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UNAVOIDABLE MINORS FOR GRAPHS WITH LARGE /¢,-DIMENSION

SAMUEL FIORINI, TONY HUYNH, GWENAEL JORET, AND CAROLE MULLER

ABSTRACT. A metric graph is a pair (G,d), where G is a graph and d : E(G) — Rxg is
a distance function. Let p € [1,00] be fixed. An isometric embedding of the metric graph
(G,d) in £f = (R*,d,) is a map ¢ : V(G) — RF such that d,(¢(v), p(w)) = d(vw) for
all edges vw € E(G). The £,-dimension of G is the least integer k such that there exists
an isometric embedding of (G, d) in £f for all distance functions d such that (G,d) has an
isometric embedding in Eff for some K.

It is easy to show that ¢,-dimension is a minor-monotone property. In this paper, we
characterize the minor-closed graph classes C with bounded ¢,-dimension, for p € {2,00}.
For p = 2, we give a simple proof that C has bounded ¢s-dimension if and only if C has
bounded treewidth. In this sense, the ¢>-dimension of a graph is ‘tied’ to its treewidth.

For p = oo, the situation is completely different. Our main result states that a minor-
closed class C has bounded {.-dimension if and only if C excludes a graph obtained by joining
copies of K4 using the 2-sum operation, or excludes a Mébius ladder with one ‘horizontal edge’
removed.

1. INTRODUCTION

In this paper, we consider isometric embeddings of metric graphs in metric spaces. Recall
that a metric space (X,d) consists of a set of points X and a metric d : X x X — Rxq.
That is, for all z,y,z € X, (i) d(x,y) = d(y,x), (ii) d(z,y) = 0 if and only if z = y, and
(iii) d(z,y) < d(z,z)+d(z,y). Here, we only consider the metric spaces E;f = (R*,d,), focusing
mainly on the cases p € {2,00}. We let N denote the set of positive integers, and for k € N,
(k] ={1,...,k}. Recall that ||z|, = (Zlelajp)l/p if p € [1,00) and |70 = max;epy |z:]. We
set dp(x,y) = ||z — yl|p for all p € [1, 00].

Comparing different metric spaces is a ubiquitous theme throughout mathematics. One
way to do so is by means of isometric embeddings, which are functions ¢ : X — X’ such
that d(z,y) = d'(¢(z),d(y)) for all x,y € X. As these are quite restrictive, other approaches

have been developed. For instance, Bourgain [5] has shown that every n-point metric space

can be embedded into an Eg (log? n) space with O(logn) distortion. (The upper bound on the

dimension was subsequently reduced to O(logn), see [1].)

Another point of view is to require only a subset of distances to be preserved, which is the
perspective we take in this paper. Our methods are mostly graph theoretical, although similar
problems have been studied using techniques from rigidity theory [15, 21, 22].

All graphs in this paper are finite and do not contain loops or parallel edges, unless otherwise
stated. A graph H is a minor of a graph G if H can be obtained from a subgraph of G by
contracting some edges. When taking minors we remove parallel edges and loops resulting
from edge contractions.

A metric graph (G, d) is a pair consisting of a graph G and a function d : E(G) — Rxq sat-
isfying d(vw) < d(P) = >_;_, d(vi—1v;) for all edges vw € E(G) and all paths P = vgvy - - - v
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FIGURE 1. The excluded minors for foo(G) < 2.

with vg = v and v, = w. Such a function d is called a distance function on G. An isometric em-
bedding of a metric graph (G, d) in €5 is amap ¢ : V(G) — R such that d,(¢(v), p(w)) = d(vw)
for all edges vw € E(G).

For each p € [1,00] and graph G, a distance function d : E(G) — Rxq is ¢,-realizable if it
has an isometric embedding in E{f for some K. If d is {p-realizable, we define the parameter
fp(G,d) to be the least integer k such that (G,d) can be isometrically embedded in E’;. The
Ly-dimension of G is defined to be f,(G) = supy f,(G,d), where the supremum is over all £,-
realizable distance functions d on G. We remark that in the special case p = co, the supremum
is taken over all distance functions on G, since it is well-known that every n-point metric space
can be isometrically embedded into ¢!, Tt is known that £,-dimension is always at most
(‘V(QG)‘), see [2] and [8, Proposition 11.2.3]. The f2-dimension is also referred to as Fuclidean
dimension.

It is easy to see that every minor H of G satisfies f,(H) < f,(G) for all p € [1,00]. Hence
the property f,(G) < k is closed under taking minors. By the Graph Minor Theorem of
Robertson and Seymour [19], for each k, there are only a finite number of minor-minimal
graphs satisfying f,(G) > k. Formally, an ezcluded minor for f,(G) < k is a graph H such
that f,(H) > k and every proper minor H' of H satisfies f,(H') < k.

The complete sets of excluded minors are known in the Euclidean case p = 2 for dimensions
k = 1,2,3. Belk and Connelly [3, 4] have shown that {K3}, {K4}, {K5, K222} are the
respective sets of excluded minors. Furthermore, note that 611, = Eé for all p,q € [1,00].
Therefore, for all p € [1,00], K3 is the only excluded minor for f,(G) < 1. Fiorini, Huynh,
Joret, and Varvitsiotis [13] determined that W, the wheel on 5 vertices, and the graph K4+, K4
(see Figure 1) are the only excluded minors for foo(G) < 2 and for fi(G) < 2. As far as we
know, the complete set of excluded minors for f,(G) < k is unknown for all other values of p
and k.

It is plausible that determining any further set of excluded minors will require significant
effort, especially in dimension 3 or higher (see [17]). Therefore, instead of obtaining exact
characterizations of the graphs with f,(G) < k, we take a different approach and seek collec-
tions of unavoidable minors. That is, for each k € N, we look for a finite collection of graphs
Ullf and an integer ¢,(k), such that every graph H € U;f has f,(H) > k, and every graph G
with f,(G) > ¢,(k) has a minor in L{I’f.

For the case p = 2, we show that grids are unavoidable minors, see Theorem 3 in Section 2.
Most of the paper is devoted to the case p = oo, which turns out to be much more challenging.
Our main result is Theorem 1 that gives unavoidable minors for p = co.

Now, we introduce the four graphs Sg, Pg, Fr and N that form Uﬁo for each k € N. Examples
of all four graphs are given in Figure 2. The first three graphs are obtained by gluing together
k copies of K4 in a certain way, and then deleting each edge that is common to at least two
copies. The graph Si is obtained by gluing the k copies of K4 along one common edge. The
graph Py is obtained by picking a perfect matching {e;, f;} in each copy of K4, and identifying
fi and e;4; for all i € [k — 1]. The graph Fj is constructed in a similar way, except that we
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FIGURE 2. The graphs Ss, Ps, F5 and Ns.

take e; and f; to be incident edges. Edges are identified in such a way that the common end
of e; and f; is identified to the common end of e;4; and f;y; for all ¢ € [k — 1]. The notation
for these first three families reflect the fact that the corresponding copies of K4 are arranged
as a star, path, and fan, respectively. Notice that So = Py = Fo = K4 4. K4, which is one of
the excluded minors for fo(G) < 2. Next, we define our final family of graphs. The graph N
is the graph with V(Ng) = {wvo, ..., vt} U{wo,...,wi} and

E(Ng) = {vi—1vi, viw;, vi—qw;i, wi—w; | i € [k]} U {vowo, wovg }.

For each k € N, we let Z/lfo = {Sk, P, Fr, Nt }. We say that a graph G contains a Z/lclfo minor
if it contains Sg, Fi, Px or Ni as a minor. Our main theorem shows that if f,(G) is large,
then G necessarily contains a % minor.

Theorem 1. There exists a computable function g1 : N — R such that for every k € N, every
graph G with f+(G) > g1(k) contains a U%, minor. Moreover, every graph G that contains a
UL minor has foo (G) > k.

Let S = Up{Sk}, F = Up{Fr}, P = Up{Px}, and N = |, {Ny}. For a class of graphs C
and p € [1,00], we let f,(C) = max{f,(G) | G € C}, if this number is finite, and f,(C) = oo,
otherwise. As an immediate corollary, our main theorem gives an exact characterization of all
minor-closed classes C with f»(C) = oc.

Corollary 2. For all minor-closed classes of graphs C, fs(C) = oo if and only if S C C or
FCCorPCCorNCC.

The rest of the paper is organized as follows. In Section 2, we establish that grids are un-
avoidable minors for large />-dimension. In Section 3, we give a more combinatorial definition
of {s-dimension. In Section 4, we establish some lemmas on /,,-dimension to be used later.

We establish the second part of our main result, Theorem 1, in Section 5, by constructing
on each graph G € U~ a distance function d that allows us to show foo(G,d) > k in a simple,
combinatorial way.

In order to prove the first part of Theorem 1, we consider a graph G without a 4% minor
and set out to prove that we can upper bound fo(G) by some integer g (k).

It is straightforward to show that the f.-dimension of a graph is the maximum /.-
dimension of one of its blocks (see Lemma 12). Therefore, we may assume that G is 2-
connected. In Section 6, we prove that we can essentially assume that G is 3-connected. This
part relies on SPQR trees.

The 3-connected case is the part of the proof requiring most of the work. The proof
techniques here are mostly graph-theoretic, and may be of independent interest. This is done
in Section 7 and Section 8.
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2. THE EUCLIDEAN CASE

The goal of this section is to establish that grids are a collection of unavoidable minors for
large Fuclidean dimension, which is the analogue of Theorem 1 for ¢3-dimension.

Let r € N. Recall that the square grid graph O, is the graph with vertex set [r]| x [r], where
(i,7) is adjacent to (¢',7') if and only if |i — | + |j — j'| = 1. The triangular grid graph A,
has vertex set V(A,) = {v;; | i,j € [r], i < j} and edge set E(A,) = {vi jvks | vij, Ve €
V(Ar)a (Z - k7] - E) € {:l:(la 0)7 :|:(0, 1)7 :l:(1> 1)}}

Let G and H be graphs such that H is a minor of G. Then G contains an H-model, that
is, a collection {X, | v € V(H)} of disjoint subsets X, C V(G) each inducing a connected
subgraph of G such that for every edge vw € E(H) there is an edge of G with one end in X,
and the other in X,,. The sets X, are called the verter images. The following is the main
result of this section.

Theorem 3. There exists a function gs(k) = O(k® polylog(k)) such that every graph G with
f2(G) > g3(k) contains a Agyo minor. Moreover, every graph G that contains a Ngyo minor
has f2(G) > k.

In order to prove the first part of Theorem 3, we use the by now standard notion of treewidth
(see [10] for the definition). We let tw(G) denote the treewidth of a graph G. As observed
by Belk and Connelly [4], f2(G) < tw(G) holds for all graphs G. Thus if fa(G) > ¢, then
tw(G) > c.

By the grid theorem [18], there is a function (k) such that every graph G with tw(G) > (k)
contains Oy as a minor. In fact, one can take v(k) = O(k” polylog(k)) by very recent results
[7] (see [6] for the original polynomial grid theorem). Furthermore, it is easy to check that
Ook42 has a Apyo minor, for all £ € N. Figure 3 illustrates this for & = 4. Therefore, in
Theorem 3, we may take g3(k) = v(2k + 2). This proves the first part of the theorem. Notice
that for all r € N, A, has O,, as a subgraph, where m = L%J Thus, excluding triangular
grids is equivalent to excluding rectangular grids within a factor of 2.

FIGURE 3. On the left is Ag. On the right is a Ag-model in Oj9. Vertex
images are displayed in red, and edges between the vertex images in black or
blue.

We now prove the second part of Theorem 3, see Lemma 4 below. We remark that Eisenberg-
Nagy, Laurent and Varvitsiotis [11] prove a similar result for a related invariant called extreme
Gram dimension. This is a variant of the Gram dimension of a graph, that is studied and
compared to the Euclidean dimension in Laurent and Varvitsiotis [16]. The idea of considering
a triangular grid instead of a rectangular one comes from [11], and our induction-based proof
is inspired by their proof. However, to our knowledge, the results of [16] and [11] do not imply
our next lemma.

Lemma 4. For allr € N, fo(A,) >r —1.



UNAVOIDABLE MINORS FOR GRAPHS WITH LARGE ¢,-DIMENSION 5

Proof. Let ey, ..., e, be the r standard basis vectors in R". We recursively define an embedding
¢ : V(A,«) — R" by (ﬁ(ULj) =€j for all j € [’I”] and ¢(’U,"j) = %¢(vi_1’j_1) + %(b(vi_l,j) for all
2 < i < j. We define an fs-realizable distance function d : E(A,) — R, from the embedding
¢, by letting d(vv') = ||¢p(v) — ¢(v')]|2 for each vv' € E(A,).

Now consider an arbitrary isometric embedding ¢ of (A,,d) in some Euclidean space E.
By our choice of the distance function, ¢ (v; ;) is the midpoint of ¢ (v;—1;—1) and ¥ (v;—1 ;) for
every i > 2. Hence, the whole embedding 1) is entirely determined by the r points ¢; = ¥ (v1;),
and lies in the affine hull of ¢y, ..., ¢.. By applying an appropriate isometry, we may assume
that E = {z € R" | Y, 2; = 1}. We claim that ||¢; — gj|]2 = V2 for all distinct i,j € [r].
Hence, these r points are the vertices of a regular simplex, which implies fo(G,d) > r — 1.

The proof is by induction on r. Since the statement is clear for r = 2, we may assume
that » > 3. Observe that the induced subgraphs A, — {v;, | i € [r]} and A, —{v;; | i € [r]}
are both isomorphic to A,_1. By the inductive hypothesis, this implies that qi, ..., ¢,—1 are
equidistant, and g, ..., ¢, are equidistant. Thus, it remains to show ||q1 — ¢,||2 = V2.

Since [|g; — gjl|2 = V2 for all distinct i,j € [r — 1], by applying an appropriate isometry we
may assume that g = ey, for all k € [r — 1].

Let z1,...,x, € R denote the coordinates of ¢. in R". The following constraints hold:
S oai=1, (1)
i
dai=142z V2<k<r—1. (2)

The first constraint is due to the fact that ¢, € E, and the second is equivalent to ||¢)(v1,) —
V(w1 p)l3 = ||¢(v1,) — d(v1x)|]3 (for 2 < k < r — 1), which holds by induction. Notice that
xg =x3 = -+ = x,_1 follows from (2). Since v,_1,_10,—1, is an edge of A,

[¥(vr—1,,-1) — T/J(Urfl,r)H% = ||p(vr—1,-1) — ¢(Ur—1,r)||§- (3)

Since ¢ (v1,j) = ¢(v1) for all j € [r — 1], Y (vi;) = ¢(vi;) for all i < j < r — 1. Hence, we
can rewrite the left-hand side of (3) as

1Y (vr—1,,-1) — ¢(U7»71’7~)||% = [|p(vr—1,,-1) — Qb(vrfl,r)”%
= [|(¢(vr-1,-1) = @(vr-1,)) — (Y(vr—1,) — ¢(UT—LT))H§

Thus, (3) holds if and only if
[ (vr—1,) — ¢(UT—1,T)H§ = 2(d(vr—1r) — D(Vr—14), Y(Vr—14) — P(Vr—14)) - (4)

By induction, we see that, for all i € [r — 1],

Yir) = 8(0ir) = 57 (W010) = 9(010) = 5 e —e0)

Using this, we can rewrite the left-hand side of (4):

1 2
l(er-1) = 8(er 1)1 = (s ) llar = 2

1
= gar=z (llarll3 + llell3 — 2 (gr €r)

1
= 22T_4(1—2m2+1—2$7«).

Notice that, since zo =23 =... = 2,_1,

qr — er = 21 + (21 — x2)e1 + (v, — x2 — 1)ey,
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where 1 is the all-ones vector. Also, an easy induction on i shows that

(p(vii),e1) = % = (d(vir), er)

2
and thus

(D(vii) — P(viy), e1) = 21.—1_1, and

1
(P(vii) — P(vir), er) = =
Now, we can rewrite the right-hand side of (4) as
1
F <¢(v7”—1,7’) - ¢(U7’—1,7’)7 qr — er)
1
=53 (p(vr—1r) = d(Vr—1s), 121 + (1 — T2)e1 + (T — 2 — 1)ey)

1 1 1
:27«—3 0+ﬁ($1_f’32)—2r_2($r—962—1) .

Hence, (4) can be rewritten

1 1 1 1
W(l—ng—&—l—er):ﬁ p(l’l-ﬂ?Q)—p($r—l’2—l) < Tro9 = —XT71 .

Now,

lar—all3 = llgr—exl3 =D af+1—-221 = (1—-229)+1— 211 = (14 221) +1-221 =2. O

2

It is easy to check that tw(A,) < r —1 for all » > 3. Thus, Lemma 4 implies that
fa(Ay) = r —1 for all r > 3. Moreover, since every planar graph is a minor of a sufficiently
large triangular grid, Theorem 3 immediately yields the following corollary.

Corollary 5. For all minor-closed classes of graphs C, f2(C) = oo if and only if C contains
all planar graphs.

3. ALTERNATIVE VIEW OF {,,-DIMENSION

In this section, we provide a more combinatorial definition of /,.-dimension. The equivalence
follows by considering potentials on a weighted auxilliary digraph.

Let D be a digraph with edge weights [ : A(D) — R. A potential on (D,l) is a function
p: V(D) — R such that p(w) — p(v) < (v, w) for all arcs (v, w) € A(D).

Now consider a metric graph (G, d). Let (D,[) be the (edge)-weighted digraph obtained from
(G, d) by bidirecting all edges and setting (v, w) = [(w,v) = d(vw) for all edges vw € E(G).
Note that p : V(D) — R is a potential on (D,!) if and only if |p(w) — p(v)| < d(vw) for all
edges vw € E(G).

For convenience, we let D(G) and I(d) denote the digraph and edge weights defined above,
respectively. Thus the weighted digraph (D,l) we are considering can also be denoted
(D(G),1(d)) when more precision is required.

Recall that distances in ¢%, are given by duo(x,y) = max;e(y [T — yi|. Hence doo(z,y) = 6 if
and only if |z; —y;| < d for all ¢ € [k] and there exists some index j € [k] for which |z; —y;| = 6.
Therefore, (G,d) has an isometric embedding ¢ in ¢ if and only if there exist k& potentials
pi : V(G) — R on (D,!) such that for each edge vw there is at least one index j € [k] with
Ipj(w) — pj(v)| = d(vw). This can be seen by taking p;(v) to be the i-th coordinate of ¢(v),
for all i € [k] and v € V(G).
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We say that a set of arcs F' C A(D) is a flat set of (G, d) if there exists a potential p : V' — R
on (D,1) such that p(w) — p(v) = —d(vw) <= p(v) — p(w) = d(vw) for all arcs (v,w) € F.
Given a set F' C A(D), consider the modified edge weights [ : A(D) — R such that

(0, w) = dlvw)  if (v,w) ¢ F
5 —d(vw) if (v,w) € F.

When necessary, we denote these edge weights by {r(d). Then F' C A(D) is a flat set of (G, d)
if and only if (D,lr) = (D(G),lr(d)) admits a potential. By the well-known characterization
of the existence of potentials, this is equivalent to the non-existence of a negative weight
directed cycle in (D,lr). That is, FF C A(D) is a flat set if and only if (D,lr) does not
contain a negative directed cycle. In proofs, we will often use the notation (G, d; F') to denote
(D(G),lr(d)). Notice that F is a flat set if and only if F' = {(w,v) | (v,w) € F} is a flat set.

We say that a flat set ' C A(D) covers an edge vw € E(G) if F contains (v, w) or (w,v).
A flat covering of (G,d) is a collection F = {F1,..., Fi} of flat sets such that every edge
vw € E(G) is covered by at least one F;. Then, (G,d) has an isometric embedding into ¢£,
if and only if (G, d) has a flat covering of size at most k. To construct an embedding given a
flat covering, we pick a potential p; on (G, d; F;) for each flat set Fj, and use these potentials
to define the embedding coordinatewise. That is, each potential p; associated to F; gives us
the i-th coordinate of the vertices in the embedding. Notice that the potentials respect the
maximum differences given by the distance function d. Furthermore, because each edge is
covered by some potential, the vertices of this edge are at exact distance in the corresponding
coordinate. Hence we get an embedding of (G, d). For the other direction, it is sufficient to
realize that each coordinate of an embedding defines a potential. Furthermore, for each edge
at least one of the potentials defined by the coordinates is such that the distance between
the vertices is attained with equality, that is the edge is covered by this potential. Thus, the
coordinates define a flat covering of size k.

In our terminology, the ¢,-dimension f.,(G) is the least integer k such that for each distance
function d, the metric graph (G, d) has a flat covering of size at most k.

4. METRIC TOOLS

In this section, we present several general results related to distance functions and flat
coverings.

Given a vertex v of a graph G, we let N(v) = {w € V(G) | vw € E(G)} denote the
neighborhood of v in G.

Lemma 6. Let (G,d) be a metric graph and let v € V(G). The set F = {(v,w) | w € N(v)}
is a flat set of (G,d).

Proof. Let C be an arbitrary directed cycle in (G, d; F'). The cycle C' uses at most one arc of
F. Thus at most one arc of C has negative weight in (G,d; F'), and all other arcs of C' have
non-negative weight. Since d is a distance function, it follows that C' has non-negative weight
in (G,d; F). Thus, F is a flat set of (G, d), as required. O

A wertex cover of a graph G is a set of vertices X C V(G) such that every edge of G is
incident with some vertex in X. The verter cover number of G, denoted 7(G), is the size of
a smallest vertex cover of G. By Lemma 6, fo(G) is at most the vertex cover number of G.

Lemma 7 ([13], Lemma 9). For every graph G, foo(G) < 7(QG).

Clearly, if d is a distance function on G, and H is a subgraph of GG, then the restriction
of d to E(H) is a distance function on H. We denote it by d|g. Conversely, sometimes we
can define a distance function on a graph from distance functions on certain subgraphs, see
Lemma 8 below.



8 S. FIORINI, T. HUYNH, G. JORET, AND C. MULLER

A k-sum is a graph GG obtained by gluing two graphs G; and G5 along a common clique
K of size k and then possibly deleting some edges of K. We use the following notation for
1-sums and 2-sums. We write G = G +, G2 if G = G1 UG with V(G1) NV (G2) = {v}. Now
let e = vw be an edge. We write G = G @ G2 if G = G1 UGy with V(G1) NV (G2) = {v, w}
and e € E(G1) N E(G2). Also, we denote by G1 +. G2 the graph G ®. G2 minus the edge e.

Lemma 8. Let G = G1®¢Ga. Fori € [2], let d; be a distance function on G;. Ifdi(f) = da(f),
then the function d : E(G) — Rx>q defined by d(e) = di(e) if e € E(G;) is a distance function
on G.

Proof. Let vw be any edge of G. Without loss of generality, we may suppose vw € E(G1).
Let P be a v—w path in G. If P is contained in G; then d(P) = di(P) > di(vw) = d(vw).
Otherwise, P uses both ends of f and we may decompose P into a path P; from v to an
end of f with E(P,) C E(G1), a path P» between the two ends of f with E(P) C E(G2)
and a path P from the other end of f to w with E(P{) C E(G1). Then we get d(P) =
d(P1)+d(Py)+d(P]) > d(P1) +d(f)+d(P]) > d(vw), where the first inequality uses that da
is a distance function, and the second inequality uses that d; is a distance function. O

Similarly, every subset of a flat set is flat, and if F' is a flat set of (G,d), then F' is also a
flat set of (H,d|p), for all subgraphs H of G with F C A(D(H)). The following lemma gives
conditions under which a flat set of a subgraph is a flat set of the entire graph.

Lemma 9. Let G be a graph obtained by gluing two graphs G1 and Ga along a common clique
K. Let d be a distance function on G and d; = d|g, its restriction to G;, where i € [2]. If F
is a flat set of (Gj,d;) for some j € [2], then F is also a flat set of (G,d). Conversely, if F
is a flat set of (G,d) then F; = F N A(D(G;)) is a flat set of (G;,d;) for all i € [2].

Proof. For the first part, it suffices to show that (G, d; F') does not contain a negative weight
directed cycle. Let C be a minimum weight directed cycle in (G, d; F') such that V(C) is
inclusion-wise minimal. We may assume that C' contains some arc of F', since otherwise C' is
disjoint from F' and has non-negative weight. Thus C intersects A(D(G})).

We claim that C' must be fully contained in D(G;). Otherwise, C' contains a directed path
P from v to w, where v, w € K, that is internally disjoint from D(G;). By replacing P with
the arc (v, w) we obtain a new directed cycle C" in (G,d; F)) whose weight is at most that of
C' and such that V(C") C V(C), a contradiction.

Since C is contained in D(G;) and F is a flat set of (G, d;), C has non-negative weight in
(Gj,d;; F) and thus in (G, d; F').

For the second part, notice that F; is a flat set of (G, d) because F; C F and F is a flat set
of (G, d). Since G; is a subgraph of G, F; is also clearly a flat set of (G, d;). O

Lemma 10. Let F be a flat set of a metric graph (G,d) and u and v be vertices of G. Let P
be a directed path from u to v and let Py be a directed path from v to u. Then at least one of
Py and P has non-negative weight in (G, d; F').

Proof. Consider the directed closed walk obtained by concatenating P; and P,. This directed
closed walk decomposes into directed cycles. If P, and P» both have negative weight in
(G,d; F'), then at least one of these directed cycles has negative weight in (G, d; F'). But this
contradicts the fact that F' is a flat set. O

In [13], the following result is proved.
Lemma 11 ([13]). For every graph G with f5(G) > 2 and every edge e € E(G),
fOO(G) = fOO(G +e K3) = foo(G De K3)-

Hence, deleting a degree-2 vertex v and adding a new edge between the neighbors of v (if
there was none) does not change fo(G), provided the resulting graph is not a forest. We
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will refer to this operation as suppressing a degree-2 vertex. It follows that for all k > 2, the
excluded minors for fo(G) < k have minimum degree at least 3.
We will use the following bounds on f(G) when G is a k-sum.

Lemma 12. For all graphs G1 and Gy (for which the k-sums below ezist),

foo(G1 4o G2) = max{foo(G1), foc (G2)} (5)
and
foo(Gl +ow GQ) < foo(Gl Dow GQ) < foo(Gl) + foo(GQ) - 1. (6)
Moreover,
foo(G) Sfoo(Gl)"’_foo(GQ) (7)

whenever G is a k-sum of G1 and Gs.

Proof. Observe that (7) follows from Lemma 9. Next, we prove (5). Let k£ =
max{ foo(G1), foo(G2)}. Since fo is minor-monotone, it is clear that foo(G1 +, G2) is at
least k. The next paragraph proves that it is at most k.

Let d be a distance function on Gy +, G2. For i € [2], let d; = d|g,. Then d; is a distance
function on G;. For i € [2], let ¢; be any isometric embedding of (G;,d;) into % . After
translating one of the embeddings if necessary, we may assume that ¢1(v) = ¢a(v). It is easy
to see that the function ¢ : V(G1 4+, Ga) — R¥ obtained by setting ¢(w) = ¢;(w) if w € V(G;)
for i € [2] is an isometric embedding of (G +, G2,d) into ¢~_.

Finally, we prove (6). The first inequality in (6) is trivial since G1 +4w G2 is a minor of
G1 @y G2. To prove the second inequality, consider a distance function d on G. For i € [2],
let d; = d|q, be the corresponding distance function of G;.

Let F; be a minimum size flat covering of (G;,d;). By Lemma 9, each set in F; U F3 is flat
in (G,d). For i € [2], let F; be a flat set in F; covering vw. By reversing arcs if necessary,
we may assume both F; and F» contain (v,w). We may also assume that neither Fy nor F
contains (w,v), since otherwise we get d(vw) = 0. In this case, we can contract the edge vw
and use (5).

We claim that Fy U Fy is a flat set of (G,d). Let C be an arbitrary directed cycle in
(G,d; F1UFy). For i € [2], let C; be the directed cycle obtained by restricting C' to D(G;) and
possibly adding (v, w) or (w,v) (possibly C; = 0). Let | = lpur,(d) be the edge weights on
(G,d; F1UF,) and l; = lF,(d;) be the edge weights on (G}, d;; F;). Notice that {(v,w) = —d(vw)
and l(w,v) = d(vw). Then I[(C) = I(Cy) + 1(C2) = 11(Cy) + 12(C2) > 0+ 0 = 0 since ; is the
restriction of [ to A(D(G;)) and F; is flat in (G;,d;). Thus, C' has non-negative weight and
Fy U Fy is a flat set of (G, d), as claimed.

Now F = {F1 U Fy} U (F1UF) \{F1, Fa} is a flat covering of (G, d) of size at most |F1| +
[F2| =1 < foo(G1) + foo(G2) — 1. O

Let (G,d) be a metric graph. We say that two edges e and f of G are incompatible, if
there is no flat set of (G, d) that covers both of them. Note that two such edges are necessarily
independent, by Lemma 6. A simple but crucial observation is that if (G, d) contains k pairwise
incompatible edges, then foo(G) > k. The following lemma provides sufficient conditions under
which two edges are incompatible.

Lemma 13. Let (G,d) be a metric graph and let vive, wiws be two independent edges of G. If
for alli, j € [2], there exist paths P; j between v; and w; such that d(P1 1) +d(Ps2) < d(viva)+
d(wiwsz) and d(Py2) + d(Pa;) < d(vive) + d(wiws), then vivy and wiwe are incompatible.

Proof. Suppose F' is a flat set covering vive and wiwsy. Suppose first (vy,v2), (w1, ws) € F.
Consider the closed directed walk W that starts at vi, takes (v, v2), follows P 1 to wi,
takes (w1, wz) and then follows P; o back to v1. The weight of W in (G,d; F) is at most
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d(P12) +d(Ps,1) — d(vive) — d(wiwz) < 0. Thus, W contains a negative weight directed cycle,
which contradicts that F' is flat.

By symmetry the remaining case is (vi, v2), (w2, w1) € F. Again it is easy to find a negative
weight directed walk W in (G, d; F') using the fact that d(Py 1) + d(Pa2) < d(viv2) 4+ d(wiws).
Hence, F' cannot simultaneously cover the edges viv2 and wyws, as claimed. O

Finally, we also need the fact that foo(K4) = 2.
Lemma 14 (23], 4.2). foo(K4) = 2.

In order to illustrate the concepts introduced in the last two sections, we briefly describe
a polynomial reduction from computing the chromatic number of a graph H to computing
foo(G,d) given a metric graph (G, d). This proves that the latter problem is NP-hard. We
remark that there is a different reduction using the PARTITION problem which shows that the
problem of deciding if foo(G,d) < 1 given a metric graph (G, d) is NP-complete (see [20]).

Let H be a graph. We construct a metric graph (G, d) by replacing each vertex v € V(H)
by two adjacent vertices vi,vo € V(G), and each edge vw € E(H) by a Ky in G with edge
set {v;w; | i € [2], j € [2]}. The distance function d is defined by d(vive) =2 for all v € V(H)
and d(v;w;) =1 for all vw € E(H), i € [2] and j € [2]. We claim that foo (G, d) = x(H).

To see that foo(G,d) > x(H), notice that edges vivy and wywy are incompatible whenever
vw € E(H). Thus every size-k flat covering of (G, d) gives a k-coloring of H.

Finally, foo(G,d) < x(H), since for every stable set S in G, {(vi,v2) | v € S} U {(us,v1) |
i€2], we EH), ve StU{(vn,w;)|jel2, vwe E(H), veS}isa flat set of (G,d).
Hence, every k-coloring of H gives a size-k flat covering of (G, d).

5. CERTIFICATES OF LARGE {,,-DIMENSION

In this section, we show that if H € U~ = {Si, Py, Fx,Ni}, then foo(H) > k. Tt follows
that if a graph G contains a 4% minor, then f.(G) > k. Therefore, the existence of one
of these four minors is a certificate that foo(G) > k. Conversely, our main theorem shows
that if foo(G) > g1(k), then G necessarily contains one of these four minors. We also prove
that Sg, Pg, and Fjy are excluded minors for the property foo(G) < k, that is, all their proper
minors have ¢..-dimension at most k.

We begin by proving that for each H € {Sg,Pg,Fi}, foo(H) = k + 1. We first prove the
upper bound.

Lemma 15. For all k € N and all H € {Si, P, Fr}, foo(H) < k+1.

Proof. We proceed by induction on k. The base case follows by Lemma 14, since S; = P; =
F1 = K4. Next note that S, = Sg_1 +¢ K4, P = Pr_1 +¢ K4, and F, = Fi_1 +. K4. Therefore,
we are done by induction and Lemmas 12 and 14. O

Theorem 16. For all k € N, foo(Sk) =k + 1.

Proof. By Lemma 15, it suffices to show f.(Sk) > k + 1. Since S; = K4, by Lemma 14, we
may assume k > 2. We now give a distance function d on Sg, which is illustrated in Figure 4,
such that there are k + 1 incompatible edges in (Sg, d).

Let V(Sg) = {v,w} U {v1,w1,...,vx, wr} where v, w,v;, w; are the vertices of the ith copy
of K4. We define d as follows:
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d(vvy) = d(wwy) = 4k,

d(vv;) = d(ww;) =2(k+1i—1) forallie k], i1 #1,

d(wv;) =d(vw;) =k+i—1 for all i € [K],
d(viw;) =3(k+1—1) for all i € [k].

3(k+i—1)

Y 6k—3 Yk

Wy

2k+i—1)  4k—2 4k — 2

v 3k w

FIGURE 4. (Sg,d) as in the proof of Theorem 16. The red edges are pairwise
incompatible. Vertices with the same label are identified.

First, we show that d is a distance function. For this, let (G,d’) be obtained from (S, d)
by adding the edge vw of length d'(vw) = 3k. Observe that

G:K4 Bow K4 Dow * - DPow K47

where K4 appears k times in the righthand side. It is easy to see that the restriction of d’
to each K4 subgraph of G is a distance function. Therefore, by Lemma 8, d’ is a distance
function on G. Since d is a restriction of d’ to S, it follows that d is a distance function on Sy.

We now show that the k+1 edges vvy, wwy, vows, v3ws, . . ., VW are pairwise incompatible.
For this, we make repeated use of Lemma 13.

First, consider vv; and ww;. Observe that d(vvy) + d(ww;) = 8k. However, d(vw;) +
d(wvr) = 2k < 8k and d(viw) + d(vvew) = 6k + 3 < 8k, since k > 2. By Lemma 13, vv; and
ww; are incompatible.

Next, consider vv and v;w; with ¢ € {2,...,k}. Observe that d(vvy)+d(viw;) = Thk+3i—3.
However, d(vv;) + d(w;wvy) = 5k +2i —2 < Tk + 3i — 3 and d(vw;) + d(viwvy) = 3k +2i —2 <
7k + 3¢ — 3. Hence, by Lemma 13, vv; and v;w; are incompatible.

By symmetry, ww; and v;w; are also incompatible for each i € {2,...,k}.

Finally, consider v;w; and vjw; for 2 < i < j < k. Observe that d(vyw;) + d(vjw;) =
6k + 3i + 3j — 6. However, d(viwv;) + d(wjvw;) = 4k 4+ 2i +2j — 4 < 6k + 3i 4+ 35 — 6, and
d(vivw;) + d(wswv;) = 6k + 43+ 2j — 6 < 6k + 31 + 3j — 6 since i < j. Hence, by Lemma 13,
v;w; and vjw; are incompatible, which completes the proof. O

Theorem 17. For all k € N, foo(Pr) =k + 1.

Proof. Again, f(Pr) < k + 1 follows from Lemma 15. We label the vertices of the
topmost path of Pp as wvg,v1,...,v;r and the vertices of the bottommost path of Pj as
wo, W1, ..., wg. Thus V(Pg) = {vo,v1, ..., v} U{we, w1, ..., wi} and E(Py) = {vowo, vpwy } U
{vi—1vi, vi—1w;, wi—1v;, wi—w; | © € [k]}. For the lower bound, consider the following distance
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function d, which is illustrated in Figure 5 (we take i € [k]):

d(vo’wo) = d(vkwk) = Qk,

FiGUrE 5. The top half of the figure depicts the distance function on Py used
in the proof of Theorem 17. The thick double crosses with a circle are each to
be replaced with the metric graph shown in the bottom half of the figure.

Let (G, d') be obtained from (Py, d) by adding edges v;w; with d’ (v;w;) = 2* for all i € [k—1].
Notice that for all 4, the length of a shortest path between v; and w; in (Pg, d) is 2¥. Therefore,
(Pk,d) is a metric graph if and only if (G, d’) is a metric graph. Observe that the restriction of
d' to every K4 subgraph of G is a distance function. Therefore, (G, d’) and hence also (P, d)
is a metric graph by Lemma 8.

Consider the matching M = {v;_1v;, w;—1w; | i = 1 (mod 2)}. If k is even, then we also
add the edge vgwy to M. Thus |M| = k + 1 always. We claim that the edges of M are
pairwise incompatible. To see this, let e = xz’ and f = yy’ be distinct edges of M. Let P be
a shortest x—y path, and P’ be a shortest 2’y path. We claim that d(P) +d(P’) < 2-2F (see
next paragraph for a proof). However, d(e) + d(f) > 2 - 2¥ because e, f € M. Therefore, by
Lemma 13, e and f are incompatible. Since |M| =k + 1, foo(Pr) > k + 1, as required.

To prove the claim, we split the discussion into two cases. A segment in Py is any subgraph
induced by {v;,w; | i = 4g+r, r € {0,1,2,3}, i < k} for some q. If e and f belong to
the same segment, then it is easy to see that d(P) + d(P') < 2-2F. (Notice that sometimes
d(P) = 2% +1 and d(P') = 2¥ — 1.) Now if a and b are any two vertices in distinct segments
(indexed by ¢ and s, with ¢ < s), then there is a a—b path @ such that

dQ)ST+1+1+422 414141+ 422 4141 +14+ (2" —2%) +1+1+1

2s
S (38+3) _‘_23_’_25_’_'.'_’_228—1_228+1+2k§Z2i_228+1+2k§2k2'
~— i=0
<1+2+4+422 -
It follows that d(P) + d(P’) < 2-2F in this case too. O

Theorem 18. For all k € N, foo(Fr) =k + 1.
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Proof. For all i € [k], we label the vertices of the ith copy of K4 in Fy as v, v2i—1,v2;, v2i+1.
Remember that in order to obtain F; we form the 2-sum of these k copies of K4 and delete
every edge that is in two consecutive copies. Thus V(F) = {v; | j € {0,...,2k + 1}} and
E(Fr) = {vovt, vovak+1} U {vovai, v2i—1v2;, U2i—1V2i41, V202541 }-

By Lemma 15, it suffices to show fo(Fr) > k+ 1. Consider the following distance function
d on Fk:

d(vov1) =1,
d(vovg;) =1 for i € [K],
d(vai—1v2i41) = 1 for i € [K],
d(vaiv2it1) =i for i € [k],
d(vaiv2i-1) =i+ 1 for i € [k],
d(vovop41) = k+1

As before, by Lemma 8, we can prove that d is a distance function. Notice that vy is at
distance i + 1 from wv9;41 for each i € [k — 1].

Consider the matching M = {vgvog4+1} U {v2iv2i—1 | @ € [k]} in (Fg,d). See Figure 6 for
an illustration of the distance function d and the matching M in F5. We let the reader
verify, with the help of Lemma 13, that all edges of M are pairwise incompatible. Since
|M| =k +1, fo(Fr) > k+ 1 as required. O

FIGURE 6. (Fg,d) as in the proof of Theorem 18 and (Fs,d). The red edges
are pairwise incompatible.

Theorem 19. For all k > 2, S, P, Fix are excluded minors for the property foo(G) < k.

Proof. Let H be one of Sg, Py, Fr. By Theorems 16, 17, and 18, we know foo(H) > k.

When deleting or contracting an edge in H, we get a minor H' which can be expressed as
a 2-sum of two graphs Hi, Hy with the following properties. First, Hy € {Sy, Py, F¢} for some
¢ < k (and H; is of the same type as H). Second, Hy has a degree-2 vertex and recursively
suppressing the degree-2 vertices from Hp results in a graph H) such that H) € {S,,, P, Fin}
for some m < k — 1 —1 (again H) is of the same type as H), or H) is a single edge (this
corresponds to the case m = 0).
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By Lemma 12 and Lemma 15,

Foo(H') < foo(H1) + foo(H2) =1 = foo(H1) + foo(Hz) =1L < I+ 1) + (m+1) =1 < k.
Thus, H is an excluded minor for fo(G) < k. O
Theorem 20. For all k € N, foo(Ng) > k+ 1.

FIGURE 7. (Ng,d) as in the proof of Theorem 20.

Proof. Let V(Ng) = {vo,...,vx} U{wo,...,wr} and
E(Ny) = {vi—1v, viw;, vi—1ws, wi—1w; | 1 € [k]} U {vowo, wovy }.

Consider the distance function d such that d(wovg) = d(vi—1v;) = d(wi—1w;) = 1,
d(viyw;) = k for all i € [k] and d(vyw;) = k+ 1 for all i = 0,...,k. It is easy to check
that d is indeed a distance function. Let M = {vyw; | ¢ = 0,...,k}. See Figure 7 for an
illustration of (Ng,d) and M, where vy - - - v and wy - - - wy are the topmost and bottommost
paths, respectively.

We claim that the edges in M are pairwise incompatible. To see this, first observe that the
shortest v;—v; and w;—w; paths both have weight |j —i| < k since all edges in these paths have
weight 1, hence the cumulative weight of these paths is at most 2k. If ¢ > j, then

d(viviﬂ s VEWoWT -t -’U}j) + d(vjvj+1 .- -vi_lwi) = (k —i+7+ 1) + (Z —7—1+ k) = 2k.

This shows that there exist a v;—w; path and a v;—w; path of cumulative weight 2k. Since
d(viw;) +d(vjw;) = 2k + 2, the conditions of Lemma 13 are satisfied and we get that v;w; and
vjw; are incompatible for all i # j. Hence, foo(Ng) > k+ 1. O

Since N is 3-connected, it is difficult to adapt the proof of Theorem 19 to show that Ny is
also an excluded minor for the property foo(G) < k. However, we conjecture that this is true.

6. 2-CONNECTED GRAPHS

In this section, we show that it is enough to prove our main theorem, Theorem 1, for 3-
connected graphs. To do so, we introduce a variant of SPQR trees in Section 6.1. In section 6.2,
we show that in a graph G; +. G2 obtained as a 2-sum of two graphs G; and G2, we can
merge flat sets from G; and G2 under some conditions. In Section 6.3, we present several
lemmas that show how to bound fo (H), where H is obtained by gluing several 2-connected
graphs on a given graph. At the end of this section, we also show how to complete the proof
of Theorem 1 under some additional assumptions.

6.1. Contracted SPQR trees. In this context we need to consider multigraphs that are
minors of a simple 2-connected graph, that is, parallel edges resulting from edge contractions
are kept. (Loops on the other hand are not important for our purposes and thus can safely
be discarded.) SPQR trees were introduced in [9] as a way to decompose a 2-connected graph
across its 2-separations. They are defined as follows.

Let G be a (simple) 2-connected graph. The SPQR tree Tz of G is a tree each of whose
node a € V(Tg) is associated with a multigraph H, which is a minor of G. Each vertex
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x € V(H,) is a vertex of G, that is, V(H,) C V(G). Each edge e € E(H,) is classified either
as a real or virtual edge. By the construction of an SPQR tree each edge e € E(G) appears in
exactly one minor H, as a real edge, and each edge e € H, which is classified real is an edge
of G. The SPQR tree Ty is defined recursively as follows.

(1) If G is 3-connected, then T consists of a single R-node a for which we have H, = G.
All edges of H, are real in this case.

(2) If G is a cycle, then T consists of a single S-node for which H, = G. Again, all edges
of H, are real in this case.

(3) Otherwise G has a cutset {x,y} such that the vertices  and y have degree at least 3.
In this case we construct T inductively. First we add a P-node a to T, for which H,,
is the graph consisting of the single edge xy. The edge xy of H, is real if zy is an edge
of GG, and virtual otherwise. Next we consider the connected components Cf1,...,C,
(r >2) of G—{xz,y}. Let G; be the graph G|V (C;) U{z,y}]| with the additional edge
zy if it is not already there. Since we include the edge zy, each G; is 2-connected
and we can construct the corresponding SPQR tree Tz, by induction. Let a; be the
(unique) node in Ty, for which zy is a real edge in H,,. In order to construct T¢, we
make xy a virtual edge in the node a;, and connect a; to a in Tg. Finally, we add
parallel virtual edges xy to H, so that it has exactly r virtual edges zy.

Notice that minors corresponding to S-nodes and R-nodes are simple graphs, whereas those
corresponding to P-nodes are multigraphs consisting of two vertices linked by at least two
virtual edges and possibly a real one. To each edge ab of the SPQR tree T corresponds
a unique virtual edge e € E(H,) N E(Hp) with ends z,y € V(G). Thus we can define a
corresponding multigraph H,;, which is the minor of G' obtained by taking the 2-sum of H,
and Hj in which the edge e is deleted. (To be precise, one virtual edge zy from each of H,
and Hy is deleted in the operation, other copies of xy, if any, are kept in the resulting graph.)
Similarly, we can define a unique minor of G for each subtree of T by performing one 2-sum
operation as described above for each edge of the subtree.

Let G be a 2-connected graph, and let Ty be the SPQR tree of G. We define the contracted
SPQR tree T, as the tree obtained from T by contracting every maximal connected subtree
of Ty each of whose nodes is either a S-node or a P-node, see Figure 8 for an example. We
call the new nodes resulting from the contraction O-nodes. Each node a of T, has a unique
corresponding minor H, of G. If a is an R-node, then we keep the same minor as in Tg.
Otherwise, a is an O-node and H, is the minor of G corresponding to the subtree of T that
was contracted to node a of TF,.

We quickly give some standard terminology before stating our first result of the section.
The length of a path in G is its number of edges. The diameter of a graph G is the maximum
length of a shortest path between any two vertices.

Lemma 21. Let G be a 2-connected graph with minimum degree at least 3.

(1) Every O-node in T{, corresponds to a 2-connected treewidth-2 graph.
(2) All leaves of T}, are R-nodes.
(3) If the diameter of T, is at least 6k, then G contains Py or Fi, as a minor.

Proof. (1) Let o be an O-node of T¢,. Its corresponding minor H, is obtained by 2-sums from
cycles corresponding to S-nodes, and parallel edges corresponding to P-nodes. Hence H, is
2-connected and has treewidth 2.

(2) Suppose for a contradiction that some leaf o of T¢, is an O-node. Since a P-node cannot
be a leaf in T, the subtree corresponding to o in Tz has at least one leaf s which is an S-node.
Because s is a leaf, H; contains exactly one virtual edge. Since Hj is a cycle of length at least
3, there is at least one degree-2 vertex in GG, a contradiction.
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FIGURE 8. An example of a 2-connected graph G, its SPQR tree Tz, and the
contracted SPQR tree T,.

(3) Let P =ag - - - am be a maximum length path in T/,. By maximality, P is a leaf-to-leaf
path in T}, a; is an R-node for even ¢ and an O-node for odd ¢, and m is even.

For i € [m — 1], we let x; and y; be the ends of the virtual edge in E(H,,) NE(H,,,,). Since
H,, is 2-connected, exchanging x; and y; if necessary we may assume that for each i € [m —1],
H,, contains an z;_;—z; path P; and a y;_1—y; path @); such that P; and @); are vertex-disjoint.

Let ¢ € [m — 1] with ¢ even. Let us emphasize that the vertices z;_1,%;, y;—1,y; are not
necessarily all distinct. We call a K4-model in H,, good if the intersections of the four vertex

images with these vertices fall in one of the following cases:

b {xi—l}v {$1}7 {%—1}7 {yz}7 or

. {a:i_l, xi}, {yi_l}, {yi}, 0 with z;_; # x;, or
[ {mz}, {yi_l}, {yi}, @ with Tij—1 = Iy, O

o {1}, {z:i}, {yi—1,4i}, 0 with y;—1 # y;, or
o {zi—1}, {zi}, {vi}, 0 with y;—1 = yi.

We claim that H,, has a good Kjy-model for each even i € [m — 1]. To see this, let
Ci = Pi+ Q; + xi—1yi—1 + ;y;. First suppose V(C;) = V(H,,). Since H,, is 3-connected,
there is an edge e € E(H,,) distinct from x;_1y;—1 and x;y; between V(F;) and V(Q;), and
another edge f such that C; U {e, f} is a subdivision of Ky. Then C; + e + f contains a
good Ky-model. Assume now that V(C;) C V(H,,). It follows that there is a component of
H,, — V(C;) that sends edges to three vertices of C; which are neither all in V(P;) nor all in
V(Q;); otherwise Hy, — {x;—1, i} or Hy, —{yi—1,v:} would be disconnected. Thus, H,, has a
good Kys-model whose vertex images are a single component of H,, — V' (C;) and three disjoint
connected subgraphs of Cj.

We say that a good K4-model in H,, is type-0 if x;_1, z;, yi—1, and y; are in distinct vertex
images, type-1 if x;_1 and z; are in the same vertex image, and type-2 if y;_1 and y; are in
the same vertex image. We pick a good K4-model in each even i € [m — 1]. Since m > 6k, at
least k of these good K4-models are of the same type, say type-t for some t € {0,1,2}.

We obtain the required minor of G as follows. First, for each even i € [m — 1] such that H,,
contains a type-t good Ky-model, we contract the vertex images of the Ky-model and delete
the vertices not belonging to any vertex image. Second, for each index i € [m — 1] not yet
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considered, we contract the edges in F(FP;) U E(Q;) and delete all other vertices of H,,. Note
that this second step has the effect of 2-summing the type-t good Ky-models. Therefore, we
obtain a Pj minor in G, if t = 0, and a F; minor in G in the other two cases. O

6.2. Extending flat sets in 2-connected graphs. We now develop some more tools to
handle 2-separations in graphs. Assume that G = G ®. G2 with ¢ = vw. The goal is to
improve the bounds for f.(G) given in Lemma 12. Recall that the proof of Lemma 12 relies
on the fact that it is possible to merge a flat set F} of (G1,d;) and a flat set Fy of (Ge,ds)
into one flat set Fy U F of (G, d) whenever (v,w) € Fy N Fb.

Here is another proof of this fact. Let (D,l), (D1,l1) and (D2,l2) denote the weighted
digraphs obtained by bidirecting (G, d), (G1,d1) and (G2, d2) respectively. For ¢ € [2], consider
a potential p; on (D;,l;) such that p;(z) — p;(y) = d(xy) for all (x,y) € F;. Since (v,w) €
Fi N Fy, we have p;(v) — p1(w) = p2(v) — pa(w) = d(vw). Hence, it is possible to shift
one of the potentials in order to satisfy p;(v) = pa(v) and p;(w) = p2(w). The potential
p1Ups: V(G) = R on (D,l) such that (p1 Ups)(u) = pi(u) if u € V(G;) for i € [2] witnesses
that F7 U F5 is a flat set.

Suppose now that the flat sets Fj, Fy of (G1,d1) and (Ga,ds) are such that (v,w) €
F but (v,w),(w,v) ¢ Fy. The previous idea does not work anymore since we could have
|p2(v) — p2(w)| < d(vw). Hence, we can no longer combine the potentials p; and py. However,
there possibly exists a potential pj for F} \{(v,w)} such that p(v) — p}(w) = p2(v) — pa(w).
In that case, p} Ups is a potential for (Fy U Fy) \{(v,w)} on (D,1). It follows that in this case
(F1 UFy) \{(v,w)} is a flat set.

We now introduce the notion of compressible edges, which are edges for which we can apply
the idea of the previous paragraph. In this context, it is helpful to switch from directed
notions to undirected notions. We call a set F' of edges of G flattenable (in (G, d)) if some
orientation of F' is a flat set in (G, d), that is, if there exists a potential p on (D, ) such that
Ip(v) — p(w)| = d(vw) for all vw € F. Let F C E(G) be flattenable in (G,d). An edge
subset I' C F is said to be compressible in F if for all A € [0,1]" there exists a potential p
on (D,l) such that |p(v) — p(w)| = A(vw) - d(vw) for all vw € T and |p(v) — p(w)| = d(vw)
for all vw € F\I'. We define a frame in (G,d) as a pair (I', F) where I' C F' C E(G), F is
flattenable in (G, d) and T" is compressible in F'.

Notice that subsets of flattenable sets are flattenable, and that fo(G) is the least integer k
such that for every distance function d the edges of the metric graph (G, d) can be partitioned
into k flattenable sets.

The next lemma follows directly from the formal definition of compressible edges.

Lemma 22. Let G = G1 @y G2, and let d be a distance function on G. Fori € 2], let d; be
the restriction of d to G; and let (T';, F;) be a frame in (G;,d;).

(i) If vw € (F1\I'1) N (F2\T'2) then (I't UT'9, F1 U Fy) is a frame in (G, d).

(ii) If vw € T'1 UTg then ((I'y UT2) \{vw}, (F1 U F2) \{vw}) is a frame in (G,d).

We will now use this lemma to improve some bounds given by Lemma 12. For simplicity,
we call gluing the 2-sum operation where the edge involved in the 2-sum is kept. Let H be a
graph obtained by gluing graphs G, ..., G, on distinct edges of a graph G. That is, there
are distinct edges ey, ..., e such that H = G @, G1--- @,, G- The bound obtained by
applying Lemma 12 is foo(H) < foo(G) + Xiepm) (foo(Gi) — 1). We provide better bounds in
the following cases. First, when G is a 2-connected outerplanar graph and all G; are glued on
edges of its outer cycle. Second, when G is a 2-connected treewidth-2 graph and H has no Sg
minor.

Lemma 23. Let G be a 2-connected outerplanar graph drawn in the plane with outer cycle
C. Let H be obtained from G by gluing graphs Gi,...,Gy, on distinct edges of C. Let
M = maX;c(p) foo(Gi). Then foo(H) < 3M.
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FIGURE 9. Illustration of the proof of Lemma 23: G is a 2-sum of G' = K4 —e¢
and K3. Each color defines a frame (T', F') in the corresponding graph. Edges
of F\T are straight and edges of I are wavy. The distance function is defined
by taking the corresponding Euclidean distance in the figure.

Proof. We will show that G satisfies the following property:

(x) For every distance function d on G, there exist three frames (I';, F}), j € [3],
in (G, d) such that each edge of G is in at least one flattenable set F;, and each
edge of its outer cycle C' is in exactly two flattenable sets F; and in exactly one
compressible set T';.

For i € [m], let {v;,w;} = V(G;) N V(G). Thus, v;w; is an edge of C. Without loss of
generality, we may assume that v;w; is an edge of H.

Now let d be some distance function on H. We will slightly abuse notation and let d also
denote the restriction of this distance function to G. For i € [m], let d; denote the restriction
of d to G;.

Assuming (), we can find three frames (I';, F}), j € [3], in (G, d) as above. For each i € [m],
let FY, ..., F}V[ be a partition of the edges of (G, d;) into flattenable set. By Lemma 22, for
every j € [3] and k € [M],

FyulJ Bl ) \foiws | i € 1}
i€l;
is a flattenable set in (H,d), where I; = {i € [m] | vyw; € I';}. These 3M flattenable sets
cover the edges of (H,d), which implies fo(G) < 3M.

To prove the lemma, it remains to show that the claimed frames (F},T';), j € [3] exist in
(G,d). We can assume that all inner faces of the drawing of G are triangular faces (if not,
add extra edges). We show the result by induction on the number of vertices.

The base case is given by G = K3. Let V(K3) = {v1,v2,v3}. Without loss of gen-
erality, we can assume d(vivy) < d(vivs) < d(vgvs). It is easy to show that (I'1, F1) =
({Uﬂ)g, 1)1113}, {7)11)2, 1)11}3}), (FQ, FQ) = ({Ugvg}, {Uzvl, Ugvg}), and (Fg, Fg) == (Q), {1)3111, Ugvg})
are frames in (G, d). For instance, one can use Lemma 6 to see that each F} is flattenable,
and a direct verification to see that each I'; is compressible in F;. Thus K3 satisfies (x).

Now for the inductive case, suppose that G has at least four vertices. Let v be a degree-2
vertex of G (which exists since G is outerplanar and 2-connected), and consider the graph
G’ = G —v. Let vy, vy be the two neighbors of v in G, with d(vvy) > d(vvy). Let C" be the
cycle obtained from the outer cycle C in G by shortcutting the path vivve to vive.
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By induction, (x) holds for G'. Let (I}, F}), j € [3] denote the corresponding frames.
Consider three frames (I'}, F}'), j € [3] for the triangle vvjvav, as described in the base case
of the induction.

By permuting the indices if necessary, we may assume that vivg is in (Fy \T)) N (FY\TY),
I'y and T'j. By Lemma 22, (I'y, Fy) = (I'y UTY, F{ U FY') and, for j € {2,3}, (I';,F}) =
(%5 UTY) \{vive}, (F} U FY) \{v1v2}) are all frames in (G, d). See Figure 9 for an illustration.
It is straightforward to check that these frames satisfy the required condition for G. O

6.3. Handling several 2-cutsets simultaneously. Before proceeding, we require the fol-
lowing easy lemma. Let K4 — e be the graph obtained from Ky by deleting an edge.

Lemma 24 ([13]). Let G be a 2-connected graph with distinct vertices w and v such that
degg(w) > 3 for all w € V(G)\{u,v}. Then G has a K4 — e minor where v and v are
contracted to the ends of e.

Let G be a graph together with a subset of E(G) called glued edges. We say that G has a
k-glumpkin minor if G contains k glued edges in parallel as a minor, that is, if there is a way of
choosing a connected subgraph H of G containing at least k glued edges, and of contracting all
but k edges of H in such a way that the resulting minor consists of k parallel glued edges. A
k-glumpkin minor is rooted at a glued edge r if it contains r. If H is obtained by gluing graphs
G1,...,Gy, on distinct edges of G, an edge e € E(G) is a glued edge if e € E(G) N E(G;)
for some i € [m]. The parameter we are really interested in is the largest Sy minor in H.
However, the next lemma relates Si minors in H to k-glumpkin minors in G.

Lemma 25. Let H be obtained by gluing 2-connected graphs G1, ...,Gy on distinct edges of
a graph G such that H has minimum degree at least 3. If G has a k-glumpkin minor, then H
has an Si-minor.

Proof. Let u;v; be the glued edge of G;. Since H has minimum degree at least 3, degg, (w) > 3
for all w € V(G;) \{u;,v;}. By Lemma 24, G; has a K, minor containing the glued edge u;v;,
for all i € [m]. Therefore, since G has a k-glumpkin minor, H has an Si-minor. O

Lemma 26. For all k,M € N, let gog(k, M) = 3¥M. Let H be a graph obtained from a
2-connected outerplanar graph G by gluing 2-connected graphs G1, ..., Gy, on distinct edges of
G. Let C be the outercycle of G and let M = maX;cpy, foo(Gi). If there exists a glued edge r €
E(C) such that G does not contain a k-glumpkin minor rooted at r, then foo(H) < gog(k, M).

Proof. We proceed by induction on k. The case k£ = 1 is vacuous. If k = 2, then by 2-
connectivity, r is the only glued edge of G. Since G is outerplanar, fo(G) < 2 and so by
Lemma 12, foo(H) < M + 1 < g26(2, M). Therefore, we may assume k > 3. A subpath of
C —r is good if its ends are connected by a glued edge. Let Py, ... P, be the maximal (under
inclusion) good subpaths of C'— r. Since G is outerplanar, P; and P; are internally-disjoint
for i # j. By maximality, every glued edge has both of its ends on some P;.

Let G} be the subgraph of G induced by V(P;). Let e; be the glued edge connecting the
ends of P;. Since G does not contain a k-glumpkin minor rooted at r, G does not contain a
(k — 1)-glumpkin minor rooted at e;. Let H; be the subgraph of H induced by G and all the
graphs G; that are glued to some edge of G%. By induction, foo(H;) < 3¥71M for all i € [p].
Let C’ be the cycle obtained from C by replacing P; with e; for each i € [p]. Let G’ be the
subgraph of G induced by the vertices of C’. Notice that G’ is a 2-connected outerplanar
graph with outer cycle C’, and H can be obtained from G’ by gluing the graphs H; on edges
of C'. By Lemma 23,

foo(H) < 3- Hé?)ffoo(Hi) <3-3" 1M = gog(k, M). O
tE|p

We now generalize Lemma 26 to 2-connected treewidth-2 graphs.
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Lemma 27. For all k,M € N, let go7(k, M) = 3 M. Let G be a 2-connected treewidth-2
graph and let H be obtained by gluing 2-connected graphs G1,...,G.y, on distinct edges of G.
Let M = max;c|y) foo(Gi). If for some glued edge r, G does not contain a k-glumpkin minor
rooted at r, then foo(H) < go7(k, M).

Proof. We proceed by lexicographic induction on (k, |V (H)|). Let r be a glued edge such that
G does not contain a k-glumpkin minor rooted at 7.

The case k = 1 is vacuous. Suppose k = 2. Since GG is 2-connected and does not have a
2-glumpkin minor rooted at r, edge r must be the only glued edge of G. Since G is 2-connected
and has treewidth 2, foo(G) < 2. By Lemma 12, foo (H) < M + 1 < g97(2, M). Therefore, we
may assume k > 3. If degy(w) = 2 for some vertex w € V(H), then we can suppress w by
Lemma 11 and apply induction. Therefore, we may assume H has minimum degree at least
3.

Since G is 2-connected, there is a cycle in G containing r. Let C be a longest cycle in G such
that r € E(C). Let £ be an ear decomposition of G beginning with C. (See for instance [10]
for background about ear decompositions.) The ear-decomposition tree T'(E) of £ is the rooted
tree, whose vertices are the ears in &, defined recursively as follows. The root of T'(€) is C.
The parent of an ear P is the closest ear @ to C' (in T'(€)) such that both ends of P are on
Q. (Such an ear () is guaranteed to exist since G has treewidth 2 and is 2-connected.)

Let P1,...,P; be the set of C-ears of £. Let T1,...,T; be the subtrees of T(E) rooted
at Pp,..., Py, respectively. For each ¢ € [{], let z; and y; be the ends of P; on C. Let R;
be the x;—y; path in C' containing r and let S; be the other z;—y; path in C. Notice that
|E(S;)| > |E(P;)|, by maximality of C. If P; is an edge, then since G is simple, |E(S;)| > 2.
Otherwise, |E(S;)| > |E(F;)| > 2. Therefore, for all i € [¢], |E(S;)| > 2.

We claim that for all i € [¢], V(S;) contains the ends of a glued edge. Suppose not. Among
all S; such that V(S;) does not contain the ends of a glued edge, choose S; so that S; is
inclusion-wise minimal. Since G' has treewidth 2 and is 2-connected, for all @ # j, S; C S,
S; € 5;, or S; and S; are internally-disjoint. By the minimality of S}, each internal vertex of
S; has degree 2 in H. However, this contradicts that H has minimum degree at least 3.

For each i € [(], let G/ be the union of all ears in T; together with the edge e; = x;y;, which
we declare to be glued. Since V(.S;) contains the ends of a glued edge and R; contains 7, the
graph G’ does not contain a (k — 1)-glumpkin minor rooted at e;; otherwise, G' contains a
k-glumpkin minor rooted at r. Note that each G’ contains at least one glued edge other than
e; since H has minimum degree at least 3. Let H; be the graph obtained from G/ by gluing
all G; such that the glued edge of G; belongs to G. By induction, foo(H;) < gor(k — 1, M),
for all ¢ € [¢]. Let €;41,...,er be the glued edges in E(C).

Observe that H is obtained by gluing graphs H1, ... Hy, onto edges of an outerplanar graph
G’ with outercycle C, where M' = max;c(r) foo (H;) = max{M, gor(k—1, M)} = go7(k—1, M).
Since G does not contain a k-glumpkin minor rooted at r, neither does G’. Applying Lemma 26
to G’ gives

Foo(H) < gao(k, gar(k — 1, M)) = 3° (3¢~ M) < g(k, M). O

Lemma 27 yields the following corollary.

Lemma 28. For all k,M € N, let gog(k, M) = 3 M. Let G be a 2-connected treewidth-2
graph and let H be obtained by gluing 2-connected graphs G1,...,Gy, on distinct edges of G.
If H does not contain an Sy minor and M = maxX;c(m) foo(Gi), then foo(H) < gog(k, M).

Proof. We proceed by induction on |V (H)|. If degy(w) = 2 for some w € V(H), then by
Lemma 11, we can suppress w and apply induction. Since H does not contain an Sp minor,
G does not contain a k-glumpkin minor, by Lemma 25. In particular, for each glued edge r,
G does not contain a k-glumpkin minor rooted at r. By Lemma 27, fo(H) < gor(k, M) =
gos (/{), M) . O
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The following is the main result of this section.

Lemma 29. Suppose there exist computable functions gs5 : N — R and g6 : N XN — R
satisfying the two following conditions.

(1) f(G) < gas(k) for every 3-connected graph G not containing a U, minor.
(2) foo(H) < gag(k, M) for every graph H containing no UX minor, obtained by gluing
2-connected graphs G1,...,G,, on distinct edges of a 3-connected graph Gy, where
M = maxe|m) foo(Gi)-
Then there exists a computable function g1 : N — R such that foo(G) < g1(k) for all graphs G
without a UX, minor.

Proof. We define g; (k) as follows. For all k, M € N, let a(k, M) be the maximum of gog(k, M)
and gag(k, M). Define vo(k) = gas(k). For all i, k € N recursively define v;(k) = a(k,vi—1(k)).
Finally, let g1 (k) = vex (k).

Let G be a graph without a %, minor. By Lemma 12, we may assume that G is 2-connected.
By Lemma 11, we can assume that G has no degree-2 vertices. Let Tz be the SPQR tree of
G and let T = T}, be the contracted SPQR tree, see Lemma 21.

Pick an arbitrary root node r in T'. For each node b of T, we denote by T} the subtree of T'
rooted at b and by Hp the minor of G corresponding to that subtree. Note that G = H,.. By
Lemma 21, every leaf of T is an R-node. Hence, each leaf u of T" corresponds to a 3-connected
minor H, of G. By our first assumption, foo(Hy) < ga5(k) = Y0(k). Let a be some inner node
of T and let ay,...,a; denote its children. Let M, = max;¢(g foo(Ha;). If a is an O-node,
then by Lemma 28, fo(H,) < gos(k, M,). If a is a R-node, then foo(Hg) < ga6(k, M,) by our
second assumption. In either case, foo(Hy) < a(k, M,). It follows that if ¢ is the maximum
length of an a to leaf path of T, then fo(H,) < 7vi(k). By Lemma 21, the height of T is at
most 6k. Therefore, foo(G) = foo(Hy) < v6r(k) = g1(k). O

We will establish the existence of g45 and g4 in Lemmas 45 and 46, respectively. Lemmas 29,
45, and 46 and the results from Section 5 together establish Theorem 1, which we now restate:

Theorem 1. There exists a computable function g1 : N — R such that for every k € N, every
graph G with f+(G) > g1(k) contains a U~ minor. Moreover, every graph G that contains a
UL minor has foo (G) > k.

Proof. For the first part of the theorem, by Lemmas 29, 45, and 46, there exists a computable
function g; : N — R such that fo(G) < g1(k) for all graphs G without a /% minor. Thus,
every graph G satisfying foo(G) > g1(k) contains a U minor.

For the second part of the theorem, it is shown in Section 5 that each of the four graphs G
in UL satisfies fo(G) > k. Since foo(G) is monotone w.r.t. minors, it follows that foo (G) > k
for every graph G containing a U minor. U

7. 3-CONNECTED GRAPHS

The results in this section are purely graph theoretical and may be of independent interest.
In particular, we prove several lemmas which give sufficient conditions under which a graph
contains some specific graphs as minors. We also introduce a reduction operation, called fan-
reduction. The main result of the section is that if G is a 3-connected, fan-reduced graph
having no %, minor, then the vertex cover number of G, 7(G), is bounded by a function of k.

Before proceeding, we quickly review some graph theoretical terminology. Let A, B be
subsets of vertices of a graph G. An A-B path is a path P in G such that the ends of P are
in A and B respectively, and no internal vertex of P isin AU B. If H is a subgraph of G then
an H-path is a path P in G such that the ends of P are in H but no other vertex nor edge of
Pisin H.
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FiGURE 10. The ladder Ls.

The n-ladder L,, is the graph on 2n vertices with vertex set V = {v; | i € [n]}U{w; | i € [n]}
and edge set E = {vw; | i € [n]}U{v;vit1, wiwiy1 | i € [n—1]} (see Figure 10). By repeatedly
suppressing degree-2 vertices, we can reduce L,, to the graph K3. This implies that foo (L) = 2
for all n > 2 by Lemma 11.

Lemma 30. For all k € N, let g3o(k) = 12k + 7k. If G is a 3-connected graph containing a
g30(k)-ladder as a minor, then G contains N, P, or Fi as a minor.

Proof. Since L,, has maximum degree 3, every graph with an L, minor also contains an L,
subdivision. Let S be a subgraph of G isomorphic to a subdivision of L, with n = gso(k).
We say that the vertices of .S that do not correspond to internal vertices of a subdivided edge
are branch vertices. We name these branch vertices {v; | i € [n]} U{w; | i € [n]} as in the
definition of L,, given above. A rung is a path in S corresponding to an edge of L, of the form
vyw;, for some i € [n]. We say that an S-path P crosses a rung R, if the ends of P are in
different components of S — V(R). A rung is crossed if it is crossed by some S-path, and is
uncrossed otherwise.

If there exists an S-path in GG that crosses at least 2k + 1 rungs, then GG contains an N
minor, and we are done. Hence, we may assume that each S-path crosses at most 2k rungs of
S.

We say that the path in S from v; to v, avoiding all w; for ¢ € [n] is the upper path of S.
Similarly the lower path is the path in S from w; to w, avoiding all vertices v; for i € [n]. For
each i € {2,...,n — 1}, let S} and S’ be the components of S — {v;, w;} that contain v1 and
Up, respectively.

Suppose there are 8k + 1 uncrossed rungs Ry, ..., Rsit1. For each i € [8k + 1], let vy and
wy be the ends of R;. We may assume that ¢/ < j’ for all 7 < j. Since G is 3-connected,
G — {vy,wy} is connected. Therefore, there is a path P in G — {vy,wy} from V(S!) to
V(Sﬁ/). Since R; is uncrossed, P must use an internal vertex of R;. Thus, there exists a vertex
yi € V(R;) \{vy, wy} that is connected by an S-path P; to some vertex z; ¢ V(R;).

By symmetry and pigeonhole, there is a subset I of size k of {2,4,...,8k} such that z; €
V(S?) and z; is not on the lower path of S, for all i € I. Since R; is uncrossed for all i € [8k+1]
it follows that z; € V(Sézﬂ)/) U V(R;41). For the same reason, P; and P; are vertex-disjoint
for all distinct 4,5 € I. Therefore, S U|J,c; P; contains an Fj minor.

We may hence assume that S contains at most 8k uncrossed rungs. Thus, S contains at
least n — 8k = 12k? — k crossed rungs. Since 12k% — k = 1+ (4k +1)(3k — 1), there is a subset
J of [n] of size 3k such that for all distinct ¢,5 € J, |i — j| > 4k + 1 and R; is crossed. For
each ¢ € J, let P; be an S-path crossing R;. Let ¢; and r; be the ends of F; in Sé and S}l,
respectively.

We say that P; is of type v if ¢; and r; are both on the upper path, type w if ¢; and r; are
both on the lower path, and type p otherwise. Since |J| = 3k, there is a subset J’ of J of size
k such that P; is of the same type T for all 7 € J'. Recall that each S-path crosses at most 2k
rungs and |i — j| > 4k + 1 for all distinct 4,5 € J'. Therefore, if i, € J' and i < j, then r; is
to the left of ¢;. Moreover, for the same reason, P; and P; are vertex-disjoint for all distinct
i,j € J'. Therefore, SUJ,c ;s P; contains an F minor if T € {v,w} and SU|J,.;, P; contains
a Py minor if T = p. O
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For each k € N, the k-fan is the graph consisting of a k-vertex path called its outer path,
plus a universal vertex called its center. The edges connecting the center to the ends of the
k-vertex path are called the boundary edges of the k-fan. A fan is a graph isomorphic to a
k-fan for some k.

Let H be a fan, and assume that G has an H-model. We say that the H-model is rooted at
x,y if x and y are contained in the vertex images of vertices a and b of H, respectively, and
ab is a boundary edge of the fan.

Lemma 31. For all k,q € N, let g31(k,q) = 3(8k>)4. Let G be a graph and let P = py ---p,
be a path in G of length at least g31(k,q) such that V(G)\ V(P) is a stable set. Then at least
one of the following holds:

(1) G has a k-fan minor;

(2) there is a model of the q-fan in G rooted at pa,pr—1 and avoiding p1,py;

(8) there are non-consecutive indices s,t with 1 < s < t < r such that {ps,p:} separates
in G the ps—p; subpath of P from the other vertices of P.

Proof. The proof is by induction on ¢. For the base case ¢ = 1, observe g31(k,1) > 24, for all
k € N. Thus, it suffices to take ps and the ps—p,._1 subpath of P as the two vertex images to
obtain a model of the 1-fan rooted at ps,p,_1 and avoiding p1, p;.

For the inductive step, assume ¢ > 1. Let S = V(G)\ V(P). We may assume that every
vertex in S has degree at most k — 1 in G, since otherwise there is a k-fan minor in G. Note
that g31(k,q) = 8k3 - g31(k,q — 1). A jump is a pair (a,b) of indices a,b € [r] with b > a + 2
such that either p,p, € E(G) (type 1) or p, and p, have a common neighbor in S (type 2).
For definiteness, if both conditions are satisfied then (a,b) is considered to be of type 1. To
each jump (a,b) of type 2 we associate a corresponding middle vertexr w € S adjacent to
both a and b, that is chosen arbitrarily. A jump (a,b) is called an outer jump if a = 1 or
b = r; otherwise, (a,b) is an inner jump. In what follows we will be mostly interested in inner
jumps.

Case 1: There exists an inner jump (a,b) with b —a > k- g31(k,q — 1). Let (a,b) be
such a jump. If (a,b) is of type 2, we first modify it as follows. Let w be the middle vertex
of (a,b). Since w has degree at most k — 1, it follows that there exists a jump (a’,d’) with
b —ad >k-gs1(k,qg—1)/(k—2) > gs1(k,q — 1) such that w is adjacent to p, and py but to
no vertex lying strictly in between them on P. We rename (da’,b') to (a,b).

Let G’ be the minor of G obtained by contracting the p;—p, subpath of P into p, and
the py—p, subpath of P into p,. Let P’ be the path obtained from P by performing these
contractions. We regard p, and py as the ends of P’. Note that V(G’) \ V(P’) is a stable set
in G'. Since P’ has length b — a > g31(k,q — 1), by induction at least one of the following
holds:

(1) G’ has a k-fan minor;

(2) there is a model M’ of the (¢ — 1)-fan in G’ rooted at py+1,pp—1 and avoiding pg, pp;

(3) there are non-consecutive indices s,t with a < s < ¢t < b such that {ps,p;} separates
in G’ the ps—p; subpath of P’ from the other vertices of P’.

In the first case, we are done since G’ is a minor of G. In the second case, M’ is also such
a model in G since the two subpaths that were contracted in the definition of G’ resulted in
vertices p,, pp. By symmetry, we may assume that the vertex image Vj corresponding to the
center of the fan contains pgy1.

Recall that 2 < a < b <r —1, since (a,b) is an inner jump. Let L and R be the ps—p, and
py—pr—1 subpaths of P, respectively. Let w be the middle vertex of (a, b) if (a,b) is type 2. Let
R' =R if Ris type 1, and R’ = RU {w} if (a,b) is type 2. In either case, observe that L and
R’ are connected by an edge. By construction, V(L) UV (R) is disjoint from all vertex images
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FiGurge 11. Illustration of a k-fan-model obtained from a jump sequence
(a1,b1),...,(agk,bog) for k = 4. The blue path is the vertex image for the
center of the fan, and the red path corresponds to the outer path. Edges in-
cident to the center of the fan map to the first edge of the subpath of P from
ag; to ba;_1.

of M'. Since w is not adjacent to any internal vertex of P/, {w} is also disjoint from all vertex
images of M’. Finally, the edges p,ps+1 and pp_1p, connect V(L) and V(R) to the vertex
images of M’ containing p,4+1 and py_1, respectively. Therefore, (M’ \{Vo}) U{Vo UL, R'} is
a model of the g-fan in G rooted at ps, p,—1 and avoiding p1, p,, as desired.

It remains to consider the third case. Suppose s,t are non-consecutive indices with
a < s <t < bsuch that {ps,p:} separates in G’ the p;—p; subpath of P’ from the other
vertices of P'. Given how G’ was obtained from G, this is also true in G. That is, {ps, p:}
separates in G the ps—p; subpath of P from the other vertices of P, as desired.

Case 2: b—a < k-gsi(k,qg—1) for all inner jumps (a,b). Let us introduce one more
definition. A jump sequence is a sequence (ai,b1),..., (ag,be) of inner jumps with ¢ > 1
satisfying a; < a;41 < b; < bj41 for each i € [¢ — 1], and b; < a;42 for each i € [¢ — 2]. Tts
length is £ and its spread is by — a.

Case 2.1: There exists a jump sequence of spread at least 2k? - g3 (k,q — 1). Let
(a1,b1),. .., (ar,be) be a jump sequence of spread at least 2k2-gs1 (k, ¢g—1) and with £ minimum.
For each i € [{], if (a;, b;) is of type 2 let w; € S be the middle vertex of (a;, b;).

We claim that all middle vertices w; defined above are distinct. Indeed, assume
w; = w; for some 4,5 € [f] with ¢ < j. Then (a;b;) is also an inner jump, and
(a1,b1),. .., (ai—1,bi—1), (@i, b5), (@j41,bj41), - - -, (ag, be) is a jump sequence, as the reader can
easily check. But the latter jump sequence has length at most ¢ — 1 and yet its spread is also
by — a1, contradicting our choice of the original jump sequence.

Since b; — a; < k- g31(k,q — 1) for each i € [¢], we have

2k? - ga1(kyq — 1) by — a1 <Y (bi — a;) < Lk - gai(k,q — 1),

i€l
implying ¢ > 2k. Now, one can obtain a k-fan-model using the jump sequence
(a1,b1), ..., (agk, bog) as illustrated in Figure 11.

Case 2.2: All jump sequences have spread less than 2k? - g3;(k,q — 1). Let
M ={2,r—1}U{i€[r]|(1,7) is an outer jump} U {i € [r] | (¢,r) is an outer jump}.

If there are k outer jumps of the form (1,7) then G has a k-fan minor, and the same is true
for those of the form (i,7). Thus we may assume that |M| < 2k. By the pigeonhole principle,
there are two indices i,7 € M with i < j and M N[i+ 1,5 — 1] = 0 such that

P> r—1 > g31(k, q)
|M| —1 2k

If there exists an inner jump (a,b) with a < i < b, let (a1, b1),..., (ag, by) be a jump sequence

such that a1 < i < b; and maximizing its spread, and let s = by. If no such jump exists,

simply let s = 1.

= 4]{?2 . ggl(k‘, q— 1)
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We claim that there is no inner jump (a,b) with a < s < b. This is obviously true if s = 1,
so assume s # i, and consider the corresponding jump sequence (ai,b1),..., (ag, by) defined
above. Arguing by contradiction, suppose that there is an inner jump (a,b) with a < s < b. If
a < a; then (a,b) is a jump sequence with a < i < b and spread b — a > by — a1, contradicting
our choice of the jump sequence. If a; < a then letting ¢ € [¢] be the smallest index such
that a < by (which is well defined since a < by), we deduce that (a1,b1),..., (aw,by), (a,b)
is a jump sequence with a1 < ¢ < by and of spread b — a; > by — a1, again a contradiction.
Hence, no inner jump (a,b) with a < s < b exists, as claimed.

Next, if there exists an inner jump (a,b) with a < j < b, let (a},b}),..., (ap, b)) be a
jump sequence such that aj, < j < b}, and maximizing its spread, and let ¢ = a/. If no such
jump exists, simply let ¢t = j. By a symmetric argument, there is no inner jump (a,b) with
a<t<b.

Recall that every jump sequence has spread strictly less than 2k? - g3;(k,q — 1). Thus,
5s—1<2k? g31(k,q—1)—1and j —t < 2k?- g31(k,q — 1) — 1. It follows that

t—s>j—i—4k* g31(k,q—1)+2>2.

In other words, [s+1, ¢—1] is not empty. Since [s+1,t—1] C [i+1,j—1] and MN[i+1,j—1] = 0,
there is no outer jump (1,b) with b € [s + 1,¢ — 1] and there is no outer jump (a,r) with
a € [s+1,t—1]. Since we already established that there is no inner jump (a,b) with a < s < b
or a <t < b, we deduce that the two indices s, t satisfy the third outcome of the claim. That
is, s and ¢ are non-consecutive indices with 1 < s < t < r such that {ps,p:} separates in G
the ps—p; subpath of P from the other vertices of P. O

As an easy corollary of Lemma 31, we obtain the following strengthening of Lemma 4.7
in [14].1

Lemma 32. For all k € N, let g32(k) = 3(8k3)*. Let G be a graph with no k-fan minor. Let
P be a path in G of length at least gsa2(k) such that V(G)\ V(P) is a stable set. Then there
exist two non-consecutive internal vertices u,v of P such that {u,v} separates in G the u—v
subpath of P from the other vertices of P.

Proof. Note that gsa(k) = g31(k,k). The lemma follows by applying Lemma 31 to G and
P, and noting that the first two outcomes of Lemma 31 are impossible since G has no k-fan
minor. O

Next, we introduce two lemmas about 3-connected graphs containing subdivisions of large
fans as subgraphs. Given a graph G, we say that F is a fan subdivision in G if F is a
subgraph of G isomorphic to a subdivision of a fan. Moreover, we say that F' is a mazimal
fan subdivision in G if F' is maximal with respect to subgraph inclusion. That is, for every
fan subdivision F’ in G such that F C F' C G, we have F' = F".

Lemma 33. For all k € N, let g33(k) = 8k* +4k3 +10k. If G is a 3-connected graph and F is
a mazimal fan subdivision in G such that at least gs3(k) of the edges of the fan are subdivided,
then G has an Ly, S or Fr, minor.

Proof. Let F* denote the m-fan such that F' is a subdivision of F*, where vy is the center of
F* and vy - - - vy, is the outer path of F™.

In the following we consider the graph H obtained from G by performing the following two
operations. First, we contract each component of G — V(F) into a vertex. Second, for each
edge e of F* that is subdivided at least once in F', we contract the corresponding path P of

IThe latter lemma works under the assumption that G does not have the graph consisting of two vertices
linked by k parallel edges as a minor, which is more restrictive than just forbidding a k-fan minor. Nevertheless,
the two proofs are based on a similar strategy.
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F into a 2-edge path, that is, we leave just one subdivision vertex. We call this subdivision
vertex v} if e = vov; for some i € [m], and v? if e = v;v;41 for some i € [m — 1].

Hence, each vertex of H is of the form v;, v}, UZZ, or results from the contraction of a com-
ponent of G — V(F'). We denote by F’ the fan subdivision in H that is the image of F', that
is, which is obtained from F' by the above contractions. Observe that F’ is a mazimal fan
subdivision in H. Indeed, if some fan subdivision in H strictly contained F’ then that fan
subdivision could be mapped to a fan subdivision in G strictly containing F', contradicting
the maximality of F'.

We will establish the following key property of H:

%) If u; is a vertex of H of the form v} or v?, then there is an F'-path P; in
(2 K3

H of length at most 2 connecting u; to another vertex u} of F' distinct from
its two neighbors in F' and from vy.

Suppose (x) does not hold for some v}. Then {vg,v;} is a size-2 cutset of H separating v}
from every vertex v; with j ¢ {0,i} (here we implicitly use that m > 2, since F** has at least
g33(k) > 2 edges). By the construction of H, the set {vg, v;} is also a cutset of G separating v}
from every vertex v; with j ¢ {0,i}. However, this contradicts the fact that G is 3-connected.

The remaining case is if (x) does not hold for some v?. Here we first observe that v? is
not adjacent to vy in H, because otherwise this would contradict the maximality of F’ in H.
For the same reason, there is no length-2 path from vf to vg in H going through a vertex in
V(H)\ V(F"). Using these two observations, we can proceed similarly as in the proof for v}.
This concludes the proof of (x).

Now, we color each edge of F’ blue, and each remaining edge of H red. Consider the graph
H* obtained from H as follows. Every edge of the form vlv; is contracted to the vertex
v;, every edge of the form v2v; is contracted to the vertex v;, and finally, for every vertex
w € V(H)\V(F'), we select a neighbor of w distinct from vy in the current graph (which
exists) and contract the corresponding edge. Finally, we delete all red edges incident to wvy.
Loops and parallel edges resulting from edge contractions are deleted as always, but if a red
edge parallel to a blue edge is created, we keep the blue edge and delete the red edge. Thus,
the blue subgraph of H* is exactly the fan F*. Let R* denote the red subgraph of H*. We
regard R* as a spanning subgraph of H*, and thus R* may have isolated vertices.

If R* has a vertex of degree at least 2k + 1, then that vertex is not vy (since wvg is not
incident to any red edge), and it is then easily seen that H* has an Sy minor. Thus we may
assume that the maximum degree of R* is at most 2k.

If R* has a matching of size k3, then by Pigeonhole and Erdés-Szekeres [12], R* has a
matching M = {vq,vp, : @ € [k]} of size k that satisfies one of the following three conditions:

(1) a1 <ag <---<ap<b <by<---<by,or

(2) a1 <ag < - <ap <b, <bg_1<---<by,or

(3) a1 < by <ag <by <---<ag <bg.
In the first two cases, we see that H* has an Ly minor (obtained by combining M with the
Vg, Ve, and vp,— vp, subpaths of the outer path of H*). In the third case, we see that H* has
an Fj, minor. Hence we may assume that R* has no matching of size k3.

It follows that R* has a vertex cover of size at most 2k3. However, since R* has maximum
degree at most 2k, it follows in turn that at most 2k3(2k + 1) vertices of R* have non-zero
degrees in R*.

Recall that v} and v? (if they exist) are the only 2 vertices of F’ that are contracted to v; in
F*. Since F* has at least gs33(k) edges that are subdivided in F’ and g33(k)/2—2k3(2k+1) = 5k,
there exists I C [m] with |I| = k such that the following holds:

e there is a vertex u; of the form vz-l or v? in H, for each i € I;

e v; has degree 0 in R* for all 4 € I, and
e |i —j|>5foralli,jel withi#j.
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Now, consider an index i € I and its associated subdivision vertex w; in H. By (x), there is
an F-path P; in H of length at most 2 connecting u; to another vertex u} of F’ distinct from
its two neighbors in F’ and from vg. The (one or two) edges of P; are red and are not incident
to vg, and they disappeared in the edge contraction operations leading to the graph H*. It
follows that u; is very close to u; in F/ — vy, namely u; must be one of v;_1,v;11, or one of the
subdivision vertices v} |, vilﬂ, v? v, vl-2+1 (if they exist).

Since the paths P; and P; are vertex disjoint for all 4, j € I with i # j (which follows from
the fact that v; and v; have degree 0 in R*), and since |i — j| > 5, combining F’ with these k
paths we can see that H contains an Fz minor. O

Let F' be an m-fan with center vg and outer path vy - - - v,,,. Suppose that F' is a subgraph
of a graph G. We say that F' is reducible in G if m > 5 and all vertices vs,...,v;,_1 have
degree exactly 3 in G. The F'-reduction of G is the minor of G obtained by contracting the
edges of the path vs---v,;,,—1. Thus, the resulting graph has m — 4 fewer vertices than G.

A reducible fan subgraph in G is said to be mazimal in G if it is not a proper subgraph of
any other reducible fan subgraph of G. Observe that if F; and F5 are two distinct maximal
reducible fan subgraphs of G then F} and F5 are almost vertex disjoint in the following sense:
F5 contains none of the internal vertices of the outer path of Fi, and vice versa. We define the
fan-reduction of G as the minor of G obtained by simultaneously performing all F-reductions
for all maximal reducible fan subgraphs F' of G. By the previous observation, this minor is
well-defined. We say that G is fan-reduced if G does not contain a reducible fan subgraph.
Observe that the fan-reduction of G is fan-reduced.

Lemma 34. For all k € N, let gs4(k) = 20k5 + 14k* + 2k3 + 5k. If G is a 3-connected
fan-reduced graph containing a gsa(k)-fan as a subgraph, then G contains an Sg,Fi or Lg
minor.

Proof. Consider an m-fan subgraph F' in G with center vg, outer path vy ---v,,, and m =
g34(k). Let H be obtained from G by contracting each component of G — V (F) into a vertex.
We color the edges of F' blue and the remaining edges of H red as in the proof of Lemma 33,
and define H* in exactly the same way. The only difference here is that no edge of F' needs to
be contracted since F' is already a fan. In the notation used in the proof of Lemma 33, here
we have F' = F' = F*. Let R* denote the red spanning subgraph of H*.

If R* has a vertex of degree at least 2k + 1 or a matching of size k3, then we find one of our
target minors, exactly as in the proof of Lemma 33. Thus we may assume that this does not
happen, implying that at most 2k3(2k + 1) vertices of R* have non-zero degrees in R*.

Since (m — 2k3(2k + 1))/(2k3(2k + 1) + 1) > 5k there is an index i € [m — 5k] such that

none of viy1,...,v;15; is incident to a red edge in H*. For each ¢ € [k], there must be an
index j € {i +5({ —1) +2,i+ 50 —1)+3,i+ 5(¢{ — 1) + 4} such that v; is incident to a
red edge of H. Otherwise, v 54¢_1)41,- -, Vit5(—1)45 together with vy form a reducible fan in

G. Since all red edges incident to v; in H disappeared when constructing H*, it follows that
vj is adjacent in H to a vertex wy € V(H)\ V(F) such that the neighbors of w, in H are a
subset of {vg,vj_1,vj,vj41}. Furthermore, w, must be adjacent to at least three of these four
vertices, since otherwise G would not be 3-connected. Now, combining F' with the k vertices
wi, ..., w; we see that H contains an F; minor. O

Combining the two previous lemmas, we obtain the following lemma.

Lemma 35. For all k € N, let g35(k) = g34(k)(g33(k) + 1) + g33(k). If G is a 3-connected,
fan-reduced graph containing a subdivision of a gss5(k)-fan as a subgraph, then G has an Sg, Fy
or Ly minor.

Proof. Since G contains a g35(k)-fan subdivision, G contains a maximal m-fan subdivision
F with m > g¢35(k). If at least gs3(k) edges of the m-fan are subdivided in F, then, by



28 S. FIORINI, T. HUYNH, G. JORET, AND C. MULLER

Lemma 33, G contains an Ly, Sy or Fy, minor. Otherwise, F' contains an m/-fan as a subgraph
with m’ > (g35(k) — g33(k))/(g33(k) + 1) = g34(k), and by Lemma 34, G contains an L, Sy or
Fz minor. O

The next lemma is standard, we include the proof nevertheless for completeness.

Lemma 36. For all k € N, let g36(k) = k2, If G is a graph with a gse(k)-fan minor, then
G contains a subdivision of a k-fan as a subgraph, or G contains an Ly minor.

Proof. Let G be a graph containing an m-fan F' as minor with m = g36(k). Let vy be the
center of F' and vy - - - vy, be the outer path. Let {X; | i € {0,1,...,m}} denote an F-model
in G, with X; denoting the vertex image of v;.

For every edge v;v; of F' we choose vertices ], ac; of X;, Xj, respectively, such that xf xé €

E(G). Let T be a subtree of G[Xo U {2) | i € [m]}] such that the leaves of T are exactly
the vertices 20 for i € [m]. If T contains a vertex of degree at least k, then G contains a
subdivision of a k-fan. Thus we may assume that 7" has maximum degree less than k.

Now, suppress all degree-2 vertices in T, giving a tree T'. Thus every non-leaf vertex of T’
has degree between 3 and k—1 in T”. In particular, k > 4. Choose an arbitrary non-leaf vertex
r of T'. Since T" has m > (k — 1)¥*+2 leaves and maximum degree at most k — 1, it follows
that there is a leaf of T” at distance at least log;,_; [T7| — 1 >log;,_; (k — 1)¥ T2 -1 =k2 4+ 1
from 7 in T".

Consider the path P’ of T” from r to that leaf, minus the leaf, and let P denote the
corresponding path of 7. By construction, there are k% vertex-disjoint V(P)—{2? | i € [m]}
paths in the graph G[Xo U {z? | i € [m]}]. Applying Erdds-Szekeres we then find an Ly minor
in G. O

Lemma 37. For all k € N, let g37(k) = ¢32(936(935(930(k)))). If G is a 3-connected, fan-
reduced graph with no Llfo minor, then the maximum length of a path in G is at most g37(k).

Proof. By Lemmas 36, 35 and 30, we deduce that G has no m-fan minor, where m =
936(935(g30(k))). Arguing by contradiction, suppose G has a path P of length more than
g37(k) = gs2(m).

Let Ci,...,C), denote the components of G — V(P). Let H be the graph obtained from
G by contracting each component C; into a vertex ¢;. Note that H has no m-fan minor,
since H is a minor of G. By Lemma 32, applied to the graph H and path P, there exist two
non-consecutive internal vertices u,v of P such that {u,v} separates in H the uv-subpath of
P from the other vertices of P. However, the same remains true in GG, by construction of H.
Therefore, {u,v} is a cutset of G, contradicting the fact that G is 3-connected. O

In the following we will use another reduction operation for 3-connected graphs. Let G be

a 3-connected graph and let h > 3 be a fixed integer. Let T1,...,7T; be an enumeration of all
stable sets of G satisfying the following conditions for each i € [¢],

o [T >h+1,

e there exists S; C V(G) with |S;| < h such that for all v € T;, the set of neighbors of v

in G is exactly 5,

e T; is inclusion-wise maximal with respect to the above two properties.
Observe that by maximality, the sets T1,..., T, are pairwise disjoint. Let G’ be the graph
obtained from G by removing all vertices in T; except h + 1 of them, for each i € [¢]. Clearly,
G’ does not depend on which h + 1 vertices remain in each T;. We call G’ the h-reduction of
G. Note that, since G is 3-connected, G’ is also 3-connected. If G’ is the graph G itself, that
is, no vertex was removed in the process, then we say that G is h-reduced.

Lemma 38. Let G be a 3-connected graph, let h > 3, and let G' be the h-reduction of G.
Then 7(G') = 7(G).
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Proof. Since G’ is a subgraph of G, 7(G’) < 7(G). It remains to show that 7(G’) > 7(G).

Let T1,...,Ty and S1,...,.S; be as in the definition of h-reduction. Let W be a minimum-
size vertex cover of G’. We claim Uie[ﬁ] S; € W. By contradiction, suppose that there exists
a vertex w € S;\ W for some i € [(]. Then all edges incident to w have to be covered with
all h + 1 vertices of T; remaining in G’. However, S; has at most h vertices. Hence, replacing
these h + 1 vertices of T; with the at most h vertices of .S; in W gives a smaller vertex cover,
a contradiction.

Now, we note that W is also a vertex cover of G, implying that 7(G’) > 7(G). To see this,
observe that all edges of G that are not in G’ are of the form vw with v € T; and w € S;, and
every such edge vw is covered by w € S; C W. O

Let G be a connected graph and let T be a depth-first search (DFS) tree of G from some
vertex r of G. We see T as being rooted at r, and define the usual notions of ancestors and
descendants: w is an ancestor of v if w is on the r—v path in T, in which case we say that
v is a descendant of w. Note that these relations are not strict: v is both an ancestor and a
descendant of itself. By definition of DF'S trees, all edges vw of G are such that either v is a
strict ancestor of w in T or v is a strict descendant of w in T'.

Lemma 39. For all k,p € N, let gso(k,p) = ((p + 1)2P + kp®)PTL. Let G be a 3-connected
graph such that the longest path in G has length at most p, G is p-reduced, and G has no Sg
minor. Then |V(G)| < gso(k,p).

Proof. Let T be a DFS tree of G rooted at some vertex r of G. First we claim that for every
vertex v of G, at most (p + 1)2P children of v in T are leaves of T'. Indeed, for each such leaf
w, the neighborhood of w in G is a subset of the set X of ancestors of v in T. Since G is
p-reduced, at most p+ 1 of these leaves have the same neighborhood in G. Moreover, | X| < p,
since T has no path of length more than p, implying that there are at most 2P choices for the
neighborhood of w. This implies the claim.

Let

-1
d= (p+1)2p+k(p—1)<p ) > +1.
If T" has maximum degree at most d, then since 1" has at most p + 1 levels,

P getl .
V(@) =[V(T)| < Zdl = Ti-1 < dPT < g3g(k,p),
=0

as desired. Hence, it is enough to show that 7" has maximum degree at most d. For each
x € V(T), we let T, be the subtree of T" rooted at x. Note that if « has at least two children,
then the set of ancestors A of z is a cutset of G. Since G is 3-connected, |A| > 3. Partitioning
the vertices of T into levels according to their distances from the root, it follows that there
is only one vertex on each of the first 3 levels. We argue by contradiction and suppose that
there is a vertex v of T having at least d children in T". Since d > 2, the set X of ancestors of
v is a cutset of G with |X| > 3. This implies that v is at distance at least 2 from the root r
of T.

Let w be the ancestor of v closest to r in T" that is adjacent in GG to at least one vertex in
T,. Let P be the w—v path in T". If w has a neighbor in G which is a strict descendant of v,
we let vy denote a child of v whose subtree T}, contains a neighbor of w, and let wgp denote
such a neighbor. Otherwise, we just let vg = wg = v. Let C denote the cycle of G obtained
by adding the edge wwg to the w—wqy path of T'.

Recall that at most (p+ 1)2P children of v are leaves of T. Enumerate the non-leaf children
of v that are distinct from vy as vy,...,vg; thus, ¢ >d— (p+1)2° — 1 = k(p — 1)(”;1).

Fix some index i € [g], and let z; denote a child of v; in T. We will construct a special
K, -model in G using the cycle C' and some vertices of the subtree T;,,. The four vertex images
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of this K -model are denoted V;, X!, P!, P?. We proceed with their definitions in the next few
paragraphs.

First, observe that every edge out of V(7},) in G — v; has its other end in P, by our choice
of w. Choose a vertex x in V(Ty,) having a neighbor p? in V(P), with p? as close to v on P
as possible (thus possibly p? =v).

Since G is 3-connected, there is an {z’}-V(P) path Q; in the graph G — {v;, p?}. Let p}
denote the end of @; in V(P). Note that all vertices of Q; — p; are in V(Ty,). Also, p; is a
strict ancestor of p? by our choice of p?.

For a walk W and vertices a, b of W, we write aWWb to denote the a—b subwalk of W. If W3
and Wy are walks such that Wi ends at the same vertex that Wy starts, we let W1 W5 denote
the concatenation of Wy and Whs.

Next, let R; be a {v;}—(V(P)UV(Q;)) path in the graph G — {v, 2.}, and let y; denote its
end distinct from v;. We choose R; so that y; is as close as possible to V(P) in the graph
P UQ;. Let S; denote the v;—a} path in T. If s; is the last vertex of R; contained in S;,
we replace R; by S;s;R;. The definitions of the four vertex images V;, X/, Pil, Pi2 depend on
whether y; € V(P) or not.

First suppose that y; € V(P). We define V; = V(R;) \{yi} and X] = (V(S;) \V(R;)) U
(V(Q:)\{p}}). Notice that there is an edge ¢; of S; with one end in V; and the other in X.
The two sets P, P? will be a partition of the vertices of the cycle C, chosen as follows. If y; is
a strict ancestor of p?, let P! be the vertices of the p}-y; path of T, and let P> = V(C)\ P}.
If, on the other hand, y; is a descendant of piz, let Pi2 be the vertices of the p%fyi path of T,
and let P! = V(C)\ P2. This case is illustrated in Figure 12.

We now argue that the sets V;, X/, Pil, PZ-2 do form a K4-model in this case. These sets are
connected, there is an edge between P! and P? (because of the cycle C), there is an edge
between X/ and P/ for j € [2] (because p! € P/), there is an edge between V; and X/ (namely,

e;), and finally there is an edge between V; and P/ for j € [2] (because one of v,y; is in P}
and the other is in P?). This concludes the case where y; € V(P).

Next, suppose that y; ¢ V(P). In this case, y; is a vertex of Q; — p}. Consider an {v;}—
V(Q;) path R; in G — {v,y;}. Note that, by our choice of R;, the path R} avoids V(P), and
thus all its vertices are in V(T,,). Furthermore, the end y} of R} distinct from v; must be in
the subpath 2/Q;y; — {v;}, again by our choice of R;.

Define

Vi = (V(R:) \{y:}) U (V(R) \{y:})
Xi = V(2;Qiyi) \{vi}

B! = V(y:Qipi)

P =V(C)\{p}}

Using the previous observations, one can check that V;, X/, Pil7 Pi2 form a K4-model in this
case as well. This case is illustrated in Figure 13.

This ends the definitions of the vertex images V;, X/, Pz-l, PZ»2. Observe that, in all cases, the
only vertices of these sets not in the subtree T;, are the vertices of the cycle C.

Now, there are at most (p 51) choices for p} and pg. Furthermore, when y; € V(P), there are
at most p — 2 choices for vertex y;. Seeing the possibility that y; ¢ V(P) as another ‘choice’,
and using that ¢ > k(p — 1) (" ;1), we conclude that there is a set I of k distinct indices i € [g]
that have the same pair (p;, p?), that agree on whether y; € V(P), and furthermore that have
the same vertex y; in case y; € V(P). Letting P/ = {J,¢; Pij for j € [2], we then see that
P, P? together with the sets V;, X! for i € I define an Sy-model in G, a contradiction. Il
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< (p+1)2P leaves

L. Vg
< (p+ 1)2P leaves

FIGURE 12. The case y; € V(P) of the proof of Lemma 39.
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< (p+1)2P leaves

< (p+1)2P leaves

FIGURE 13. The case y; € V(Q;) of the proof of Lemma 39.

Lemma 40. For all k € N, let gs0(k) = g39(k, gs7(k)). If G is a 3-connected, fan-reduced
graph having no UL, minor, then 7(G) < go(k).

Proof. By Lemma 37, the maximum length of a path in G is at most p = g37(k) since G is
3-connected, and does not have a &% minor. Let G be the p-reduction of G. Notice that G’ is
3-connected, has no S, minor and the length of a longest path in G’ is bounded by p. Hence,
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by Lemma 39, 7(G") < |V(G")| < g39(k, p). Now, by Lemma 38,
7(G) = 7(G') < g3o(k,p) = gso(k, g37(k)) = gao (k). O

8. FINISHING THE PROOF

Recall that to prove our main result, Theorem 1, it suffices to establish the existence of the
functions g45 and g4¢ from Lemma 29. We do this in Lemmas 45 and 46 at the end of this
section. Before doing so, we require a few more lemmas. The wheel W), is the graph obtained
by adding a universal vertex to a cycle of length n.

Lemma 41. f(W,) <4, for alln > 3.

Proof. Let vy be the universal vertex of W,, and W,, — vy = C = v1---v,v1. Let d be an
arbitrary distance function on W,. Define S to be the set of inclusion-wise minimal subsets
S of E(C) such that S is not flattenable in (W,,,d). Let d’ be d restricted to E(C). Let S; be
the sets in S that are not flattenable in (C,d’), and let Sy = S\ Si1.

Fix S € S and let S be an orientation of S such that S is flat in (C,d’). Let the length
function of (W,,d; §> be I, and Z be a negative directed cycle in (W,,d; §> Since S is
flattenable in (C,d'), Z must use the vertex vg. By renaming vertices, we may assume that
Z is of the form vguy - - - vpvg. Let P =wv1---v, and Q = v - - - v,v1. We abuse notation and
regard P, @, and C as subsets of edges or arcs whenever convenient.

Since S is flat in (C,d'), I(C) > 0. Combining this with [(Z) < 0 gives

d(vov1) + d(vovg) < 1(Q) < d(Q) and d(vovy) + d(vovg) < I(P) < d(P). (8)

Let Hy and Hs be the subgraphs of W, induced by {vg,v1,...,vx} and {vo, v, ..., vn,v1},
respectively. Let d; be the restriction of d to H;. Clearly, each (H;,d;) can be covered by two

flat sets F}', F2. By (8), every negative directed cycle W in (W,,,d; F/) can be shortened to a
negative directed cycle W’ in (H;, d;; F}) for all i, j € [2]. Therefore, F} is also flat in (W, d)
for all 4, j € [2]. Thus, (W,,d) has a flat cover of size 4.

We may therefore assume that So = (). That is, every set in S is not flattenable in (C,d’).
Let U be the set of edges of W, incident to vy. Note that U is flattenable in (W,,d) by
Lemma 6. If S; = (), then E(C) is flattenable in (W, d), and so E(W),,) is the union of two
flattenable sets, E(C) and U. Therefore, we may assume S; # () and choose T' € S;. Let
X C E(C). Observe that if Y-, .y d(e) < 3d(C), then X is flattenable in (C,d’). It follows
that for every X C E(C), at least one of X or E(C)\ X is flattenable in (C,d’). Since T is not
flattenable in (C,d"), E(C)\ T is flattenable in (C,d’). Since So = ), E(C)\ T is flattenable
in (W,,d). By minimality, T is the union of two flattenable sets T} and Ty of (W,,,d). Thus,
EW,)=(E(C)\T)UT, UT, UU, as required. O

We now generalize Lemma 41. This generalization is analagous to Lemma 28 for 2-connected
treewidth-2 graphs.

Lemma 42. Let H be a graph obtained by gluing 2-connected graphs Gi,...,Gn on distinct
edges of the wheel Wy, such that H has no Sy minor. Let M = maX;c(y foo(Gi). Then
foo(H) < (k+T)M.

Proof. Let W,, — vy = C = vy ---v,. We proceed by induction on |V (H)|. By Lemma 11, we
may assume that H has minimum degree at least 3. Let Eg be the set of glued edges incident
to vg. If |Eg| > k, then W,, has a k-glumpkin minor. By Lemma 25, H contains an Sy minor,
which is a contradiction. Thus, |Ep| < k — 1.

Let d be an arbitrary distance function on H, and dy be the restriction of d to W,,. By
Lemma 41, (W,,,dw) has a flat cover of size 4, say F, Fy, F3, Fy. Let Fj be the set of arcs
of D(W,,) incident to vy. For each i € [4], let I';/',T; be such that ' UT; = F;\ Fy and
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(vj+1,v5) € TF, (vj,v501) ¢ Ty for all j € Z/nZ. Since every two arcs of ' are both forward
or both backward arcs of every directed cycle of D(W,,), (I, F;) is a frame of (W, dw) for
all i € [4]. Let H' be the graph obtained from W,, by only gluing along glued edges belonging
to E(C). By Lemma 6 and Lemma 22, fo(H') < 1+ 8M. Since |Ey| < k — 1, Lemma 12
implies that

JoolH) < foolH') 4 (5 = 1)(M — 1) < (k + T)M. 0

We now apply our results about wheels to fan-reduced graphs. Recall that every graph can
be obtained from its fan-reduction by replacing fan gadgets by fans.

Lemma 43. Let F' be a reducible fan of a graph G, and let G' be the F-reduction of G. Then
foo(G) < fo(G') +4.

Proof. Let vg be the center of F', and vy ---vg be its outer path. When performing the F-
reduction, we rename vertices such that v is still the center and vivovg_qvg is the outer path
of the reduced fan. Let Wj_o be the wheel graph on k — 1 vertices, where vg is the universal
vertex, and vous - --vi_1v9 is the outer cycle. Let H be the graph obtained by performing
the 3-sum of G’ with Wj_o along the clique vgvavg_1. Note that G is obtained from H by
deleting the edge voug_1. Hence, foo (G) < foo(H). By Lemma 41, foo (Wi_2) < 4. Therefore,
applying Lemma 12,

fOO(G) < fOO(H) < fOO(G/) + fOO(Wk—Q) < fOO(G/) +4. O

Lemma 44. Let G be a graph, G’ be the fan-reduction of G, and t be the number of reduced
fans in G'. Then, t < 7(G') and f(G) < 57(G).

Proof. Suppose F’ is a reduced fan in G’, where v is the center and vy - - - v4 is the outer path.
Note that every vertex cover of G’ must use at least one of vy or vs. Since {vq,v3} is disjoint
from all other reduced fans, we conclude that ¢ < 7(G’). For the second part, first observe that
foo(G") < 7(G"), by Lemma 7. By repeatedly applying Lemma 43 to each maximal reducible
fan of G,

foo(G) < fool(G') + 4t < 57(G). O

Lemma 45. For all k € N, let gi5(k) = 5ga0(k). If G is a 3-connected graph with no U~
minor, then foo(G) < gu5(k).

Proof. Let G’ be the fan-reduction of G. By Lemmas 44 and 40,
fOO(G) S 5T(G/) S 5940(k) = g45(k:). O

Lemma 46. For all k,M € N, let ga(k, M) = (2k + 11)Mgao(k). Let G be a 3-connected
graph and let H be a graph obtained by gluing 2-connected graphs G, ..., Gy on distinct edges
of G such that H has no UX, minor. Let M = maX;c(m] foo(Gi). Then foo(H) < gas(k, M).

Proof. We proceed by induction on |E(H)|. By Lemma 11, we may assume that H has
minimum degree at least 3. Let F be the set of maximal reducible fans in G. Let G’ be the
fan-reduction of G and let ' be the set of reduced fans in G’. If F' is a fan with center g
and outerpath v; - - - vy, we define I(F) = V(F) \{vo, v1,vm}. Let X’ be a vertex cover of G’
and set X = X'\ Upcm I(F'). We regard X as a subset of vertices of G. Let I" be the set of
glued edges of G and I'x be the set of edges of I' incident to a vertex in X.

If x| > (k— 1)7(G’), then there is a vertex x € X incident to at least k glued edges
Y1, ..., Y. Since G is 3-connected, there is a tree in G—x containing {y1, ..., yx . Therefore,
G contains a k-glumpkin minor that is obtained by contracting the tree to a single vertex. By
Lemma 25, H contains an Si minor, which is a contradiction. Hence, [I'x| < (k — 1)7(G’).

Let F € F with center vy and outerpath vy - --v,,. Let F* be the graph obtained from F
by adding the edge vivy, (if it is not already present) and gluing all G; whose glued edge is
contained in E(F").
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Let GX be obtained from G by gluing all G; whose glued edge belongs to I'x and replacing
each F € F by a triangle, Ap. Let HT be obtained from G¥ by simultaneously taking the
clique-sum of F™ and GX along A for all F € F. Notice that H is a subgraph of H™.

By Lemma 44, fo(G) < 57(G’). Since [I'x| < (k — 1)7(G’), by Lemma 12

foo(GX) < foo(G) + (k = 1)(M = 1)7(G") < (k +4)M7(G").

Since G’ is a 3-connected fan-reduced graph not containing a L{fo minor, by Lemma 40, 7(G’) <
g10(k). By Lemma 42, foo (F1) < (k+7)M, for all F' € F. Finally, |F| < 7(G’), by Lemma 44.
Putting this altogether,

foo(H) < foo(HT)
< fool GX) + (k+T)MT(G)
< (k+4)MT1(G)+ (k+T7)MT(G")
= (2k + 11)M7(G")
< (2k +11) M gao (k)
= qus(k, M). O

ACKNOWLEDGEMENTS

We thank Monique Laurent and Antonios Varvitsiotis for helpful discussions regarding the
material in Section 2. We also thank an anonymous referee for their helpful comments on an
earlier version of the paper.

(1

2l
3]
4
(5]

(6]
(7l
(8]
(9]
[10]
(11]

[12]
(13]

(14]
(15]
(16]

(17]

REFERENCES

I. Abraham, Y. Bartal, and O. Neiman. Advances in metric embedding theory. Advances in Mathematics,
228(6):3026-3126, 2011.

K. Ball. Isometric embedding in [,-spaces. Furopean J. Combin., 11(4):305-311, 1990.

M. Belk. Realizability of graphs in three dimensions. Discrete Comput. Geom., 37(2):139-162, 2007.

M. Belk and R. Connelly. Realizability of graphs. Discrete Comput. Geom., 37(2):125-137, 2007.

J. Bourgain. On Lipschitz embedding of finite metric spaces in Hilbert space. Israel J. Math., 52(1-2):46-52,
1985.

C. Chekuri and J. Chuzhoy. Polynomial bounds for the grid-minor theorem. J. ACM, 63(5):Art. 40, 65,
2016.

J. Chuzhoy and Z. Tan. Towards tight(er) bounds for the excluded grid theorem. In Proceedings of the
Thirtieth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 1445-1464. ACM.

M. M. Deza and M. Laurent. Geometry of cuts and metrics, volume 15 of Algorithms and Combinatorics.
Springer-Verlag, Berlin, 1997.

G. Di Battista and R. Tamassia. On-line maintenance of triconnected components with SPQR-trees. Al-
gorithmica, 15(4):302-318, 1996.

R. Diestel. Graph theory, volume 173 of Graduate Texts in Mathematics. Springer, Berlin, fifth edition,
2017.

M. Eisenberg-Nagy, M. Laurent, and A. Varvitsiotis. Forbidden minor characterizations for low-rank op-
timal solutions to semidefinite programs over the elliptope. J. Comb. Theory, Ser. B, 108:40-80, 2014.

P. Erdés and G. Szekeres. A combinatorial problem in geometry. Compositio Math., 2:463-470, 1935.

S. Fiorini, T. Huynh, G. Joret, and A. Varvitsiotis. The excluded minors for isometric realizability in the
plane. SIAM J. Discrete Math., 31(1):438-453, 2017.

G. Joret, C. Paul, I. Sau, S. Saurabh, and S. Thomassé. Hitting and harvesting pumpkins. SIAM J.
Discrete Math., 28(3):1363-1390, 2014.

D. Kitson, A. Nixon, and B. Schulze. Rigidity of symmetric frameworks in normed spaces. Linear Algebra
and its Applications, 607:231-285, 2020.

M. Laurent and A. Varvitsiotis. A new graph parameter related to bounded rank positive semidefinite
matrix completions. Math. Program., 145(1-2):291-325, 2014.

C. Muller. Excluded minors for isometric embeddings of graphs in ¢% -spaces. Master’s thesis, Université
libre de Bruxelles (ULB), 2017.



36 S. FIORINI, T. HUYNH, G. JORET, AND C. MULLER

[18] N. Robertson and P. D. Seymour. Graph minors. V. Excluding a planar graph. J. Combin. Theory Ser.
B, 41(1):92-114, 1986.

[19] N. Robertson and P. D. Seymour. Graph minors. XX. Wagner’s conjecture. J. Combin. Theory Ser. B,
92(2):325-357, 2004.

[20] J. B. Saxe. Embeddability of weighted graphs in k-space is strongly NP-hard. In Proc. of 17th Allerton
Conference in Communications, Control and Computing, Monticello, IL, pages 480-489, 1979.

[21] B. Schulze. Combinatorial rigidity of symmetric and periodic frameworks. In Handbook of geometric con-
straint systems principles, Discrete Math. Appl. (Boca Raton), pages 543-565. CRC Press, Boca Raton,
FL, 2019.

[22] M. Sitharam and J. Willoughby. On flattenability of graphs. In Automated deduction in geometry, volume
9201 of Lecture Notes in Comput. Sci., pages 129-148. Springer, Cham, 2015.

[23] H. S. Witsenhausen. Minimum dimension embedding of finite metric spaces. J. Combin. Theory Ser. A,
42(2):184-199, 1986.



UNAVOIDABLE MINORS FOR GRAPHS WITH LARGE ¢,-DIMENSION

(S. Fiorini)
DEPARTEMENT DE MATHEMATIQUE
UNIVERSITE LIBRE DE BRUXELLES
BRrusseLs, BELGIUM

Email address: sfiorini@ulb.ac.be

(T. Huynh)
DEPARTEMENT DE MATHEMATIQUE
UNIVERSITE LIBRE DE BRUXELLES
BRUSSELS, BELGIUM

Email address: tony.bourbaki@gmail.com

(G. Joret)
DEPARTEMENT D’INFORMATIQUE
UNIVERSITE LIBRE DE BRUXELLES
BRUSSELS, BELGIUM

Email address: gjoret@ulb.ac.be

(C. Muller)
DEPARTEMENT DE MATHEMATIQUE
UNIVERSITE LIBRE DE BRUXELLES
BRrUSSELS, BELGIUM

Email address: camuller@ulb.ac.be

37



	1. Introduction
	2. The Euclidean case
	3. Alternative view of -dimension
	4. Metric tools
	5. Certificates of large -dimension
	6. 2-connected graphs
	6.1. Contracted SPQR trees
	6.2. Extending flat sets in 2-connected graphs
	6.3. Handling several 2-cutsets simultaneously

	7. 3-connected graphs
	8. Finishing the proof
	Acknowledgements
	References

