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Abstract

Given a connected graph G = (V(G), E(G)), the length of a shortest path
from a vertex u to a vertex v is denoted by d(u,v). For a proper subset W
of V(G), let m(W) be the maximum value of d(u,v) as u ranging over W
and v ranging over V(G) \ W. The proper subset W = {wy,...,wyw} is a
completeness-resolving set of G if

Uy VG \W — [m(W)]lW‘, u— (d(wy,u), ..., dww),u))
is a bijection, where
W)W = {(aqy,....aqwp) | 1 < a@ <m(W) for each i =1,...,|W]|}.

A graph is completeness-resolvable if it admits a completeness-resolving set. In
this paper, we first construct the set of all completeness-resolvable graphs by
using the edge coverings of some vertices in given bipartite graphs, and then
establish posets on some subsets of this set by the spanning subgraph relation-
ship. Based on each poset, we find the maximum graph and give the lower
and upper bounds for the number of edges in a minimal graph. Furthermore,
minimal graphs satisfying the lower or upper bound are characterized.

Key words: completeness-resolvable, resolving sets, distance, edge coverings,
bipartite graphs

2010 MSC: 05C12, 05C35, 05C70, 05C75

arXiv:2101.02838v1 [math.CO] 8 Jan 2021

1 Introduction

For a positive integer m, denote by [m| the set of positive integers at most m, and
for a positive integer k, write

[m]* = {(aqy, - yam) | ag) € [m] for all i € [k]}.

Throughout of this paper, a graph means a finite and simple graph with at least two
vertices. Given a graph G, we always use V(G) and E(G) to denote the vertex and
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edge sets of G, respectively. The order and size of G are the cardinalities of V (G)
and F(QG), respectively. We say that G is connected if for any vertices z,y € V(G),
there is a path from z to y in G. The distance between z and y, denoted by d(z,y),
is the length of a shortest path from x to y. For a proper subset W of V(G), write

m(W) = max{d(w,u) |w e W,u € V(G)\ W}.
The proper subset W = {w1, ..., wyy|} of V(G) is a resolving set of G if
Ty VG AW — [m(W)W, w s (d(wr, ), d(wwy,w)

is an injection.

Resolving sets of a graph were first introduced, by Slater [10] and independently,
by Harary and Melter [6] in the 1970s. Subsequently, various applications of resolving
sets have appeared in the literature, as diverse as network discovery and verification
[2], robot navigation [8], pharmaceutical chemistry [4], strategies for the Mastermind
game [5], combinatorial optimization [9] and so on. For an overview of resolving sets
and related topics, we refer to [1], [3] and [7].

A resolving set W of a connected graph G is a completeness-resolving set if Wy,
is a bijection. We say that G is completeness-resolvable if G admits a completeness-
resolving set. Note that every connected graph has a resolving set.

Problem 1. Which graphs are completeness-resolvable?

A vertex x of a graph G is universal if x is adjacent to every other vertices in
G. Denote by K the set of graphs which have a universal vertex. Let P be the set
of all paths. In this paper, we study completeness-resolvable graphs and obtain the
following result.

Theorem 1.1 Let G be a connected graph. Then G is completeness-resolvable if
and only if G is isomorphic to a graph in PUKUBUC, where B and C are as refer
to Constructions 2.1 and 2.3, respectively.

The rest of this paper is organized as follows.

In Section 2, we first give some notions and notations, and then construct families
Bj., and Cj, of graphs for each k& > 2. The constructions depends on edge coverings of
some vertices in given bipartite graphs. Actually, the sets B and C in Theorem 1.1
are equal to | J; 25 By and [J;%5 C, respectively.

In Section 3, Theorem 1.1 is proved.

In Section 4, using the spanning subgraph relationship, we establish respective
posets on Bj and Ci. Based on each poset, we find the maximum graph and give
the lower and upper bounds for the size of a minimal graph. Furthermore, we
characterize the minimal graphs satisfying the lower or upper bound.

In Section 5, we first obtain the respective ranges for diameters of graphs in
By and Cp. Then we introduce the concept of perfectness-resolvable graphs, which
are closely related to completeness-resolvable graphs. Finally, we give sufficient
conditions to determine a perfectness-resolvable graph, and conclude this paper by
raising a problem which graphs are perfectness-resolvable.



2 Constructions

We first give some notions and notations that will be used throughout of this paper.
Let G be a graph. For z € V(G) and e € E(G), we say that e covers z, or = is
covered by e, if e is incident to z in G. For S C V(G), an edge covering of S, or
S-covering, is a family E of edges in G such that each vertex in S is covered by at
least one edge in F.

Notation 1 Given a graph G and a subset S C V(G), denote by £(G, S) the set of
all S-coverings in G.

Notation 2 Let k£ and m be positive integers.
(i) For any vector x € [m]*, denote by 7(;) the ith component of z.
(ii) For I C [k] and J C [m], write

[m)5(J) = {z € [m]* | r(y € J for all i € I}.

For simplify, we write [m]¥(J), [m]5(j) and [m]¥(j) instead of [m]?i}(J), m*({5})
and [m]’fi}({j}), respectively.

(iii) For S C [k] U [m]*, let Kg and Kg denote the complete and null graphs on
S, respectively.

(iv) Denote by G([k]) and G([m]¥) the sets of all graphs with the vertex sets [k]
and [m]*, respectively.

Let G be a graph. A graph H is a subgraph of G if V(H) C V(G) and E(H) C
E(QG). Furthermore, the subgraph H is a spanning subgraph of G if V(H) = V(G).
For S C V(G), the induced subgraph of G on S is the graph with the vertex set S
such that two vertices are adjacent if and only if they are adjacent in G.

Notation 3 Let k£ and m be positive integers. For E

C E(K}y), denote by
span(E) the spanning subgraph of K imj¢ With the edge set E.

Notation 4 Let k and m be positive integers. For Hy € G([k]) and Hy € G([m]*),
define Hy o Hy as the graph on the disjoined union [k] U [m]* with the edge set
E(Hl) U E(Hg) U E(Hl, Hg), where

E(Hy, Hy) = {{i,z} | i € [k],x € [m]*, ;) = 1}.
Remark 1 For H; € G([k]) and Hy € G([m]*), we have
|E(Hy o Hy)| = |E(H))| + |E(Hz)| + k- m"™". (1)
Next, we construct a family B of graphs.

Construction 2.1 Let B = U;’;’g By, where B, is defined by the following steps.
(i) For each ¢ € [k], denote by Bf the complete bipartite graph with two parts
[2]¥(1) and [2]F(2).
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(ii) Define

By, = {Hy o span(| J E;) | Hy € G([K]), E; € E(BL, [2l, ()},
i€[k]

where H; (i) is the union of {i} and the set of vertices adjacent to i in Hj.

Observing that ;¢ E(BF) = E(K 2jm ), we have the following result immedi-
ately from Construction 2.1.

Proposition 2.2 Fork > 2, pick Hy € G([k]) and Hy € G([2]¥). Then HyoH> € By,
if and only if the edge subset L;(Hs) is a [2]’}_11 (Z.)(Z)-covem'ng for each i € [k], where

Li(Hz) = E(Hs) N E(BY). (2)
We now construct another family C of graphs.

Construction 2.3 Let C = U,j;’g Cp, where C, is constructed by the following steps.
(i) For i € [k], let C¥ be the bipartite graph with two parts [3]¥(1) and [3]¥(2),
where the edge set is

{{z.y} |2 € BF(1).y € BIF(2), |z —yy| <1 for each ¢ € [k]\ {i}}.

(ii) For i € [k], let D¥ be the bipartite graph with two parts [3]¥(2) and [3]¥(3),
where the edge set is

{{z.y} |2 € [3]F(2).y € BF(3), |zw) —yy| <1 for each t € [k]\ {i}}.
(iii) Define
Cr = {Kpy o span( | (B; U F)) | E; € £(CF, B]F(2)), Fi € E(Df,SF)},
i€[k]
where S = [3}5, ({2,3}) 1 [315(3).
We get the following result immediately from the construction of Cy.

Proposition 2.4 For k > 2, choose Hy € G([3]*). Then Ky o Hy € Cy, if and only
if the following conditions hold.
(i) B(Hz) € Uy (E(CF) U E(DY)).
(ii) For each i € [k], the edge subset M;(Hy) is a [3]F(2)-covering, where
M;(Hy) = E(Hz) N E(CY). (3)
(iii) For each i € [k], the edge subset N;(Hz) is an SF-covering, where

N;(H) = E(Hs) N E(DY). (4)



3 Proof of Theorem 1.1

In this section, we always suppose that G is a connected graph. If W is a completeness-
resolving set of G with |W| = k and m(W) = m, we say that W is a (k,m)-
completeness-resolving set, or (k, m)-CRS for simplify, and G is a (k, m)-completeness-
resolvable graph, or (k,m)-CRG for simplify. The proof of Theorem 1.1 is divided
in three subsections.

3.1 k>2and m=2
In this subsection, we determine the set of all (k,2)-CRGs for k > 2.

Lemma 3.1 With references to Construction 2.1, let H be a graph in B.
(i) Fori € [k] and x € [2]*, we have d(i,z) = z;).
(ii) The graph H is a (k,2)-CRG.

Proof. (i) Write H = Hy o Hy, where Hy € G([k]) and Hy € G([2]%). If z(;) = 1,
then d(i,z) = 1 = z(;. Now suppose z(;; = 2. On one hand, since i and z are
not adjacent in H, we have d(i,x) > 2. On the other hand, if z € [2]’;{1(1.)(2), by
Proposition 2.2, there is an edge {z,y} € L;(H3), then Yy = 1, and so we get a path
(i,y,x) in H, which implies that d(i,z) < 2. If z ¢ [2]'%1(2.)(2), then there exists a
vertex t € Hy(i) \ {i} such that z(;) = 1, and so we get a path (i,¢,z) in H, which
implies that d(i,r) < 2. Consequently, one has d(i,z) = 2 = z;.

(ii) It follows from (i) that ®p(z) = x for each z € [2]*. Therefore, we have
derived that @) is a bijection, which implies that [k] is a (k,2)-CRS, and so H is a
(k,2)-CRG, as desired. O

Proposition 3.2 For k > 2, a graph G is a (k,2)-CRG if and only if G is isomor-
phic to a graph in By.

Proof. The sufficiency holds by Lemma 3.1 (ii). To prove the necessity, suppose
that G is a (k,2)-CRG and let W = {w,...,wi} be a (k,2)-CRS of G. Then

Ty V(G)\ W — [2]%, ur— (d(wi,u),...,d(wk,u))

is a bijection. Define a graph H on the set [k] U [2]* with the edge set By U Epgpe U
E[k],[ﬂk? where

By = {{i,j} 4,7 € [k], {wi,w;} € E(G)},
Egp = {{z,y} lz,y € 2F, (¥} (2), ¥, (v)} € B(@)},
By = {{i,a}|iek], €2, zu =1} (5)

Note that z(;y = d(w;, Uy (). Tt is routine to verify that

if u= Wy,

U V(G) — [k U2, u'—>{,il,lw(u% ifue V(@) \W



is an isomorphism from G to H. Hence, graphs G and H are isomorphic. Now it
suffices to prove H € By.
Let H; and Hy be the induced subgraphs of H on [k] and [2]*, respectively. Then

H = Hyo0H>s by (5). Let i € [k]. Pick any vertex x € [2]1;11(2')(2)' For each t € H(7),

we have d(w;, ¥y (2)) = x(;) = 2. Particularly, one gets d(w;, Uy (r)) = 2. Hence,
there is u € V(G) \ W such that (w;,u, ¥y (2)) is a path in G, which implies that
(4, ¥w(u),x) is a path in H, and so {Yyw (u),z} € L;(Ha), where L;(Hz) is as refer to
(2). From the arbitrary choice of z in [2]]}{1 (i)(2), we have L;(Hs) € £(BY, [2]';11 0 (2))-
It follows from Proposition 2.2 that H € B, as desired. O

3.2 k>2and m=3
In this subsection, we determine the set of all (k,3)-CRGs for k > 2.

Lemma 3.3 With references to Construction 2.3, let H be a graph in Cy,.
(i) For i € [k] and x € [3]¥, we have d(i,x) = ().
(ii) The graph H is a (k,3)-CRG.

Proof. (i) Write H = Ky o Hy, where Hy € G([3]*). Note that z(;) € {1,2,3}.

Case 1. z;y = 1. Then d(i,z) = 1 = ;.

Case 2. x(;) = 2. Since x € [3]¥(2), from Proposition 2.4 (ii), there is an edge
{z,y} € M;(H,) for y € [3]%(1), and so we obtain a path (i,y,z) in H, which implies
that d(Z,:E) =2= l‘(l)

Case 3. x; = 3. Then x € [3]¥(3). On one hand, for any 2’ € [3]¥(1), since
lz@y — x’(z)| = 2 > 1, according to Proposition 2.4 (i), vertices x and z’ are not
adjacent in Hs, which implies that d(z’,z) > 2. Hence, we get d(i,z) > 3. On the
other hand, if € S¥, then by Proposition 2.4 (iii), there is an edge {z,z} € N;(H>)
for 2z € [3]¥(2), and further by Proposition 2.4 (ii), there is an edge {z,v} € M;(H>)
for v € [3]¥(1), which implies that there is a path (i,v,2,2) in H, and so d(i,z) < 3;
If x ¢ SF, then there is t € [k] with T = 1, which indicates that (7, (1,...,1),t,)
is a path in H, and so d(i,z) < 3. Consequently, we get d(i,z) = 3 = x(;.

Combining all these three cases, we obtain (i).

(ii) It follows from (i) that ®(;)(z) = x for each = € [3]*. This indicates that Dy
is a bijection, and so H is a (k, 3)-CRG, as desired. O

Lemma 3.4 Let W be a (k,3)-CRS of a graph G.

(i) Then the induced subgraph of G on W is a null graph.

(ii) For u,v € V(G)\ W, write v = ®w(u) and y = Pw(v). If u and v are
adjacent in G, then | —yu| < 1 for each i € [k].

Proof. Let W = {w,ws,...,w}.

(i) Suppose for the contrary that there are vertices w;, w; € W such that {w;, w;}
is an edge in G. Without loss of generality, assume that {w;,w;} = {w,ws}. Since
dyy is an bijection, there is a vertex ug € V(G)\ W such that @y (ug) = (3,1,...,1),
which implies that

3= d(lUl,’LL(]) < d(w17w2) + d(lUg,’LL(]) =1+ 17



a contradiction.

(ii) By contradiction, suppose that there exists i € [k] such that |z — yg)| > 2.
Noting that 2,y € [3]*, we have {74, y6t = {1,3}. Without loss of generality,
assume that z(;) = 1 and y(;) = 3. Then

3=y = d(wi,v) < d(wi,u) +d(u,v) =z + 1 =2,

a contradiction. O

Proposition 3.5 For k > 2, a graph G is a (k,3)-CRG if and only if G is isomor-
phic to a graph in Cy.

Proof. The sufficiency holds by Lemma 3.3 (ii). Substituting [3]* for [2]¥ in the
proof of Proposition 3.2, we can obtain a graph H = Hj o Hs and an isomorphism &
from G to H, where Hy and Hj are graphs defined on the set [k] and [3]*, respectively.
To get the necessity, it is enough to prove H € Cy,.

Noting that ®~1([k]) is a (k,3)-CRS of G, we infer from Lemma 3.4 (i) that
H, = F[k]. Combining Lemma 3.4 (ii) and Proposition 2.4, we only need to show
that M;(Hs) € E(CF,[3]F(2)) and N;(Hz) € E(D¥, SF) for each i € [K].

Pick any vertex z € [3]¥(2). Then d(i,z) = (;) = 2 by Lemma 3.3 (i). Since H;
is null, there is a vertex 2’ € [3]F such that (i,2’,z) is a path in H, which implies
that x’(i) =1, and so {2/, 2} € M;(H3) by Lemma 3.4 (ii). From the arbitrary choice
of x in [3]¥(2), we have M;(H,) € £(CF,[3]%(2)).

Pick any vertex y € S¥. Then d(i,y) = Yu) = 3 by Lemma 3.3 (i). Hence,
there exist vertices 3/, 3" € [k] U [3]* such that (i,y",%/,y) is a path in H. Since
d(t,y) =y« > 2 for each t € [k], one gets y' € [3]*. Noting that H; = F[,ﬂ, we have
y" € [3]* and furthermore yz’i) = 1. It follows from Lemma 3.4 (ii) that ]yé’i)—yzi)] <1
and ]yzi) —y@l <1, and so yzi) = 2, which implies that {y’,y} € N;(Hz). By the
arbitrary choice of y in S¥, we have N;(Hz) € £(DEF, SF).

The proof is completed. O

3.3 Proof of Theorem 1.1
Proposition 3.6 A graph G is a (1,m)-CRG if and only if G is a path.

Proof. 1f G is a (1,m)-CRG, then G has a resolving set of cardinality 1, and so G is
a path. Conversely, if G is a path (ug, u1, ..., unm), then @1 (u;) = (i) for i € [m],
which implies that {up} is a (1,m)-CRS, and so G is a (1,m)-CRG, as desired. O

Proposition 3.7 A graph G is a (k,1)-CRG if and only if the order of G is k + 1
and G has a universal vertex.

Proof. Note that a vertex u of GG is universal if and only if

Py )\ fup(w) = (1,...,1).

Hence, the desired result follows. O



Lemma 3.8 If G is a (k,m)-CRG with k > 2 and m > 2, then m =2 or 3.

Proof. By contradiction, suppose m > 4. Let W = {wy,ws,...,wr} be a (k,m)-
CRS of G. Since ®yy is a bijection, there exist vertices v and v in V(G) \ W such
that @y (u) = (1,1,...,1) and ®y(v) = (4,1,...,1), which implies that

4 = d(wy,v) < d(wy,u) + d(u, we) + d(wa,v) =1+ 1+ 1,

a contradiction. O

Theorem 1.1 follows from Lemma 3.8 and Propositions 3.2, 3.5, 3.6 and 3.7.

4 Partially ordered sets

In Theorem 1.1, graphs in P U K are well-understood, however, graphs in BUC are
non-intuitive. Now the letter k is always used to denote a given positive integer at
least 2. Note that graphs in By (resp. C;) have the same vertex set [2]¥ (resp. [3]¥).

Notation 5 For graphs G; and G with the same vertex set, define G7 < Gy if Gy
is a spanning subgraph of G5. Write G1 < G if G1 = G4 and Gy # Gs.

A partially ordered set, or poset, is an ordered pair (A, <) such that < is a
reflexive, antisymmetric and transitive binary relation on the set A. An element x
is mazimum in A if a < x for each a € A. An element y is minimal in A if a <y
implies a = y. Observe that (B, <) and (C, =) are posets on graphs.

In Subsection 4.1 (resp. 4.2), based on the poset (B, <) (resp. (C, <)), we first
obtain the maximum graph in By (resp. Cg), and turn the problem of characterizing
graphs in By (resp. Ci) into characterizing minimal graphs in By (resp. Ci). Then
we investigate minimal graphs in By (resp. Cg).

In Subsection 4.1, noting from Construction 2.1 that the first factor of a graph
in By is an arbitrary graph in G([k]), we fix H; € G([k]) and give a definition of
an Hi-minimal graph. Then the size of an Hi-minimal graph is bounded by using
the degrees of vertices in Hy, and furthermore, we describe the Hi-minimal graphs
satisfying the lower or upper bound. As examples, we apply the results to study
Kp-minimal graphs and F[k]—minimal graphs.

In Subsection 4.2, noting from Construction 2.3 that the first factor of a graph in
C, is the null graph in G([k]), we say that Hy is k-minimal if K o Hy is a minimal
graph in Cp. We establish the lower and upper bounds for the size of a k-minimal
graph, and characterize all k-minimal graphs satisfying the lower or upper bound.

4.1 A poset on B,

In this subsection, we focus on the poset (B, <), and always suppose that Hy €
G([k]) and Hy € G([2]").

Theorem 4.1 Suppose that HyoHy € By,. If Hi < Hy = K}, and Hy < Hj =< Kok
then H{ o Hé € Bg.



Proof. For each i € [k], we get [Q]H,( )(2) C [2]';{1(1.)(2) and L;(Hs) C L;(H}), where

L;(Hs) is as refer to (2). Hence, the desired result follows by Proposition 2.2. O

Let G and G5 be graphs with the same vertex set V. The union G1 U G5 is the
graph with the vertex set V' and the edge set E(G1) U E(G2).

Corollary 4.2 For G1,G9 € B, we have Gy U Gy € By,. Particularly, we have

U G = K[k] OK[Q}k € By.
GeBy,

Proof. Let Gy = HyoHj and Gy = H{oH). Then G1UGs = (H{UH])o(HyUH)).
Hence, the desired result follows from Theorem 4.1. a
A join-semilattice is a poset in which any pair of elements has the least upper

bound. Note that each finite join-semilattice has a unique maximum element. The
following result is immediate from Corollary 4.2.

Proposition 4.3 The poset (Bg, =) is a finite join-semilattice with the maximum
graph Ky o Kjgk.

From Theorem 4.1, it is nature to put forward the following notion. We say that
Hy is Hy-minimal if Hy o Hy € By, and Hy o HY) & By, for H) < H,.

Remark 2 If Hi o Hs is a minimal graph in By, then Hy is Hi-minimal. However,
the converse is not true.

We get the following result from Proposition 2.2.

Lemma 4.4 A graph Hs is Hy-minimal if and only if the following conditions hold.
(i) For each i € [k|, the edge subset L;(Ha), as refer to (2), is a [2]’;{1 (1) ~Covering.
(ii) For each e € E(Ha), there exists a vertex i € [k] such that L;(Hz) \ {e} is
not a [2]];[1(“-00’067“2'719.

Notation 6 Let H; € G([k]) and Hs € G([2]%).
(')Forxe[]k let J, = {i € [K] ]m€[2]];h (2)}.
(ii) For z € [2]* and e € E(H3), write

I(e)={ie[k]|z e [2]H »)(2), € € Li(H2), e covers z},

and furthermore, let

L= |J L(f) and LE=L\( |J L.

fEE(H2) fEE(H2)\{e}

Lemma 4.5 A graph Ho is Hi-minimal if and only if the following conditions hold.
(i) For each z € [2]F, we have I, = J,.
(ii) For each e € E(H,), there is a vertex x € [2]F such that I,(e) # 0.



Proof. Note that I, C J,. Observing that i € J, if and only if « € [2]]}{1 (i)(2), we
obtain (i) if and only if the condition (i) in Lemma 4.4 holds.

Now suppose that the condition (i) in Lemma 4.4 holds. Then i € I,(e) if and
only if any edge in L;(H2) \ {e} does not cover xz. Hence, we obtain (ii) if and only
if the condition (ii) in Lemma 4.4 holds.

Consequently, the desired result follows from Lemma 4.4. a

Actually, given a graph Hyp, the Hi-minimal graph Hs is not unique. We give
lower and upper bounds for the size of Hs. The degree of a vertex in a graph is the
number of edges covering this vertex in the graph.

Theorem 4.6 If Hs is Hi-minimal, then

k
2k—min{di\i€[k}}—1 < |E(H2)| < Z2k_di_17
i=1
where d; is the degree of the vertex i in Hj.
Proof. For each i € [k], write E; = L;(Hz) and denote by E! the set of edges e such
that L;(H) \ {e} is not a [2]'%1(i)—covering. By Lemma 4.4 (ii), we have
max{|E;| [ i€ [k} < | | Eil = [E(H)| = | | Eil < D _|E]|.
i€ (k] i€ (k] i€ (k]
Noting that |E}| < 28110 = ok=di=1 < |E;| we get the desired result. O

Remark 3 If Hj o Hs is a minimal graph in By, then combining the equation (1),
Remark 2 and Theorem 4.6, we get

[

k k

1 . .

ok—1, — ) k—min{d;|i€[k]}—1 ok—1 | — k—d;

k-2 +22d2+2 < |E(Hy o Hy)| < k-2 +2Z2 +dy).
i=1 1=1

The minimum degree of a graph is the minimum value of degrees of all vertices in

this graph. We use the following result to characterize the bounds in Theorem 4.6.

Corollary 4.7 Suppose that Hy is Hi-minimal.

(i) The lower bound in Theorem 4.6 is attained if and only if there exists a vertex
i with minimum degree in Hy such that L;(Hs) = E(Hs).

(ii) The upper bound in Theorem 4.6 is attained if and only if for any distinct
vertices x,y € [2]* and any distinct edges e, f € E(Hs), we have (a) |I.(e)| < 1, (b)
either I(e) =0 or Iy(e) =0, (c) I.(e) N I(f) = 0.

Proof. (i) It is immediate from the proof of the lower bound in Theorem 4.6.
(ii) Suppose that (a), (b) and (¢) hold. Observing that I,(e) C I,(e), we infer
from Lemma 4.5 (ii) that

B() = |J{eeBm) | L#0=) U {ecB)icLe)

ze[2* i€ (k] x€[2}H ()( )

= U {e € E(Hy) | i € I(e) for a certain vertex x € [2]];{1(2-)(2)},
i€[k]
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and so [E(H2)| = > ep \[2]';{1 (i)(2)\, attaining the upper bound in Theorem 4.6.
In the following, suppose that |[E(Hj)| attains the upper bound in Theorem 4.6.
With references to the proof of Theorem 4.6, the following conditions hold.
(C1) |E!| = 2k=4~1 for each i € [K].
(C2) EiN B} = { for any distinct vertices i and j in [k].

By (C1), the following condition holds for each i € [k].
(C1") For each x € [2]H (Z)( ), there is a unique edge e € E! such that e covers x.

Now we divide the proof in three steps.

We first prove (¢). By contradiction, suppose I.(e) N I.(f) # 0. Pick i €
I.(e)NI;(f). Then z € [2]H1(2 (2), {e, f} € Li(H2) and both e and f cover =, which
implies that there is no edge in E! covering x, contrary to (C1’).

The next thing is to prove (a). Suppose for the contrary that |I.(e)| > 2. Pick
distinct vertices 4, j € I,(e). Note that E; C L;(Hs) and E} C L;(Hs). Combining
(C1') and (c), we get e € E; N E, contrary to (C2).

Finally, we prove (b). By contradiction, suppose that I(e) # 0 and I,(e) # 0.
Then e = {z,y}. Taking i € I,(e) and j € I,(e), we have (yu),z@)) = (1,2) and
(7(jy,y()) = (1,2), which implies that 7 # j. An argument similar to the one used
in the previous step shows that e € E; N E}, contrary to (C2).

The proof is complete. g

As applications, we study Kp-minimal graphs and f[k]—minimal graphs in the
rest of this subsection. To inverstigate K7i-minimal graphs, we observe that

2502 = {2 2)} (6)
and then get the following example from Lemma 4.5.

Example 4.8 (i) Define Uy as the graph with the vertex set [2]¥ and the edge set

EU) ={1,....1),(2,...,2)}.

Then Uy is a KJgj-minimal graph with size 1.
(ii) Define Vj as the graph with the vertex set [2]¥ and the edge set

= J = @2} |24 = Ly =2 for each t € [k] \ {i}}.

i€[k]

Then Vi is a KJg-minimal graph with size k.

Corollary 4.9 If Hy is Kj-minimal, then 1 < |E(Hz)| <k,
(i) with the lower bound if and only if Hy = Uy.
(ii) with the upper bound if and only if Hy = V.

Proof. Noting that the degree of each vertex i in Kpy) is k—1, we have 1 < [E(Ha)| <
k by Theorem 4.6.

(i) The “if” implication follows immediately from Example 4.8 (i), while the
“only if” implication follows from (6) and Lemma 4.5 (i).
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(ii) We get the sufficiency from Example 4.8 (ii). To prove the necessity, suppose
|E(H2)| = k. Write y = (2,...,2). By (6), we have J, = [k] and J., = 0 for
z € [2]*\ {y}. Noting that |E(H,)| attains the upper bound in Theorem 4.6, we
deduced from Corollary 4.7 (ii) and Lemma 4.5 that |I,(e)| = 1 for e € E(H3) and
{Iy(e) | e € E(H)} is a partition of [k]. For any e € E(Hs), write e = {z,y}.
Choosing the unique vertex i € I,(e), we have z(; = 1 and z() = 2 for each
t € [k]\ {i}, as desired. O

To investigate F[k]—minimal graphs, we observe that
2k @ = 2k @
and for each z € [2]*, we have
Jo =i € W] g = 2 ®)
Example 4.10 Define Ry, as the graph with the vertex set [2]* and the edge set
ERy) = {{z,y} | z,y € [2]k,x(i) # y(i) for each i € [k]}.
Then Ry, is a F[k]—minimal graph with size 2F1.

Proof. Noting that E(R;) is a matching, we infer that R;, has size 2°~! and each
vertex is covered by a unique edge in Ri. Observing that L;(R) = E(Ry) for each
i € [k], we conclude that Ry, is K g-minimal from Lemma 4.4 and (7). O

Remark 4 Actually, if H; has an isolated vertex, then Ry is Hi-minimal. However,
if F[k] < Hy, then Hi o Ry is not a minimal graph in Bj.

Given a graph G, the Cartesian product of s copies of G is the graph G”* with
the vertex set

V(GDS) = {(x(l), e ,x(s)) ’ ) € V(G) for i € [S]},

where two vertices x and y are adjacent if and only if there exists an index i € [s]
such that {z;),yu)} € E(G) and x(;) = y(;) for all indices j € [s] \ {i}.

Example 4.11 Let P be the graph with the vertex set {1,2} and the edge set
{{1,2}}. Then P;* is a K-minimal graph with size k- 2871,

Proof. Tt is routine to verify that |E(Py*)| = k- 2*~1. For an edge {x,y} in Py*
with (z3;), @) = (1,2), by (7), we have I,({z,y}) = 0 and I,({z,y}) = {i}, and so
I,({x,y}) = {i}. By Lemma 4.5 and (8), we conclude that Py* is K j)-minimal. O

Corollary 4.12 If Hy is K-minimal, then 2871 < |E(Hs)| < k- 271,
(i) with the lower bound if and only if Hy = Ry.
(ii) with the upper bound if and only if Hy = PY*.
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Proof. Since the degree of each vertex i in F[k] is 0, by Theorem 4.6, we have
2k=1 < |E(Hy)| < k- 2F1.

(i) The “if” implication follows immediately from Example 4.10, while the “only
if” implication follows from (7) and Corollary 4.7 (i).

(ii) We get the sufficiency from Example 4.11. To prove the necessity, suppose
that the size of Hy is k- 281, as well as the upper bound in Theorem 4.6 for
Hy = K. For o € [2]F, write e(z) = {e € E(H;) | I,(e) # 0}. It follows from
(8) and Lemma 4.5 (i) that e(x) = 0 if and only if = (1,...,1). Observing that
I.(e) C I.(e), we have derived from Lemma 4.5 (ii) that

B(Hy) = | fe€ B(H) | L(e) £ 0} = (a).

z€[2)k ze2]P\{(1,...,1)}

Pick any vertex = € [2]*\{(1,...,1)}. Combining Corollary 4.7 (ii) and Lemma 4.5 (i),
we get |I;(e)] = 1 for any e € e(x) and {I,(e) | e € e(x)} is a partition of .J,. For any
edge e = {y,z} € e(x), taking the unique vertex i € I (e), one has (yq), r¢;)) = (1,2)
and (Y, z@) = (2,2) for t € J, \ {i}, and further by Corollary 4.7 (i), we get
I,(e) = 0, and so (yu),z@)) = (1,1) for t € [k]\ J,. Hence, we have £(x) € E(PSF),
and so E(Hy) C E(PJ%). Tt follows from |E(Hy)| = |E(PY*)| that Hy = Py*, as
desired. O

4.2 A poset on C;

In this subsection, we focus on the poset (Cg, <), and always suppose that Hs is a
graph with the vertex set [3]*. We begin by constructing a graph on the set [3]*.
Let T, be the graph with the vertex set [3]* and the edge set

E(Ty) = {{a,y} |2,y € 3%, 2 #y, |26 —y@| < 1 for each i € [k]}.
Observation 4.13 'y = span(Uie[k](E(C’f) U E(DF))).

Theorem 4.14 Suppose that F[k] o Hy € Cy,.
(i) Then H2 = Pk.
(ii) If Hy = Hy < Ty, then Ky o H € Cy,.

Proof. (i) Combining Proposition 2.4 (i) and Observation 4.13, we have E(Hs) C
E(T%), and so Hy < T.

(11) Observe that E(Hé) - E(Fk), MZ(HQ) - MZ(Hé) and NZ(HQ) - NZ(Hé),
where M;(Hy) and N;(Hz) are as refer to (3) and (4), respectively. For each i € [k],
by Observation 4.13, we have M;(I'y) = E(CF) and N;(I'y) = E(DF), which are
[3]¥(2)-covering and S¥-covering, respectively. Hence, the desired result follows from

Proposition 2.4. O

Corollary 4.15 For any graph Ky o Hy € Cj,, we have |E(Hj)| < 7k53k, with
equality if and only if Ho = T'y.
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Proof. Noting that |z(; — y(;)| < 1if and only if
(‘T(z)7 y(z)) € {(17 1)7 (17 2)7 (27 1)7 (27 2)7 (27 3)7 (37 2)7 (37 3)}7
we have |[{(z,y) | z,y € 3%, ]2 — y@)| < 1 for each i € [k]}| = 7%, which implies

that |E(I'y)| = 7k53k. Hence, by Theorem 4.14, we get the desired result. O

Corollary 4.16 For G1,Gy € Ci, we have G1 UGy € Ci.. In particular, we have

U GZF[k]OPk € Cy.
GeCy,

Proof. Write G7 = F[k] oHy and Gy = f[,ﬂ oH). Then GiUGy = f[,ﬂ o (Hy UHY).
Hence, the desired result follows from Theorem 4.14. a

The following result is immediate from Corollary 4.16.

Proposition 4.17 The poset (Cx, =) is a finite join-semilattice with the mazimum
graph Ko T.

A graph Hy is k-minimal if F[,ﬂ o Hy € Cj, and F[k] o H) & Cy, for H) < H,.
Remark 5 A graph Hs is k-minimal if and only if F[k] o Hy is minimal in C.
To study k-minimal graph, we give the following notation for convenience.
Notation 7 Write X = [3]%({2,3}), Y = [3]%({1,3}) and
X=pBF\X, Y=[3%\Y, Z=3F\(XuUY).
We establish the bounds for the size of a k-minimal graph.

Theorem 4.18 If Hs is k-minimal, then

3k 41

— < [B(Hy)| < k- (3571 + 2870,

Proof. For i € [k], denote by M/ (resp. N/) the set of edges e in M;(Hs) (resp.
N;(Hz)) such that M;(Hsy)\ {e} (resp. N;(Hz)\ {e}) is not a [3]¥(2)-covering (resp.
an SF-covering), where M;(Hs) (resp. N;(Hz)) is as refer to (3) (resp. (4)). Then
|M!| < |[3]%(2)] = 3*! and |N/| < |SF| = 2¥=1. Since Hj is k-minimal, it follows
from Proposition 2.4 that E(H2) = ;e (M U N;), and so

|E(Hy)| = | | (M UN])| <> (M) + |N]]) < k- (3871 42871, (9)
1€[k] i€[k]

In the following, we prove the lower bound. Pick any vertex x € [3]¥. We shall
find an edge e, in Hy covering x for the following two cases.
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Case 1. © = (3,...,3). Then z € Sf. Note that F[,ﬂ o Hy € C,. By Proposi-
tion 2.4 (iii), there exists at least one edge e, in Hy covering x.

Case 2. x € Y. Then there is an index i € [k] with z(; = 2. By Proposi-
tion 2.4 (i), there is an edge e, = {z,y} in Ha such that y; =1, and so y € X.

Observing that X = (X NY)U{(3,...,3)} and Z C Y, we choose two families
of edges from the above two cases:

Fx ={e; |z € X} and Fz ={e, |z € Z}.

By Case 2, the edge e, for x € X NY does not cover any other vertices in X except
z, and so |Fx| = |X| = 2*. Noting that Z C X, we have derived that all of the
vertices covered by edges in F are in X, which implies that Fxy N Fz = (). Since
each edge covers two vertices, one gets 2|Fyz| > |Z| = 3% — 281 1 1 by a short
calculation. Consequently, we have

oMyl 3F 41
2 2

|E(Hy)| > |Fx UFy| = |Fx|+ |Fz| > 2" + (10)

as desired. O
Remark 6 If f[,ﬂ o Hy is minimal in Ci, then by the equation (1), Remark 5 and
Theorem 4.18, we have

(2k +3)-31+1
2

< |E(K o Ha)| < 2k - (3F1 +2872),

To characterize the lower bound in Theorem 4.18, we define a graph on [3]*.

Example 4.19 Define T as the graph with the vertex set [3]* and the edge set
E(Ty) = Ex U Ez, where

Ex = {{z,y}|zec X,yec[3)F, T(;) — Y = 1 for each i € [k]},
Ez = {{z,y} |2,y € Z, 24 = yu = 3 or {z3), Yy} = {1,2} for each i € [k]}.
Then Ty is a k-minimal graph with size L;'l
Proof. We first compute |E(Ty)|. Since there is a bijection from X to Ex, one has
|Ex| = |X| = 2¥. Each vertex in Z is covered by a unique edge in Fz, so Ez is a
matching in Z, which implies that
|Zz]  3F -2kl 41

E = — =
|Ez| 5 5

Noting that E7 does not cover any vertex in X, we have Ex N E; = (). Hence, we
get | E(Ty)| = |Ex| + | Ez| = ¥L.

The next thing is to prove K o Ty € Cy. Take any index i € [k] and then pick
any vertex = € [3]F(2)USF. If 2 € X, let y be a vertex in [3]* such that y(;) = z¢)—1
for each t € [k], then {z,y} € Ex N E(CF) or Ex N E(D¥) according to = € [3]¥(2)
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or Sk. If x € X, then 2 € Z, and so {z,y} € Ez N E(CF), where y is a vertex in Z
such that

2, if x(t) = 1,
Yy = 1, if x(t) = 2,
3, if x(t) = 3.

Therefore, we have derived that M;(Hs), as refer to (3), is a [3]¥(2)-covering and
N;(Hy), as refer to (4), is an SF-covering. Observing that Ex UEy C Uie[k](E(Cf)U
E(DF)), we get Ky, 0 Hy € Cy, from Proposition 2.4.

Finally, we show that T} is k-minimal. By contradiction, if T}, is not k-minimal,
then there is a graph Hy < Ty, such that Ko Hy € Cy, and so |E(Ha)| < |E(T)| =
L;—l’ contrary to Theorem 4.18. This contradiction implies that T}, is minimal.

The proof is complete. g

We use the following result to characterize the lower bound in Theorem 4.18.

Corollary 4.20 The lower bound in Theorem 4.18 is attained if and only if Hy =
Ty.

Proof. The “if” implication follows from Example 4.k19. To obtain the “only if”
implication, let Hy be a k-minimal graph with size % With references to the
proof of Theorem 4.18, we have derived from (10) that

7
E(Hy) = Fx UFy, |Fx|=2"=|Ex| and |Fy|= |2—| = |Ez].
It follows from Proposition 2.4 that Fx = Ex and Fy = Ey, as desired. O

To characterize the upper bound in Theorem 4.18, we give the following notation.

Notation 8 For i € [k] and = € [3]¥(2) U S¥, denote by €;(x) the set of edges

7

e = {x,2'} such that :17’(2.) = 2(;) — 1 and for each ¢ € [k] \ {i}, one of the following
conditions holds.

(i) If z € SF, then :E/(t) = Z(y)-

(ii) If = € X N [3]¥(2), then

;o 2o0r3, ifxy =2
T = { 3, if zp) = 3.

(iii) If € X N [3]¥(2), then

r 1, if x(t) = 1,
T~ 20r 3, ifxy =2or3.

Lemma 4.21 Let i,j € [k]. Pickz € [3]¥(2) USF and y € [3]?(2) U Sf. If (i,x) #
(J:y), then ei(z) Nejly) = 0.
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Proof.  Suppose for the contrary that ¢;(z) Ne;j(y) # 0. Take e € ¢;(x) Ne;(y).
Case 1. i = j. Then x # y and e = {x, y}, which implies that y) = z(; — 1 and
T(;) = Yu) — 1, a contradiction.
Case 2. i # j and x = y. Write e = {z,2'}. Then

/

Ty = T() — 1 and 2.

o) =@ — L

Note that e € ¢(z). If z € S¥ or X N [3]%(2), then x> xj, a contradiction. If
r € X N[3]%(2), then (x/(j),a;(j)) = (2,3), which implies that z € S;‘?, and so r € X,
a contradiction.

Case 3. 1 # j and = # y. Then e = {z,y}, and so
Yo =r@ —1 and yg =z +1

If 2 € S¥, then y) = x(j), a contradiction. Now suppose z € [3]¥(2). Then

Yu) = 1 and (z(;y,y¢)) = (2,3). Noting that {x,y} € ¢;(y), we have y € S;‘?, and so
T(j) = Y(i), a contradiction.
We accomplish the proof. O

Example 4.22 Define

o =fspan(|) U {a@} e ea).

i€k] ze[3]k(2)usk
Then each graph in Qy is a k-minimal graph with size k - (3¥~1 4 2+—1),

Proof. Choose any graph Hy € Q. Observe that ¢;(z) C E(CF) U E(D¥). Noting
that E(H2) N e€;(x) has exactly one edge, as well as the unique edge covering x in
M;(Hs) or N;(Hs) according to = € [3]¥(2) or S¥, we deduce that Hy is k-minimal
from Proposition 2.4 and Lemma 4.21. By Lemma 4.21 again, one has

|E(Hs)| = k- (BF (2)] + IS = k- (3°71 + 287,

as desired. O

Remark 7 Let P3 be the graph with the vertex set {1,2,3} and the edge set
{{1,2},{2,3}}. Let Q4 be the graph obtained from the Cartesian product P{*
by deleting the edges {x,z’'} such that there exist indices i and j in [k] with
(zi,7;) = (2,3) and z; = 2, = 1. Then Q. € Q.

We use the following result to characterize the upper bound in Theorem 4.18.

Corollary 4.23 The upper bound in Theorem 4.18 is attained if and only if Hy €
Qk-
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Proof.  We get the sufficiency from Example 4.22. To prove the necessity, let Ho
be a k-minimal graph with size k - (3¥=! + 28=1). With references to the proof of
Theorem 4.18, we have derived from (9) that

M| =3 = 1B31F2)l, IV =2 =1, (11)

2

and the following condition.

(A) All sets M/’s and N/’s are pairwise non-intersecting.

Take any = € [3]¥(2) U S¥. By (11), there is a unique edge fi(z) covering z in
M or N/ according to x € [3]¥(2) or S¥. Note that E(Hz) = Uiy (M, U N). To
get the desired result, we only need to prove f;(z) € €;(x).

Suppose for the contrary that f;(x) & €;(x). It is routine to verify that there is
an index t € [k] \ {i} such that either (z, fi(x)) € [3]F(2) x E(CF) or (x, fi(z)) €
Sk x E(DF). Then fi(x) € My(Hy) or Ny(Hs) according to = € [3]F(2) or SF.
Noting that M/ C M;(Hy) and N] C N;(Hs), by the definitions of M/ and N/
in Theorem 4.18, we get fi(xz) = f;(x), which contradicts (A). This contradiction
completes the proof. O

5 Perfectness-resolvable
We begin this section by computing the diameters of graphs in By, or Cy.

Proposition 5.1 (i) The diameter of any graph in By is 2 or 3.
(ii) The diameter of any graph in Cy is 3, 4 or 5.

Proof. (i) Choose any graph H € By. Pick i,j € [k]. By Lemma 3.1 (i), we have
d(i, z) = 2(;) for each z € [2]¥, and so

d(i,j) <d@,(1,..., 1) +d@G,(1,...,1) =1+1=2.

For distinct vertices x,y € [2]*, there exists a vertex ¢ € [k] such that z¢) =1 or
y@) = 1. Hence, we have

d(z,y) <d(t,z) +d(t,y) <1+2=3.

Since d(i,(2,...,2)) = 2, the diameter of H is 2 or 3.
(ii) An argument similar to the proof of (i) shows that (ii) holds. O

Remark 8 (i) The diameters of K (k] © K[g» and K7y o Ug are 2 and 3, respectively.
(ii) The diameters of f[k] oI, F[k] 0@y and K[k} oTy are 3, 4 and 5, respectively.

Given a graph G, the metric dimension of G, denoted by dim(G), is the minimum
cardinality of a resolving set of G. A metric basis of G is a resolving set of G with
cardinality dim(G). A metric basis of G is perfect if it is a completeness-resolving set.
We say that G is perfectness-resolvable if it admits a perfect metric basis. Clearly,
a perfectness-resolvable graph is completeness-resolvable.
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Observation 5.2 (i) All paths are perfectness-resolvable.
(ii) A graph in K is perfectness-resolvable if and only if it is complete.

Proposition 5.3 (i) Let G be a graph in Bg. If the diameter of G is 2, then G is
perfectness-resolvable.

(ii) Let G be a graph in Cy. If the diameter of G is 3, then G is perfectness-
resolvable.

Proof. By [4, Theorem 1], we have |V(G)| < dim(G) + d¥™@) where d is the
diameter of G. Note that |V (G)| is equal to k + 2¥ or k + 3% according to G € By,
or Ci. Hence, one has k < dim(G) if the condition in (i) or (ii) holds. Since [£] is a
completeness-resolving set of graphs in By U Ci, the two desired results follow. O

We conclude the paper by raising the following problem.

Problem 2. Which graphs are perfectness-resolvable?
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