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Abstract

In this paper, we study the flexibility of two planar graph classes Hi, Hs, where
H1, Ho denote the set of all hopper-free planar graphs and house-free planar graphs,
respectively. Let G be a planar graph with a list assignment L. Suppose a preferred
color is given for some of the vertices. We prove that if G € Hy or G € Hy such that all
lists have size at least 5, then there exists an L-coloring respecting at least a constant
fraction of the preferences.
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1 Introduction

All graphs considered are simple, finite, and loopless, and we follow [1] for the terminologies
and notation not defined here. Two triangles which intersect exactly at one vertex form a
hopper, see Figure [l (4;). A triangle shares exactly one edge with a 4-cycle form a house,
see Figure [l (A2). Given a graph G, G is called hopper-free (or house-free) if G' does not
contain any hopper (or house) as subgraphs. For brevity, denote by #H; and Hs the set of all
hopper-free planar graphs and house-free planar graphs, respectively. In a proper coloring,
we want to assign to each vertex of G one of a fixed number of colors in such a way that
adjacent vertices receive distinct colors. A [list assignment L for G is a function that assigns
to every vertex of G a set (list) L(v) of colors. An L-coloring is a proper coloring ¢ such that
¢(v) € L(v) for all v € V(G). If G has a proper coloring ¢ such that ¢(v) € L(v) for each
vertex v of GG, then we say that G is L-colorable. In addition, we say L is an f-assignment if
|L(v)| > f(v) for all v € V(H). Specifically, L is called a k-assignment (k € N) if f(v) > k
for each v € V(G). Furthermore, G is k-choosable if G is L-colorable for every k-assignment
L.
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Recently, Dvorék, Norin and Postle introduced a coloring with request as follows. Firstly,
we give each vertex of U C V(@) a preferred color from their list sets, is it possible to properly

color GG so that at least a constant fraction vertices of U satisfy their preferences?

(A1) (A2) (43)

Figure 1: Special subgraphs

Initiated by Dvotak, Norin and Postle [7], a request for a graph G with a list assignment
L is a function r with dom(r) C V(G) such that r(v) € L(v) for all v € dom(r). For € > 0,
a request r is e-satisfiable if there exists an L-coloring ¢ of G satisfying ¢(v) = r(v) for at
least e|dom(r)| vertices v € dom(r). We say that a graph G with the list assignment L is
e-flexible if every request is e-satisfiable. Additionally, we emphasize a stronger weighted
form. A weighted request is a function w that to each pair (v, c) with v € V(G) and ¢ € L(v)
assigns a nonnegative real number. Let w(G, L) = 3_ cy (@) cer) W(v;¢). For e > 0, we say

that w is e-satisfiable if there exists an L-coloring ¢ of G such that

> w(v, ¢(v) = ew(G, L).
veV(Q)
We say that G with the list assignment L is weighted e-flexible if every weighted request is
e-satisfiable.

It is worth pointing out that a request r is 1-satisfiable if and only if the precoloring given
by r can be extended to an L-coloring of G. One can observe that weighted e-flexibility
implies e-flexibility by giving the request pairs (v, r(v)) weight 1 and all other pairs weight
0.

Very recently, several scholars contribute a lot on this topic. For some ¢ > 0, Dvorak,
Norin and Postle [7] showed that every planar graph is e-flexible with a 6-assignment. As
we know, planar graphs are 5-choosable [12], so they conjectured that 6-assignemnt can be
reduced to 5. In particular, there are lots of results respect to forbidding some configurations
in planar graphs. Dvordk, Masaiik, Musilek and Pangrac [5] proved that planar graphs

without triangles are weighted e-flexible with a 4-assignment, the result they gave is the best



possible with respect to the list size since planar graphs without triangles are 4-choosable.
Moreover, they also showed that planar graphs of girth at least six are weighted e-flexible
with a 3-assignment [6]. However, Thomassen [11] studied that planar graphs of girth at
least five is 3-choosable, so there is still a gap left open. Masaiik [10] showed that Cj-free
planar graphs are weighted e-flexible with a 5-assignment. Since planar graphs without 4-
cycles are 4-choosable [9], Masaiik conjectured that his result about list assignment would
be reduced to 4. In addition, Choi et.al [4] proved three theorems: every planar graph
(i) without K is weighted e-flexible with a 5-assignment, (ii) without C; and Cj distance
at least 2 is weighted e-flexible with a 4-assignment, (iii) without Cy, Cs5, Cg is weighted
e-flexible with a 4-assignment. Their first theorem has strengthened the result of Masaiik,
which is a good bound up to the list size compared to choosability, since the conjecture
that K -free planar graphs are 4-choosable is still open. Nowadays, Yang and the author
[15] extended the third theorem of Choi et. al, they showed that every {Cj, Cs}-free planar
graph is weighted e-flexible with a 4-assignment, which is the best possible with respect to
the list size, since Voigt [13] gave a planar graph without C; and C5 is not 3-choosable.

In the paper, we mainly investigate the weighted e-flexibility of two classes of planar

graphs.

Theorem 1. If G is hopper-free, then there exists € > 0 such that G is weighted e-flexible

with a 5-assignment.

Theorem 2. If G is house-free, then there exists € > 0 such that G is weighted e-flexible

with a 5-assignment.

Until now, no result states that G is 4-choosable if G € H; or G € H,. However, Wang
and Lih [14] proved that a planar graph H is 4-choosable if H has no intersecting 3-cycle,
that is, H contains neither hopper nor diamond (which is the graph isomorphic to (As), see
Figure [Il). On the other hand, Borodin and Ivanova [2], Cheng et al. [3] showed that a
planar graph H is 4-choosable if H contains no 4-cycle which shares at least one common
edge with a 3-cycle, that is, H contains neither house nor diamond.

The rest of the paper is organized as follows. In Section 2, we develop the notation
and introduce some essential tools used in list coloring settings. In Section [B] we give the
proof of Theorem [I], the main idea is to produce some reducible configurations and then use

discharging method to get a contradiction. In Section [ we prove Theorem



2 Preliminaries

We shall split Section 2 into two parts. In Section 2.1, we first give some definitions related
to our topic. In Section 2.2 we shall present several essential tools to the proof of our

theorems.

2.1 Definitions

Let 1g denote the characteristic function of S, i.e., 1g(v) =1 if v € S and 1g(v) = 0 other-
wise. For functions that assign integers to vertices of H, we define addition and subtraction
in the natural way, adding/subtracting their values at each vertex independently. Given a
graph H and a vertex v € V(H). For a function f: V(H) — Z and a vertex v € V(H), let
f 1 v denote the function such that (f | v)(w) = f(w) for w # v and (f | v)(v) = 1. Given
a set of graphs F and a graph H, a set S C V(H) is F-forbidding if the graph H together
with one additional vertex adjacent to all of the vertices in S does not contain any graph

from F. We first give a crucial definition of (F, k)-boundary-reducible as follows.

Definition 2.1. A graph H is an (F,k)-boundary-reducible induced subgraph of a graph G
if there exists a set B G V(H) such that

(FIX) for everyv € V(H)\B, H — B is L-colorable for every ((k — degs +degy_g) 4 v)-

assignment L, and

(FORB) for every F-forbidding set S C V(H)\B of size at most k—2, H—B is L'-colorable
for every (k — degg +degy_p5 —1s)-assignment L'.

We will call the set B in (FORB) as the boundary of the configuration in the following
discussion. By the definition of (FORB), we get that (FORB) is implied by (FIX) when

|S| = 1. Hence in the following discussion, we mainly consider the case 2 < |S| < k — 2.

Definition 2.2. Let G be a graph with lists of size k that does not contain any graph in F
as an induced subgraph. We define (F, k,b)-resolution of G as a set G; of nested subgraphs
for 0 <1 < M, such that Gy := G and

j=1

where each H; is an induced (F,k)-boundary-reducible subgraph of G;_1 with boundary B;
such that |V(H)\B;| < b and Gy is an (F,k)-boundary-reducible subgraph with empty

boundary and size at most b. For technical reasons, let Gyryq := 0.
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Our strategy is to prove every graph that does not contain any graph from F as a
subgraph contains a reducible subgraph. Actually, we regard a resolution as an inductively-
defined object obtained by iteratively identifying some reducible subgraph H with boundary
B and deleting H — B until V(G) is exhausted.

2.2 Basic tools

The following lemma derived from Choi et al. provide us with a unified approach to deal with
the weighted flexibility of any graph with forbidden subgraphs, which also strengthen the
key lemma implicitly presented by Dvorak, Norin and Postle in [7], and explicitly formulated

as Lemma 4 in [5].

Lemma 2.3 ([4]). For all integers k > 3 and b > 1 and for all sets F of forbidden subgraphs,
there exists an € > 0 as follows. Let G be a graph with an (F,k,b)-resolution. Then G with

any assignment of lists of size k is weighted e-flexible.

The well-known lemma below provide us with a method to deal with the coloring problem

of a graph, which will be used frequently in our proofs.

Lemma 2.4 ([8]). Let G be a connected graph and L a list assignment such that |L(u)| >
deg(u) for all uw € V(G). If either there exists a vertex u € V(G) such that |L(u)| > deg(u),
or some 2-connected component of G is neither complete nor an odd cycle, then G is L-

colorable.

3 Proof of Theorem (I

In this section, we shall first collect essential notation and then find some reducible subgraphs.

Finally we use Euler’s formula to complete the proof of Theorem [Il

3.1 Notation

A plane graph is a particular drawing of a planar graph in the Euclidean plane. Let G be
a plane graph, let us denote by V(G), E(G), F(G) the vertex set, edge set, face set of G,
respectively. We denote by d(v) and §(G) the degree of a vertex v € V(G) and minimum
degree of G. A vertex v is called a k-vertex, a kT-vertex or a k™ -vertex if d(v) = k, d(v) > k
or d(v) < k, respectively. For any face f € F(G), the degree of f, denoted by d(f), is the
length of the shortest boundary walk of f, where each cut edge is counted twice. A k-face, a
kt-face or a k™ -face is a face of degree k, degree at least k, or degree at most k, respectively.

We write f = (dy,...d,) if vq,...,v, are the boundary vertices of f with d(v;) = d; for
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all i € {1,2,...,n}. We say that f = (df,...d,) if d(v;) > dy and d(v;) = d; for all
i € {2,...,n}; and similarly for other combinations. In addition, Let fi(v), ng(f) denote
the number of k-faces incident with the vertex v and the number of k-vertices incident with

the face f, respectively.

3.2 Reducible configurations

Note that in all figures of the paper, any vertex marked with e has no edges of GG incident
with it other than those shown. In the following, we say a vertex u has v (v € N) available
colors in a configuration H means that the maximum number of colors remaining in L(u) is
~ after coloring vertices exterior to H. When considering (FIX), we reduce the number of
available colors on the vertex to 1, and when considering (FORB), we reduce the number

of available colors on the vertices in S by 1.
Lemma 3.1. Let G € Hy. If G contains one of the following configurations (see Figure[3).

(B1) A cycle vuyvg such that 4 < d(v) < 5, d(v;) = 4 for each i € {1,...,d(v)}\{2} and
d(vg) =5, v; € N(v) for each j € {1,...,d(v)}.

(Bs) A cycle vujvg such that 4 < d(v) < 6 and d(v;) = 4 with v; € N(v) for each i €
{1,...,d(v) — 1}.

(Bs) A cycle vivauzvy and an edge vivs such that d(ve) = d(vs) = 4, d(vy) = d(vs4) = 5.
(By) A cycle vivavsvy, an edge vivs and an edge v1vs such that one of the following holds,

(i) d(vi) = d(vs3) =5 and d(ve) = d(vy) = d(vs) = 4;
(i1) d(vy) =6, d(v;) =4 for each i € {2,3,4,5}.

(Bs) A cycle viv9v3v4, and two edges vivs, vyvs such that d(v;) < b for each i € {1,2},
d(vy) =5, and d(vs) = d(vs) = 4.

(Bg) A cycle vivauzvy, and three edges vivs, v1vs, vive such that d(v;) = 5 for each 1 €
{1,3,4}, d(vj) =4 for each j € {2,5,6}.

Then G contains a (Hi,5)-boundary-reducible induced subgraph with empty boundary.
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Figure 2: Reducible subgraphs. The edge marked with a dashed line may not exist, and its
existence depends on the degree of the vertex incident with it.

Proof. Let H; be the graph isomorphic to one of (B;) for 7 € {1,...,6} and set the boundary
to be empty. It suffices to prove that H; satisfies (FIX) and (FORB) for each i € {1,...,6}.

For H;. We only consider d(v) = 4 since the same arguments yield to d(v) = 5.

(FIX): Note that v has five available colors, v; has three available colors, and v; has two
available colors for each i € {2,3,4}. If v (or v;) is fixed, then we first color v (or v;). Finally
Hy, — v (or H; —v;) can be colored by Lemma 2.4 If v5 is fixed, then we can greedily color
v, U1, U, V3, Uy in order. Fixing any other vertex in {vs, v4} is handled in a similar fashion.

(FORB): Let S C V(H;) of size at most 3. Recall that (FORB) is implied by (FIX)
when |S| = 1. So we mainly discuss the case 2 < |S| < 3 in the following proof. Suppose
|S| = 2. Then S can be chosen as the following pairs: {v,v1}, {v, v}, {v1,v2}, {v1,v3},
{v1,v4}, {vo,v3}, {vo, 04}, {v3,04}. IS = {v,v1} (or S = {v,v2}), then we can greedily
color vy, vy, v, v3, vy in order. If S = {vy,v3} (or S = {v1,v4}), then H; can be colored by
Lemma 24l If S = {v1, vy}, then we can greedily color vs, v1, v, v3, v4 in order. Forb the
remaining pair of vertices described as above can be handled in a similar fashion, so we omit
them. Now we discuss the case |S| = 3. By the definition of S, we know that S can be chosen
as the following triples: {v, vy, vo}, {v1,v0,v3}, {v1,v9, 04}, {vo,v3,04}. If S = {v, 01,02},
then we greedily color vy, vy, v, v3, v4 in order. The rest triples can be handled in a similar

fashion.



For Hy. We only consider the case d(v) = 5 as the analysis of the other two cases are
similar.

(FIX): Note that v has four available colors, v; has three available colors for each ¢ €
{1,2}, and v; has two available colors for each j € {3,4}. If v is fixed, then we greedily
color v, vy, vy, v3, vy in order. If v; is fixed for each i € {1,2,3,4}, then we first color v, and
finally the coloring can be extended to Hy — v; by Lemma [2.4]

(FORB): When |S| =2, it S = {v,v,;} (j € {1,2}), then we can greedily color v;, vs_;,
v, v3, vy in order. If S = {s1, 82} (51 # s2), where s; € {vy, v9,v3,v4} for each i. Similarly, we
first greedily color the vertices in S and then extend the coloring to the remaining vertices,
which is possible since v has four available colors. When |S| = 3, if S = {v,v;,v2}, then
we can color vy, vy, v, v, v4 in order. If S = {s1, s9, s3}, where s; € {v1, vy, v3,v4} for each
1 and s; are distinct from each other, then we can first greedily color the vertices in S and
finally extend the coloring to the remaining vertices. As a result, (FORB) holds.

For Hs. We verify both (FIX) and (FORB) holds.

(FIX): Note that v; has three available colors for each i € {1,2}, v3 has four available
colors, and vy has two available colors. If v; is fixed for each i € {1,2,3,4}, then we first
color v;. At last, H3 — v; can be colored by Lemma 2.1

(FORB): Note that |S| < 2. If § = {vy,v3}, then we greedily color vy, v4, v3, v2 in
order. If S = {v9, v4}, then we greedily color vy, vy, va, v3 in order.

For Hy. Suppose d(vy) = d(v3) =5 and d(vqy) = d(vs) = d(vs) = 4.

(FIX): Note that v; has four available colors, v; has three available colors for each
i € {2,3,4}, and vs has two available colors. If vy is fixed, then we greedily color vy, vs, vs,
v3, vq in order. If v; is fixed for each i € {2,3,4,5}, then we first color v;. Finally, H — v;
can be colored by Lemma 2.4

(FORB): We first consider |S| = 2. If S = {vy,v3}, then we greedily color vs, va, vy, vy,
vy in order. If S = {vy, v4}, then we greedily color vq, vs, v4, vy, vs in order. If S = {v;, vs}
for each j € {2,3,4}, we may assume j = 2, then we greedily color vs, vy, v1, v3, v4 in order.
One can observe that the case j = 3 or j = 4 admits (FORB) by the same arguments. If
|S| = 3, then S = {vq,v4,v5}, then we first color vs, and then H — vs can be colored by
Lemma 2.4 (FORB) holds.

Suppose d(v1) = 6, d(v;) = 4 for each i € {2,3,4,5}.

(FIX): Note that v; has three available colors for each i € {1,2,4}, vs has four available
colors, and v5 has two available colors. Fix any other vertex, say vy, then we can first color
v; and then extend the coloring to the remaining vertices.

(FORB): When |S| = 2, if S = {vy,v3}, then we color vs, vy, vs, v, vy in order. If



S = {va,v4}, then we greedily color vy, vy, v1, vs, v3 in order. If S = {v;, vs} for j € {2, 3,4},
say j = 2, then we greedily color vy, vs, vy, v4, v3 in order. It is easy to check the cases j = 3
and j = 4 also admit (FORB) by the same arguments. If |S| = 3, then S = {vq, vy, v5},
and thus we can greedily color vs, vy, v1, Ve, v3 in order, implying (FORB).

For Hs. We may assume that d(v;) = d(vy) = 5.

(FIX): Note that v; has three available colors for each i € {1,4}, v; has two available
colors for each j € {2,5}, and v5 has four available colors. If v; for some i € {1,2} is fixed,
then we greedily color v;, vs_;, v3, V4, vs in order. If vy is fixed, then we greedily color vy,
vs, V1, Ug, vg in order. If v; is fixed for some i € {3,5}, then we first color v;, and then by
Lemma 2.4, Hs — v; can be colored.

(FORB): When |S| = 2. If S = {vy,v3}, then we greedily color vy, vy, v3, v4, v5 in order.
If S = {vy,v4}, then we greedily color vy, vy, v4, U5, v3 in order. If S = {v;,v5} (j € {1,2,3}),
we consider j = 1 here and then we greedily color vs, v4, vy, vo, v3 in order. For j = 2 or
j = 3, it is easy to check Hj can be colored by the same arguments. When |S| = 3, we
know that S = {vi,v3,v5}. Let L' be a (5 — degy + degy —1g)-assignment. We get that
|L'(v1)] = |L'(v9)| = 2, |L'(v3)| = |L'(v4)| = 3, and |L'(vs)| = 1. If L'(vg) N L'(vs) = ), then
we can L'-color vs, vq, vg, v3, v4 in order. Otherwise, we first color vs. Next let H = Hj\{vs}
and L* be a assignment for H obtained by L’ be removing the only color in L'(vs) from the
list of the the vertex set {y : |yvs € E(H5)}, that is, |L*(v;)| = |L'(v;)| for each i € {1,2,3},
|L*(v4)| = 2. Now we discuss whether L*(vy) N L*(vy) = 0. If L*(vy) N L*(vg) # 0, let
c1 € L*(vy) N L*(vy), then we first color ve and vy with ¢; and then greedily L*-color vy, vs
in order. Otherwise L*(vy) N L*(vy) = (), then there must be a color in L*(vy) U L*(vy) but
not in L*(v3), we denote the color by ¢, and assume that ¢y € L*(vy), then we color vy with
¢y and greedily L*-color vy, vy, v3 in order, implying (FORB).

For Hg. We shall prove that Hg also satisfies (FIX) and (FORB).

(FIX): Note that v; has five available colors, v; has two available colors for each i €
{4,5,6}, and v; has three available colors for each j € {2,3}. If vy is fixed, then we greedily
color vy, vs, vg, V4, v3, U in order. If vg is fixed, then we greedily color vs, vy, vo, vy, V5, Vg
in order. If vy is fixed, then we greedily color vy, v3, vo, vy, V5, vg in order. If v; is fixed for
each i € {2,5,6}, then we first color v;, and H — v; can be colored by Lemma 2.4

(FORB): When |S| = 2. If S = {v1, v3}, then we can color vs, vy, v1, vs, Vg, Ve in order.
If S = {vy,v4}, then we can color vg, vs, Vg, V1, v, vg in order. If S = {vs,vs}, then we can
color vs, vg, U1, Uy, Vs, U9 in order. If S = {s1, s2}, where s1 € {va,v3,v4}, $2 € {v5,v6}, then
we first greedily color s;, so and finally extend the coloring to the remaining vertices. When

|S| = 3, then we have S = {vg,v4,v;} (i € {5,6}), then we can color v;, vy, v3, Vo, V1, U11_;



in order, implying (FORB).
From all the above cases, both (FIX) and (FORB) hold, and thus H; is (Hi,5)-
boundary-reducible for each i € {1,...,6}. |

3.3 Discharging

Let F = Hi, and let G; be a counterexample to Theorem [I] with minimum number of
vertices. Fix a plane embedding of G, by minimality of G, we get that GGy is connected.
Let L be a list assignment on V(G;) where each vertex receives at least five colors. Note
that G; does not contain any configurations shown in Lemma 311 By [10], we get that G,

has no 37 -vertex. Since G is also a plane graph, by Euler’s Formula, we obtain

Yo [dw) =4+ Y (d(f) —4) = 8. (D

veV(G1) fEF(Gy)
We define an initial charge c on V(G1) U F(Gy) by letting

[ dg,(z) —4 ifz=veV(G),
C(if)—{ do,(x) —4 ifz=f e F(Gy).

We will obtain a final charge ¢ from ¢ by discharging rules R1-R6 below. Since these rules

merely move charges around, (I) gives

Yoo dw) = > ca)<o (I1)

z€V(G1)UF(G1) z€V(G1)UF(G1)

We will get a contradiction by proving é(x) > 0 for each element z € V(Gy) U F(Gy). Since
Gy € Hq, we immediately have the following fact.

Fact 3.2. For each v € V(Gy) with d(v) > 4, we have f3(v) < 2.

For brevity, (4,4,57)-face is called a bad face and a 4-vertex lying on a bad face is called
a bad 4-vertex. In addition, a 3-face f is called a singleton if all faces incident with it are
4*-faces, while two consecutive 3-faces form a doubleton f. The discharging rules are as

follows.

R1. Each 5%-vertex v sends % to its adjacent bad 4-vertex which is not lying on the same

3-face with v.
R2. Each bad 4-vertex sends the total charge it received to its incident bad 3-face.

R3. Each 5-vertex v with f3(v) = 1 sends a to its incident 3-face f. let nj(v) be the number

of bad 4-vertices incident with v while not lying on f.
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if nj(v) =0,

R3.1. If f = (4,5~,5), then a =
f=A ), then a { it 1< ni(v) <2.

winy =

R3.2. If f = (4,67,5), then a = 1.
if nj(v) =0,

1
R3.3. If f=(5%,5%,5), then a =, .
5 if 1 <np(v) <3.

R4. Each 5-vertex v with f3(v) = 2 sends a to its incident doubleton f, let n,(v) be the

number of bad 4-vertices not lying on f, then a = 1 — an(v)'

R5. Each 6-vertex v sends a to its incident 3-face,

R5.1. If fg(’U) = 17 then a = 4

3-

R5.2. If v is incident with a doubleton f and there are at most two 4-vertices on the f,
then a = %

R5.3. If v is incident with a doubleton f and there are three 4-vertices on the f, then

a=2.
R6. Each 7"-vertex v sends a to its incident 3-face,

R6.1. If fg(’U) = 17 then a = 4

3

R6.2. If v is incident with a doubleton f, then v sends 2 to f.

Let f be a face of G;. If d(f) > 4, the initial charge is not changed, and thus ¢&(f) =
c(f) > 0. It remains to consider the case d(f) = 3. In particular, if two 3-faces f; and f, are
consecutive, that is, f; and f, form a doubleton £, In this situation, c(f) = c(f1)+c(f2) = —2,
and then we discuss the final charge &(f).

Case 1: f is a singleton .

If f is bad, then by (B;) and (By), each 4-vertex on the f must be adjacent to two 57-
vertices, and thus ¢(f) > —1+min{3x2x ¢,2x $4+2} = 0 by R1-R3. If f = (4,4,6"), then
&(f) > —1+3=1>0byR5.1. If f = (4,57,5%), then &(f) > —14min{2x2,1+3} =1 >0
by R3. If f = (57,5%,5T), then ¢(f) > —1+3 x 1 =1 >0 by R3.3.

Case 2: f is a doubleton (see Figure [3).

It follows from Lemma [B1] (Bs) that two 5-vertices in (C}) are not adjacent to a 4-vertex
any more, thus ¢(f) > =2+ 2 x 1 =0 by R3.1. As for (C3), ¢(f) > -2+ 2+4 =0 by
R3.1, R5.1 and R6.1. For (C3), we have ¢(f) > =242 x 3 = 2 >0 by R5.1 and R6.1. For
(Cy), we have &(f) > =243 x 2 = 0 by R3 and R4. For (Cs), &(f) > -2+ 3+ 2 =0bhy

R4-R6. For (Cg), if there are three 4-vertices lying on f, then &(f) > —2 +2 = 0 by R5.3
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and R6.2. Otherwise &(f) > —2+ min{% + %, 2} =0 by R3, R5 and R6. For (C7), it follows
from Lemma B.] (Bs) and (B,) that two 5-vertices are not adjacent to any 4-vertex, then
&(f) > —2+2x1=0by R4. For (Cy), if three are three 5-vertices lying on f, it follows
from Lemma Bl (Bg) that &(f) > =2+ 2 x 241 =1 > 0 by R3 and R4. Otherwise,
&(f)=—-2+2x2443=2>0byR4-R6. For (Cy), &(f) > —2+2x24+2x1=1>0hy
R3 and R4. For (Cyo), &(f) > —2+ 2+ 2 =1 > 0 by R4 and R5.

4
5 o
4
(Co)
4 4
6" 4" 4+ 4"
5 A
(Cs) (Cs)
+
5 5
5t 5° 4+ 4"
5 o+
(Co) (Cho)

Figure 3: Different kinds of doubletons, the number near a vertex denotes its degree.

Let v be a k-vertex of GG;. Suppose k = 4, the initial charge remain unchanged. Suppose
k =5. If f3(v) = 0, then there are at most five bad 4-vertices, thus ¢(v) > 1—5x ¢ =3 >0
by R1. If f3(v) = 1, we consider whether the triangle is bad. When the triangle is bad, we
obtain that ¢(v) > 1 — max{2 + ¢,1} = 0 by R1 and R3.1. Otherwise, ¢(v) > 1 — max{2 +
2 X %, % + 3 x %, 1} =0 by R3.1 and R3.2. If f3(v) =2, then the two triangles must form a
doubleton f since Gy is hopper-free, then we just need to consider the configurations in Figure
exclude (C1), (Cy), (C3), (Cs), then we obtain ¢(v) > 1 —max{1,2 4+ 24+2x 2} =0
by R4. Suppose k = 6. If f3(v) = 0, then there are at most six bad 4-vertices, thus
i(v) >2—6x 3 =1>0byRL If f3(v) = 1, there are at most four bad 4-vertices, thus
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év) > 2— % — 4 x % = 0 by R1 and R5.1. If v is incident with two consecutive triangles
f, then we should consider (Cg) and (Cyg). As for (Cg), if there are three 4-vertices lying
on f, then there exists no 4-vertex among the remaining neighbors of 6-vertex which are
not on f, thus é(v) > 2 — 2 = 0 by R5. Otherwise, ¢(v) > 2—3 -3 x i =0by Rl and
R5. For (Cyp), there are at most three bad 4-vertices among the remaining neighbors of
6-vertex which are not on f by Lemma B.I], thus &(v) > 2 — % -3 x % = 0 by R5. Suppose
k> 7. If fs(v) = 0, then &(v) > k—4 —7x 1 = D0 by R1 I fy(0) = 1,

then &(v) > k—4 -4 — Lk —2) = 208 5 by R1 and R6. If fy(v) = 2, then

H(v) >k —4—2— Lk —3) =202 5 g by R6.

Hence, we complete the proof of Theorem [l

4 Proof of Theorem 2

The notation we need in this section follows from Section B.Jl Let F = Hs,, and let G5 be a
counterexample to Theorem 2] with minimum number of vertices. Fix a plane embedding of
G9, by minimality of Gs, we get that G5 is connected. Let L be a list assignment on V' (G5)
where each vertex receives at least five colors. Similarly, we have the following lemma to

forbid some configurations in Gj.

4.1 Reducible subgraphs

Lemma 4.1. Let Gy € Hs. If Gy contains one of the following configurations (see Figure

1),
(Dy) A cycle vuvgugv such that d(v) < 5 and d(vy) = d(vy) = d(v3) = 4;
(D3) A cycle vujvgvsvgv such that d(v) < 5 and d(v1) = d(vy) = d(v3) = d(vy) = 4.

Then Gy contains a (Ha,5)-boundary-reducible induced subgraph with empty boundary.

13



Figure 4: Reducible graphs

Proof. In the following, we mainly consider both cases with d(v) = 5.

To proof (D;). Let H be the subgraph of G induced by {v,v;,ve,v3} and set the
boundary B = ().

(FIX): Note that v; has three available colors for each i € {1,2,3}, and v has two
available colors. If v is fixed, then we greedily color v, vy, v9, vs in order. If v; is fixed for
each i € {1,2,3}, then we first color v; and then H — v; can be colored by Lemma 2.4

(FORB): Note that |S| < 2 by the definition of S. When |[S| = 2, if S = {v, 12}, then
we give v a preferred color and then greedily color vy, ve, v3 in order. If S = {vy,v3}, then
H can be colored by Lemma 2.4l When |S| =1, (FORB) will be implied by (FIX).

To proof (D3), let H be the subgraph of Gy induced by {v,vq,vs,v3,v4}, and set the
boundary B = ().

(FIX): Note that v; has three available colors for each i € {1,2,3,4}, and v has two
available colors. If v is fixed, then we greedily color v, vy, vs, v3, v4 in order. If v; is fixed
for each i € {1,2,3,4}, then we first color v; and then H — v; can be colored by Lemma 2.4

(FORB): When |S| = 3, then S can be chosen as the following triples: {v, vy, v},
{v,v1,v4}, {v, 09,03}, {v,v3, 04}, {v1,02, 03}, {v2,v3,v4}. Up to symmetry, we only discuss
S = {v,v1,v2}. In this situation, we can greedily color v, vy, v, v3, v4 in order. When
|S| = 2, assume that S = {v,v;}, then we give v a preferred color and then greedily color

v1, Vg, U3, vy in order. The rest pairs can be handled in a similar fashion, (FORB) holds. B

4.2 Discharging

Note that G5 does not contain any configurations shown in Lemma [L.1l By [10], G5 also has

no 3~ -vertex. Since (G5 is also a plane graph, by Euler’s Formula, we obtain
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S (dw)—6)+ > (2d(f)—6) = —12. (I11)

veV (Ga) JEF(G2)
Now we define an initial weight function on V(G2) U F'(G3) by letting
C(l’) o dG2(SL’) —6 ifrx=ve V(GQ),
| 2dg,(x) —6 ifx=f€ F(Gq).

Since the total sum of charges are the negative number —12, we shall now redistribute
the charge, without changing its sum, such that the sum is nonnegative. This contradiction
will prove the Theorem Finally, we apply the following rules to redistribute the initial
charge that leads to a new charge ¢.

For brevity, a face f is called bad in Gy if it is incident with exactly (d(f)—1) 4-vertices,

otherwise it is good.
R1. Each bad 4-face sends % to its incident 4-vertex;
R2. Each good 4-face sends % to its incident vertex 5~ -vertex;

R3. Each 5-face sends a to its incident vertex v,

1 ifdw) =4,
L ifd(v) =5.

2

R4. Each 6%-face sends 1 to its incident vertex 5~ -vertex.

Fact 4.2. For each v with d(v) > 4, we have f3(v) < LQdév)J.

Now we shall show that ¢(x) > 0 for all z € V(G2) U F(G2). Let f be a face of Go. If
d(f) = 3, we keep the initial charge. Suppose d(f) = 4. If f is bad, then there must be a
6*-vertex in f by Lemma BT (D), thus é(f) > 2—3 x 2 = 0 by R1. Otherwise, na(f) < 2,
then ¢(f) > 2 —4 x % = 0 by R2. Suppose d(f) = 5. If f is bad, then there must be a
61-vertex in f by Lemma 1] (D,), thus é¢(f) >4 —4 x 1 =0 by R3. Otherwise, ns(f) < 3,
then ¢(f) >4—-3x1—-2x 1 =0. If d(f) > 6, then the number of 5~ -vertices incident with
fis at most d(f), thus é¢(f) > 2d(f) —6 —d(f) =d(f) —6 > 0 by R4.

Let v be a k-vertex of Ga. Suppose k = 4, then f3(v) < 2. If f3(v) = 0, then é(v) >
—2+4x12=0by R2. If 1 < f3(v) <2, then fs+(v) > 2, thus é¢(v) > =242 x 1 =0 by
R3. Suppose k = 5, then f3(v) < 3. If f3(v) = 0, then ¢(v) > —1+5 X % > 0 by R2. If
1 < f3(v) < 3, then fs+(v) > 2, thus é(v) > =142 x 3 = 0 by R3. Suppose k > 6, then
¢(v) =d(v) —6>0.

Hence, for all z € V(G2) U F(Gs), we have ¢(z) > 0. We complete the proof of Theorem

2
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