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Abstract

A vertex v € V(G) is said to distinguish two vertices z,y € V(G) of a nontrivial
connected graph G if the distance from v to x is different from the distance from v to
y. A set S C V(G) is a local metric generator for G if every two adjacent vertices of
G are distinguished by some vertex of S. A local metric generator with the minimum
cardinality is called a local metric basis for G and its cardinality, the local metric
dimension of G. It is known that the problem of computing the local metric dimension
of a graph is NP-Complete. In this paper we study the problem of finding exact values
or bounds for the local metric dimension of strong product of graphs.

Keywords: Metric generator; metric dimension; local metric set; local metric dimension,
strong product graph.

1 Introduction

A metric generator of a metric space (X, d) is a set S C X of points in the space with the
property that every point of X is uniquely determined by the distances from the elements
of S. The metric dimension dim(X) of (X,d) is the smallest integer ¢ such that there is a
metric generator of cardinality ¢. A metric generator of cardinality dim(X) is called a metric
basis of X.

The concept of metric dimension of a general metric space first appeared in 1953 in
[3], but it attracted a little attention, except for the case of graphs. Given a simple and
connected graph G = (V| E), defined on the vertex set V' and the edge set E, we consider
the function dg : V x V' — NU {0}, where dg(z,y) is the length of a shortest path between
u and v and N is the set of positive integers. It is readily seen that (V,dg) is a metric space.

The notion of metric dimension of a graph was introduced by Slater in [27], where the
metric generators were called [ocating sets. Harary and Melter independently introduced the
same concept in [I4], where metric generators were called resolving sets. Applications of
this invariant to the navigation of robots in networks are discussed in [I§] and applications
to chemistry in [16], [I7]. This invariant was studied further in a number of other papers
including, for instance [1I, [, 6] 9] 12} 15, 19, 25 28]. Several variations of metric generators
including resolving dominating sets [4], independent resolving sets [7], local metric sets [20],
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strong resolving sets [26], k-metric generators [8], simultaneous metric generators [21], etc.
have since been introduced and studied.

In this article we are interested in the study of local metric generators, also called local
metric sets [20]. A set S of vertices in a connected graph G is a local metric generator for
G if every two adjacent vertices of GG are distinguished by some vertex of S, i.e., for every
u,v € V(G) there exists s € S such that dg(u,s) # dg(v,s). A local metric generator with
the minimum cardinality is called a local metric basis for G and its cardinality, the local
metric dimension of G, is denoted by dim,;(G). The following main results were obtained in
[20].

Theorem 1. [20] Let G be a nontrivial connected graph of order n. Then dim;(G) =n — 1
if and only if G is complete, and dim;(G) = 1 if and only if G is bipartite.

The clique number w(G) of a graph G is the order of a largest complete subgraph in G.

Theorem 2. [20] Let G be connected graph of order n. Then dim;(G) = n — 2 if and only
ifw(G)=n—1.

The local metric dimension of graphs has been previously studied in [2} 10}, 1T}, 20, 22}, 23].
In particular, it was shown in [I0, II] that the problem of computing the local metric
dimension is NP-Complete. This suggests finding the strong metric dimension for special
classes of graphs or obtaining good bounds on this invariant. In this paper we study the
problem of finding exact values or sharp bounds for the local metric dimension of strong
product graphs.

We begin by giving some basic concepts and notations. For two adjacent vertices v and
v of G = (V,E) we use the notation u ~ v and for two isomorphic graphs G and G’ we
use G = G'. For a vertex v of G, Ng(v) denotes the set of neighbors that v has in G, i.e.,
Ne(w) ={u €V : u~ v}. The set Ng(v) is called the open neighborhood of v in G and
Ng[v] = Ng(v) U {v} is called the closed neighborhood of v in G.

We will use the notation K,,, K, s, C,, N,, and P, for complete graphs, complete bipartite
graphs, cycle graphs, empty graphs and path graphs, respectively.

The strong product of two graphs G = (Vi, Ey) and H = (V,, E») is the graph GR H =
(V, E), such that V' =V} x V5 and two vertices (a,b), (¢,d) € V are adjacent in GX H if and
only if

a = cand bd € Es, or
b=d and ac € Ey, or
ac € E; and bd € E,.

We would point out that the Cartesian product GUIH is a subgraph of G X H and for
complete graphs K, X K, = K.

One of our tools will be a well-known result, which states the relationship between the
vertex distances in G X H and the vertex distances in the factor graphs.

Remark 3. [13] Let G and H be two connected graphs. Then
dG&H((aa b)> (C> d)) = maX{dG(a'> C)> dH(b> d)}

For the remainder of the paper, definitions will be introduced whenever a concept is
needed.



2 General Bounds

We begin by giving general bounds for the local metric dimension of strong product graphs.

Theorem 4. Let G and H be two connected graphs of order ny > 2 and ny > 2, respectively.
Then

Proof. Let Vi and V5 be the set of vertices of G and H, respectively. We claim that S =
(V1 x S2) U (S x V3) is a local metric generator for GX H, where S; and Sy are local metric
basis for G and H, respectively.

Let (u;,v;), (ug,v) € Vi x Vo — S be two adjacent vertices of G X H. If i = k, then
v; and v, are adjacent in H and there exists b € Sy such that dgwmp((ui,b), (u;,v;)) =
di(b,vj) # du(b,v) = dexu((u;,b), (ug, v1)). So, (u;,v;) and (uy,v;) are distinguished by
(ui,b) € (V3 x S3) € S. Analogously, if j = [, then u; and u; are adjacent in G and
there exists a € S; such that dg(a,u;) # dg(a,u;) and, as above, (u;,v;) and (ug,v;) are
distinguished by (a,v;) € (S; x Vo) C S. Finally, if w;uy € Ey and v;u; € Es, then for any
a € Sy such that dg(a,w;) # dg(a, ug) we have

dggH((ui, Uj), (a, Uj)) = dg(ui, CL) 7A dg(uk, CL) = maX{dG(uk, a), 1} = dggH((CL, ’Uj), (uk, Ul)).

Thus, (u;,v;) and (ug,v;) are distinguished by (a,v;) € S; x Vo € S. Then we conclude
that S is a local metric generator for G X H and, as a consequence, dim;(GX H) < |S| =

To prove the lower bound, let B be a local metric basis of G X H. Given (uy,v) € B,
chose u* € Ng(uy), v* € Ny(v1) and define

W ={(u*,v1), (ug,v"), (u*,v*)}.

Since (uy,v;) is not able to distinguish any pair of adjacent vertices in W, there exists
(ug,v9) € B — {(u1,v1)}. Let

— min {d b))}
q (a%lenw{ am((uz,v2), (a,0))}
Now, as dexg((a,b), (ug,v2)) € {q,q+ 1} for every (a,b) € W, by Dirichlet’s box principle,
there are two vertices (z1,41), (z2,92) € W such that

demm (U2, v2), (£1,41)) = damnu((u2, v2), (%2, y2)).
Hence, B — {(u1,v1), (u2,v2)} # 0, and the result follows. O
Since K,,, K K,, = K,, ., and for any complete graph K,,, dim;(K,) =n — 1, we deduce
dimy(K,, X K,,) =n1-ny — 1 =ny - dimy(K,,) + no - dimy(K,,) — dimy(K,,, ) - dim;(K,,).

Therefore, the upper bound is tight. Examples of non-complete graphs, where the upper
bound is attained, can be derived from Theorem [0l

In order to show that the lower bound is tight, consider two paths P, and P, where
<t <2t =1, V(B) = {uy,ug,...,us} and u; ~ u;yq, for every ¢ € {1,...,t — 1}.
Also, take vy, vy € V(Py) such that dp,(vi,v¢) = t' — 1. It is not difficult to check that
{(u1,v1), (uy,vyp), (ug,v1)} is a local metric generator for P, X Py, so that Theorem [ leads
to dim;(P, X Py) = 3.



3 The Particular Case of Adjacency k-Resolved Graphs

Now we will give some results involving the diameter or the radius of G. The eccentricity
€(v) of a vertex v in a connected graph G is the maximum distance between v and any other
vertex u of H. So, the diameter of G is defined as

D(G) = vrer%){e(v)},

while the radius is defined as
r(G) = min {€(v)}.
(©) = min {e(o)}
Given two vertices  and y in a connected graph G = (V, E), the interval I[z, y| between
x and y is defined as the collection of all vertices which lie on some shortest x — y path.
Given a nonnegative integer k, we say that G is adjacency k-resolved if for every two adjacent
vertices x,y € V, there exists w € V' such that

da(y,w) > k and z € I[y, w], or

dg(z,w) >k and y € Iz, w].

2
resolved, the two-dimensional grid graphs P,0P, are adjacency ([4]+ [£])-resolved, and

the hypercube graphs @)y are adjacency k-resolved.

For instance, the path and the cycle graphs of order n (n > 2) are adjacency ’——-‘—
|

Theorem 5. Let H be an adjacency k-resolved graph of order ny and let G be a non-trivial
graph of diameter D(G) < k. Then dim;(G X H) < nsy - dim;(G).

Proof. Let Vi = {uy,ug, ..., u,, } and Vo = {v1,v9, ..., 05, } be the set of vertices of G and H,
respectively. Let S; be a local metric generator for G. We will show that S = 5] x V, is a
local metric generator for GX H. Let (u;, v;), (ur, v;) be two adjacent vertices of GX H. We
differentiate the following two cases.

Case 1. j = [. Since u; ~ u, and 57 is a local metric generator for G, there exists u € 5
such that dg(u;, u) # de(u,, w). Hence,

dawn ((ui, ), (u,v5)) = da(us, w) # da(ur, u) = dogn ((Ur, v5), (u,v;)).

Case 2. v; ~ v;. Since H is adjacency k-resolved, there exists v € V5 such that (dg(v,v) > k
and v; € I[v,v]) or (dg(v,v;) > k and v; € I[v,v;]). Say dy(v,v;) > k and v; € I[v,v]. In
such a case, as D(G) < k, for every u € S; we have

dewn ((ui, v;), (u,v)) = max{dg(u;, w), dg(v;,v)}
< dH(U,’Ul)
= max{dg(u,u,),dy(v,v)}
= dewu (U, vy), (u,v)).

Therefore, S is a local metric generator for GX H. O

Lemma 6. Let H be a connected bipartite graph of order greater than or equal to three.
Then H is adjacency k-resolved for any k € {2,..,7(H)}.



Proof. Let x,y,w € V(H) such that + ~ y and dg(z,w) = k, for some k € {2,...,7(H)}.
Since H does not have cycles of odd length, dy(w,y) # k. Thus, either dy(w,y) = dy(w, z)+
dy(z,y) =k+1ordy(w,x) =dyg(w,y) + du(y,z) = k. Therefore, the result follows. O

Now we derive a consequences of combining Theorem [fl and Lemma [6l

Theorem 7. Let G and H be two connected non-trivial graphs. If H is bipartite and D(G) <
r(H), then dimy(GX H) < |V(H)| dimy(G).

As we will show in Theorem [14] the above inequality is tight.

4 The Role of True Twin Equivalence Classes

Two vertices u and v of a graph G are true twins if Ng[u] = Ng[v]. Note that if two vertices
u and v of a graph G are true twins, then dg(z,u) = dg(z,v), for every z € V(G) — {u,v}.
We define the true twin equivalence relation R on V(G) as follows:

2Ry «— Nglz] = Ngly).

If the true twin equivalence classes are Uy, Us, ..., U;, then every local metric generator of G
must contain at least |U;| — 1 vertices from U;, for each ¢ € {1,...,t}. Thus the following
result presented in [20] holds.

Theorem 8. [20] If G is a nontrivial connected graph of order n having t true twin equiva-
lence classes, then dim;(G) > n —t.

Figure 1: This graph has ¢t = 7 true twin equivalence classes; two of them are {1,2} and
{8,9} and the remain classes are singleton sets. A local metric basis is {1,9} while a metric
basis is {1,5,9}. Thus, dimy(G) =n —t =2 < 3 = dim(G).

Note that the complete graph has only one true twin equivalence class and in any
triangle-free graph all the true twin equivalence classes are singleton. As an example of non-
complete graph G of order n having ¢ true twin equivalence classes, where dim;(G) = n —t,

l
we take G = K1+ <U Kri) , i > 2,1 > 2. In this case G has t = [+ 1 true twin equivalence
i=1
classes, n = 1+ Y., r; and dimy(G) = S0, (r; — 1) = n — t. Figure [ shows another
example of graph where the bound given in Theorem [{is reached.

Lemma 9. Let G and H be two non-trivial connected graphs of order ny and ns, having t
and ty true twin equivalent classes, respectively. Then the vertex set of GX H s partitioned
nto tity true twin equivalent classes.



Proof. First of all, we would point out that for any a € V(G) and b € V(H) it holds
Newpl(a,b)] = {(z,y) : « € Ngla],y € Ng[b]} = Ngla] x Ngl[b].

Now, since the result immediately holds for complete graphs, we assume that G 2 K,
or H 2 K,,. Let Uy,Us, ...,Uy, and Uj, Uy, ..., U], be the true twin equivalence classes of ¢
and H, respectively. Since each U; (and UJ’) induces a clique and its vertices have identical
closed neighbourhoods, for every a,c € U; and b,d € U,

NggH[(CL, b)] = Ng[a] X NH[b] = Ng[c] X NH[d] = NggH[(C, d)]

Hence, V(G) x V(H) is partitioned as V(G) x V(H) = U?Zl (Ui, Ui x U}), where U; x U]
induces a clique in G X H and its vertices have identical closed neighbourhoods. Moreover,
for any (a,b) € U; x U} and (c,d) € Uy, x Uj, where i # k or j # [, we have

Negul(a,b)] = Nela] x Nu[b] # Nele| x Nuld] = Newnl(c, d)].

Therefore, the true twin equivalence classes of G X H are of the form U; x U}, where i €
{1,..,t1} and j € {1, .., t2}. O

We would point out that the above result was indirectly obtained in [24], proof of
Theorem 2.3.
Theorem [8 and Lemma [ directly lead to the next result.

Theorem 10. Let G and H be two non-trivial connected graphs of order ny and nq, having
t1 and ty true twin equivalence classes, respectively. Then

dlml(G X H) 2 ning — t1t2.
By Theorems [I], 4] and [I0] we deduce the following result.

Theorem 11. Let G and H be two non-trivial connected graphs of order ny and ny, having
t1 and ty true twin equivalence classes, respectively. Then the following assertions hold:

(i) If dimy(G) = ny — t; and dimy(H) = ny — to, then dim(G X H) = nyng — tyts.
(i) Ifdim;(G) = ny—t; and H is bipartite, then ny(ny—t1) < dim(GRH) < ng(ny—ty)+t;.

Since any complete graph K, has only one true twin equivalence class, Theorem [T1] leads
to the next result.

Corollary 12. Let H be a connected graph of order n' > 2 having t true twin equivalent
classes. Then for any integer n > 2,

dimy(K, X H) = nn' —t.
In particular, if H does not have true twin vertices, then
dim (K, X H) =n'(n—1).

Note that if H is an adjacency k-resolved graph, for k > 2, then H does not have true
twin vertices. Therefore, Theorems [I0] and [l lead to the following result.



Theorem 13. Let H be an adjacency k-resolved graph of order ny and let G be a non-trivial
connected graph of order ny, having ty true twin equivalence classes and diameter D(G) < k.

[f dlml(G) =Ny — tl, then dlml(G X H) = ng(nl — tl)

Our next result can be deduced from Corollary [6l and Theorem [I3 or from Theorems
and [7

Theorem 14. Let H be connected bipartite graph of order no and let G be a non-trivial

connected graph of order ny, having t; true twin equivalence classes. If dim;(G) = ny — t;
and D(G) < r(H), then dim;(G X H) = na(ny — t1).

5 The Particular Case of P, X G

In this section we assume that t is an integer greater than or equal to two and V(P,) =
{uy,us, ..., u}, where u; ~ u;yq, for every i € {1,...,t—1}. In the proof of the next lemma
we will use the notation B, (z) for the closed ball of center € V(G) and radius r > 0, i.e.,

B, (z). ={y € V(G) : dg(z,y) <r}.

Lemma 15. Let G be a connected graph and let t > 1 be an integer. Let w;,, u;,, ..., u; be
the first components of the elements in a local metric basis of PLXG, where i1 < i < -+ < .
Then the following assertions hold.

(ii) Foranyle{l,...,b—2}, 5140 <2D(G) + ;.
(ii) i3 < 2D(G) + 1.

Proof. Let B be a local metric basis of P,XG and let w;,, u;,, . . ., u;, be the first components
of the elements in B, where i; < iy < .-+ < 4. First of all, notice that |B| = b and, by
Theorem @, b > 3.

We first proceed to prove (i). Suppose, for the contrary, that iy, > D(G) + 1. Let
y,z € V(G) such that (u;,,y) € B and z € Ng(y). If i1 # 1, then no vertex in B is able
to distinguish (uq,y) and (uq, z). Now, if iy = 1, then no vertex in B is able to distinguish
(ug2,y) and (ug, z). So, in both cases we get a contradiction. The proof of i1 >t — D(G)
is deduced by symmetry. Hence, (i) follows.

To prove (ii) we proceed by contradiction. Suppose that i;.5 > 2D(G) + i, for some [ €
{1,...,b—2}. In such a case we have that i;.1 > D(G)+1i; or ij1o > D(G)+1i;41. We suppose
that 4,1 > D(G) + i;, being the second case analogous. We now take y, z € V(@) such that
(ui,,,y) € B and z € Ng(y). Notice that (u;4+p(),y) and (u;,+p(q), 2) are adjacent.We
differentiate the following cases for (u;, ,w) € B. If k <, then ¢, + D(G) — i, > D(G) and
SO

dpwmc((wiy, w), (Ui p@): y) =i+ D(G) — ix = dpme((wi, w), (Ui+p@): 2))-
If k=141 and i1 # 942, then w = y and since 4,1 > D(G) + i;, we have

dptxc;((uz’k, w), (Uil+D(G), y)) = — 1 — D(G) = dpth((uik> w), (uil—i-D(G)a Z))-

If Kk =1+ 1 and 41 = 4.9, then from the assumption i,,5 > 2D(G) + i, we have that
ir — iy — D(G) > D(G) and so

dpre (Ui, w), (Ui+p@G), Y)) = ix — it — D(G) = dpra((ui,, w), (Ui+D(G), 2))-

7



If £ > [+ 2, then the assumption i;,5 > 2D(G) + 4; leads to ix — i, — D(G) > D(G) and so

dprc (Wi, w), (uil+D(G)a y)) = ixr — i — D(G) = dpgc((ui,, w), (Uz‘l+D(G)> z)).

Hence, no vertex in B is able to distinguish (u;4p(q),¥y) from (w;1pq), 2), which is a con-
tradiction. Therefore, the proof of (ii) is complete.

Finally, we proceed to prove (iii). If i; = 1, then by (ii) we obtain i3 < 2D(G) + 1.
Hence, we assume that i; > 1. For contradiction purposes, suppose that iz > 2D(G) + 1.
We differentiate two cases for (u;,,v1), (us,,v2) € B.

Case 1: 4y + iy — 2 > dg(v1,v9). In this case |B;,—1(v1) N Bi,—1(v2)| > 2 and so we take
a, B € Bi,_1(v1) N By,_1(vs) such that a ~ . For the pair of adjacent vertices (uy, &), (uq, )
we have

dptﬁG((uilﬁ Ul)’ (u1> Oé)) = Z.1 —1= dptgG((ui1>vl)> (ula ﬁ))
and
dPt@G«uiw U2>7 (ulv Oé)) =ip—1= dPt@G((uin?)v (uh 5))

So, neither (u;,,v;) nor (ug,ve) distinguishes (uy,«) from (uy,3). Furthermore, for i, >
i3 > 2D(G) + 1 and (u;,,v,) € B we have

dpge((Ui,, vr), (u1, @) =i, — 1 = dpgc((ui,, vr), (u1, B)).

Therefore, no vertex (u;,,v,) € B distinguishes (u1, a) from (uy, 8), which is a contradiction.

Case 2: 11 + i3 — 2 < d(v1,v9). In this case we have
(D(G)+2—1i1)+(D(GQ)+2—13) = 2D(G)+2—(i1+i2—2) > 2D(G)+2—d(v1,v2) > D(G)+2.

Hence, there exist a, 8 € Bpa)+2-i (v1) N Bp(a)+2-i, (v2) such that o ~ . For the pair of
adjacent vertices (up(c)+2, @), (Up(G)+2, ) we have

dpra (Wi, v1), (Up@y+2, @) = D(G) + 2 — i1 = dpga((ui, v1), (up@G)+2, B))

and

dprc((Uiy, V2), (Up@y+2, @) = D(G) + 2 — iy = dpga((Uiy, v2), (upG)+2, B))

So, neither (u;,,v1) nor (u;,,vs) distinguishes (up(gy+2, @) from (up(g)42,8). For i, > iz >
2D(G) + 1 and (u;,,v,) € B we have

dpwa((Ui,, vr), (Up@y+2, @) = i — (D(G) + 2) = dpra((s,, vr), (UpG)+2, B))-

Thus, no vertex (u;,,v,) € B distinguishes (up()42, @) from (up)42, 8), which is a contra-
diction. O

Theorem 16. For any connected G and any integer t > 2D(G) + 1,

dim; (P, X G) > H?(_—Gﬂ +1.



Proof. Let B be a local metric basis of P,XG and let w;,, u,, . . ., u;, be the first components
of the elements in B, where i1 < iy < --- <14,. We differentiate two cases.

Case 1. b odd. In this case b — 1 is even and by Lemma [I5] (i) and (ii) we have

iy <D(G)+1, is <3D(G)+1, ..., iy1 < (b—2)D(G) + 1.

Case 2. b even. In this case b — 1 is odd and by Lemma [I5] (iii) and (ii) we have
i3 <2D(G)+1, i5 <4AD(G)+1, ..., 4.1 < (b—2)D(G) + 1.
According to the two cases above and Lemma [I5] (i) we have
t —D(G) <ipq < (b—2)D(G) + 1.

Therefore, b > [t)z—Gl) + 1. O

From now on we say that a set W C V(G X H) resolves the set X C V(G X H) if every

pair of adjacent vertices in X is distinguished by some element in .

Lemma 17. Let G and H be two connected nontrivial graphs such that H is bipartite. Let
uy, uz,uz € V(G) and vi,vy € V(H) such that uy € Ig[uy,us], dg(uy,us) < dy(vy,v9) =
D(H) and dg(ug,u3) > D(H). Then, for any shortest path P from uy to us, the set B =
{(uy,v1), (ug,v2), (ug,v1)} resolves V(P) x V(H).

Proof. Let P be a shortest path form u to us and let (u;, vj), (ug, v;) € V(GXRH) be two adja-
cent vertices such that u;, ux € V(P). Without lost of generality, we assume that deg(u;, uy) <
dg(ug, up). Notice that from this assumption we have that dg(u;, us) > dg(uk, usz). We dif-
ferentiate the following two cases:

Case 1: u; ~ ug. As dg(us,uz) > D(H) and u;, u, € V(P), we have D(H) < dg(us, ug) <
dg(us, u;) and so damp ((us, v1), (ui, vy)) = de(us, ui) > da(us, ur) = demm((us, v1), (ug, v1)).

(
Case 2: i = k. In this case v; ~ v; and, as H is a bipartite graph, dy(v1,v;) # dg (v, v;) and
dp(va,v5) # dp(va,v). We assume, without lost of generality, that dy(vi,v;) < dg(v1,v;).
Notice that

dp(v1,v5) + dp (v, v2) > dp(v1,v2) = D(H) > de(uy, u2) = de(ur, u;) + da(u;, ug).
Hence, dy(v1,v;) > dg(ur, ;) or dg(vj,ve) > dg(ug, w;). If dy(vi,v;) > de(uq, u;), then
demp((ur,v1), (ui,v5)) = dg(v1,v5) < dg(v1,v) = dega (w1, v1), (ug, v1)).
Now, if dg(vj, va) > de(ug, u;), then dy (v, v2) > da(us, u;) = da(us, uy) and so
demr((uz, v2), (Ui, v5)) = dr(v2, v;) # du (v, v) = demu((us, v2), (uk, v1)).
According to the cases above, the result follows. O

Theorem 18. For any connected bipartite graph G and any integer t > 2D(G) + 1,

dimy(P, K G) = BZ—Gﬂ +1.



Proof. Let G and P; be as in the hypotheses. From a = {AJ and two diametral vertices

D(G)
a,b € V(G) we define a set B, as follows.

If « = Dt(é then

B, = {(Uh a)7 (UD(G)—i-la b), (U2D(G)+17 a), (U3D(G)+la 5)7 cee (uaD(G)—i-la b)}

for «v is odd and

Boc - {(Ul, a)a (uD(G)+1> b)a (UQD(G)-i-la CI,), (u3D(G)+1a b)> R (uocD(G)—i-la a’)}
for a even.
If a < D(G then
Ba = {(u17 CL), (uD(G)+17 b)v (UQD(G)—l—lv a)7 (u3D(G)+17 b)7 ceey (uaD(G)—I—h b)7 (ut7 a)}

for o odd and
B, = {(Uh CL), (UD(G)+1, 5)7 (U2D(G)+17 a), (U3D(G)+17 b), ceey (uaD(G)—i—la a)7 (ut7 b)}

for a even. We would point out that, in any case, |B,| = {D(G)—‘ + 1.

We will show that B, is a local metric generator for P, X G. In order to see that, let
(wi,v;) and (ug,v;) be two adjacent vertices belonging to V(P X G) — B,. We consider,
without lost of generality, that ¢ < k£ and we differentiate the following three cases for k.

o 1 <k<D(G)+1. Let Ty = {u1, ..., up@)+1} x V(G). In this case (u;, v;), (ur, v;) € Ty
and, by Lemma [I7 the set {(u1,a), (up(c)+1,b), (Uan(c)+1,a)} C By resolves Ti.

e pD(G)+2 < k < (p+1)D(G) + 1, for some integer p € {1,....,.a — 1}. Let T, =
{upp(@y41s - - s Uprnyp@)+1} X V(G). In this case (u;,v;), (uk, vi) € T, and we can take

T,y € {a7 b} so that XID = {(U(P—l)D(G)-H? ZL’), (UPD(G)-Hv y>7 (U(p+1)D(G)+1, SL’)} is a subset
of B,. Thus, by Lemma [I7 we can conclude that X, resolves T},.

o aD(G)+2 <k <t Let Ty = {uan@)+1, - - - s} X V(G). As above, (u;,v;), (uk, v;) € T
and we can take z,y € {a, b} so that the set X; = {(vw(a-1)p(G)+1, 2), (UaD(@)+1,Y), (s, )}
is a subset of B,. Thus, by Lemma [I7 we can conclude that X; resolves T;.

According to the three cases above we have dim;(P, X G) < Lg(;é)—‘ + 1. Therefore, by
Theorem [16] we conclude the proof.

The authors of [24] conjectured that for any integers ¢ and ¢ such that 2 < ¢’ < t, the

metric dimension of P, X P, equals ’—t;’,{f-‘ . We are now able to prove the conjecture.

Theorem 19. For any integers t and t' such that 2 <t <t,
dim(P,® P,) = [7

Proof. As pointed out in Section 2], for ¢ < ¢ < 2t/ — 1, dimy(P, X Py) = 3. Now, since
dim;(P, X Py) < dim(P, X Pt/), if t > 2t' — 1, then by Theorem [I8 we obtain the lower
bound dim(P, ® Py) > [Z£52]. The upper bound was obtained in [24]. Therefore, the
result follows. O
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6 The Particular Case of C; X G

In this section we assume that ¢ is an integer greater than or equal to three and V(C}) =
{uy,us,...,u}, where uy ~ uy and u; ~ u;yq, for every i € {1,... ¢t —1}.

Lemma 20. Let G be a connected graph and lett > 3 be an integer. Let w;,, w;,, ..., u; be the
first components of the elements in a local metric basis of Cy K G, where i1 < iy < -+ < 1.
Then for any | € {1,...,b}, d¢,(us,,,u;,) < 2D(G), where the subscripts of i are taken
modulo b.

Proof. Let B be a local metric basis of C; X G and let u;,, u;,, . . ., u;, be the first components
of the elements in B, where i; = 1 < iy < --- <74, First of all, notice that |B| = b and, by
Theorem [ b > 3.

We proceed by contradiction. Suppose that de,(us,,,u;,) > 2D(G) for some | €
{1,...,b}. In such a case we have that dc,(u,, ,,u;,) > D(G) or de,(us,,, %, ,) > D(G).
We suppose that dc,(u;,,,u;,) > D(G), being the second case analogous. We now take
y,z € V(G) such that (u;, ,,y) € Band z € Ng(y). Notice that (u;,4p(a), y) and (u;,+p@), 2)
are adjacent. We differentiate the following cases for (u; ,w) € B. If k # [+ 1, then
dCt (uiH—D(G)’ uik) > D(G) and so

deywa (Ui, w), (Uy+p@), Y)) = do,(Ui+p(@), Wiy,) = doyra (Wi, w), (Wi+D(@), 2))-

If k =1+ 1 and i1 # i34 then w = y and since dc, (u;,,,, ;) > D(G), we have

deywe (i, W), (Uirp(6), Y)) = do, (Wi, Ui+ p(@)) = dewa (Ui, w), (Uit p(a), 2))-
If k=141 and 441 = 442 then from the assumption dc,(u;,,,, u;,) > 2D(G) we have that
de, (Ui, Wi+ p(c)) > D(G) and so

demc (Wi, w), (Wi +p(G)s ¥)) = dey (Wi, Ui+ p(6)) = deme((Ui, w), (Wi p@), 2))-

Hence, no vertex in B is able to distinguish the adjacent vertices (u;,+p(c),y) and (u;,+p(c), 2),
which is a contradiction. Therefore, the proof is complete. O

Theorem 21. For any connected graph G and any integer t > 1,

t
dim;(C, X G) > | —— | .
(€86 > [ 55

Proof. If 3D(G) >t > 1, then [ﬁ-‘ < 3 and, by Theorem Ml the result follows. From
now on we take t > 3D(G). Let w;,, s, . .., u; be the first components of the elements in
a local metric basis B of C; X G, where i1 = 1 < 45 < --- < 75. First of all, notice that
t+1—1d,_1 = de,(wi,,u;_,) and so Lemma leads to 4,1 > t + 1 — 2D(G). We now
differentiate two cases.

Case 1. b even. In this case b — 1 is odd and by Lemma 20l we have
i3 <2D(G)+1, i5 <4D(G)+ 1, ..., i1 < (b—2)D(G) + 1.

Hence, t +1 —2D(G) < ip—1 < (b—2)D(G) + 1, so that b > ﬁ‘

11



Case 2. b odd. By Lemma 20 we have
is < D(G)+1,i, <3D(G)+1, ..., i, < (b—1)D(G) + 1.
Now, since t + iy — i, = dg, (usy, up) < 2D(G), we have

iy <2D(G) —t+iy < (b+ 1)D(G) — t + 1.

Hence,
i< (b+1)D(G)—t+1, iy <(b+3)DG)—t+1, ..., ip-1 < (20—2)D(G) —t+ 1.
Thus, t + 1 —2D(G) < ip—1 < (20— 2)D(G) —t+ 1, so that b > T O

Theorem 22. For any connected bipartite graph G and any integer t > 4D(G),
t
dim;(C; K G) < | —— 1.
m(€86) < g5 +

Furthermore, if [D(G)—‘ s even, then

t
dim;(C; X G) = | —— | -
(G E) [D(G)W
Proof. Let G and C} be as in the hypotheses. From a = {ﬁw and two diametral vertices
a,b € V(G) we define a set B, as follows. If « is even, then

By = {(u1,a), (up@)+1,b), (W2p@)+1, @), (Usp@)+150)s - - -, (Ua—1)D(G)+1, D) }

and, if a is odd, then

By = {(u1,a), (up@)+1, ), (W2p@)+1, @); (UsD(G)+150)s - - - (Ua—1)D(@)+1, @), (Ua=1)D(G)+1, D) }-

Notice that |B,| = a, for a even, and |B,| = o + 1, for a odd. We will show that B,
is a local metric generator for Cy W G. In order to see that, let (u;, v;), (ug, v;) be a pair of
adjacent vertices belonging to V(C; X G) — B,. We consider, without lost of generality, that
1 < k and we differentiate the following three cases for k.

e 2<k<D(G)+1. Let Ty = {u1, ..., up@)+1} x V(G). In this case (u;,v;), (ug,v;) € T1
and, by Lemma [I7 the set {(u1,a), (upa)+1,b); (Uap(c)+1,@)} C By resolves Ti.

e pD(G)+2 < k < (p+ 1)D(G) + 1, for some integer p € {1,....,.a —2}. Let T, =
{upp(@y+1, - - s Uprnp@)+1} X V(G). In this case (u;,v;), (ug,v) € T, and we can

take z,y € {a,b} such that X, = {(u@p-1)p(@)+1, %), (UpD(G)+1:Y); (u(p+1 G)+1, %)} is
a subset of B,. Thus, by Lemma [I7 we can conclude that X, resolves T,,.

o (a—1)D(G)+2<k<t+1 Let Ty = {u@-1)p(@)+1, - - - » teg1} X V(G). In this case,
(13, v5), (ur, v1) € Ty and we take the set Xy = {(u(a—1)p(G)+1:b), (U1, a), (up@y+1,b)} C
B,,. By Lemma [I7 we can conclude that X; resolves T;.

According to the three cases above B, is a local metric generator for C; X G and so
dim;(Cy X G) < |B,|. Therefore, by Theorem 2] we conclude the proof. O
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