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Abstract. For aregion X in the plane, we denote by area(X) the area of X and by £(9(X))
the length of the boundary of X. Let S be a convex set in the plane, let n > 2 be an integer,

and let oy, a0y, ..., ®, be positive real numbers such that o; + o + --- + o, = 1 and
0<ao < % forall 1 <i < n. Then we shall show that S can be partitioned into n disjoint
convex subsets Ty, T»,...,T, so that each T; satisfies the following three conditions:

(i) area(T;) = «; x area(S); (ii) £(T; N 9(S)) = a; x £(3(S)); and (iii) T; N I(S) consists
of exactly one continuous curve.

1. Introduction

We begin with a motivation of the original problem related to our results. Some children
attend a birthday party, and there is a big non-circular birthday cake. We want to divide
the cake among all the children in such a way that each child gets the same amount of cake
and the same amount of icing (exposed area) and holds it easily (i.e., each cake is convex
and has exactly one icing side) [1]. If the height of the cake is constant, then the above
problem can be said as follows. Let S be a convex set in the plane, which corresponds
to the base of the cake. Then is it possible to partition S into n convex subsets so that
each subset has the same area and has exactly one continuous part of the boundary of S
with the same length (Fig. 1)? If such a partition exists, we say that S can be perfectly
partitioned into n convex subsets, and call this partition a perfect n-partition.

It was proved in [2] that a perfect partition always exists for every n > 3, that is, the
following theorem was obtained.
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Fig. 1. (a), (b) Perfect partitions and (c), (d) non-perfect partitions.

Theorem 1 [2]. Every convex set in the plane has a perfect n-partition for every integer
n >3 (Fig. 1).

For a domain X in the plane, we denote by area(X) the area of X and by 9(X) the
boundary of X. For a curve C in the plane, £(C) denotes the length of C. In particular,
£(9(X)) denotes the length of the boundary of X.

In this paper we prove the following Theorem 2, which is a generalization of Theo-
rem 1, and the partition given in Theorem 2 is called a generalized perfect n-partition.

Theorem 2. Let S be a convex set in the plane, let n > 2 be an integer, and let
oy, 0, ..., q, bepositive real numbers suchthato; +or+- - -+o, = land0 < o; < %
forall 1 < i < n.Then S can be partitioned into n convex subsets Ty, T,,..., T,
so that each T; satisfies the following three conditions: (i) area(T;) = «; X area(S);
1) £(T; N 9(S)) = a; x £(3(8)); and (iii) T; N I(S) consists of exactly one continuous
curve (Fig. 2).

If % < a) < land o + ap = 1, then it is impossible to partition a circle C into two
subsets satisfying the conditions of Theorem 2 since the area of a convex subset 77 with
L(Ty NA(C)) = a; x £(3(C)) is always greater than «; x area(C). Hence we need the
condition that o; < % for all i.

We now explain the relationship between a perfect n-partition and the result on bal-
anced partitions of two sets of points in the plane. The following theorem was conjectured
and proved for n = 1, 2in [6] and [7], and was recently proved independently for every
n > 1in [4], [5], and [9]. Note that other interesting results related to our topic are found
in [3], where partitions by fans are considered.

Theorem 3 [4], [5],[9]. Letm > 1,n > 1 and k > 2 be positive integers. Let R be a
set of mk red points and B a set of nk blue points in the plane such that no three points

Fig. 2. A generalized perfect 5-partition of a convex set S with the emphasis of 75 and 75 N 9(S).



Perfect Partitions of Convex Sets in the Plane 213

of R U B lie on the same line. Then R U B can be partitioned into k disjoint subsets
X1, X2, ..., Xi so that every X; (1 <i < k) contains exactly m red points and n blue
points, and conv(X;) Nconv(X;) = @ for alli # j, where conv(X;) denotes the convex
hull of X;.

For a given convex set S in the plane, if we uniformly put a lot of red points on 3(S)
and a lot of blue points on S, then by the above Theorem 3, we can partition § into k
convex subsets {X;} so that each X; contains the same number of red points and the
same number of blue points, that is, the length of X; N 9(S) is constant and the area
of X; is also constant. However, we cannot say that X; N d(S) consists of exactly one
continuous curve (Fig. 1(d)). Thus even a perfect n-partition cannot be obtained directly
from Theorem 3.

We conclude this section with a remark on Theorem 4 and a conjecture. When we
consider a convex polygon in the plane instead of a convex set, we can similarly partition
the convex polygon into some convex polygons under weaker conditions. This partition
is given in Theorem 4. The following conjecture is a generalization of Theorem 3. Note
that it is shown in [8] that if either m; + m, 4+ --- +my < 8, 0or 1 < m; < 2 for every
1 <i < k, then the conjecture holds.

Conjecture A. Let k > 1 be a positive integer. Let m| > my > -+ > my; > 1 and
ny > np > --- > ng > 1 be positive integers such that my < (m; +mp + --- +my)/3
and

ni np ni

mo omy  omy

Let R be a set of my +my + - - - + my, red points and let B be a set of ny +n, + - - -+ ny
blue points in the plane such that no three points of R U B lie on the same line. Then
R U B can be partitioned into k disjoint subsets X1, X, . .., Xi so that each X; contains
exactly m; red points and n; blue points and conv(X;) Nconv(X;) =@ forall i # j.

2. Proof of Theorem 2

We define some notations. For two points X and Y in the plane, we denote by XY the
straight-line segment joining X to Y and by |XY| the length of XY, which is equal to
the distance between X and Y.

A quadrilateral with consecutive vertices (P;, P,, P3, Ps), ahexagon with consecutive
vertices (Q1, Qa, ..., Q¢), and an octagon with consecutive vertices (R, Rz, ..., Rg)
are denoted by quad(P; P> P3 P4),hex(Q1 Q> - - - Q¢), and octagon(R R; - - - Rg), respec-
tively.

We begin with a theorem on partitions of convex polygons, which might be of interest
in itself and is used in the proof of Theorem 2.

Theorem 4. Let n and m be integers such that 3 < nand 1 < m < n. Let P be
a convex polygon in the plane with n vertices, and let By, B2, ..., Bm be positive real
numbers such that 81 + o + - - - + B, = area(P). Then for given m edges ey, e;, . . ., ey,



214 A. Kaneko and M. Kano

e
! Vo ¢ Vi

4
e V

r+1

Fig. 3. A partition {Q;} of P, and the figure in the proof.

of P, P can be partitioned into m disjoint convex polygons Q1, Qa, ..., Q. so that each
0Q; (1 <i < m) contains the edge e; and has area B; (Fig. 3).

Proof. 'We prove the theorem by induction on m. If m = 1, then QO = P is the desired
partition. If m = 2, then there exists a line that partition P into two sub-polygons R;
and R, in such a way that R; contains e; but not e, and has area 8;, which gives us the
desired partition. So we may assume that m > 3.

Let Vi, V,, ..., V, be the consecutive vertices of P. By a new labeling of {V;} and
{Bi}, we may assume that e; = V1 V5, e; = V,V,,; and no edges of P between V, and
V, are chosen in {e;}.

Let P be the sub-polygon with vertex set {V}, V5, ..., V,}, which is obtained from P
by dividing by the diagonal V,V, (Fig. 3). If area(P;) > i, then we can find a point X
on the edges V,V3 U - - - U V,_;V, such that the area of the sub-polygon divided by V| X,
is equal to B;. Then we can apply the inductive hypothesis to the remaining polygon.
Therefore we may assume that area(P;) < Bi.

Let P, be the sub-polygon with vertex set {Vi, Vo, ..., V,, V. }. If area(Pr) >
B1 + Ba, then area(AV,V, V,y|) > By —area(P;) + B, and so we can easily find a point
X, in AV V,V,, such that

area(AX,V1V,) = B —area(P;) and area(AX,V,V,11) = B2,

which implies that the convex polygon P; + AX,V,V, has area 8, (Fig. 3). Then we
apply the inductive hypothesis to the remaining convex polygon, and get the desired
partition of P. Hence we may assume that area(P,) < 81 + B».

Put y = B + B, — area(P,) > 0. We consider the polygon P — P, together with
the edges {V1V, 41, e3, . .., e} and the positive real numbers y, Bs, ..., B,. Then by the
inductive hypothesis, P — P, can be partitioned into m —1 convex subsets R, O3, ..., Q.
Itis easy to see that RU P; is a convex polygon with area ) + f,, and can be partitioned
into two convex polygons that contain e and e,, respectively, and have areas 8; and $,,
respectively. Consequently, the theorem is proved. |

In order to prove our theorem, we need some lemmas. The following lemma was
proved in [2].

Lemmas$s. Let AABC be a triangle in the plane, and let S be a convex set that is
contained in AABC and contains BC. Let arc(BC) = 0(S) — BC. If /B > ZC, then
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Fig. 4. Triangles AABC and convex sets S.

forapoint X on AB suchthat |BX|+|XC| = £(arc(BC)), itfollows that area(AX BC) <
area(S) (Fig. 4).

Lemma 6. Let AABC, S and arc(BC) be the same as Lemma 5 above. Let h denote
the height of AABC relative to base AB or AC (Fig. 5(a)—(c)). Then

area(S) < 1h x L(arc(BC)). (1)

Proof. Without loss generality, we may assume that % is the height of AABC relative

to base AB. Let D be the foot of the perpendicular dropped from C to the line containing

AB. Then h = |C D|. We first assume that /B < /2, thatis, /B is acute (Fig. 5(a),(b)).
If D is outside of AABC, then

area(S) < area(AABC) = 1|AB|h < 1h x £(arc(BC)).

Thus we may assume that D lies on AB. Let E, if any, be the intersection of CD and
arc(BC) (Fig. 5(d)). If E does not exist, then S is contained in AD BC, and so area(§) <
area(ADBC) = (h/2)|BD| < (h/2) x £(arc(BC)). Thus we may assume that the
intersection E exists. Then S is divided into two subset S = SN AADC and S, =
S N ADBC by the line CD. We have

area($;) < ADBC = 1h|DB| < 1h x t(arc(BE)).

Since S is clearly contained in a rectangle R with edge CD and height £(arc(CE))/2,
it follows that

area(S)) < area(R) = %h x L(arc(EC)).

Therefore we get the desired inequality in this case.

Fig. 5. Triangles AABC and convex sets S.
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Fig. 6. Arc(PQ), lune(PQ), arc(P; Pi+1) and lune(P; Pi41).

Next suppose that Z/B > /2 (Fig. 5(c)). Let H be the foot of the perpendicular
dropped from B to line AC. In this case we can show that the following inequality holds
by the same argument as above:

area(S) < 3|BH| x £(arc(BC)).

Since h = |CD| > |B H|, the above inequality implies the desired inequality (1) of the
lemma. O

For two points P and Q on the boundary of a convex set S, the boundary of S is
divided into two arcs by P and Q, and arc(P Q) denotes one of the arcs between P
and Q that is easily determined from the context and is the shorter one in almost every
case (Fig. 6). If it is not easily determined, we explain it more precisely. Moreover, we
denote by lune(P Q) the lune surrounded by the arc arc(P Q) and by the line segment
P Q (Fig. 6).

Lemma 7. Letn > 3 be an integer, and let S and a1, oy, ..., ®, be the same as in
Theorem 2. Let Py, P>, ..., P, be n points on 9(S) such that for every 1 < i < n,
L(arc(P; Piy1)) = a; X £(9(S)). Then area(lune(P; P;11)) < «; x area(S) forall 1 <
i < n except at most one certain integer, where P,.1 = P, (Figure 6).

Proof. Suppose that the lemma does not hold. By a new suitable labeling of {P;}, we
may assume that there exist n points Py, P, ..., P, on 9(S) such that £(arc(P; P;11)) =
o x L(a(S)) forall 1 <i <n,

area(lune(P; P»)) > ajarea(S) and area(lune(P, P,11)) > a,area(S)

for some r, 2 < r < n. We first consider the case that 3 < r < n — 2 (i.e., the case
where arc(P; P») and arc(P, P,1) have no common vertex).

Since S is a convex set, there exist lines tangent to S at Py, P», P, and P, |, respec-
tively. We first consider the case where these four lines makes a quadrilateral, that is, we
first assume that the quadrilateral quad(B, B, B3 B4) given in Fig. 7 exists.

Consider the triangle A P; P, B; and the convex subset S N AP P, B;. Without
loss of generality, we may assume that Z/P; < /P, ; since otherwise we can apply
the same argument to B; P; instead of B P,.;. Let Y be the point on B P, such that
|P Y|+ |Y Pryy1| = £(arc(P) Pr41)). Then by Lemma 5, we have

area(AY P P,41) <area(SN AP, P41 By).
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B;

Fig. 7. Quad(B;B;B3B4) and the convex set T'.

By the same argument as above, for the convex subset S N AP, B3 P, and for the point
X on P,B; (or B3 P,) with |P,X| + | X P,| = £(arc(P> P,)), we have

area A XP.P, <area(SNAP,B3P,).
Let
T := (S — (lune(PzP,.) @) lune(PH_lP,))) U AYP] Pr+| U AXP,PZ

(Fig. 7). Then T is a convex set with £(3(T")) = £(9(S)) and area(T) < area(S), and
is contained in a quadrilateral quad(C X DY'). The following equalities and inequalities
immediately hold:

L(arc(Py Pr)) = o £(3(T)), L(arc(P; Pry1)) = o, £(3(T)),
area(lune(P; P,)) > ajarea(T), area(lune(P, P,y1)) > a,area(T).

Put ¢* = £((T)), xy = |YPi|,x» = |XP3|,x3 = |XP:|,x4 = |YP 1| and a =
L(arc(P Py)) = a1 €%, b = £(arc(P, P,11)) = o, L. Let h and h; the heights of AC P, Py
relative to bases C P; and C P, respectively, and let i3 and /4 be the heightsof AD P, 1 P,
relative to bases D P, and D P, ., respectively. Then we obtain the following inequalities
by Lemma 6:

area(lune(P; P,)) < %ahl, area(lune(P P»)) < %ahg,

area(lune(P, P,11)) < 3bhs,  area(lune(P,P,11)) < 3bhy,

area(quad(XY P, P»)) = area(AX Py P,) + area(AXY Py)
> area(AX P, Py) + area(AY P P,) 2)
= 3(x2hy + x1hy),

area(quad(X P, P,11Y))

v

area(AX P, Pr41) + area(AY P Pr41)
= %(X3h3 + x4h4).
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By symmetry, we may assume that /; is the smallest among all the /4;’s. Then

area(hex(X P, P, Y P| P,))

v

%(xl + X2+ x3 + xa)h

= 3(1 — oy =)y,

area(hex(X P, P,.1Y P\ P,)) = area(T) — area(lune(P; P,)) — area(lune(P, P,41))
< (1 —oa; —a,)area(T) < (1 — a; — «,)area(S).
Hence ¢*h, /2 < area(S), and thus

£*h
area(lune(P; P>)) > ajarea(S) > d > L

However, this contradicts the fact that

(Xlg*hl
2

area(lune(Py P»)) < tah; = (by (2)).

We next assume that the quadrilateral quad(B; B, B3 B4) does not exist, that is, we
assume that the configuration given in Figs. 8 or 9 occurs. We first consider the case of
Fig. 8. Let By, B, B3 be the intersections of lines tangent to S at P,, P, P41, P;. We
take two points X and Y on P, By U B P, and P, B3 U B3 Py, respectively, which satisfy
the conditions of Lemma 5. Let D be the intersection of the two lines containing X P,
and Y P, 1, respectively. Let &, and h, be the heights of AP, D P, relative to bases
DP,; and D P,, respectively. Then by Lemmas 5 and 6, we have

area(lune(P; Pri1)) < 3hi(arc(P; Pry)),
area(lune(P; Pri1)) < 3hal(arc(P; Priy)),

|P,X |+ |XP,| = L(arc(P,P,)), area(AP,XP,) < area(lune(P>P,)),
[Pt Y|+ Y P| = £(arc(Pryy Pr)), area(A P, 1Y P) < area(lune(P, 1 Py)).

Fig. 8. The convex set S and hex(P, X P, P+1Y Py).
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Put £* = £(9(S)). By the symmetry of &; and s, we may assume that 41; < h;. Then
we obtain

(1 — a; — a,)area(s)

v

area(hex(P,X P, Pr1Y P1)),
> area(AP, X P.y1) + area(AX P, Pry1)
+ area(AP;Y P,) 4+ area(AY P, P,)

v

P X hy + 51X Pyl
+ 3P Y by 4 31Y Poilhy by [Py H| > hy)
= 10(arc(P,P,))hy + Le(arc(Piy P)hy
> (1 —ay —a)e*.
Therefore area(S) > %hlé*. Then it follows from Lemma 5 that
area(lune(P, Pr41)) < %hlﬁ(arc(P,P,H)) = %hlarﬁ* < aarea(s).

This contradicts the assumption that area(lune(P, P,y1)) > o, area(S).

We next consider the case of Fig. 9, where K P, K P,, BP, and B P, are tangent
to S at P, P., P, and P, , respectively. By considering lune(P, P,) and AP, K P, we
take a point R on P,K U K P, which satisfies the conditions of Lemma 5. Let D be the
intersection of the line passing through BR and 9(S). We draw a line AC tangent to S at
D, and take two points X and Y on DA U AP, and DC U C P,, respectively, which
satisfy the conditions of Lemma 5 (Fig. 9).

Let E be the intersection of AB and a line containing R P, and let F be the intersection
of BC and a line containing RP,. Let k; and k, denote the heights of AP, E P, and
AP, FP,y, respectively. Then we obtain the following inequalities, where we may
assume that two lines passing through P; P, and R P, intersect at some point above
BD since otherwise two lines passing through P; P,; and R P, intersect at some point
below BD and the similar arguments given below can be applied:

L(arc(P; Py)) = a1£(0(S)), area(lune(P; P,)) > «jarea(S),
L(arc(P, Pry1)) = a,£(3(S)), area(lune(P, Pr41)) > o area(S),

Pryy i

Fig. 9. The convex set S and octagon(X Pi PR P, P,+1Y D).
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L(arc(P,P.)) = |PyR|+ |RP,|, area(lune(P> P,)) > area(AP,RP,),
L(arc(DPy)) = |DX|+ | X Py, area(lune(D Py)) > area(ADX P)),
L(arc(Pry1D)) = |Prpi Y|+ Y D], area(lune(P, 41 D)) > area(A P, Y D),
area(AX Py Py) > 1|X Pk, area(AX P,R) = 1|P,R||XN| > 1| PRIk,
IRL| > |RQ| > |M Py| > ki, area(AXRD) > 1| XDlky,

[P 1| > |PG| > ks, area(AY P, Pryy) = 5|Y Pryilka,
area(AYRP,) > 1|RP, |k,
[RH| > |RQ| > |MPy| > ki, area(AY RD) > 3|Y D|k;.
Hence we have
area(octagon(X Py P,RP, P, 1Y D))
> 3(IDX|+ |XPi| + |PaR| + |Y DDk + S(IRPy| + | g1 Y Dks.
We first assume that k; < k,. Put £* = £(3(S)). Then
(1 — oy — «,)area(S) > area(octagon(X Py P,RP, P, Y D))
> 3(IDX| + |XPi| + |P.R| + |Y D| + |RP,| + | Prs1 Y Dky
= —a; —a)l k.
Therefore area(S) > %klﬁ*, and thus

a1 8%k, a1 ¥k,

< ajarea(S) < area(lune(P; Py)) < %E(arc(Pl P))k, = 7

This is a contradiction.

We next assume k, < kj. Then we can similarly show that area(S) > %kzﬂ*. Thus
we can derive a contradiction as follows:
O[,E*kz

< a,area(S) < area(lune(P, P, 1)) < %é(arc(P,P,H))kz = 7

Olre*kz

Consequently the proof of the case of Fig. 9 is complete.

We next consider the case that r = 2. In this case we have two configurations
given in Figs. 10 and 11. Since these figures are very similar to Figs. 8 and 9, we can
similarly derive a contradiction in each case by almost the same arguments given above.
Consequently the lemma is proved. |

Lemma 8. LetS,nandoy, o, ..., o, bethe same as in Theorem 2. Then there exist n
points Py, P>, ..., P, ond(S) such that £(arc(P; P;11)) = «;£(3(S)) and area(lune(P; X
P;11)) < ajarea(S) for every 1 <i <n, where P,.1 = P,.
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c

Fig. 10. The convex set S and hex(DX P P, P3Y).

Proof. By Lemma 7 and by a new labeling of { P;}, we may assume that there exist n
points Qi, ..., @, on d(S) such that £(arc(Q; Q;+1)) = «;£(3(S)) forall 1 <i < n,
area(lune(Q; Q»)) > a;area(S) and area(lune(Q; Qj+1)) < ajarea(S) forall2 < j < n.

If there exist n points R, Ry, ..., R, such that £(arc(R; R;+1)) = «;£(3(S)) for all
1 <i < nandarea(lune(R; R;)) < ajarea(S), then by Lemma 7, when we continuously
move {Q;} to {R;}, we obtain the desired n points {P;} satisfying the conditions of the
lemma. So it is sufficient to show the existence such n points Ry, R;, ..., R,. Moreover,
if there exists two points Y; and Y, on 9(S) for which £(arc(Y;Y>)) = «1£(3(S)) and
area(lune(Y;Y,)) < «jarea(S), then add the remaining n — 2 points Y3,...,Y, on
a(S) —arc(YY>) so that £(arc(Y;Y;41)) = «;£(3(S)) for 2 <i < n. Then by Lemma 7,
these n points Yy, Y, ..., Y, are the desired n points {R;}.

We now show the existence of two such points Y} and Y,. Since o < %, there exist
at least three points Z;, Z», ..., Z, (m > 3) such that £(arc(Z; Z;+1)) = «1£(3(S)) for
alll <i <m—1and{(arc(Z,,Z1)) < a1£(3(S)). By applying Lemma 7 to the points
Z\, 2y, ..., Z,,wecan say that at least one of lune(Z; Z,) and lune(Z,Z3) has area less
than orjarea(S). Therefore the lemma is proved. O

Proof of Theorem 2. By Lemma 8, there exist n points { P; } on d(S) such that £ (arc(P; x
Pi11)) = «;£(3(S)) and area(lune(P; P;11)) < a;area(S) forall 1 <i < n.Let P* be
the polygon with vertex set { Py, P,, ..., P,},and let{e}, ey, ..., e, } be the set of edges

Fig. 11. The convex set S and hex(DX Py P, P3Y).
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ey = P; P;y1 such that area(lune(P; Pjy1)) < «ajarea(S) for some 1 < j < n. Define
positive real numbers B, B2, ..., B by

Br = ajarea(S) — area(lune(P; Pj11)).

Then by Theorem 4, P* can be partitioned into m convex subsets Q, Oz, ..., On
such that each QO has area B and contains e;. Since S is a convex set, it is clear that
lune(P; Pj1) U Qy is a convex subset. It is also obvious that lune(P; Pj11) U Oy has area
ajarea(S) and one continuous part of 9(S) with length £(arc(P; Pj11)) = a;£(9(S)).
Consequently the theorem is proved. O

References

1. J. Akiyama, G. Nakamura and J. Urrutia. Perfect divisions of a cake. Proceedings of the Tenth Canadian
Conference on Computational Geometry, pp. 114-115 (1998).

2. J. Akiyma, A. Kaneko, M. Kano, G. Nakamura, E. Rivera-Campo, S. Tokunaga and J. Urrutia. Radical
perfect partitions of convex sets in the plane. In Discrete and Computational Geometry (ed. by J. Akiyama,
M. Kano, and M. Urabe), pp. 1-13. Lecture Notes in Computer Science, vol. 1763. Springer-Verlag, Berlin
(2000).

3. I. Bardny and J. MatouSek. Simultaneous partitions of measures by k-fans. Discrete Comput. Geom. 25
(2001), 317-334.

4. S. Bespamyatnikh, D. Kirkpatrick and J. Snoeyink. Generalizing ham sandwich cuts to equitable sub-
divisions. Discrete Comput. Geom. 24 (2000), 605-622.

5. H. Ito, H. Uehara and M. Yokoyama. Two-dimentional ham-sandwich theorem for partitioning into three
convex pieces. In Discrete and Computational Geometry (ed. by J. Akiyama, M. Kano and M. Urabe),
pp. 129-157. Lecture Notes in Computer Science, vol. 1763. Springer-Verlag, Berlin (2000).

6. A. Kaneko and M. Kano. Balanced partitions of two sets of points in the plane. Comput. Geom. Theory
Appl. 13 (1999), 253-261.

7. A.Kaneko and M. Kano. Straight-line embeddings of rooted forests and semi-balanced partitions. Preprint.

8. A. Kaneko and M. Kano. Generalized balanced partitions of two sets of points in the plane. In Discrete and
Computational Geometry (ed. by J. Akiyama, M. Kano and M. Urabe), pp. 1766—1786. Lecture Notes in
Computer Science, vol. 2098. Springer-Verlag, Berlin (2001).

9. T. Sakai. Balanced convex partitions of measures in R?. Graphs Combin., 18 (2002), 169-192.

Received February 26, 2001, and in revised form February 11, 2002. Online publication July 24, 2002.



