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TILINGS OF CONVEX POLYHEDRAL CONES AND TOPOLOGICAL
PROPERTIES OF SELF-AFFINE TILES

YA-MIN YANG AND YUAN ZHANG+

ABSTRACT. Let ai,...,a, be vectors in a half-space of R". We call
C=aR"+...+a,R"

a convex polyhedral cone, and call {a1,...,a,} a generator set of C. A generator set
with the minimal cardinality is called a frame. We investigate the translation tilings of
convex polyhedral cones.

Let T C R™ be a compact set such that T is the closure of its interior, and J C R"
be a discrete set. We say (7, J) is a translation tiling of C'if T+ J = C and any two
translations of 7" in T+ J are disjoint in Lebesgue measure.

We show that if the cardinality of a frame of C' is larger than dim C, the dimension
of C, then C does not admit any translation tiling; if the cardinality of a frame of C'
equals dim C, then the translation tilings of C' can be reduced to the translation tilings
of (ZT)™. As an application, we characterize all the self-affine tiles possessing polyhedral
corners, which generalizes a result of Odlyzko [A. M. Odlyzko, Non-negative digit sets in
positional number systems, Proc. London Math. Soc., 37(1978), 213-229.].

1. Introduction

Let a1,as, -+ ,a, be m non-zero vectors in a half space of R”, that is, there is a non-
zero vecter € R™ such that the inner product (a;, ) > 0 for all j = 1,...,m. We call

the set of all non-negative combinations of these vectors
C=aR" + - 4+ anpR" = {Aa1 + - + Apay 1 all A; > 0}
a convex polyhedral cone. In this case, we also say C' is spanned by {ai,...,a;}.
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The convex polyhedral cone is an important object in convex analysis, see for instance,
Rockafellar [I8]. The main purpose of the present paper is to characterize the translation

tilings of convex polyhedral cones.

Definition 1.1. Let X € R", T" C R" be a compact set, and J C R" be a (finite or
infinite) discrete set.

We say that (7, J) is a packing of X if T+ J C X, and T + ¢, and T + t9 are disjoint
in Lebesgue measure for any t1 # to € J.

(T, J) is called a covering of X it X C T+ J.

(T, J) is called a translation tiling of X if it is a packing as well as a covering of X. In
this case, we call T' a X-tile and (7, J) a X-tiling. (In literature, usually it is assumed in
addition that T is the closure of the interior of 7'.)

(T, J) is called a local tiling of convex polyhedral cone C, if it is a packing of C' and it

covers a neighborhood of 0 in C.

Remark 1.1. Let (7, .7) be a local tiling of a convex polyhedral cone C. Let T + t; be
the tile containing 0. Set 77 =T +t; and J' = J — t1, then T+ J’ is a local tiling of C.
It follows that 0 € 77,0 € J’ and consequently 77 C C, J' C C. Therefore, from now on,

without loss of generality, we always assume that

(1.1) 0T, 0cJ, TCC, and J CC.

1.1. Translation tilings of convex polyhedral cones. Let C' be a convex polyhedral
cone. The dimension of C, denoted by dimC, is the minimum of the dimensions of
subspaces of R™ containing C'. We call A ={a,...,a} a frame of C, if A spans C, and
any proper subset of A does not. It is seen that the frame A of a convex polyhedral cone

C' is unique if we require all members of A to be unit vectors.

Definition 1.2. We say C' is regular, if the cardinality of a frame of C' equals dim C, and

1rregular otherwise.

Denote RT = {z € R; x > 0} and ZT = {z € Z; = > 0}. Clearly, an n-dimensional
convex polyhedral cone C' is regular if and only if C' is the image of (RT)™ under an
invertible linear transformation.

We show that if T can tile a ‘large’ ball of C' at the origin, then not only C' must be
regular, but also 7" must be a union of translations of unit cubes up to a linear trans-
formation. Denote by B, (x,r), or simply B(x,r), the ball in R™ with center x and with

radius 7.
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Theorem 1.1. Let C' be a convex polyhedral cone. If (T,J) is a local tiling of C' which
covers C' N B(0, R) for some R > diam(T), then

(1) C is regular.

(ii) if in addition T = T°, then there exist a finite set E C (Z*)", and a linear
transformation ¢ of R™ such that T' = p(E + [0,1]™).

Sometimes we call (T, J) in the above theorem a ‘large’ local tiling. As a consequence

of Theorem [I.T] we have
Corollary 1.1. An irregular convex polyhedral cone admits no translation tiling.

Corollary 1.2. If (T, J) is a tiling of (RT)" and T = T°, then there exists E, J' C (Z*)",

and a positive diagonal matriz U = diag (uq,...,uy) such that
UTr=E+0,1]", UJ=J,
and (E,J') is a translation tiling of (Z7)™.

Therefore, to characterize the translation tilings of regular convex polyhedral cones, we
need only characterize the translation tilings of the special cone (RT)™, and this can be
further reduced to the problem of characterization of (Z*)"-tilings.

We call A 4+ B the direct sum of A and B, and denoted by A & B, if every element
x € A+ B has a unique decomposition as z = a+b with a € A,b € B. For A, B C (Z*)",
we say (A, B) is a (Z7)"-complementing pair if A® B = (Z1)", furthermore, we say (A, B)
is a (Z1)"-tiling if #A < co. (We remark that it is possible that both A, B are infinite

sets.)

Remark 1.2. Rao, Yang and Zhang [19] characterizes all the (Z")"-complementing pairs,
which generalizes the results of de Bruijn [3] and Niven [16], which settled the case n =1

and n = 2, respectively.

1.2. Self-affine tiles possessing polyhedral corners. Let A € M, (R) be an expanding
matrix (i.e., all its eigenvalues have moduli larger than 1) such that m = |det(A)| is an
integer larger than 1. Let D = {dy,dy, - ,d;,—1} be a subset of R", which we call the
digit set. It is well known ([7, [I3]) that there exists a unique non-empty compact set
T := T(A, D) satisfying the set equation

(1.2) T=|JA (T +4d).
deD
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We call T(A, D) a self-affine tile and D a tile digit set, if T(A,D) has non-void interior.
A self-affine tile can tile R™ by translation ([I3]). Self-affine tiles have been studied exten-
sively in literature ([IL [l 5 3L 14 [15], 10, 11l 12} 20]), since it is related to many fields of
mathematics, such as number theory, dynamical system, spectral theory and wavelet, etc.

As an application of Theorem [Tl and [[.2] we study the topological properties of T'(A, D).

Definition 1.3. Let T (A, D) be a self-affine tile of R™. We say T'(A, D) has a polyhedral
corner, if there exists a point xg € T'(A,D), a real r > 0, and a convex polyhedral cone
C, such that

B(zo,7)NT(A,D) =9+ B(0,r)NC.

The following result generalizes a one-dimensional result of Odlyzko [17].

Theorem 1.2. If a self-affine tile T(A, D) of R™ has a polyhedral corner, then there exists
an affine transformation ¢ such that p(T(A, D)) is a (RT)"-tile. Consequently, T(A,D)

18 a finite union of translations of n-dimensional unit cubes up to an affine transformation.

We close this section with some notations. We use {ey,...,e,} to denote the canonical
basis of R™. Let OA denote the boundary of A, A° denote the interior of A, and G denote
the closure of G.

The paper is organized as follows. In Sections 2—4, we show that an irregular convex
polyhedral cone C' has 2-dimensional slices which are corner-cut regions. In Sections 5-6,
we show that if C' has a ‘large’ local tiling, then a 2-dimensional corner-cut slice of C' also
has a ‘large’ local tiling; however, we show in Section 7 that this is impossible. Theorem
[LI(i) is proved in Section 6. Section 8 is devoted to the translation tilings of (R™)";
Theorem [[Tii) and Corollary [[2 are proved there. Section 9, the last section, studies the
topological properties of self-affine tiles and Theorem is proved there.

2. Preliminaries on convex polyhedral cones

First, we recall some notions about convex set, see [I8, 4]. Let F' be a convex subset of
the convex set C. We say F'is a face of C, if any closed line segment in C' with a relative
interior in F' has both endpoints in F. An extreme point of a convex set is one which is
not a proper convex linear combination of any two points of the set.

Let a1, aq,- - ,a, be non-zero vectors in R" located in a half space. Recall that
C=aR"+---+a,R"

is called a convex polyhedral cone. Clearly C' is a closed set.
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For a set FF C R"™, we use span (F') to denote the smallest subspace containing F'.
Then the dimension of F', denoted by dim F', is the dimension of the subspace span(F).
Moreover, we call ' a r-face of C, if F is a face of C with dimension r.

A convex polyhedral cone C has exactly one extreme point, or O-face, the origin. 1-
faces of C are the half-lines a;R™ with a; in the frame of C, and we call a;R™ an extreme
direction.

We list some facts about faces of convex polyhedral cones.

Lemma 2.1. Let C be a convex polyhedral cone with dimension n. Then
(1) (Theorem 21 in [].) A convexr cone in OC is contained in an (n — 1)-face Q.
Consequently, OC' is the union of the (n — 1)-faces of C.
(74) (Theorem 22 in [4]) Let @ be an (n — 1)-face of C, then
Q = C N span(Q).
(#7i) (Theorem 27 in [4].) If G and F are faces of C and F C G, then F is a face of G.
(iv) If G is a face of C, then any face of G is also a face of C.

We shall use the following easy facts.

Lemma 2.2. Let C C R" be a convex polyhedral cone. Let a,b € R™.

(i) If a ray R = a + bR™ belongs to C, then b € C.

(ii) If aR™" is an extreme direction of C, and b is a vector in C but not in aR™, then
a—b¢gC.

Proof. (i) The sequence (a + kb)>; belongs to C implies that a/k + b € C, hence the
limit b belongs to C. (ii) follows from the fact that aR™ is a 1-face. O

Recall that a convex polyhedral cone C' is regular if the cardinality of a frame of C

equals dim C', and #rregular otherwise.

Lemma 2.3. Let C be a reqular convex polyhedral cone and let A be its frame. Then the

convex polyhedral cone spanned by a subset of A is a face of C.
Proof. This follows from the definition of face. U

3. Slices of irregular convex polyhedral cones

In this section, we investigate the intersection of a convex polyhedral cone C and a

2-dimensional hyperplane H, where H parallel to a 2-face of C.
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F1GURE 1. The left side is a corner-cut slice, while the right side is not.

Definition 3.1. Let C be a convex polyhedral cone and F' be a 2-face of C'. We call F' a

feasible 2-face of C, if there exists a point xy € C° such that the intersection

(3.1) (span (F) +xo)NC

is a convex set with at least two extreme points; in this case, we call the set in [B.1]) a
corner-cut slice of C.

The following lemma, is obvious, see Figure [Il

Lemma 3.1. Let X be the set in [B.1]), then

(i) X is a corner-cut slice if and only if there exists a line L such that X N L is a line
segment and X° N L = (.

(ii) X is a corner-cut slice if and only if there exists a ray L emanating from an extreme

point of X such that X N L is a line segment.
3.1. Lemmas. We start with several lemmas.

Lemma 3.2. Let C be a conver polyhedral cone, and H be a 2-dimensional hyperplane

intersecting the interior of C. Then

dHNC)=J@nH)
Q

where Q runs over all the (n — 1)-faces of C.

Proof. Recall that OC is the union of all (n — 1)-faces, so we need only show that
(3.2) JHNC)=HnNoC.

Let z € HNC. If x € OC, then (at least) a half open ball of B, (z,r) does not belong to
C, and hence a half open ball of By(z,r) does not belong to HNC, soz € 9(HNC). If
x € C°, then clearly z € (H N C)°. Hence (3.2]) holds and the lemma follows. O
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We use [a, b]™ to denote the convex polyhedral cone spanned by {a,b}.

Lemma 3.3. Let C be a convex polyhedral cone, Q be an (n — 1)-face of C, [a,b]™ be a
2-face of C, and y € C°. Denote ¥ = span({a,b}). Then

(i) If {a,b} C Q, then QN (X +y) = 0.

(i7) If {a,b} N Q = {a} or {b}, then QN (X +y) is either O, or a ray.

(ii7) If {a,b} N Q =0, then Q N (X +y) is 0, or a singleton, or a line segment.

(iv) Xy :=CN(X+y) is a corner-cut slice if and only if there exists an (n — 1)-face Q
of C such that QN (X +y) is a line segment.

Proof. First, by linear algebra, @ N (X + y) is a (connected) subset of a line since y € C°.
(i) The first assertion holds since (X + y) Nspan(Q) = 0.
(ii) Suppose a € Q and z € QN (X + y). Then clearly z + RTa also belongs to this
intersection. The second assertion is proved.

(iii) To prove the third assertion, we need only show that
I=QnNnXE+vy)

is not aray. Let L’ be the intersection of ¥ and span(Q), then L’ is a subspace of dimension
1 or 2. Since a,b € @, we have dim L' = 1. Moveover, we have L' = R(a — cb) for some
c e R\ {0}.

We claim that ¢ > 0, or in other words, L’ locates outside of the cone C' (except the

origin). Suppose on the contrary ¢ < 0, then
a—cb e Cnspan(Q) = Q,

where the last equality is due to Lemma 2.[(ii). It follows that a,—cb € @ since @ is a
face, a contradiction. Our claim is proved.

Assume on the contrary that [ is a ray, and let L be the line containing I, then the
direction of L is £(a — c¢b). By Lemma 22(ii), £(a — ¢b) ¢ C; furthermore, by Lemma
2.2(i), the intersection L N C' cannot be a ray. It follows that the interval I, as a subset of
LN C is not a ray. This contradiction proves (iii).

(iv) Suppose X, is a corner-cut slice, then there is a line L such that X, N L is a line

segment and X, N L = ) (Lemma B.T]). Clearly,

(x,nL)clJenE+y).
Q
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Let @ be an (n — 1)-face such that Q N (X + y) contains a sub-interval of X, N L. By
Lemma B3l QN (X +y) is a subset of a line, hence @ N (X + y) is a subset of L, and thus
a subset of X, N L, and finally must be a line segment.

On the other hand, if I = Q@ N (X + y) is a line segment, let L be the line containing
this segment, then, by (iii), we have a,b ¢ @, and the direction of L is of the form a — cb
for some ¢ > 0. Hence L N X, must be a line segment since it cannot be a ray; moreover,
since the sub-interval I of L N X, is a subset of 0X,, L N X, itself must be contained in
0Xy, since X, is a planar convex set. Therefore X, is a corner-cut slice. The lemma is

proved. O

3.2. Existence of corner-cut slices.

Definition 3.2. We say a convex polyhedral cone C' has regular boundary, if all its (n—1)-

faces are regular cones.

Let z,y € R™, we will use [z, y] to denote the line segment with endpoints = and y.

Theorem 3.1. An irreqular convex polyhedral cone with reqular boundary always has a

feasible 2-face.

Proof. We divide the proof into two cases.

Case 1. There exists by, by in the frame of C such that [by, bo]™ is not a 2-face of C.

Denote G = [by, ba|T. We claim that GNC®° # (). Suppose on the contrary GNC° = (),
then G is a subset of dC, so by Lemma[2.T](i), there exists an (n—1)-face @ of C' containing
G . Since @ is a regular cone, G must be a face of Q. By Lemma 21] (iv), G is also a face
of C, which is a contradiction. Our claim is proved.

By Lemma [2](i), there exists a (n — 1)-face Q of C' containing b;. Using this argument
repeatedly, there exists a 2-face F' of () containing by. Let a; be the other element in the
frame of F. Clearly a; is not a multiple of by, since F' = [by,a;|" is a 2-face and [by, ba]™
is not.

Pick any xg € [by, ba]"NC°. Then zg can be written as zg = Aby + pba, where A, p > 0.
Denote ¥ = span({ai, by }). We will show that

(3.3) X =(S+z)NC

is a corner-cut slice.

Clearly pbs is a extreme point of X, since it is an extreme direction of C.
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Choose § > 0 small so that z = zg — day is still an interior point of C. Clearly, both

pbs and z belong to X, so [pbe, z] also belongs to X. Let
c=z— pby = Aby — da;.

By Lemma 22 ¢ ¢ C and the intersection (pby + ¢RT) N C is not ray. Therefore, the
intersection of the ray pbs + cR™ and X is a line segment, and by Lemma B] (ii), X is a
corner-cut slice. The theorem is proved in this case.

Case 2. For every pair by, by in the frame of C, [by,bo]t is a 2-face of C.

Pick any (n — 1)-face @ of C, then the frame of @) has cardinality n — 1. Since C' is
irregular, we can find two elements by and by in the frame of C, but not in the frame of
Q. Let F = [by,bs|T, then F is a 2-face of C' by our assumption. Denote ¥ = span(F)
and let L be the intersection of ¥ and span(Q), then L is a one-dimensional subspace since
by, by ¢ Q,

Pick xp € Q°. Then y = zo + cb; € C° for small ¢ > 0. Notice that

E4+yNQ=XE+x)NQ DX+ zp) N(Q+ xp).

Since L + x9 C ¥ + ¢ and @ + zo contain a small neighborhood of L + zy near xg,
we deduce that (X 4 y) N @ contains a line segment; moreover, by Lemma [B.3|iii), this
intersection is a line segment since by, be € Q. Finally, by Lemma B3] (iv), (X +y)NC is

a corner-cut slice. The theorem is proved. O

The following example shows that Case 2 in the above proof does appear.

Example 3.1. Let eq,...,eg be the canonical basis of RS. Let & = (1,1,1,—1,—1,—1).
Let C be the convex polyhedral cone with the frame {ej,...,es &}. Then any cone

spanned by two vectors in this frame is a 2-face.

4. Continuity of corner-cut slices

Let C' be an irregular convex polyhedral cone with regular boundary. Now we fix a
feasible 2-face of C' and denote it by F(The existence of such a face is guaranteed by
Theorem B]). We will use the notation X, for the slice C'N (span(F') + y) for simplicity.
The following lemma is a strengthen of Theorem [B.1]

Lemma 4.1. Let C be an irreqular convex polyhedral cone with reqular boundary, and F
be a feasible 2-face of C. Then there exists a ball B(xg,r) C C° such that for any y in the

ball, X, is a corner-cut slice.
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Proof. Let x1 be a point in C° such that X, is a corner-cut slice. Let u be the intersection
of the two rays in the boundary of X, ; clearly, u ¢ C. Choose r; > 0 small so that
B(u,r1)NC =0 and B(z1,71) C C°.

We claim that for any y belongs to B(z1,71) N (C + 1), a section of B(z1,71), Xy is a

corner-cut slice. Since y — 27 € C, we have
(4.1) Xoy + (y—2x1) = (span (F) +y) N (C+ (y —x1)) C X,.

Suppose on the contrary that X, has only one extreme point, then the relation (@Il
implies that u + (y — z1) € X, C C, which contradicts B(u,r1) N C = (). So our claim is
proved. Therefore, any ball B(zg,r) C B(x1,r1) N (C + x1) meets the requirement of the

lemma. O

By applying a linear transformation, we may assume that a and b, the generators of
F', are orthogonal.

For two sets A, B C R", let di(A, B) be the Hausdorff metric between A and B.

We define a mapping

me: C°— 0C

as follows: For x € C°, by Lemma[2.2] (i), the ray  — RTa intersects dC' at a single point,
and we denote this point by g (z). Similarly, we define 7, : C° — 9C.

We note that, if A is a subset of C°, @ is an (n — 1)-face of C, and 74 (A) C @, then
TalA is the projection to @ along the direction —a. Therefore, 74 is the pasting of several

projections.

Theorem 4.1. Let C be an irreqular convexr polyhedral cone with reqular boundary, and
let I be a feasible 2-face of C. Then there exists a ball B* C C°, such that for any y € B*,

X, is a corner-cut slice, and

dy(Xy, F), lai(y)], [01(y)]

are uniformly bounded, where ai(y) and bi(y) are the origins of the rays on 0X, with

direction a and b respectively.

Proof. Denote ¥ = span({a,b}), where {a,b} is the frame of F. Let B(xg,r) be the ball
such that ¥, N C are corner-cut slices for all y € B(xo,7) (see Lemma[@.1]). From now on,
we call a ball with this property a nice ball.

Notice that if y = y+ cia + cob withey, ¢o € R, then X, = X,y. Consequently, If B is a

nice ball, then B + c1a 4 cob is also a nice ball. Also, a sub-ball of a nice ball is also nice.
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()

FIGURE 2.

Let Q1 be the (n—1)-face of C such that Q1 N (X +xp) is the ray in 90X, with direction
a. Clearly mp maps Xz, to 0X,,; indeed, mp(x) is the canonical projection of z if m,(x)
belongs to the ray in 0.X,, with direction a, or equivalently, belongs to Q.

We choose ¢ > 0 large so that m(xg + ca) € Q1, and denote z1 = z¢ + ca.

Let Q] be the set of relative interior points of Q1. We choose x5 € B(z1,r) so that
mh(x2) € QF. (Indeed, every point in the intersection QS + (z1 — m(x1)) N B(z1,r) fulfills

this requirement.) Let 7o > 0 be a real number such that
To(B(z2,72)) C Q1 and B(za,72) C B(z1,7).

Let Q2 be the (n — 1)-face of C such that Q2 N (X + z2) is the ray on 0X,, with
direction b. Similarly as above, we choose ¢’ large so that 74 (z2 + ¢b) € @2, and denote

x3 = x2 + b. By the same argument as bove, there exists a ball B(x4,74) such that
Ta(B(x4,74)) C Q2 and B(xzy,rs) C B(zs,rs).
Notice that

(4.2) mo(B(24,74)) C mp(B(23,72)) = mp(B(23 — 'b,73)) = mp(B(22,7")) C Q1.

Set B* = B(w4,74). Clearly B* is a nice ball. For every y € B*, X, is a corner-cut slice.
Moreover, by ([@.2), m,(y) belongs to Q1 N X, which is the ray of 0X, with direction a ;
similarly, 74 (y) € Q2 and locates on the ray with direction b on 0X,,.

Since dy(F,F +y) < |y| and duy(X,,F) < du(Xy,y + F) +du(y + F, F), to show
dy (F, X,) is uniformly bounded, we need only show that

sup dp (Xy, F' +y) < o0.
yeB*

Clearly

di(Xy, F+y) < VIy— ma@) + |y — m(y)?
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(since we assume that a and b are orthogonal, see Figure [2) so it is uniformly bounded
for y € B*, since the right hand side of the above formula is a continuous function of y.

Finally, it is seen that both |ai(y)| and |b(y)| are less than

Yyl + [y — ma(W)| + [y — ™ (y)|.

The theorem is proved. O

5. Polyhedral bodies

Let C be a convex polyhedral cone, and let (T, 7) be a local tiling of C. By Remark
[[LIl we may assume that 0 €T, 0 J, T C C, and J C C.

Lemma 5.1. If (T, J) is a local tiling of a convex polyhedral cone C, then the origin O

belongs to only one tile.

Proof. Suppose on the contrary that two tiles T+ a; and T + as both contain 0. Then
—ay,—ag €T. Soa; —as € T+ ay and as — a1 € T + as. Therefore, both a; — as and

as — aq belong to C, which is a contradiction. O

We call a set Q a polyhedral corner, if there exist a point z, a number » > 0 and a

convex polyhedral cone D such that
Q=x+ B(0,r)ND,
and we call x the verter of the polyhedral corner.

Definition 5.1. Let 7" C R™ be a compact set. For a point € 9T, if there exists a real
r > 0, such that By, (z,7)NT is a non-overlapping union of several polyhedral corners with
the same vertex x, then we call z a ‘nice’ point of T'; otherwise, we call x a ‘bad’ point of

T. If all points in 9T are ‘nice’, then we call T a polyhedral body.

If C'is a convex polyhedral cone and x € 9C, then B(z,r)NC is a finite non-overlapping

union of polyhedral corners for r small.

Lemma 5.2. Let Dq,..., Dy be convexr polyhedral cones of dimension n such that their
interiors are disjoint, then
(1) B(0,r)\ (D1 U---UDy) is a finite non-overlapping union of polyhedral corners.
(i7) Let Q = B(0,7) N (D1 U---U Dy) and let v be the (n — 1)-dimensional Hausdorff
measure, then for v-almost every point x € 9 with |x| < r, there exists a real number

d > 0 such that By, (x,0) NQ is a closed half ball.
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Proof. Each Dj; is bounded by a set of subspaces. Let Si,..., S, be the collection of such
spaces for j =1,... k.

(i) Let Syq1,-.., Smin be the subspaces {(z1,...,2,) € R"; z; =0}, j =1,...,n.
Then S1,...,Smin decompose R™ into at most 21" non-overlapping convex polyhedral

cones, which we denote by C1,...,Cy. Then
B(0,r)\ (D1 U---UDy) = U{B(O,r) N Cj; Cj is not a subset of Dy U--- U Dy} .

(ii) Let x € Q2. Then x € S;U---U Sy,.

Suppose = belongs to only one element in {S,...,S5,,}, say, z € Sj. Let ¢ be a real
number such that d(z,S;) > ¢ for all ¢ # j/. The ball B, (z,d) is cut into two (closed)
half balls by S;.. For any Dj, j € {1,...,k}, either D; contains a half ball of B(x,0), or
disjoint with B(x,d). Moreover, only one D; intersects B(x, ), for otherwise, the two half
balls of B(x,d) belong to two different D;, j =1,...,k, and so € Q°, which is absurd.
Therefore, B(x,6) N Q = B(x,6) N D; and it is a closed half ball.

Finally, notice that S; NS; is a v-zero set, the lemma is proved. O

Theorem 5.1. Let C' be a convex polyhedral cone. If (T,J) is a local tiling of C' which
covers C' N B(0, R) with R > diam(T), then T must be a polyhedral body.

Proof. By Lemma [5.1] an open neighborhood A of 0 is contained in T, and N N 9T =
N NAC, hence every x € NN AT is a ‘nice’ point in T. Also, notice that z € (T + t) is
a ‘bad’ point of the tile T' 4+t if and only if x —t € 9T is a ‘bad’ point of the tile 7.
Suppose on the contrary that the set of ‘bad’ point in 9T, which we denote by G, is
not empty. Let 8 be a non-zero vector in R™ such that (z,3) > 0 for all z € C'\ {0}. Let

20 be a point in G such that (zg,3) attains the minimal value. Let

e =min{(¢,3); t € T\ {0}}.

Clearly € > 0 by the discreteness of J. Let z be a point in G such that |z — zg| < ﬁ; a
simple calculation shows that (z —t, 3) < (29, 3) for any t € J \ {0}.

If there is only one tile in 7'+ J covering z, then for a small r > 0, B,(z,7r) N T =
B, (z,7) N C, which implies that z is a ‘nice’ point, a contradiction.

If there are exactly two tiles in 7'+ J covering z, say, z € T'N (T + t1) where t; # 0,
then

B, (z,7)NC = Bu(z,7) N (T U(T + t1))
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for r small. So, by Lemmal5.2] z is a ‘bad’ point of T'+t1 since z is a ‘bad’ point of T', and
z —t1 is a ‘bad’ point of T. Hence z —t; € G and (z — 1, 3) < (20, 5), which contradicts
the minimality of zg.

If there are exactly k+ 1 number of tiles covering z, say, z € TN(T+t1)N---N (T +1tx),
then by Lemma [.2], for at least one 1 < j < k, z is a ‘bad’ of T+ t;. By the same

argument as above, we get a contradiction. The theorem is proved. O

Next, we show a local tiling of C' induces a local tiling of @ for every (n — 1)-face Q.

Theorem 5.2. Let C C R™ be a convex polyhedral cone, and (T,J) be a local tiling
of C" which covers C N B(0,R) with R > diam(T). Then for any (n — 1)-face Q of C,
(TNQ,TNQ) is a local tiling of Q which covers Q@ N B(0, R).

Proof. By Theorem[5.1] T is a polyhedral body. Let v be the (n—1)-dimensional Hausdorff
measure. We claim that for v-almost every point x € 97, there exists a real number 6 > 0
such that B, (x,0) N T is a closed half ball. By compactness of T, there exists xj € 0T,
rj >0, j =1,...,k, such that each B(z;,7;) N T is a finite non-overlapping union of
polyhedral corners and 0T is covered by {B(x;,r;) NT; j =1,...,k}. So our claim holds
by Lemma [B.2](ii).

Since

T+I)nQ=(TNQ)+(ITNAQ),

we have that (T'NQ, 7 NQ) is a covering of Q@ N B(0, R). To prove the theorem, it suffices
to show that (T'NQ,J N Q) is a packing of @, that is, the intersection

(5.1) (TNQ)+t)N((TNQ) +ta2)

is a v-zero set for t1,to € J NQ and ty # to.
Suppose the intersection (5.1J) is not a v-zero set, then by the claim above, there exists a

point z in the above intersection such that both By, (z,d) N (T +t;) and By, (x,) N (T +tq)
are closed half balls for § small enough. It follows that the closed half ball By, (z,d) N C
coincide with the above two half balls, and is a subset of both T"+ ¢; and T + ¢, a

contradiction. The theorem is proved. O

6. Proof of Theorem [1.7](i)

To prove Theorem [[Ii), we need only show that every irregular convex polyhedral
cone with regular boundary admits no translation tiling. For if C is an irregular cone

whose boundary is not regular and if C' admits a ‘large’ local tiling (7', ), then there is
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an (n—1)-face @ of C'is irregular, and by Theorem [5.2], ) also admits a ‘large’ local tiling.
Therefore, Theorem [[II(i) can be proved by induction.

Assumptions In the rest of this section, we always assume that C is an irreqular
convez polyhedral cone with reqular boundary, and (T,J) is a packing of C' as well as a
covering of C N B(0, R) with R > diam(T).

Under the above assumptions, we are going to deduce a contradiction.

Notations Let I’ be a feasible 2-face of C' with frame a and b. We may assume that
a and b are orthogonal by applying a linear transformation. Let B* C C° be a ball in

Theorem [{.1), that is, for any y € B*,
X, = (span(F)+y)NC

s a corner-cut slice, and

(6.1) N = sup dy(X,, F) < oo,
yeB*
(6.2) M = sup |ai(y)] < oo, M' = sup |bi(y)| < oo,
yeB* yeB*

where a1(y) and by (y) are the origins of the rays on 0X, with directions a and b, respec-

tively. Denote ¥ = span(F).
Lemma 6.1. Let 6 > 0. For any y € 0B*, X, is a corner-cut slice and

(6.3) sup dy(Xy,F') =6N,
yedB*

where N is defined in ([G.1)).
Proof. Since
Xy=E+y)NC=0((E+y/o)NC) =Xy,

that is, X, is a dilation of X5, we infer that X, is a corner-cut slice for y € §B*. (6.3)
follows from the fact that dg(5A,dB) = ddy (A, B). O

Now we study the intersection of ¥ + y and the local tiling (7', 7). We define the

x-section of a set A as
(6.4) (A), =AN (X +z).
Here are some easy facts.

Lemma 6.2. (i) Ift € T\ F, then (T +t)NF = 0.
(ii) Fort € JNF, we have (T +1t), = (T), + t.
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Proof. (i) For otherwise, there exists x € T'and t € J\ F' such that x+t € F. So z/2+1t/2,
a convex combination of x and ¢ belongs to F'. By the definition of a face, x,t € F, which
is a contradiction.

(ii) Since (T+t), = (T+t)N(X+xz) = (TN(E—t+ax))+t =TN(Z+x)+t = (T),+t. O
Let p, be the r-dimensional Lebesgue measure.

Lemma 6.3. For any § > 0, there exists y € B* such that ((T'),, J N F) is a packing of
X,

Proof. Fix ty,to € J N F with t; # t5. Notice that T+ ¢t; and T + to are disjoint in
measure . Let M C §B* be a cube of dimension n — 2 such that M is orthogonal to X.
Let f: C° — R be the function

f(@) = pa((T +t1)e N (T + t2)z).
By Fubini Theorem,
| $@de < (@ + )0 (T 4 12) =0,
zeM

so f(x) =0 a.e. x € M.
Hence, for a pair t1,t9 € J, to insure po((T+1t1), N (T +t2),) = 0, we need to eliminate
a measure zero set of M. After eliminating the measure zero sets for all pairs in J N F', a

point y in the remaining set fulfills the requirement of the lemma. U

Lemma 6.4. There exists 6 > 0 such that for any y € 6B*, B(0,R) N X, is covered by
(T)y+ (INF).

Proof. Without loss of generality, we may assume that J is a finite set. Let
e=min{d(T +t, F); te J\ F}.
By Lemma 6.2l d(T 4+ t,F) >0 for allt € J\ F, so ¢ > 0. In other words, we have that
(6.5) d(T+t,F)>e foralte J\F.
We choose 0 < § < /N, where N is defined in (61). Pick any y € 6B*, by Lemma [6.1]
(6.6) du(Xy, F) <e.
Equation (6.5]) together with (6.6]) imply that

(T+t)nX, =0fort € J\F,
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so X, N B(0,R) is covered by (T +t), with t € J N F. Finally, (T'+t), = (T), +t by
Lemma [6.2(ii). The lemma is proved. ]

Proof of Theorem [I.7l(i). We prove assertion (i) of the theorem by induction on the
dimension of C.

For dim C' =1 or 2, the cone must be regular, and the theorem holds automatically.

Suppose dim C' = n. Assume on the contrary that C is irregular, (7, J) is a packing of
C' as well as a covering of C'N B(0, R) with R > diam(T).

If C has irregular boundary, then an (n — 1)-face @ of C' is an irregular cone. By
Theorem 521 (TN Q,J N Q) is a packing of @ and a covering of @ N B(0, R), which
is impossible by our induction hypothesis. So C must be an irregular cone with regular
boundary. Now we use the notations listed in the beginning of this section.

Let 0 < k < R — diam(7"). Let 6 > 0 be the constant in Lemma and satisfies the

5<min{i R—r },

additional requirement

M’ M+ M’
where M and M’ are the constants in formula (G.2]).
Let y be a point in d B* satisfying the requirements of Lemma Then members in

the cluster
(6.7) {(T)y+t; te TNF}

are disjoint in o, and cover the set B(0, R) N X,,.

Since § < x/M, by (6.2) and X, = X, 5, for any y € 0B, |a1(y)| < k where a1(y) is
the origin of the ray on 0X, with direction a. Then B(a1(y), R — k) C B(0, R) and hence
the cluster in (67) is a packing of X, and covers the set B(a1(y), R — k) N Xy. Similarly,
from 6 < (R — k)/(M + M")), we deduce that R — k > |a1(y) — b1(y)| for any y € 6B*.
However, in next section, we prove that this is impossible (Theorem [T]), and we get a

contradiction. This completes the proof of the theorem. O

7. Corner-Cut region can not be tiled by translations of one set
Let X C R? be a unbounded convex region determined by a system of liner inequalities:
(7.1) ajz +by+¢; >0, 1<j<N.

We call X a corner-cut region, if X has at least two extreme points, and the two rays on

0X are not parallel.
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Let a1, a9, - ,aq be the extreme points of 0X from left to right, and write
OX =Ly Ul U---Uly,
where ¢y and /, are two rays, and the other ¢; = [a;,a;11] are line segments.

Theorem 7.1. Let X C R? be a corner-cut region, T be a compact set, and J C R? be a
finite set. Let

R > max{diam(T), |a1 — azl}.

Then the following two items can not be fulfilled at the same time:
(i) X N B(ay, R) is covered by T +J and T+ J C X;
(i) The members in {T' +t; t € J} are disjoint in Lebesgue measure.

Note that in the above theorem, we do not assume that 7' = T°.

Proof. By applying an affine map, without loss of generality, we may assume that a; =0
is the origin, and the two rays on 90X are ¢y = {0} x [0,4+00) and ¢, = a4+ [0, 4+00) x {0}.
(We remark that under this assumption, it holds that |a; — ag| < |a; — a4|. So we can use
Theorem [Z.] in the previous section.) For simplicity, we identify R? to the complex plane
C.

Suppose on the contrary that (T, 7) is a pair satisfying the two items in Theorem [T}
By Remark [T, without loss of generality, we may assume 0 € T, 0 € J, J C X, and
T CX.

Lemma 7.1. For any b € {a1,--- ,aq}, b belongs to exact one tile in {T +t :t € J}.
Especially, T is the only tile contains the point a1 = 0.

Proof. Assume that b € (T'+t1)N(T+t2), where t1,ts € J and t1 # to. Then b—tq,b—t9 €
T. So

zn=b—ti+toeT+tsC Xandzo=b—to+t1 €T+t C X.
Hence b = (21 + 22)/2, which contradicts that b is an extreme point. O

The following is a technical lemma we need in the proof of the following Lemma [T.3]

Lemma 7.2. Let A C R? be a trapezoid, and let L = [0,1] x {0} be the base line of A with
shorter length. Let T be a compact subset of A, and J = {to = 0,t1,...,t,} be a subset
of L with p> 1. Then (T, J) can not be a tiling of A.
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The proof of the above lemma is very similar to the proof of Theorem B2 but much
more simpler. We put the proof in Appendix A. In the following, the topology we use is
the relative topology of X.

Lemma 7.3. A neighborhood of [a1,a2] C T.

Proof. By our assumption, [a1,as] C B(0, R) and is covered by (T, J).
Let to = 0,t1,--- ,t, be the elements in J satisfying

(T +t;) N a1, az] # 0.

Then tg,t1,--- ,t, € [a1, ag), since [a1,az] is a face of X.
To prove the lemma, we need to show that p = 0. Suppose on the contrary p > 1.
Assume that tg,t1,--- ,t, are arranged from left to right on m . Let L be the line
containing [ay, ag]. There exists § > 0 such that no element of 7 \ {to,t1,...,t,} locates

in strip between L and L + §i. Denote
A=XnN(L+]0,4] 1),
then using (T'+t;) N (L +[0,6] - i) = (T +t;) N A, it is easy to show that
A=(TNA)+{to,....tp},

and the right hand side is a tiling of A. We choose ¢ small to ensure A is a trapezoid. By
Lemma [Z.2] this is impossible. The lemma is proved. O

Let zg € 0X be the first point on the right side of a; such that zg is not a relative interior
point of T, that is, there exists t* € J \ {0}, such that zyp € T'+¢*. Then 2o & {a1,--- ,aq}
by Lemma [TT] and zg is on the right side of as by Lemma

Let v be the open broken line from a; to zy on 0X. Since zg —t* € T C X and

t* € J C X, their real parts must be non-negative, i.e.,
(7.2) Re(zg — t*) > 0 and Re(t*) > 0.

If Re(zp —t*) = 0, then t* and 2 are located in the same vertical line, so to guarantee
zo € T + t*, we must have zg = t*. Since the slope of the line containing zy is larger
than the slope of the line containing m, we get that 1"+ t* is not a subset of X, a
contradiction. If Re(t*) = 0, then T' 4 ¢* can not contain zg, which is also a contradiction.

So the equalities in ([Z.2]) are strict, and consequently,

(7.3) 0 < Re(zp — t*) < Re(z),
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FIGURE 3.
(7.4) 0 < Re(t*) < Re(zp).

Moreover, since zg is a lowest point in t* + T (w.r.t. the vertical direction), zg — t* must

be a lowest point in 7" (w.r.t. the vertical direction), hence, by formula (Z3)), we have

(7.5) 20— t" €4°.

Let b # 0 be the smallest point on ¢y N J. Clearly the interval [b,a;] \ {b} is contained
in T and does not intersect any other tiles. Denote by x the open broken line from b to

zg on 0X, then there is an open set U such that
kCUCT.

See Figure 3] where we use a polygon to illustrate the open set U.

Next we show that
(7.6) b+r)N({E" + k) #0D.

We claim that t* + b, the initial point of t* 4+ k, is above b 4+ k, and b + 2y, the terminal
point of b+ k, is above t* + k. The first assertion holds, since by formula (74]), t* is above
the curve k, and the second assertion holds since the point b + (29 — t*) is above k. Our
claim is proved. If ¢* is below the curve b+ v, then apparently (Z6]) holds. If ¢* is above
b+ v, regarding b + v and t* + « as graphs of two functions and using the Intermediate
Value Theorem, we conclude (b+ ) N (t* +v) # 0 and (T.6]) is confirmed.

Let x be the intersection of the two curves in (Z.6]), then z+ [0, §]? belongs to both b+ U
and t*+U for ¢ small. Tt follows that (b+T)°N(t*+T)° # (), which is a contradiction. [
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8. From tilings of (R™)" to tilings of (Z7)"
Let T be a compact set satisfying 7' = T°. Let R > diam(T). Let (T,J) be a packing

of (RT)™ as well as a covering of (RT)™ N B(0, R); we call such (T, 7) a local tiling in this
section. As before, we may assume that 0 € 7,0 € J, T C (RT)", and J C (R*)"™.

Since R > diam(T'), for each j € {1,...,n}, J Ne;RT contains at least one non-zero
element. By applying a dilation matrix U = diag(uy, ..., u,), we may assume that
(8.1) e,...,ep€J,and ej € J forall0 <A< landalj=1,...,n

Since (T, J N B(0, R)) also covers (RT)™ N B(0, R), without loss of generality, we assume
that

(8.2) J C B(0, R);

especially, J is a finite set.
The tiling of R™ has been characterized by Odlyzko implicitly. Some idea of this section
comes from Odlyzko [17].

Theorem 8.1. ([17]) Let (T, J) be a tiling of RT. Then there exist a real number ¢ > 0
such that ¢T' = E + [0,1], where E C Z*.

For x = (21,...,2,) € R", we use ||z||; = max |z;| to denote the 1-norm. We say x > 0

(orx>0)ifz; >0 (or z; >0) forall j=1,...,n.
Lemma 8.1. Let (T, J) be a local tiling of (RT)" satisfying B1) and B2). Then
Jn0,1)" ={0} and [0,1]" C T.
Consequently, if t,t' € J, then ||t —t'|1 > 1.
Proof. Let @ be a m-face of (RT)" with 1 < m < n, denote
D=QnI0,1)".

Let Q* be the (n — dim Q)-face of (R*)” complement to @, that is, Q + Q+ = (RT)".
Denote D+ = Q+N[0,1)", then D+ D+ =[0,1)".
For a m-face ) with 1 <m < n — 1, we define dg as
L gnfo, )"\ Q= 0;
B {min{d(t, Q); te JNI0,1)"\ Q}, otherwise.
Set

(8.3) § = min{dp; Q is a face of (RT)"}.
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We shall prove by induction on dim @) that
(8.4) JND={0}, and DCT

The result holds when m = 1 by the assumption (8I]). Suppose m > 2 and (8.4]) holds
for m — 1. Without loss of generality, we assume @ is generated by eq,...,e,,.

Denote
Q; = span({er,...en}\{es), Dy =[0,1)"NQ;.
By the induction hypothesis, we have
(8.5) D;CT, and jﬂDj:{O}, 1<7<m.
Denote ¢’ = 6//n and
L;j = D;+10,6')Dj.
Pick x € L; and let 7'+t be the tile containing x. Notice that € [0,1)" and d(x, D;) < 0.
It follows that ¢t € [0,1)" and d(t, D;) < d since x —t > 0. Moreover, since dim D; < n—1,

by the definition of d, we have ¢ € D;, which forces ¢ = 0 by our induction hypothesis.
This proves that

(8.6) LiCT, j=1,....,m

Suppose on the contrary that there exists ¢t = (t1,...,¢,,0,...,0) € JN D and t # 0,
then by (X)), t; >0 for j =1,...,m. It is seen that

L1 =1[0,0") x [0,1)™ 1 % [0,6)"™ and L, =[0,1)""! x[0,d§) x [0,6)"™

We have that
m
Ll—l—t— tl,t1+5 Htj,tj—l-l 05/)
]:2

L +e,=1[0,1)""x[1,1+4)x[0,6)"
Hence
m—1
(Ly +t) N (L + €m) = [t1, min{1,¢; +d'}) x H [t;,1) x [1, 1+ min{t,,,d'}) x [0,6)" ™
j=2

which implies that (T'+t) N (T + e,,) has positive Lebesgue measure. This contradiction
proves that 7 N D = {0}, the first assertion of (84]).

Now J N D = {0} implies that 7" is the only tile intersecting D. It follows that
D N B(0,R) is a subset of T. By Lemma we list below, D is a subset of T', which
verifies the second assertion of (84]).

Finally, set D = [0,1)" in ([84]), we obtain the lemma. O
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Lemma 8.2. If U is a connected set and B(0,R)NU C T, thenU C T.

Proof. If U is not a subset of B(0, R), then there exists z € U N B(0, R) such that |z| is
as closer to R as we want, so x € T, which is a contradiction. Therefore, we must have

UcT. U

Let ‘<’ be the order on (R*)™ defined by a < b if b—a > 0 and a # b.

Theorem 8.2. Let (T, J) be a local tiling of (RT)" satisfying B1) and B2). Then
(i) J C (Z5)".
(i1) There erists a subset E C (ZT)™ such that T = E + [0, 1]".

Proof. To prove the theorem, we need only prove the following two statements: For each

z € (Z*)" N B(0,R),

(8.7) {te J; t 22} C ()",

(8.8) u+ (0,1)" belongs to exactly one tile for all u € (Z*)" N B(0, R) with u < z.

In the following, we prove the above statements by induction on z. If z = 0, the
statements are valid by Lemma Bl Assume 0 < z. Suppose [B7) and (B8] hold for all
z' € (ZT)" with 2’ < z, and we show they hold for z in the following.

First, we prove 87). Write z = (z1,...,2,). By the induction hypothesis of ([BF]), we
have

Y:U{T+t; te JN(ZT)" and t < z}
covers the set
Q=10,20 +1] x---x[0,2, + 1]\ (2 + [0,1]"),
which is a rectangle missing the ‘last cube’ 2+4[0,1]". Soift € J and ¢t < z, then ¢+ [0, 1]™
and Y overlap, which forces ¢t € (Z)™. Therefore, no matter z € J or not, ([87) holds.

Next, we prove (88]). Assume on the contrary (B8] is false for z, then the ‘last cube’
z+ (0,1)™ intersects at least two tiles. Denote the tiles intersecting z + (0,1)™ by T + ¢4,
T +to, ..., T+ ty. In particular, z does not belong to J. Clearly

{t1,...,ts} CT[0,20+1) x -+ x [0, 2, + 1).

Since € is covered by tiles T'+t with integral ¢ < z, we conclude that ¢; is either integral
and precedes z, or t; belongs to the ‘last cube’ z + [0,1]". In the formal case, we must
have ¢; = 0, for otherwise, T'+¢; contains only a proper subset of z+(0,1)", so T' contains

only a proper subset of (z —t;) 4+ (0,1)", which contradicts our induction hypothesis on
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([B)). In the later case, by Lemma [RI] at most one element of 7 belongs to z + [0,1)™.
It follows that there are exactly two tiles intersecting z + (0,1)", one is T', and the other

one, which we denote by 1" + t9, satisfies z < t2. So

(8.9) (z+(0,1)")NB(0,R) C TU(T + t2).
Let 7; be the projection such that 7;(z1,...,2,) = x;. Notice that 7;(t2) > m;(z) for
at least one j € {1,...,n}, without loss of generality, let us assume that m(t2) > m1(2).

Clearly, (T'+t2) N (z+ (0,1)") = (t2 + [0,1]") N (2 + (0,1)™), so the open rectangle
U=z+ (0,7T1(t2) — 7T1(z)) X (0, 1)n—1’

as a subset of z + (0,1)", is not covered by T + to. Consequently, U N B(0, R) must be
covered by T'. It follows that U C T by Lemma [8.2]

Recall that ey € J. Now (T 4 e1) N (T + t3) contains (e; + U) N (t2 + (0,1)") as a
subset, and the later one has positive Lebesgue measure, which is a contradiction. This

contradiction proves that
(z+(0,1)")NB(0,R) C T or T + to.

In the former case, z 4+ (0,1)" C T by Lemma B2} in the later case, t = z and clearly
z+(0,1)" C T + z. This verifies (88]) and finishes the proof of the theorem. O

Proof of Theorem [I.] (ii). It is the immediate consequence of Theorem O

Proof of Corollary Let (T,J) be a tiling of (RT)"™ with T = T°. Then there is
a diagonal matrix U such that (T° '=UT,J =UJ ) satisfies the normalization condition
@®J). For any R > diam(7"), (T',J’ N B(0, R)) is a local tiling of (R™)™ satisfying the
conditions of Theorem It follows that 7" = E + [0,1]" for some E C (Z1)", and
J' NB(0,R) C (ZT)" for all R >0, s0 J" C (Z*)".

Finally, notice that (E + [0,1]™,J’) is a tiling of (R™)" if and only if (F,J’) is a tiling
of (ZT)". O

9. Self-affine tiles with polyhedral corners

Let T'=T(A,D) be a n-dimensional self-affine tile with expanding matrix A and digit
set D. Denote
Dy =D+ AD+---+ AFID,

then iterating AT(A,D) = T(A,D) + D k-times, we obtain

A*T(A, D) =T(A,D) + Dy.
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Recall that T" has a polyhedral corner at xp means that there is a convex polyhedral

cone C and a number r» > 0 such that

(9.1) T N By(xo,r) = x9 + By(0,7) N C.

Proof of Theorem Take k > 1. Let B(0,/)) be the maximal ball centered at 0
and contained in A*B(0,1). Since A is expanding, it is seen that ¢, — oo when k — oo.
Applying A* to both sides of ([@.I)), we have

AT N AFB(zg,7) = AFzo + (A*C n AFB(0,7)).
Using AT = T + Dy, we deduce that
(9.2) (T 4 Dy) N A*B(xo,7) = AFzg + (AFC 1 A*B(0, 7).
Notice that B(A*xq,r0;,) € A¥B(zq,7). Let
Ji = {t € Dy; T +t intersects A¥zo + A*C N B(0, ¢, — diam(T))}.
Since T + Dy, is a covering of AFzy + (A*C' N A*B(0,7)), T + Ji is a covering of
AFzo+ AFC N B(0,rl;, — diam(T)).

On the other hand, T+ J, C T+ Dy = A*T, and clearly T + J C B(A¥xq,rl}); these

together with ([@.2)) imply that
T + Ji, € AFT 0 B(AFzg, rt),) € AFzg + AFC,

which proves that (T, J, — A¥xg) is a packing of A*C.

Let k be large enough so that £, > 2diam(T), then (T, J, — AFzg) is a ‘large’ local

tiling of A*C. Hence, by Theorem [l A*C, and also C, are regular, and T is a finite

union of translations of [0,1]™ up to a linear transformation. O
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APPENDIX A. Proof of Lemma [T.2]

Proof. For simplicity, we identify R? to the complex plane C. Let Lg = {z +hi; x € [a, b]}
be the base line with longer line. Assume that ¢;,%o,--- ,%, are points in L from left to

right. Suppose on the contrary that (7', {to,t1,...,tp}) is a tiling of A. Let
I'={z+yla+thi)zel0,t1],y €[0,1]}

be a parallelogram on the left part of A. Clearly I C T.

Let M be the largest integer such that Mt¢; < 1. We claim that 7N (UTA:‘L[:_(} I+ mt1)>
is a union of translations of I. To prove this, we need only prove the following two
statements: for each integer m, 0 < m < M — 1, we have

(i) T N[0,mty] C HZ™T;

(77) For every integer 0 < u < m, I 4+ ut; belongs to one tile except a measure zero set.
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We prove (i) and (ii) by induction on m. Clearly (i) and (ii) holds for m = 0. Now we
assume that (i) and (ii) holds for m — 1 with m > 1.

First, we prove (i). If t € J N[0,mty), then ¢t + I and U;-n:_ol(l + jt1) overlap, we
have t ¢ ((m — 1)t;,mt1) by the induction hypothesis of (ii). Therefore, by the induction
hypothesis of (i), no matter mt; € J or not, (i) holds for m.

Now we prove (ii). Suppose on the contrary that (ii) is false. Then I + mt; does
not belong to one tile. This first implies that mt; ¢ J. Secondly, if there exists 1 <
m’ < m — 1, such that m't; € J and 0 < p((T 4+ m't1) N (I + mty)) < p(I), then
0 < TN+ (m—mt))) < u(l), which contradicts the assumption (ii). Therefore,
if a tile T' + t satisfying that 0 < pu((T"+t) N (I + mty)) < p(I), then either t = 0, or
mt; <t < (m+ 1)t;. In the latter case, there is only one ¢ satisfying this property, and
we denote it by t*. Then

I+mt; CTU(T +t%).

Denote U = {x + y(a + hi); x € [mty,t*),y € [0,1]}. By UN (T + t*) = () and the above
equation, we have U C T'. Then the intersection of T'4 ¢, and T + t* contains U + ¢1 as a
subset, which is a contradiction. So (ii) holds for m.

Since t, is the rightmost point of J, T + t, must contains a relative neighborhood
B(1,7) N A of 1, for all small enough r(< 1 — Mt;). Moreover, we have B(1,7r) N A =
(T'+t,) N B(1,r), thus

(A1) (B(1L,r)NA) —t, =TNB(—t,r).

On the other hand, since 0 < 1 — ¢, < Mt; and T'N <U%:_01(I—|—mt1)> is a union of
translations of I, then for small enough 7, "N B(1 —t,,7) is a half ball or a translation of
INB(0,r), or a translation of INB(t1, ), which contradicts with the shape of TNB(1—t,, )
in (AJ). The lemma is proved. O
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