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Abstract

Let A = {Ay,...,Ap} and B = {Bj,..., By} be two families of subsets
of [n] such that for every i € [p| and j € [q], |A; N B;j| = §|Bj|, where
¢ € 10,1] is an irreducible fraction. We call such families §-cross intersecting
families. In this paper, we find a tight upper bound for the product |.A||B|
and characterize the cases when this bound is achieved for § = % Also, we
find a tight upper bound on |A||B| when B is k-uniform and characterize,

for all 5, the cases when this bound is achieved.

1 Introduction

Let [n] denote {1,...,n} and let 2" denote the power set of [n].We shall use ([Z})
to denote the set of all k-sized subsets of [n]. Let F C 2. The family F is an
intersecting family if every two sets in F intersect with each other. The famous
Erdés-Ko-Rado Theorem [I] states that [F| < (7_}) if F is a k-uniform intersecting
family, where 2k < n. Several variants of the notion of intersecting families have
been extensively studied in the literature. Given a set L = {ly,...,ls} of non-
negative integers, a family F C 2" is L-intersecting if for all F;, F; € F,F; #
F;,|F;N F;| € L. Ray-Chaudhuri and Wilson in [2] showed that if F is k-uniform
and L-intersecting, then |F|] < (") and the bound is tight. Frankl and Wilson

s

in [3] showed a tight upper bound of (Z) + (Sfl) + -+ (g) if the restriction on
the cardinalities of the sets of an L-intersecting family is relaxed. Further, if L
is a singleton set, then Fisher inequality [4] gives an upper bound of |F| < n for
the cardinality of an L-intersecting family F. Recently, in [5], Balachandran et
al. introduced a fractional variant of the classical L-intersecting families. For a

survey on intersecting families, see [6].



Two families A, B C 2" are cross-intersecting if |[ANB| >0,V A € A,B € B.
Pyber in [7] showed that if n > 2k, and A, B C ([Z]) is a cross-intersecting pair

of families, then |A||B| < (Zj)Q Frankl et al. in [§] showed that if A, B C ([Z})

such that [ANB| >t for all A € Aand B € B, then for all n > (¢t +1)(k —t+ 1),
|A||B| < (Z:;)z, the cross-intersecting version of the Erdés-Ko-Rado Theorem. A

cross-intersecting pair of families A, B C 2" is said to be I-cross-intersecting if
VA € A, B € B, |AnN B| = I, for some positive integer I. Ahlswede, Cai and
Zhang showed in [9], for all n > 2I, a simple construction of an I-cross-intersecting
pair (A, B) of families of subsets of [n] with |A||B| = (})2"=% = @(%) Later
Alon and Lubetzky in [10] showed that the @(%) bound is tight and characterized
the cases when the bound is achieved.

In this paper, we introduce a fractional variant of the [-cross-intersecting fam-
ilies. Let A = {Ay,...,A,} and B = {By,..., B,} be two families of subsets of
[n] such that for every i € [p] and j € [q], |4 N B;| = §|B;|, where £ € [0, 1]
is an irreducible fraction. We call such an (A, B) pair a S-cross-intersecting pair
of families. Given ¢, d, and n, let M<(n) denote the maximum value of |A||B|
where (A, B) is a §-cross intersecting pair of families of subsets of [n]. We have
the following results:

Theorem 1.1. Mc(n) =2"

When ¢ =0, A = 2", B = {0} is a maximal pair. In fact, 4 = 2", B =P(9),
where P(5) is the power set of S = {k+1,...,n}, are the only maximal pairs up
to a relabelling of the elements, 0 < k < n. When ¢ =1, A = {[n]} and B = 2I"!
is a maximal pair. In fact, B =28 A ={A: A = [kJUT, where T € P(S)},
where P(S) is the power set of S = {k+1,...,n}, are the only maximal pairs up
to a relabelling of the elements, 0 < k < n. In Theorem [I.2] we characterize all

c 1

maximal pairs when £ = 3.

Theorem 1.2. Let (A, B) be a %—cmss intersecting pair of families of subsets of
[n] with |A||B| = 2". Then (A, B) is one of the following | 5] + 1 pairs of families
(Ag, Br), 0 < k < 3], up to isomorphism.
Ao = 2" and By = {0}
Av={Aec2 |An{2i —1,2i}| =1 Vi, 1 <i<k}
B, ={Bc2":|Bn{2 —1,2i} € {0,2} Vi,1<i<kandVj>2k, j¢ B},

where 1 < k < L%J



It would be interesting to show a characterization theorem for any § € [0, 1].
We do have such a general characterization theorem (along with a new tight upper
bound) in Theorem for the case when B is k-uniform. The proof is a direct
application of Theorem 1.1 in [10].

Theorem 1.3. Let (A,B) be a §-cross intersecting pair of families of subsets of
[n]. Let B be k-uniform. Then, there exists some ko > 0, such that for k > ko we

have

2 2ck

2ck
Al < ()2
and the bound is tight if and only if, either (a) or (b) hold:

(a) When ¢ =1, A={{1,...,5}} x 2, B= (") where Y = {k +1,...,n} and
k€ {2k — 1,2k} up to a relabelling of the elements of [n].

(b) When § # 1:

(i) If k is even, c =1, d =2, & = [%],
(it) If k is odd, c = 52, d =k, & =TE],

and for both the cases((i) and (i1)), there exists some T such that, k + 7 < n and
up to a relabelling of the elements of [n],

A:{UTEJT:JC{{1’k+1}7-'-7{Tak+7}a{7+1}a"'7{k}}a|J|: [SW}XQX
where X ={k+7+1,...,n} and

B={LU{r+1,...,k}:Lc{l,...,nk+1,....;k+7},|L0{i,k+i}|=1 for
all i € [1]}.

2 Notations and definitions

Given any S C [n], we shall use x(S5) to denote the characteristic vector of S
which is a 0 — 1 vector of size n having its i'* entry equal to 1 if and only if i € S.
The weight of a vector is the number of non-zero entries it has, and hence weight
of x(5) is the same as |5].

For any family A C 2" we shall (ab)use A to denote the collection of charac-
teristic vectors of the members of A as well. The meaning will be clearly stated if
not clear from the context.

Let V' be a collection of vectors in F3. Then, we define the following:



1. span(V'): The collection of all the vectors that can be expressed as a linear
combination in Fy of the vectors of V. We know that span(V') is a vector
space over [Fy.

2. basis(V): We use basis(V') to denote the basis of span(V').
3. dim(V): dim(V') = |basis(V)]
Definition 1. V C F} is a linear code if V = span(V).
Definition 2. Given a linear code C C 3, the dual code C* is defined as,
Ct ={z € F3|(z,c) =0,Vc € C}
where (z,y) is the standard inner product over Fs.
The following is a well-known fact that is easy to verify.
Lemma 2.1. If C C F} is a linear code, then C* is also a linear code.

Definition 3. Self orthogonal and self dual codes: A code C' is self orthogonal if
C C C* and it is self dual if C = C*.

3 Bounding M¢(n)

Let (A, B) be a §-cross-intersecting pair of families of subsets of [n], where § € [0, 1]
is an irreducible fraction. We shall (ab)use A, B to denote the set of characteristic
vectors of the sets in A, B respectively. For any a € A,b € B, we observe that
(a,b) = |AN B| (mod 2), where a = x(A), b = x(B).

Partition the family B into two parts as,

By ={B € B:|B|=0 (mod 2d)} (1)
By ={Be€B:|B|=d (mod 2d)} (2)

As all the sets B € B have their cardinality |B| divisible by d, {B1,B} is a
valid partition of B. Therefore Va € A , b € B, using the ¢ intersection property,
we have:

1,if b € By and cis odd
<aab>:

0, otherwise
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Construction 1. Construct a set By, by appending a 0 to the left of every vector in
Bi, and a set By by appending a 1 to the left of every vector in By. Let B = B{UB,.
Construct a set A" by appending a 1 to the left of every vector in A.

We now have, the value of
(a,0) =0 Yac A, be B

So, (span(A’), span(B')) is a pair of mutually orthogonal subspaces of F3*! over
[F5. We thus have,

dim(span(A")) + dim(span(B)) <n +1

So, it follows that

|Span(.,4/)| . |span(B/)| _ 2dim(span(A/)) . 2dim((span(l’>’/))
— Qdim(span(.A/))erim(span(B/)) (3)

< 2n+1

Lemma 3.1. If the elements of a linear code C' C Fy are arranged as rows of a
matrix Mo with n columns, then for each column, one of the following holds,

(i) All the entries in that column are 0
(ii) Exactly half the entries in that column are 0, and the rest are 1.

Proof. As C' is a linear code, if we pick any a € C, and consider the set S =
{a+z|z € C'} where a+ x is the vector addition in F%, then by the definition of a
linear code S = C'. Let Mg be a matrix whose rows are the vectors of S, taken in
any order. Mg and M¢ have the same set of rows (only their order may differ).
Let j € [n]. Column j in Mg and Mg have the same number of 1’s( and 0’s).
Suppose (i) does not hold for column j in M¢. Then, some row, say a, in Mo has
its j'" entry as 1. Let S, and thereby Mg, be defined according to this vector a.
From the definition of S, it is clear that the number of 1’s in the j* column of
My is equal to the number of 1’s in the j* column of M¢. Since adding a to any
{0, 1} vector flips the j* coordinate of v, we conclude that (ii) holds for M.. [

Corollary 3.2. |span(A)| > 2|A'|

Proof. The leftmost column of M 4 does not contain any 0. As span(A') is a
linear code and A" C span(A’), by condition (ii) of Lemma above, span(A")
must have at least |.A'| more elements having their leftmost entry as 0. ]



Now we prove the main result of this section which is Theorem [I.1]
Statement of Theorem [L.I} M:(n) = 2"

Proof. A = 2" B = {{} is a trivial example of a < cross-intersecting pair of
families having [A[|B| = 2". Thus, M (n) > 2". The proof of the upper bound
for M (n) follows from Inequality (3) and Corollary 3.2} Let (A, B) be a § cross-
intersecting pair of families of subsets of [n]. Let A’, B be constructed from A,
B, respectively, as explained in the beginning of this section. Note that |A'| = | A

and |B'| = |B| by construction.

2"+ > |span(A')| - [span(B)] [from (3))]
>2.|A'| - |span(B)| [from Corollary
>2- Al |B]
=2-|A4|-|B| [by construction]

4 Characterization of maximal pairs when < = 1

d 2
Definition 4. Cross bisecting pair of families: A pair of families of subsets of [n]
1s called a cross-bisecting pair if it is a % cross-intersecting pair. (A, B) is called
a maximal cross bisecting or simply a maximal pair, if it is a cross bisecting pair

and |A||B|] = 2".

For example, A = 2" and B = {0} is a trivial maximal pair. In this section,
we characterize all maximal pairs. Let (A, B) be a cross bisecting pair and let
(.A',B') be the associated pair constructed by appending bits as defined in the
previous section.

Definition 5. Let f4 : A — A’ be a bijective mapping that maps every vector in
A to its corresponding vector in A', and let g4 : A" — A be its inverse. Likewise,
define functions fz and gg between B and B'. For any set V. C A, we shall
use, fa(V) to denote {f4(A)| A € V} and for any V. C A', we use ga(V) to
denote {ga(A)| A € V}. Similarly, for any V. C B, we use, fg(V) to denote
{fs(B)| B €V} and for any V C B', gs(V) to denote {gs(B)| B € V'}

Observation 1. fz(B,) = B, and fs(Bs) = B,. Similarly, gs(By) = By and
98(By) = Bo



Suppose (A, B) is a maximal pair. Then from the proof of Theorem , we
must have :

[span(A’)| = 2|4 (4)
[span(B')| = |B'| ()
dim(span(A")) + dim(span(B)) = n + 1 (6)

Proposition 4.1. B = span(B). Further, fz is a linear map.

Proof. This follows from equation . Let x1,29 € B. We show that x3 = x7 +
xo € B. This would imply B is closed under addition in F} over Fy, and hence
B = span(B).

Let 7, = fg(x1) and 25 = fs(z2). From Equation (), we have, w = 2| + x, €
B'. Since w and x5 agree on each of the rightmost n bits of 3, we have gg(w) = x3.
Since w € B', from the definition of the function gz we have x5 = gg(w) € B.
Further, observe that fs(x1) + fs(z2) = w = fs(x3) = fs(x1 + x2) and hence fg
is a linear map. O

That B is a linear code from Proposition 4.1] implies closure of the family of
subsets B under symmetric difference. In fact, we have the following stronger
result.

Proposition 4.2. Let vectors by,by € B. Then, by + by € By if and only if either
bl,bg € Bl, or bl,bg € Bs. Otherwise, by + by € Bs.

Proof. We prove the 2-way implication, and rest of the proposition follows from
Proposition 4.1} Let b, = fz(b1), by = f5(b2).

e by + by € By = by and by are both from By, or both from B,
Since fg is a linear map, we have (by + by € By1) = (fg(b1 + b2) = fu(b1) +
f5(b2) = b] + by € By). So, the leftmost bit of b + by is 0. This means that
the leftmost bit must be the same in b; and by, which directly implies that
either by,b, € By, or b},by € By,

e Kither bl,bg € Bl, or bhbg S BQ = b+ by € Bl
Since b, and b, agree upon the leftmost bit, b, + by has a 0 in its leftmost
bit. So, by 4+ b, € B;. From the Observation [1j above, we have b, + by € By.

]

Proposition 4.3. B is a self-orthogonal code.



Proof. We prove the proposition by showing that Vb, by € B, (by,by) = 0. Let
By, By be the sets corresponding to the vectors by, by, respectively. Since we are
operating in the field Fy, it is enough to show that |B; N Byl is even.

Let b3 = b1 +by. We observe that bs is the characteristic vector of By = B1ABs,
the symmetric difference of B; and Bs. We have,

As & = 2, VB € By, we have |B| = 0 (mod 4). By Proposition , BABy =
B3 € B as B is a linear code. Taking equation modulo 4, if B; € By, then

By Proposition [£.2, both By and By are either from B; or from B,. In both cases,
| B1|+|B2| = 0 (mod 4) Therefore, 2| B;NBs| = 0 (mod 4) or |BiNBy| = 0 (mod 2).
If Bg € 82, then

|By| + |B2| — 2|B1 N By| = |Bs| =2 (mod 4)

Again by Proposition |B1| + | B2| = 2 (mod 4).
So, we have 2| By N By| = 0 (mod 4) or |[B; N By| =0 (mod 2). Thus in both cases,
| By N Bs| is even, so B is a self-othogonal code. O]

Lemma 4.4. Let (A, B) be a mazimal pair, then |B| < 213

Proof. 1t is a known result (see [11]) that for a linear code C' C F} and its dual
code C*,
dim(C) + dim(C+) =n (8)

For any self-orthogonal code C', C' C C*. So,
dim(C) < dim(C*)
Applying equation in this inequality, we get
n = dim(C) + dim(C*) > 2dim(C)
Therefore, dim(C') < g
Since B is a self-orthogonal code (Proposition [4.3), we get dim(B) < %. Hence,

B| < 213!



Proposition 4.5. If a set A bisects By, By and BiABs, then A also bisects B1NB;.

Proof.
B, A B
AN (B, A By)| = L;ﬂ [A bisects B1ABy|
B By —2|B1N B
= AN (BB U (BABY)| = DL 2'2 B0z
B B
B B
= [ANBy| - |AN(BinBy)| +]An (By)| - [An(Bin By) = 21 P25,
1Bil  |Bo _ Bl (B
= St S 2AN (BN By = 4+~ |Bin By
[since A bisects both By and By
BiNB
S AN(BiNBy)| = %
[l

Proposition 4.6. B is closed under intersection.

Proof. Let By,By € B. We show that By N By € B. By Proposition [4.1], b + by € B
i.e., BiAB;y € B. Let A be any arbitrary member of A. Now, A bisects By, By and
B1AB; as (A, B) is a cross bisecting pair. By Proposition , A bisects B; N Bs.
Since (A, B) is a maximal pair, we conclude that By N By € B. O

Now, we prove the main result of this section, Theorem[I.2] the characterization
of maximal pairs.

1

Statement of Theorem Let (A,B) be a 5-cross intersecting pair of

families of subsets of [n] with |A||B| = 2". Then (A, B) is one of the following
| 5] + 1 pairs of families (Ay,Bi), 0 < k < [ 5], up to isomorphism.
Ao = 2" and By = {0}
Ac={Ac2M |An{2i—1,2} =1 Vi, 1 <i<k}

B, ={Bec2M":|Bn{2 —1,2i} € {0,2} Vi,1<i<kandVj>2k, j¢ B},



where 1 <k < | 3.

By isomorphism, it is meant that for any maximal pair (A, B), 3 a bijective
mapping f : [n] — [n] such that if every A € A is replaced by Ay = {f(i)|i € A}
and every B € B is replaced by By = {f(i)|i € B} then the families (Ay, By),
where Ay = {As|A € A} and By = {Bf|B € B}, is a maximal pair which is one
of (Ak,By) , 0 <k < |3].

Proof. Consider a maximal pair (A, B) where B # {}. We write the elements
of B as rows of a 0 — 1 matrix M. Suppose ng columns have only 0 entries in
all the rows(ny may be 0). As the characterization is up to isomorphism, we may
assume that these are the rightmost ng columns of the matrix M,. In each of the
remaining n — ng columns, from Lemma there are exactly Bl 1°s and @ 0’s

2
as B is a linear code. (by Proposition

Define
B, =()B

1€B,
BeB

We write the |—§‘ rows containing 1 in the leftmost column of M, as the top ‘QE‘
rows to obtain a new matrix M; from M,. And B is one of these rows according
to Proposition . Moreover, as all intersections are of even cardinality (Proposi-
tion [£.3), |B1| is even.

Let |By| = 2iy, i3 > 1. So, there are 2i; — 1 elements in B; other than the element
1. Due to isomorphism, we may assume them to be 2,3, ..., 2¢;.

If 261 + 1 < n — ng, then define the set By as:

BzzﬂB

2i1+1€B,
BeB

Claim 4.7. 1 ¢ B,

Proof. Assume for the sake of contradiction, 1 € By. This implies that for all
the @ sets which contain the element 2¢; + 1 also contain the element 1. From
Lemma (3.1, (number of sets in B that contain the element 1) = (number of sets
in B that contain the element 2i; + 1) = @. Hence, for any B € B, 1 € B <—
2i1 + 1 € B. This implies that 2y + 1 € Bj, which is a contradiction. Hence,
1 ¢ B, and therefore By does not belong to the top ‘zﬁl rows of Mj. O

Claim 4.8. BiN By =)

Proof. Assume for the sake of contradiction, x € By N By. Then x is present in the
@ rows of the matrix M; whose intersection yields B;. Since x € By and By does
not belong to these @ rows of M; (by Claim . Thus, we have the element x

present in at least @ + 1 rows of Mj, contradicting Lemma . O
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We take the rows corresponding to the sets containing the (2i; + 1) element
that are not among the first l—? rows in M; and arrange them below the top @ rOws
to create a matrix called My from M;. Again from Proposition , | By| is even, say
2i5. Due to isomorphism and Claim we may assume that 2i; +1,...,21; + 2io
are these 2i, elements.

If 241 4+ 229 + 1 < n — ng, then define,

BgzﬂB

2i1+2i2+1€B,
BeB

Claim 4.9. 1 ¢ B3 and 211 +1 ¢ Bg.
The proof is similar to that of Claim [4.7]
Claim 4.10. B1 N B3 = @ and BQ N Bg = @

The proof is again similar to that of Claim [4.8

We take the rows corresponding to the sets containing the (2iy + 2iy + 1)th
element that are not among the first » rows (r > @) in M, which contain the
elements 1 or 2i; + 1 and arrange them below the top r rows of M, to create a
matrix called M3 from M,. From Proposition and the definition of Bs, we
have | B3| = 2i3, i3 > 1. Due to isomorphism and Claim , we may assume that
21 + 240 + 1,..., 211 + 215 + 213 are these 2i3 elements.

We continue in this manner for k steps by constructing sets By,..., By and
matrices My, ..., My, where k > 1, until we have 2¢; + - - - 4+ 21, = n —ngy. Observe
that By,..., By and P ={n—ng+1,...,n} is a partition of [n].

00000
00000
00000
00000
00000
00000
— S

2i, iy Mo
Figure 1: Partitioning the universe and thereby the columns of M}

Claim 4.11. For any set B € B, j € [k], we have BN B; € {0, B;}. Further,
BNP=09.

Proof. From the definition of P, we have BN P ={). Let j € [k]. Since B; is equal
to the intersection of some £l sets in B , we have B; present as a subset of all these
@ sets. Applying Lemma, we can say that no element of B; is present in any

set in B other than these 5+ sets. Hence, the claim. O]

2
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From Claim 4.11} observe that S = {Bj, ..., By} forms a basis of the row space
of the matrix Mj. The advantage of such a “disjoint basis” is that the bisection
in one part is independent of another.

11111100 0000/0 0 00 O
00000011 0000/0 0 00 0
oooooofool  |oooofo o 00 0
000000}J00 0000/0 0 00O
0o00000J00 0000|{0 0 00 O
00000000 111100 00 0
S -
2iy 2i o

Figure 2: Basis for the code B

Claim 4.12. A set A € A bisects every set in B if and only if it bisects every set
in the basis S of B.

Proof. The forward direction is straightforward as S C B. For the opposite di-
rection, let A € A be a set that bisects every member of S. Since the sets
corresponding to the members in S are disjoint, any B € B can be written as a
union of some of these sets.
Let B= By U---U By, where {By,...,B;} CS. Then,
l ! ! | LlJ Bl
[ANBI=1A0(U Byl = 140 Bjl = L B = 25— =
iz =1

J=1

1Bl
2

O

Since each set A € A bisects the sets By, ..., By and P, from Claim [4.12] the
set A may contain any of the 2" subsets of P, and |ANB;| = i1,...,|ANBy| = iy
Since dim(B) = k, by Proposition , we have |B| = 2F.

A8 = (2 H () )

Recall that Z 2i; = n —ng. Right hand side of Equation @D is equal to 2" if and

only if i; = 1 Vj € [k].
Thus, if B # {0}, then (A, By), k > 1, defined in the statement of the theorem
are the only maximal pairs. This completes the proof of Theorem [I.2]
O
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5 Tight upper bound on M- (n) when B is k-uniform
and characterization of the cases when the bound
is achieved

Let (A, B) be a ¢ cross-intersecting pair of families of subsets of [n], where § € [0, 1]
is an irreducible fraction. In this section, we deal with the scenario when B is k-
uniform, where 0 < & < n. Since B is k-uniform, for any A € A and any B € B,
|ANB| = % = [. Since c is relatively prime with d, and |A N B| is an integer,
we have k divisible by d. Therefore, we have a uniformly cross intersecting pair of
families.

Alon and Lubetzky in [10] found a tight upper bound for the case of uniformly
cross intersecting families and fully characterized the cases when the bound is
achieved in the following theorem:

Theorem 5.1. [Theorem 1.1 in [10]] There ezists some ly > 0 such that, for all
1 > 1y, every l-cross intersecting pair A, B C 2" satisfies:

[AlB| < (7)2

Furthermore, if |A||B| = (2;)2”_21, then there exists some choice of parameters
K, T, M -

ke{2l—-1,2l},7€{0,--- Kk}
k+7<n <n

such that upto a relabelling of the elements of [n] and swapping A, B, the following
holds:

A:{U T‘]C{{l”‘i—i_l}7 7{77R+T}7{T+1}7"' 7{R}}7|‘]‘:l} X 2X;
TeJ
B={LU{r+1,---,k}:LC{l,---,7,6+1,--- ,k+7} |LN{i,k+i}| =1 for
all i € [1]} x 2¥

where X = {k+7+1,--- ,n/} andY:{n/—i—l,n- n}.

Let (A,B) be a § cross-intersecting family where B is k-uniform. From The-
orem there exists a ko > 0 such that if % = > ko, then |A||B| < (¥)2""2.

Consider the case when B corresponds to B of Theorem . If |A||B| = (3)2n2,
then n’ =n, Y =0, and k = k in the statement of Theorem . Since | = % and

ke {% -1, %}, we have the following two cases:

Case 1: k = 2% —1. Then, (k+1)d = 2ck. Since gcd(c,d) = 1 and ged(k,k+1) =
1, we have k|d|2k. Thus, d = k or d = 2k. We claim that d = 2k is an invalid case.
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This is because, when d = 2k, we have ¢ = k+ 1. Since ged(c,d) = 1, k cannot be
odd. And if k is even, then [ = % = k“ is not an integer. So, the only valid case
isd=k,c= % = [ and k is an odd mteger

Case 2: k = 2%, Then, < = 1, that is (A, B) is a cross bisecting pair. Since

= % = % is an integer, k must be even in this case.
If B corresponds to A of Theorem 5.1} we have X = (), 7 = 0, B is k(= {)-uniform,
[ = % Thus, we have < =1, A = {{1,. /{}}XQYWhereY—{m—l—l }

and B = ( ) k€ {2k — 1,2k} up to a relabelhng of the elements.
This leads us to the main result of this section.

Statement of Theorem Let (A,B) be a §-cross intersecting pair of families
of subsets of [n]. Let B be k-uniform. Then, there exists some ko > 0, such that
for k > ko we have

[AllB] < ( Yo
and the bound is tight if and only if, either (a) or (b) hold:

(a) When $ =1, A={{1,...,k}} x 2", B= (”) where Y = {k+1,...,n} and
k€ {2k — 1,2k} up to a relabellmg of the elements of [n].

(b) When § # 1:
(i) If k is even, c =1, d =2, % = [£],
(i) If k is odd, c = 51 d =k, & =[%],

and for both the cases((i) and (ii)), there exists some T such that, k + 1 < n and
up to a relabelling of the elements of [n],

A={Ure; T:JC{{L,k+1},... . {rk+7}{r+ 1}, ... {k}}, |J| = [E]} x 2¥
where X ={k+7+1,...,n} and

B={LU{r+1,...,k}:Lc{l,....,n,k+1,...;k+7}|Ln{i,k+i}| =1 for
all i € [7]}.

6 Discussion

What are those pairs of -cross intersecting families (A, B) which achieve |A||B| =
2" (equal to the upper bound for Me(n) proved in Theorem ? In the intro-
duction we characterize such families when § =0 and § = 1. In Theorem [1.2} we
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characterize such families when ¢ = % From Theorem |1.3] we see that when B is

k-uniform, |.A||B| is maximized when ¢ is 1 or nearly 1(5 or 1+ 5-). For ¢ € (0,1),
besides the case A = 2", B = {0}, is |A||B| = 2" achieved only when ¢ is close

19 d
to 5!
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