such
fixed 7, a"(Gp4) < w with high probability if d > 12. For Erdés-Rényi graphs
we provide a weaker but more explicit result.

Theorem 2. For d > 5, let T = log,(n) — logloglog(n) — log(wy,) where wy, — oo with n.
With high probability any induced subgraph of ER(n,d/n) with components of size at most

T has size at most 5

d
Corollary 2.1. If agrq) = %(logd + 2 —log?2) then for every fixed T with respect to n,

(logd + 2 —log 2) n.

P [ (ER(n,d/n)) < apr@)] =1 asn— oc.

We provide another interpretation of Corollaries 1.1 and 2.1. Bayati, Gamarnik and
Tetali [3] proved that the quantities a!(G, 4) and ol (ER(n,d/n)) converge almost surely
to non-random limits as n — co. Their argument can be used to show that a” (G, 4) and
" (ER(n,d/n)) also converge almost surely, as n — 0o, to non-random limits a”(d) and
o’ (ER(d)), respectively.

It is thus natural to consider the limiting values of o, and o (ER(d)) as 7 — oo. Define

a™(d) = sup a’(d) and o™ (ER(d)) = sup o (ER(d)).

In a sense these parameters determine the largest size density of percolation sets in G, 4
and ER(n,d/n) whose components remain bounded as n — oo. Corollaries 1.1 and 2.1
along with the matching lower bound of Frieze and Luczak [10, 11] imply that
o0 o0
lim i /A @) =2 and lim @ =g (ER(d)) =
d—oo (logd)/d d—oo (logd)/d

We briefly discuss what is known about a”(d) and a®°(d) for small values of d. For
independent sets, McKay [14] proved that a'(3) < 0.4554 and this bound was recently
improved by Barbier et al. [1] to a'(3) < 0.4509. Cséka et al. [8] showed by way of
randomized algorithms that a'(3) > 0.4361 and this was improved to a'(3) > 0.4375 by
Hoppen and Wormald [13].

Hoppen and Wormald [12] also provide a lower bound to the largest size density of an
induced forest in G, 4, and their construction can be used to get the same lower bound for
a®(d). An upper bound to the density of induced forests was given by Bau et al. [2] with
numerical values for small d. These upper bounds hold true for a*°(d) as well. On the
other hand it is known that a®(3) = 3/4 through results on the fragmentability of graphs
by Edwards and Farr [9], and it is conjectured in [2] that a®°(4) = 2/3.

The question of the size density of the largest induced forests in G,, 4 can also be treated
with the techniques used to prove Theorem 1. The proof of the theorem can be used with
little modification to show that for large d, the size density of the largest induced forests in
Gn,d is also at most (2 + 0(1))1°§d with high probability. The same conclusion holds for the
size density of the largest k-independent sets in G,, 4 for every fixed k. (A k-independent
set is a subset of vertices such that the induced subgraph has maximum degree k.)

We prove Theorem 1 in Section 2 and Theorem 2 in Section 3.

2. PERCOLATION ON RANDOM REGULAR GRAPHS

The proof of Theorem 1 is based on the following two lemmas. In the following we prove
Theorem 1 by using these lemmas. The lemmas are then proved in Section 2.1 and Section
2.2, respectively.
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A finite (multi)-graph H is k-sparse if |E(H)|/|V (H)| < k, that is, the average degree of
H is at most 2k. For example, finite trees are 1-sparse. Any subgraph of a d-regular graph
is (d/2)-sparse. The first lemma shows that linear sized subgraphs of a random d-regular
graph are likely to be k-sparse so long as their size density is sufficiently small.

Lemma 2.1. Let G, 4 be a random d-regular graph on n wvertices. Suppose d > 12 and

3 <k<(1- %)d Set Ciq = 6_4(2/€/d)1+ﬁ. With high probability, any subgraph in
Gn,a of size at most Cy, q - n is k-sparse. The probability that this property fails in G, q is

Ok,d(n3'5_k)-

The next lemma shows that k-sparse subgraphs of G, 4 are actually not very large if
k = o(log d) and d is sufficiently large.

Lemma 2.2. Let G, 4 be a random d-regular graph on n vertices. Let k = €;log d where
0<eg<1landeg— 0 asd— oo. Given any e > 0 there is a dy = do(e,{eq}) such that if
d > dy, then with high probability any k-sparse induced subgraph of G, 4 has size at most

logd
(2+¢€) og n.

We do not attempt to provide explicit upper bounds on dj.
Proof of Theorem 1. Let ¢; be as in the statement of the theorem. First we show
that it is possible to choose k > 4 satisfying both the constraints that k& = o(logd) and

e~ 4(2k/d) 1/ (=1) > ed% for all large d. Let €, = max{ﬁm, @}. Note that €/, — 0

as d — oco. We assume that d is large enough that e; < e 6. Set k = e, logd.
We begin by showing that e~*(2k/d)**+/(+=1) > ed% for all large d. As (2k/d) <1 we
have

2k \141/(k-1) 2K 1 42/k k\1vo/k ehlogd, 1+-2— ,1 i
> (— > (= > og
( d ) B ( d ) - (d) = ( d )

edlogd

We now show that (“455%)< 1"“ > € d/ , which would imply that the very last term above

is greater than (e&ei/ 2)105 4 Observe that

log ((ed logal)e logd) _ %<log(e;) +loglogd 1)

d logd
2 rlog4 4
> (= — 1> s T
€ (logd (as € 2 logd)
5 22
=

2
We conclude that (Ed lggd) ed > =2/, and as €, > we deduce that e~/ >

e 2‘10g(6d)‘ — 6;/2
So far we have seen that (2k/d)! /(=1 > (¢, 61/2) logd £ all large d (large d is required

to ensure that €/, < 1). Now we show that 6_46& ei/ 2 > ¢4 for perhaps larger d. As

4
[log(ea)|”

e > IIOE;LLW’ this holds if |log(eq)| < 46_46;1/ . Since €4 < 1, this inequality is the same

as log(e;!) < 46_4(—2;1/2. A simple calculation shows that log(z) < 4e~*z/2 if 2 > €3/4.

Therefore, 6_46& € d/ 2 > €5 whenever e; < 4e~%. The latter certainly holds for large d.
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We have thus concluded that it is possible to choose k > 4 satisfying both the constraints
that k = o(log d) and e~*(2k/d)+1/(-=1) > ed% for all large d. We are now able to finish
the proof. Set k = €/, log d in the following.

Let A = A(Gpq4) be the event that all subgraphs of G, ¢4 containing at most edlogdn
vertices are k-sparse. From the conclusion derived above we see that there exists d; such
that if d > d; then k/d < 1 —1/y/2 and e~*(2k/d)'T1/(+:=1) > ed%. Lemma 2.1 implies
that P[A] — 1 as n — co.

Let B = B(Gy,q) be the event that any induced subgraph of G, 4 that is k-sparse contains

at most (2 + ¢€) 105 41 vertices. From Lemma 2.2 we conclude that there exists a dy such
that if d > dy then P[B] — 1 as n — oc.

If d > max{d;,da} then P[AN B] > P[A]+P[B]-1 — 1asn — oco. Let D = D(G,, 4) be

the event that all induced subgraphs of G,, 4 with components of size at most 7 = ed% n

have size at most (2 + e)logd n. We show that AN B C D for all d > max{d,,d2}.
Suppose a d-regular graph G on n vertices satisfies properties A and B. If S C V(G)
induces a subgraph with components of size at most 7 = ¢4 logdn then all components of S
are k-sparse because G satisfies property A. Hence, S itself induces a k-sparse subgraph.
As G also satisfies property B we deduce that S contains at most (2 + ¢) 105 d
This means that G satisfies property D, as required.
The proof of Theorem 1 is now complete because if d > {dy,ds} then P[D] > P[AN B] —

1 as n — oo.

n vertices.

2.1. Proof of Lemma 2.1. We prove Lemma 2.1 by showing that the expected number
subgraphs of G, 4 that are of size at most C}, 4 - n and that are not k-sparse is vanishingly
small as n — oco. The first moment bound implies that the probability is vanishingly small
as well.

Let Z;; = Z; j(Gna) be the number of subsets S C V(G,4) such that |S| = i and
e(S) = j. Notice that Z; ; = 0 unless j < (d/2)i.

Let N be the number of subgraphs of G, 4 that have size at most C}, 4 - n and that are
not k-sparse. We have

Cr,an (d/2)i

i=1 j=ki
In the following sequence of lemmas we compute E [Z; ;] in order to bound to E [N].
Lemma 2.3. For 1 <i<n and 0 < j < (d/2)i, the expectation of Z; ; is

<n> (id)! ((n —i)d)! (nd/2)! 2142
>< .
(id —2)! jt (B — id+j)! (nd)!

(2.2)

Proof. There are ('}) subsets S of size i and E[Z; ;] is the sum over each such S of the
probability that e(S) = j. For a fixed subset S of size i, the probability that e(S) = j is the
number of pairings in the configuration model that satisfy e(S) = j divided by (nd — 1)!!.
The number of such pairings is

< id ><(n—i)d> (id — 2j)! (2j — 1)! ((n—Qz’)d—i—Zj — 1)!!.

id — 25 )\ id — 27
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Therefore, E[Z; ;] equals

o 2\ Ga) (GrB9) Gid =2)! (25 = 1) ((n = 20)d + 25 — 1)1 s
Zigl=1{; )~ (nd — 1) -2

We may simplify (2.3) by using (m—1)!! = WM for even integers m > 2 and 0!! = 1.
This simplification leads to (2.2). O

Lemma 2.4. Suppose 1 < k < d/2 and 1 <1i < (2k/d)n. For ki < j < (d/2)i, E[Z;;] is
mazximized at j = ki.

Proof. From the equation for E[Z; ;] in (2.2) we deduce that the ratio
E(Zij]  (id—2j — 1)(id — 2j)

BlZidl g +1)(222 45 +1)
If i < (2k/d)n then this ratio is at most 1 provided that ki < j < (id)/2. Indeed,
subtracting the denominator from the numerator gives id(id—1) —2(n—2i)d—4—2j(nd+3).
This is non-positive for all ki < j < (id)/2 if and only if
L(id)(id — 1) — (n — 2i)d — 2
nd + 3 '

In order to show that (2.4) holds for 1 < i < (2k/d)n it suffices to show that ki > (ii)z

2nd

because the latter term is larger than the right hand side of inequality (2.4). Since i > 1,
s ,

ki > (;i)d if and only if k& > %, which is indeed assumed. O

It follows from Lemma 2.4 and (2.1) that
Cl,an
E[N] < Z (id/2)E [Z; il
i=1
<dn® max E[Z]. (2.5)

ISiSCk’dn

ki >

(2.4)

To get a bound on E[Z; 1;] that is suitable for asymptotic analysis we introduce some
notation. For a graph G and subsets S, T C V(G) let

u,v):u € S,v €T {u,v} € E(G)|
2|E(G)|
The edge profile of S associated to G is the 2 x 2 matrix

m(S,T) = I

_ | m(S5,5)  m(S,59
M) = | 5 o)
where S¢ = S\ V(G). If |S| =i and e(S) = j then
2 i 2
AC R PR @0

We denote the matrix in the r.h.s. of (2.6) by M(i/n,j/(nd)). Then Z; ; is the number
of S C V(Gy,q4) such that M(S) = M(i/n,j/(nd)). The entropy of a finitely supported
probability distribution 7 is

H(m)= Y —n(x)logm(z). (2.7)

zE€support ()
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Lemma 2.5. For 1 <i<n—1and0<j <id/2, we have that

d
E(2:5] < 0(avi) x exp {n | $1 (b(i/n.i/nd) — (@~ D (/n.1 - i/ | |

where big O constant is universal.

Proof. We use Stirling’s approximation of m! to simplify (2.2):

< m! < l/12m
2rm(m/e)™

First, consider (Ojln) For 1 < i < n — 1, Stirling’s approximation shows that (?) <
V/nfi(n — i) e@/m1=i/m) - Since nfi(n —i) <n/(n—1) < 2 and H(0,1) = H(1,0) = 0, we
conclude that (Otln) < 2enH(al-a)

Now consider the fraction in (2.2), which is the probability that e({1,...,i}) = j in G, 4.
Stirling’s approximation implies that the polynomial order term (in n) for this fraction is
bounded from above, up to an universal multiplicative constant, by

d(nd/2) 1/2
(id —2))j((nd/2) —id +J)

We may assume that each of the terms id — 23, j and (nd/2) —id+ j are positive integers.

For if one of these were zero then the corresponding factorial in (2.2) would be 1 and we

could ignore that term from the calculation. So (id — 27)j((nd/2) —id 4+ j) > 1, which

implies that (2.8) is bounded above by dy/n.
The term of exponential order (in n) for the fraction in (2.2) is

(id)d ((n — i)d) "~ (naynd/2

(2.8)

L : ((nd/2)—id)+j '
(id — 2§)=2 (25)7 ((n — 2i)d +2;) " (nd)nd
This may be written in exponential form as
: i/n ; —(¢/n nd
[ (i/n) /) (1 — (i/n))! =6/ ]
. i\ (i/n)—(27/nd iNj/nd . i\1/2—(i/n)+j/nd
((z/n)—%)(/) 25/ )(%)1/ (1—2(z/n)+%)/ (i/n)+35/

— exp {n [gH<M(i/n,j/(nd))> — dH (i/n,1 — (i/n))} } .
Therefore, (2.2) is bounded from above by

Ody/n) exp {n [gH(M(i/n,j/(nd))) (d—DH(ifn,1 (z’/n))} }
0

As we want to bound E [Z; ;] we analyze of the maximum of (d/2)H (M (i/n,ki/nd)) —
(d—1)H(i/n,1— (i/n)) over the range 1 < i < C}, 4-n. Lemma 2.5 implies that E [Z; 1,] is
bounded from above by

O(dy/m) x exp {nl(d/2)H(M(ifn, ki/nd)) — (d — VH(i/n,1 — (i/m)]}.

It is convenient to work with the analytic continuation of the terms involving the en-
tropy. Recall that h(x) = —xlogz. If we set a = i/n then (d/2)H(M (i/n,ki/nd)) — (d —
1)H(i/n,1 — (i/n)) equals

(d/2)[h(a(2k/d)) + 2h(a — a(2k/d)) + h(1 — 2a + a(2k/d))] — (d — 1) H(a, 1 — ). (2.9)
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Here o lies in the range 1/n < o < Cf 4. We will show that (2.9) is decreasing in « if
0 < a < Cq. We will then evaluate its value at o = 1/n to show that the leading term (in
n) is (1 — k)(logn)/n. This will allow us to conclude Lemma 2.1.

Lemma 2.6. Suppose that 2 < k < (1 — 1/y/2)d. Then the entropy term in (2.9) is
decreasing as a function of a for 0 < a < Cj, 4.

Proof. We differentiate (2.9) to show that it is negative for 0 < a < C} 4. Notice that the
derivative h/(a) = —1 — log(). Differentiating (2.9) in « and simplifying gives

d/ 2k 2k 2k
3 (h( ¥ )—|—2h(1—g)) +(k—1)log(a)+(d—1)(—log(1—a))— (d—k)(— log(1—2a+ Foz)).
First, we deal with the term (d — 1)(—log(1 — a)) — (d — k)(—log(1 — 2a + 2q)) and
show that it is negative for 0 < a < 1/2. We will use the following inequalities for
—log(1—=) which can be deduced from Taylor expansion. If 0 < z < 1/2 then —log(1—z) <
x4+ (1/2)2% + (2/3)x3. If 0 < 2 < 1 then —log(l —x) > = + (1/2)2% + (1/3)x3. From
these inequalities we conclude that (d — 1)(—log(1 — @) — (d — k)(—log(1 — 2a + Za)) is
bounded from above by
a2 a? k k 8 k
d—1 — +—)—(d-k)]21 - = 2(1 — =)%® 4+ (1 — =)3a?].
(=0 + %+ %)~ [@= R0 - Dat+2(1 - 57a? + 20 - Syl
The term (1 — g) is positive and decreasing in k if 2 < k < (1 — 1/v/2)d. Its minimum
value is 1/+/2. Thus, (1 — 3)2 <1/2 and (1 — 3)3 < 1/v/8. We deduce from this that

o  of k k 8 k
(d=D(a+ 5 +3)- (d = K)[2(1 = Z)a +2(1 - E)Qoﬂ + 5(1 - 5)3043] <
a2 O43 \/_ 3
(d—l)(a—l—;—k;) \/_[fa+a + ] =
(V2-1)d+1 5, d+3 4
I S —Ta.

The last term is clearly negative for positive o. This shows what we had claimed.

Now we consider the term & (h(2) + 2h(1 — Z)) + (k — 1)log() and show that it is
negative for 0 < a < Cy 4. By property (2) of h(x) from (1.1) we have h(l —z) < x.
Therefore, h(1 — 28) < 2k/d and (d/2)[h(2%) + 2h(1 — 2)] < klog(d/2k) + 2k. Thus,

d, 2k 2k

5(h( y )+ 2h(1 — F)) + (k — 1) log(a) < klog(d/2k) + 2k + (k — 1) log(a).

The latter term in increasing in o because k > 2 and it tends to —oo as @ — 0. It is there-

fore negative until its first zero, Which is the value o satisfying — log(a*) = klog(z/w

Observe that W (1 + 715)log(d/2k) + 4 since k > 2. Consequently, o* >
e~ 4(2k/d)" /=1 and we conclude that (d/2)[h(2) 4+ 2h(1 — 2)] + (k — 1) log(av) is neg-
ative for 0 < a < Cj, 4.

The proof is now complete since we have shown that if 2 < k < (1 — 1/y/2)d then the
derivative of (2.9) is negative for 0 < a < Cj 4 . g

Lemma 2.7. Suppose that 2 < k < (1 — 1/\/§)d and 0 < « < 1. Then the entropy term
(2.9) is bounded from above by

alklog(d) + 1) + h(a)(1 — k) + (d/2)a
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Proof. We use the properties of h(z) from (1.1). We have that h(% ) = ah(%) Fkh( ),
ha—2a) = ah(1—Z)+ (1 - Z)h(a), and h(1 —2a+ Za) < (20— Za) — $(2a — Za)?.
Therefore,
h(a(2k/d)) + 2h(a — a(2k/d)) + h(1 — 20 + a(2k/d)) <
2k 2k 2k k

a(n(= =)+ 2h(1 - ) +2 - F) +2h(a)(1 — S) ~20%(1 - 2)2.

Now, H(a,1 —a) = h(a) +h(1 —a) > h(a) +a — (1/2)a® — (1/2)a® by property (3) of
(1.1). As a result (2.9) is bounded from above by

d. 2k k
a2

B d=1 4
a 2h(d)+dh(

d—1
J— — J— 2 _ _— —_
) +1—k| = (k= Dh(a) +a?[ 5= —d(1 = 2) + 5—a®. (2.10)
The term % —d(1 —% 2 is increasing in k& and maximized when k = (1 — 1/\/_)d where
it equals —1/2. Thus, ozz(d2 —d(1— —) ) is negative. The term gh(2j)+dh( 2 KY41—k
log(2k)+k-+1, which is at most k log(d)+1 because k—k log(2k) < 0
(2

.10) is bounded from above by a(klog(d) + 1) + h(a)(1 — k) +

simplifies to klog(d)—
if £ > 2. Consequently,
(d/2)a? as required.

g

Completion of the proof of Lemma 2.1. Recall that N was defined to be the number
of subsets S C V(G q4) of size at most Cj 4 - n such that S is not k-sparse. From (2.5) we
have

E[N] <dn? max E[Z].

i<i<Cl.an
By Lemma 2.5, E [Z; j;] is bounded from above by
O(dy/n) x exp{n[(d/2)H(M((i/n,ki/nd)) — (d — 1)H(i/n,1 — (i/n))]}. Now,
max (d/2)H(M (i/n,ki/nd)) — (d—1)H(i/n,1 — (i/n)) <

1<i<Clqn
sup (d/2)H(M(a, (k/d)a)) — (d —1)H(cr, 1 — @), (2.11)

L<a<Cyyq
where « is a continuous parameter. Lemma 2.6 shows that the supremum of (2.11)
is achieved at a = 1/n provided that 2 < k < (1 — 1/4/2)d. Lemma 2.7 implies that
when 2 < k < (1 —1/4/2)d the term in (2.11) is bounded from above at a = 1/n by
L(klog(d) +1) + %(1 —k)+ %. Therefore, we deduce that for 2 < k < (1 — 1/v/2)d,

m 3

O(d**2)n35=k In particular, if & > 3.5 then
E[N] — 0 and this is precisely the statement of

E[N] < O(d?n?3) exp {n[%(klog(d) +1)+ logé") (1) + 1] }
[N

If n > /d then we see that E[N] <
E[N] — 0 as n — oo. Hence, P[N > 1] <
Lemma 2.1.

2.2. Density of k-sparse graphs: proof of Lemma 2.2. We begin with the following
elementary lemma about the density of k-sparse sets.

Lemma 2.8. Let S be a k-sparse set in a finite d-regular graph G. Then |S|/|G| < ﬁ.

Proof. Set |G| = n, and so |FE(G)| = nd/2. Consider the edge-profile M (S) of S. We have
that |S|/n = m(S,S)+m(S,S¢). Since S is k-sparse, m(S, S) < 2k|S|/(nd). The number of
edges from S to S¢ is at most d|S¢| because Gy, 4 is d-regular. Therefore, m(S S€) < 184 /n.

Consequently, |S|/n < ( —1)|S|/n + 1, which implies that |S|/n < 5% % O
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Let E denote the event that G, 4 contains an induced k-sparse subgraph of size an. We
bound the probability of £ by using the first moment method as well. We will call a subset
S C V(Gn.q) k-sparse if it induces a k-sparse subgraph. By definition, any k-sparse set S
has the property that e(S) < k|S]|.

Let Z = Z(c, G,,q4) be the number of k-sparse sets in G,, 4 of size an. Recall the notation
Z; ; from Section 2.1. Let Z; = Zan j(Gn,a) be the number of subsets S C G, 4 such that
|S| = an and the number of edges in G,, 4[S] is j. Then

E[Z] =) E[Z]. (2.12)

From Lemma 2.3 we see that E[Z;] is of exponential order in n. So the sum in (2.12) is
dominated by the largest term. From Lemma 2.3 applied to i = an and j we conclude that

1 [ " (and)! ((1 — a)nd)l (nd/2)! gand—2j
E [Z]] = X e . ‘ (2.13)
an (and — 2j)! ! (Tnd—kj)! (nd)!
Lemma 2.9. If o > % then the expectation of Z; is mazimized at i = kan, for all

sufficiently large n. Note that kan is the mazximum number of edges contained in a k-
sparse set.

Proof. We argue as in the proof of Lemma 2.4. From the equation for E [Z;] in (2.13) we
deduce that
E[Zj41]  (and —2j — 1)(and — 2j)

E(Z] 4+ 1)<@nd+g’ + 1) '

This ratio is at least 1 for all 0 < j < kan if n is sufficiently large and o > 2k/d. Indeed,
subtracting the denominator from the numerator gives and(and — 1) — 2(1 — 2a)nd — 4 —
2j(nd + 3). This is non-negative for all 0 < j < kan if and only if
(and)(and — 1) — (1 — 2a)nd — 2

nd + 3 '

1
kan < 2

(2.14)

If the inequality in (2.14) fails to hold for all sufficiently large n then after dividing
through by n and letting n — oo we conclude that ka > (1/2)a?d. This implies that

a < 2k/d, which contradicts our assumption.
O

From Lemma 2.5 applied to E [Z; ;] for i = an and j = kan we conclude that

E[Z;] < O(v/n) exp {n [gH<M(a,j/nd)) —(d—1)H (a1 - a)] } (2.15)

For the rest of this section we assume that o > (logd)/d and d is large enough such that
(logd)/d > 2k/d. This will hold since k = o(logd). If o < (logd)/d then there is nothing
to prove. We conclude from Lemma 2.9, (2.15) and (2.12) that

E[Z] < (kn) E [Zkan)
d

< O(kn®/?) exp {n [§H(M(a, Sa)) —(d—1)H(a,1— a)] } (2.16)
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Note that M(«, Sa) equals

k 2ka a— 2ka
Mo, Sa) = d d
(g0 =1 4 ko ] _9q 4 2ka

This matrix may depend on n through «. If it does then we replace « by its limit supremum
as n — 0o. By an abuse of notation we denote the limit supremum by « as well.
For d > 3 define ag = ag 1 by

ad:sup{a:Ogagland gH(M(a,g ))—(d—l)H(a,l—a)EO}.

Thus, if o > a4 then from the continuity of the entropy function H we conclude that for
all sufficiently large n the function %H(M(a, %a)) —(d—1)H (o, 1—a) < 0. Consequently,

from (2.16) we conclude that lim sup,,_,. P [E] < limsup,,_,. E [Z] = 0. We devote the rest
of this section to bounding the entropy functional in order to show that ay < (2 + e)%
for all large d.

First, we show that oy — 0 as d — oo. Suppose otherwise, that limsup,_,. aq =
Qoo > 0. Lemma 2.8 implies that as, < 1/2 because ag < d/(2d — 2k) and k = o(log d).
After passing to an appropriate subsequence in d, noting that 2k/d — 0 as d — oo due to

k = o(log d), and using the continuity of H we see that

dh—>n;o %H(M(ad, gad)) — H(ag, 1 —ag) = %H(M(aoo, 0)) — H(to, 1 — o) -

However, (1/2)H(M(x,0)) — H(z,1—z) = (1 —z)log(1 —x)— (1/2)(1 — 2z) log(1 — 2x),
and this is negative for 0 < z < 1/2. This can be seen by noting that the derivative of the
expression is negative for x > 0 and the expression vanishes at x = 0. Therefore, for all
large d along the chosen subsequence we have %H(M(ad, %ad)) —(d—=1)H(ag,1—ay) < 0;
a contradiction.

We now analyze the supremum of the entropy functional for large d in order to bound
ag. From the properties of hA(z) in (1.1) we deduce that

H(M(a)):h<%7a>+2h<a—%7a>+h<l—2a+%7a>

<2[h(a) + a —a?] + %[a — h(a) + alog(%) + 207, (2.17)
H(a,1—a)=h(a)+a— %oﬂ +0(a?). (2.18)

From (2.17) and (2.18) we see that %H(M(a)) —(d—1)H (e, 1 — o) is at most

- ga2 + k[a — h(a) + alog (%) +20%) 4+ a + h(a) + O(da?). (2.19)
Now, k(a + 2a?) + a < 4ka and log(d/2k) < log(d/k). Hence, (2.19) is at most

- goﬂ + lalog(d/k) — h(a)] + h(a) + 4ka + O(da®). (2.20)

2
Let us write o = B% where 3 > 1. In terms of 3, h(a) = 312 d_logddloglogd +h(5)%.

Since B > 1, h(B) < 0, and we get that —%042 + h(a) < (—%2 + ﬁ)%. The term
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alog(d/k) — h(a) equals 8 logd(loglzgd_logk) + ﬁlogﬁlogd. Substituting k = €;4logd and
combining these inequalities together we see that (2.20) is bounded from above by

2 3 3
[1— (1/2)6 + calog § — eqlos(ea) + dea) o 4 0T

As B = o4(d/(logd)) the term B3(log®d)/d? is of order oq(5?(log?d)/d) as d — oo.
Therefore, (2.21) is of the form 1 — (1/2 — 04(1))8 + €q4log B — €4log(eq) + 4eq for large d.
Elementary calculus shows that in order for 1 — [(1/2) — 6]8 + dlog 8 — dlog(d) + C§ to be
non-negative § must satisfy 8 < 2 — 20log(0) + 4C9, provided that 0 < § < 1.

We conclude that there is a function 6(d) = §(eq) such that §(d) — 0 as d — oo and
(2.21) is negative unless § < 2 + §(d). As a result, we have ay < (2 + 5(d))1°§d and the
latter is bounded by (2 + ¢) logd for all large d. This completes the proof of Lemma 2.2.

+0O( ). (2.21)

3. PERCOLATION ON ERDOS-RENYI GRAPHS

Lemma 3.1. The expected number of cycles of length no more than T in ER(n,d/n) is at
most d” log 7.

Proof. Let Cp denote the number of cycles of length ¢ > 3 in ER(n,d/n). Note that
E[Cy] = (;})%(d/n)é, and (?)%(d/n)é < g—z. The number of cycles of length at most 7 is
C<; = C3+---+ C;. Note that >;_41/(2¢) < [ 1 dt =log(7/2) < logT. Thus,

T T dz
E[C<] =) E[C]<> o < d"log.
(=3 (=3

0

Let X, be the number of cycles of length at most 7 in ER(n,d/n). It follows from
Lemma 3.1 that if 7 = log,(n) — log log log(n) — log(wy,) then E [X,, ;] = O(n/wy,).

3.1. Proof of Theorem 2. Let E denote the event that ER(n,d/n) contains a percolation
set of size an with clusters of size at most 7. We can assume that o > (2e)/d, for otherwise,
there is nothing to prove due to d > 5. We bound the probability of £ by using the first
moment method. From this we will show that if an is bigger than the bound in the
statement of Theorem 2 then P [E] — 0 as n — oc.

Set p, = E[X,, ;] = O(n/wy,) for 7 in the statement of Theorem 2. Fix § > 0 and note
that P [X,, » > pp /0] < 0 from Markov’s inequality.

Let Z = Z(a,ER(n,d/n)) be the number of percolation sets in ER(n,d/n) of size an
with clusters of size at most 7. From the observation above we have that

PE] <PEN{Xnr < pn/0}] +06 SE[Z; X0 r < pn /0] +6 (3.1)
where E [Z; X, ; < py,/d] denotes the expectation of Z on the event {X,, ; < p,,/0}. To

prove the theorem it suffices to show that for any § > 0 the expectation E [Z; X, ; < p,, /6]
vanishes to zero as n — oo provided that an is bigger than the bound stated in the
statement of Theorem 2. For then we have that limsup,,_,. P [E] < ¢ for any 6 > 0, and
thus, P[E] — 0.

We now make a crucial observation about percolation sets with small clusters. Let S be
a percolation set with clusters of size at most 7. If we remove an edge from every cycle
of the induced graph ER[S] of length at most 7 then the components of ER[S]| become
trees. In that case the number of remaining edges in ER[S] is at most |S|. Therefore, the

number of edges in ER[S] is at most |S| + (i,/9). This bound is useful as it shows that
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the subgraph included by percolation sets with small clusters is much more sparse relative
to the original graph.

Let M = M(a,7,d,ER(n,d/n)) be the number of subsets S C ER(n,d/n) such that
|S| = an and the number of edges in ER[S] is at most |S| 4+ (u,/J). Notice that the
number of edges in ER[S] is distributed as the binomial random variable Bin(('*g ‘),d/n).
The observation above implies that

E[Z; Xpr < pin/0] < E[M] (3.2)

_ <a”n> P [Bin ((O;”) , d/n) < an+ (i /5)} .

Lemma 3.2. Let Bin(m,p) denote a binomial random variable with parameters m > 1 and
0<p<1l If0<p<1/2 and 0 < pu <1 then the following bound holds.

P [Bin(m, p) < pmp] = O(y/mp) x exp {—m [uplog pu+ (1 — p)p — up®] }.

Proof. The quantities P [Bin(m,p) = k] = (}')p*(1 — p)™ " are non-decreasing in k if k <
mp. Therefore,
P [Bin(m,p) < pmp] = P [Bin(m,p) < [pmp]] < pmpP [Bin(m, p) = [pmp]].
We can estimate P [Bin(m,p) = [ump]] by (7 )pH"P (1 —p)™ #™P with a multiplicative

pmp

error term of constant order. Stirling’s approximation implies ( m

ump) is bounded from above

by O((mup(1— pup))~/?) emH#P) - Therefore, after some algebraic simplifications and using
1 — pup > 1/2 we deduce that

P [Bin(m,p) < pmp] < O((mp)~4/?) eml=#plog p—(1=pp)(log(1—pp)—log(1=p))] (3.3)

We now provide an upper bound to the exponent on the r.h.s. of (3.3). Note that
r < —log(l—2z)<z+a?for 0<x<1/2. As up < p < 1/2, it follows from these two
inequalities that log(1 — up) — log(1 — p) > p — up — u?p®. Hence,

—pplog pu — (1 — pp)(log(1 — pp) —log(1 — p)) < —pplogu— (1 — p)p + pp* .

The conclusion of the lemma follows upon substituting the bound above into the exponent
on the r.h.s. of (3.3).
O

We now use Lemma 3.2 to provide an upper bound to P [Bin((%'),d/n) < an + (un/6)].
We require that n > 2d and have that p = [an + (1,/8)]/[(%') (d/n)].

Recall that o > 2e/d. With this assumption and for n > 2d it is easy to show that
p < 2/(da)+O0q(1/wy,). For all large n we thus have p < e~!. From Lemma 3.2 we deduce:

P [Bin <<a2"> : d/n> < an+ (pn /5)] < O(vVnd) e~ (%) wlog(u)+1-p=7], (3.4)

We now simplify the exponent in (3.4). The function x — xlogz is decreasing for
0 <z < e Hence, as p < 2/(de) + O4(1/wy) < e7!, we have plog(p) > (& +
O4(1/wy))log (£ + O4(1/wy)). From this lower bound on jlog(y) it follows easily that

2

2 2
+1—pu> = =) 4+1-=— .
plog(p) +1—p log ( ) 1 O4(1/wy)
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Also, (%)(d/n) > #n — O4(1). Combining these estimates we gather that the exponent
in (3.4) is bounded from above by
2 o’d
—n | alog (@) + - @ + Oq( max{n/wy,1}). (3.5)
Now we can provide an upper bound to E [M] from (3.2). Stirling’s approximation implies
(;n) < 2¢nH(1=0) - Combining this with the bound on the binomial probability that is on
the r.h.s. of (3.2), derived from the inequalities in (3.4) and (3.5), we have

E[M] < O4(v/n) en[H(avl—a)Jralog(%H%—a] +Oa(max{n/wn,1})

Now, H(a,1— o) + alog(Z;) + # —a = h(l —a)+afl +1log(d/2)) — (d/2)a?. From
(3) of (1.1) we have h(1 — a) < a. Consequently, h(1 — ) + a(1 + log(d/2)) — (d/2)a? <
a(2 +log(d/2) — (d/2)a). This implies that

E [M] < Og(+/m) e [2+10g(d/2)(d/2)a] +Oa(max{n/wn,1})
From (3.1) and (3.2) we have P[E] < E[Z; X, ; < pn/d] + 6 <E[M] + 6, and thus,
PwﬂéOA%@&MMW%W%M@4+%@MMMMD+&

If 2 4 log(d/2) — (d/2)a < O then limsup,,_, . P[E] < ¢ for all 6 > 0. This implies
P[E] — 0 as n — oo, and thus, with high probability ER(n,d/n) does not contain induced
subgraphs of size larger than an such that their components have size at most 7 = log,(n)—
log loglog(n) — log(wy,). The condition 2 + log(d/2) — (d/2)a < 0 is equivalent to a >
%(log d + 2 —log2), which is precisely the bound in the statement of Theorem 2.
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