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CONSTRAINTS, MMSNP AND EXPANDER
RELATIONAL STRUCTURES

GABOR KUN

ABSTRACT. We give a poly-time construction for a combinato-
rial classic known as Sparse Incomparability Lemma, studied by
Erdés, Lovasz, Nesetiil, Rodl and others: We show that every
Constraint Satisfaction Problem is poly-time equivalent to its re-
striction to structures with large girth. This implies that the com-
plexity classes CSP and Monotone Monadic Strict NP introduced
by Feder and Vardi are computationally equivalent. The technical
novelty of the paper is a concept of expander relations and a new
type of product for relational structures: a generalization of the
zig-zag product, the twisted product.

1. INTRODUCTION

The construction of graphs with large girth and chromatic number
is a classic in probabilistic combinatorics. Many great mathematicians
have contributed to this: Erdds [4] gave a probabilistic construction
for graphs. Lovéasz [10] had a deterministic, but huge construction for
hypergraphs. Nesettil and Rodl gave a short probabilistic construction
[16] for hypergraphs, see also Duffus, Rédl, Sands and Sauer[3]. Feder
and Vardi showed [5] a more general statement known as Sparse Incom-
parability Lemma: They proved that for every CSP problem there is a
randomized, poly-time algorithm that transforms every input structure
of the CSP to an equivalent one of large girth.

Nesetfil and Matousek gave a deterministic poly-time algorithm [15]
to this in case of graphs. This was simplified in the recent work of
Nesettil and Siggers [17]. The main result of this paper is a determin-
istic, poly-time algorithm for the Sparse Incomparability Lemma for
general CSP’s. i
Theorem 1. (Algorithm) Let t,k be positive integers and T a finite
relational type. For every structure S of type T there exists a polynomial
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"We will follow the terminology of relational structures, but our theorems hold
in the special case of hypergraphs, too.
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time constructible structure S’ of type T with girth > k such that for
every structure T of size < t the equivalence S € CSP(T) <— S’ €
CSP(T) holds. Moreover, S" € CSP(S).

This theorem also answers a problem posed by Nesetfil, Kostochka
and Smolikova [7]. However, our work was primarily motivated by
the paper of Feder and Vardi [5] on the dichotomy conjecture: They
analyzed the complexity classes CSP and Monotone Monadic Strict NP
(MMSNP). The class MMSNP contains the class CSP, and it has much
bigger expressive power. Feder and Vardi proved that these classes are
equivalent in a random sense. (For more on these classes and a simple
proof see [9].) The only random part in their algorithm comes from
their probabilistic proof of the Sparse Incomparability Lemma, so we
can derandomize their result using Theorem [II
Theorem 2. Let 7 be a finite relational type, L C Rel(T) an MMSN P
language. Then there is a finite set of relational structures T C Rel(T)
such that

(1) L has a polynomial time reduction to CSP(T).
(2) CSP(T) has a polynomial time reduction to L.

Note that the equivalence of the complexity classes CSP and MM-
SNP does not only mean that both of these classes contain an NP-
complete problem. In particular, Theorem Pl shows that if dichotomy
holds for CSP then it also holds for MMSNP.

Nesettil and Matousek used expander graphs to give a poly-time al-
gorithm for the Sparse Incomparability Lemma in the case of graphs.
Expander graphs are sparse but highly connected graphs. These play
an important role in number theory, group theory and graph theory.
Ajtai, Komlds and Szemerédi used expanders in their paper on parallel
sorting [I]: this was the first time when expanders were used in com-
puter science. ”Optimal expander graphs”, Ramanujan graphs were
constructed by Margulis [14] and independently by Lubotzky, Phillips
and Sarnak [IT]. Simpler and simpler constructions were found in the
last decade [2],[18]. Recently Lubotzky, Samuels and Vishne introduced
a concept of Ramanujan complexes [12] [13].

On the other hand, for relational structures (hypergraphs) no similar
construction or even definition is known. We introduce a concept of
expander relations. We say that the r-ary relation R on S is an e-
expander relation if for every Si,...,S, C S the number of relational
tuples with the ith coordinate in S; differs by less than ¢|R| from the
expected value. We construct e-expander relational structures with
large girth and bounded degree in poly-time.
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Theorem 3. (Algorithm) Let T be a finite relational type, k a positive
integer and € > 0. Then for every n > n. . there exists a polynomial
time constructible e-expander S of size n, type T, maximal degree at
most M = M, . and girth at least k.

In order to give this construction we define the twisted product of
relational structures, a generalization of the so-called zig-zag product
used by Reingold, Vadhan and Widgerson [I8]. Alon, Schwartz and
Shapira used a similar product called replacement product in their
expander construction [2].

In Section 2 we give the basic definitions. Section 3 contains the
novelties of this paper: the definition and properties of expander rela-
tional structures and the twisted product. In Section 4 we construct
expander relational structures with large girth and bounded degree. In
Section 5 we prove Theorem [Il and Theorem [21

2. DEFINITIONS, NOTATIONS

We will work with finite relational structures throughout this pa-
per: we denote these by boldface letters A, B, C,... and their base
set by A, B,C,..., respectively. For an r-ary relational symbol R
and relational structure A with base set A let R = R(A) denote
the set of tuples of A which are in relation R. Recall, that a ho-
momorphism is a mapping which preserves all relations. Just to be
explicit, for relational structures A,B of the same type 7 a map-
ping f : A — B is a homomorphism A — B if for every r-
ary relational symbol R € 7 and (xy,...,x,) € A" the implication
(x1,...,2,) € R(A) — (f(x1),...,f(xy)) € R(B) holds. A cycle in
a relational structure A is either a minimal sequence of distinct points
and distinct tuples xg,71,21,...,7, 2y = xg where t > 2, each tuple
r; belongs to one of the relations R(A) and each xz; is a coordinate of
r; and 7;41, or, in the degenerate case, a relational tuple with at least
one multiple coordinate. The length of the cycle is the integer ¢ in the
first case and 1 in the second case. The girth of a structure A is the
length of the shortest cycle in A (if it exists; otherwise it is a forest
and we define the girth to be infinity). The degree of an element = of
S is the number of relational tuples containing x (with multiplicity).
Denote the maximal degree in S by A(S). Given a function f: S — R
let |f| = > ,cq|f(x)| denote its first norm and max(f) its maximum,
respectively.

For the relational structure A set CSP(A) = {B : B is homomorphic
to A}. For a finite set T of relational structures of the same type define
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CSP(T) =UaerCSP(A). The class CSP consists of languages of the
form CSP(T).

3. EXPANDER RELATIONS AND THE TWISTED PRODUCT

Definition 4. Given a finite relational structure A, a relation R C A"
and functions fl, ..., fr - A= R let us denote the sum

> [T

(z1,...,xr)ER(A) 1=1
by R(fi,...,f.). For the subsets Si,..., S, C A set R(Sy,...,S,)
R(xs,,---,Xxs,.). This equals the number of r-tuples (z1,...,z,) €
such that x; € S1,..., 2, € S,.

ol

Definition 5. A nonempty r-ary relation R C S” is called an e-
expander relation if for every Sy,...,S, C S the inequality

)R(sl, . 5,) — | RIEl®) < | R holds.

A relational structure S is a (A, e) -expander relational structure if
every at least binary relation of S is an e-expander relation and A(S) <

A.

An expander graph is an expander relational structure: this is a triv-
ial consequence of the Expander Mixing Lemma [6]. We postpone the
study of such expanders until Section 4. Now we give several equivalent
definitions for expander relations.

Lemma 6. For a finite r-ary relation R C S" the followings are

equivalent.
(1) For every fi,..., fr: S — [0;00),
R(fr, . ) — |RIB < e RI T, max(f;) holds.

(2) For every fi,..., fr: S —[0;1],

R(fr,..., f) = [RIL B < 2[R holds.

(3) R is an e-expander relation.

Proof. The implication (1) — (2) is trivial. (3) is the special case of
(2) when all the functions f; are characteristic functions. We have to
prove (3) — (1):

R(fi,- - fr) =TTy il | =
e L S e ener i X ey dyn - - -y —
[ M e <Zses X{yi<fi<s>}>dy1 .
e e R ) s e < F())) —

y1=0 “Jyr=0
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IE\L [Tic s s wi < fi(s)}H|dyr - . . dy, <
fmax(fl) ce fma:c(fv") E|R|dy1 . dyr = €|R| H;:l maa:(fl) 0

y1=0 yr=0

Definition 7. Let A and B be relational structures of type 7. We say
that C is a twisted product of A and B if the followings hold.

(1) The base set of C is the product set: C' = A x B.

(2) The projection 7p : A X B — B is a homomorphism C — B.

(3) For every r-ary relational symbol R of type 7, 1 < i < r and
relational tuple t = (t1,...,t.) € R(B) there exists a bijec-
tion ay; : A — C such that rg o ay; = t; and (xq,...,2,) €
R(A) o (Oéml(l’l), R ,Oétﬁ«(l'r)) S R(C)

If all the bijections in the definition are identical we get the direct
product A x B. In the case of simple, undirected graphs the last
condition means that the preimage of every edge in B is isomorphic to
the direct product of A and an edge. The celebrated zig-zag product
[18] is a very special case (e.g. A is a complete graph with loops).
Two structures may have many different twisted products: we can
choose many bijections freely. However, every twisted product of two
expanders is an expander.

Lemma 8. Consider an ca-expander A and an ep-expander B of
type 7. If C is the twisted product of A and B then C is an (4 + €p)-
expander. And A(A)A(B) > A(C) holds for the maximal degrees.

Proof. Let R be an at least binary relation of type 7. We will prove
that (2) of Lemma[6 holds for R(C). Consider the functions fi,..., f. :
C — [0;1]. Let g; : B — R denote the function g;(b) = Zmewgl(b) fi(x).
Now |g;| = |fi|], and for every b € B the inequality 0 < g;(b) < |A|
holds. So the expander property of R(B) implies that

R(B) (g1, .9:) — |R(B)| 252 < e  R(B)| A"

Given an r-tuple b = (b1, ...,b,) € R(B) consider the bijections api,-- -,
oy, determining the twisted product Clearly g;(b = ‘ fio

(B)I =

ay,;|. We sum up all the error terms using |A||B| = |C’| |R( )
|R(C)| and the triangle inequality.

R(C)(f1,..., fr) — |R(C )|H2|01|‘f2‘
R(C)(fis-- s fr) — |R(C)|% <

RIO)fuoof) - S RB) a1, 00

_l_
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|2 ) HZ:1|9i| o
Al (B)(gla-~->gr)—|R(C)|T -

‘ < J(fioapt, ..., froapy,) |A\ H >‘

beR(B)

|R(A)| ’ [Li1 lgi]
R(B)(g ,---,gr)—lR(B)l"i <

Al ! |B|

Z (‘R(A)(floagla'“afro Q,r - ‘A| ‘H|fz abz >
beR(B)
|R(A)] " _

AT ep|RB|IA" < Y ealR(A)| +e5|R(C)| = (ea+e5)|R(C)].

beR(B)

The statement about the maximal degrees follows immediately from

the definition. O

Now we have arrived at the crucial technical theorem of the paper:
Two structures with small maximal degree have a twisted product with
large girth if the first structure has large girth.

Theorem 9. (Algorithm) Consider the finite relational structures A
and B of type 7. Suppose that the girth of A is > k and |A|'* >
A(A)A(B). Then there exists a twisted product C of A and B with
girth > k. The structure C can be constructed in polynomial time (in
|A| and |B|).

Proof. We will define better and better twisted products of A and B.
The number of cycles of minimal length will decrease in every step. We
start with the direct product Cy = A x B. Let C; denote the twisted
product after Step i. of the algorithm. The bijections determining C;
are denoted by af},l : A — C (where v is an r-ary relational tuple of B,
1<Il<randmgoa, =u).

Now we describe Step (i+1). Assume that the girth of C; is j < k.
Let t € R(B) be an r-ary relational tuple, 1 <[ <r and ¢, € C; such
that their distance is > k and 7wg(c) = 7TB( ") = t;. We will specify
other conditions on the choice of ¢,1, ¢ and ¢ later.

Now we will change the bijection O‘i,l but none of the other bijec-
tions defining C;. The relations of C;;; and C; will agree but the [*
coordinate of the tuples in 5 (t).

Set o/“ (aa’) o af;, where (aa’) is the transposition of A flipping
a and a'.

The figure illustrates this idea on the product of two undirected
paths. The number of cycles of length four decreases. (We neglect the
fact that undirected graphs have many degenerate cycles of length two
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when considered as relational structures (digraphs). So we actually do
not work with the shortest cycles in the figure.)

We call a cycle short if its length is j. We will prove that the number
of short cycles is strictly less in C;;; than in C;. We correspond to
short cycles in C;,; short cycles in C;. Let & denote the following
bijection between the set of relational tuples of C;;; and C;. For a
relational tuple u of C;yq set {(u) = u if wp(u) # t, else {(u), = uy, if
h # 1 and &£(u); = (ad’) o uy.

We will show that the image of a short cycle under ¢ will be short.
Call the tuple u critical if £(u) # u. This means that 7g(u) = ¢t and
the {** coordinate of u is ¢ or ¢’. The I*" coordinate of a critical tuple
is called critical coordinate. We call a pair of tuples (uj,us) in Ciyq a
cutting pair if mp(uy) # mp(uz) and the tuples intersect. Every cycle
with length < £ has a cutting pair: otherwise its image under 74 would
be a cycle, too.

Claim: Let tq,...,t, be a cycle in C;;1, where m < maz{k,2j}
and (t,,%,41) is a cutting pair. Assume that ¢ (¢/) is a coordinate of
both t, and t,41. Then ¢ (¢’) can not be a critical coordinate of ¢, or
torr.

The Claim implies that the image of a short cycle under £ is a (short)
cycle: If the image of two intersecting tuples under ¢ will not intersect
then one should be a critical tuple and its critical coordinate should be
in the intersection.

Proof. (of the Claim) We will prove by contradiction. We might sup-
pose that o = m, say t; is critical, ¢,, is not and the critical coordinate ¢
is in their intersection. If there is no other adjacent critical-noncritical
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pair of tuples s.t. ¢ is the critical coordinate and it is in their intersec-
tion then the path &(¢1),...,&(t,,) connects ¢ and ¢, hence m > k.

If there is such a pair, say (¢, tn41) then we distinguish two cases:

If ¢),41 is critical then (1), ...,&(t,) is a cycle, since (1) and £(¢)
contains ¢’ and the other tuples remained adjacent under £. Similarly,
E(ther), .-, &(tm) is a cycle, hence min{h,m — h} > j, so m > 2j, a
contradiction.

In the other case, when t, is critical the path £(¢1), .. ., £(t,) connects
c and ¢, hence k < h < m, a contradiction.

0

The main step of the algorithm does not increase the girth. The
image of a short cycle under £ will not be a cycle if it has a cutting
pair such that exactly one of the two tuples is critical and the critical
coordinate is in the intersection. The image of the other short cycles
is still a cycle, and the cutting pairs are the same.

Let us do the main step of the algorithm for all possible triple ¢ €
C,[,t (and arbitrary ¢') such that mg(c) = ¢;. This will hit every cycle
of length < maz{k, 25}, since the cutting pairs of a cycle do not change.
If we iterate this (logs(k)+1) times then we will get the required girth.

The number of such triples is O(|B||A]). We need to find ¢ in every
step: this requires O(|A||B|) time using Breadth First Search. We
can exchange ¢ and ¢ in the appropriate tuples in the same time.
Altogether, the running time of the algorithm is O(| A||A||B|?log(k)).

O

4. CONSTRUCTION OF EXPANDERS WITH LARGE GIRTH

We prove Theorem [3] in this section. First we give a probabilistic
existential proof in the spirit of [4] [5].
Lemma 10. Let 7 be a finite relational type, k a positive integer and
€ > 0. Then there is a A > 0 such that for every n large enough there
exists a (A, e)-expander of type T on n vertices with girth > k.

Proof. We consider a probability space on the set of relational struc-
tures with base set {1,...,2n}. For every r-ary relational symbol R € 1
and r-tuple u let Pr(u € R) = % independently, where the constant
D will be chosen later. The expected number of cycles with length < &
is O(c*DF), and the expected degree of a vertex is O(cD), where c is
a constant depending only on 7. Set A to be ten times the expected
value of the degree of a vertex.

The Markov inequality implies that the number of elements covered
by the cycles with length < k is at most n/4 with probability 1 —o,(1),
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and the number of elements with degree at least A is at most n/4 with
probability > % Remove every element with large degree or covered by
a short cycle (to get a structure on exactly n elements we may remove
more), and consider the resulted structure A with base set A. With
probability % — 0,(1) the girth of A is > k and the maximal degree of
A is bounded.

We have to prove the expander property. Consider the r-ary rela-
tion R and the subsets Si,...S,. C {1,...,2n}. The probability that
|R(S1,...,S,) — an| < §Dn is at most 2¢~3°° 0" by the Cher-
noff bound. Since the number of the possible choices is 22" this will
hold for a D large enough with probability 1 —op(1) for every r, every
r-ary relational symbol R € 7 and every Si,...,S, C A. In partic-
ular, ||R(A)| — Dn‘ < $Dn. Hence A is an e-expander. Altogether,
with probability £ — on(l) —01(D) the structure A is a (A, g)-expander
with girth > k. And this probability is positive if n and D are large
enough. O
Lemma 11. Consider the d-regular undirected graph G = (V, E) with
second largest eigenvalue N\ and the integer k > 2. Let S be the rela-
tional structure with base set V' and a single k-ary relation Ry:

Ry, = {(al, C ,CLk) Vs (ai,aiﬂ) c E}
Then the relational structure S is a (kdk_l, (k—1)8 |> expander.

Proof. Note that |R;| = |V|d"™! and the degree of every element is
idl. Set ¢ = %". We prove by induction on k: First suppose that
k = 2. We will use the expander mixing lemma [6]: for every T, W C V
the inequality |E(T, W) — dZ| < X\\/[T[[W] holds. This implies

\%
|Ro(T, W) — R Ry

< ¢|Ry|. Hence Ry is an e-expander relation.

V12

Assume that we have proved the lemma for (k — 1). Consider the
functions xq,...,z : S — [0;1]. By Lemma [0l we need to show that
Rl m) - |Rk|“z|vl|i%‘)sdk—l)mk«

For ¢+ = 1,... k define the sequence of functions y; : S — R recur-
sively. Let yo be the constant I function and y;.1(a) = Z x;(b).

(a,b)e'E'

Note that |yi+1| = Ry(yi,iy1). Clearly 0 < maz(y;) < d~! and
Ri(xy,...,x;) = |y;|. Now we use the inductional hypothesis
|Ri(z1,. .. 2) — \Rk\n’ﬂﬁxl%‘ = ‘Rz(yk 1, Tg) — \Rk|n’|vl|;lm <
[ Ba(yer, i) — [ Ro2ilied | 4 |1 o ! — |y gt <
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R dj| _IS el e ] <

| Re|max(yr—1) + v |Yk—1] T |Rie—1|| <

e Ri| + S (k — 2)e| R | < (k — 1)e| Ryl

The structure S is a (kd"~', (k — 1)e)-expander. O

Proof. (of Theorem [B]) Assume that every relational symbol in R is at
most r-ary. We know that for some d there exists a polynomial time
construction of d-regular expander graphs with eigenvalue gap |§| <5,
see [14] [11].

On the other hand by Lemma [0l there exists an s-expander A with
girth at least k such that |A[* > rd"~*A(A) holds. If n is large enough
then there exists such an A of size log(n) by Theorem [I0, and so we
can find it in polynomial time.

We construct an expander graph G of size =

|A]
erties. Lemma [[1] shows how to construct an ETQ—;l-eXpander B on the
vertex set of G with maximal degree rd"~!. The conditions of Lemma [
hold for A and B, hence there exists a polynomial time constructible
twisted product C of A and B with girth at least k. Now C is an
e-expander by Lemma [§ with maximal degree at most M = rd"'A(A)
and girth at least k. 0

with the above prop-

5. CSP vs MMSNP

Now we prove Theorem [2 showing that CSP and MMSNP are com-
putationally equivalent. Feder and Vardi [5] proved the following (see
[9] for a simple proof).

Theorem 12. Let L be an MMSN P language. Then there is a finite
set of relational structures T and a positive integer k such that

(1) L has a polynomial time reduction to CSP(T).
(2) CSP(T) restricted to structures with girth at least k has a poly-
nomial time reduction to L.

Theorem Ml and Theorem 7?7 would imply Theorem Pl So we succeed
to prove Theorem [II
Lemma 13. Consider the structures A, B and T of type 7, where A
18 an e-expander. Suppose that every relational symbol in T is at most
r-ary and e|T|" < 1. Let C be a twisted product of A and B. Then B
1s homomorphic to T iff C is homomorphic to T.

Proof. By the definition of the twisted product there is a homomor-
phism 75 : C — B. If B is homomorphic to T then so is C. In
order to prove the converse assume that there exists a homomorphism
¢ : C — T. Let us define the mapping £ : B — T in the following way.
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For an element b € B let £(b) be one of the elements of T" such that
1T (b) Nt (E(b))| > l?! We will show that £ is a homomorphism.
Let R be an r-ary relational symbol in 7, b = (by,...,b.) € R(B). We
need to show that (£(by), . §(b )) € R(T).

Set .S, ED) 7rB '(b;). We succeed to show that there is
a tuple (cl,...,cr) € R(C) with ¢; € S;: In this case the tuple
(&(b1),...,&(b) = (plc1),...,0(cr)) would be in R(T), since ¢ is
a homomorphlsm.

Denote the bijections corresponding to b determining the twisted
product C by ap; : A — 75" (b;). The tuple (cy,...,c,.) (where ¢; €
75" (b;) for every i) is in R(C) iff (abl(cl) abr(cr)) € R(A).

We use the expander property of A for the sets o 1(S;) for 1 <i <.
Since R(C)(S1,...,51) = R(A)(q, HEDR ,a;rl(S,,)) we have

R©) 81 50~ RN ) < e

On the other hand |R(A )\Hl‘f;'l‘m > ¢|R(A)| by the choice of the
sets S; and . Hence R(C)(Sy,...,S,) > 0, there exists an appropriate
tuple (cq,...,¢.) € R(C). This completes the proof of the lemma. [

Proof. (of Theorem[I]) Let us Choose r such that every relational symbol
in 7 is at most r-ary. Consider a +1 -expander A with girth > k£ and

bounded degree. Hence if |A| is large enough then |A|r > A(A)A(S)
holds. Such an expander A can be constructed in polynomial time
(of |S]) for fixed ¢t and k. Now we can use Lemma [0 for A = A and
B = S to construct a twisted product C of girth at least k. Set S’ = C.
Lemma [I3] implies Theorem [l O
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