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Given a graph G on n nodes, let Pg denote the cone consisting of the positive semidefinite
n x n matrices (with real or complex entries) having a zero entry at every off-diagonal
position corresponding to a non edge of G. Then, the sparsity order of G is defined as the
maximum rank of a matrix lying on an extreme ray of the cone Pg.

It is known that the graphs with sparsity order 1 are the chordal graphs and a charac-
terization of the graphs with sparsity order 2 is conjectured in [1] in the real case. We show
in this paper the validity of this conjecture. Moreover, we characterize the graphs with
sparsity order 2 in the complex case and we give a decomposition result for the graphs
with sparsity order <2 in both real and complex cases. As an application, these graphs
can be recognized in polynomial time.

We also indicate how an inequality from [17] relating the sparsity order of a graph and
its minimum fill-in can be derived from a result concerning the dimension of the faces of
the cone Pg.

1. Introduction

In this paper we study the ranks of extremal positive semidefinite matrices
with a given sparsity pattern, in continuation of the papers [1], [5], [6],
[7], [12], [13], [17]. This study is motivated mainly by its application to
the completion problem for positive semidefinite matrices (details are given
below) and it is also relevant to chordal graphs and Gaussian elimination
for sparse positive definite matrices ([15]).
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The sparsity order of a graph. Let G = (V,E) be a graph with node
set V={1,2,...,n} and let E denote the set of non edges; that is, F is the
set of pairs ij with i j €V and ij ¢ E. Let P denote the set of positive
semidefinite n x n matrices whose ij-th entries are zero for all ij € . All
matrices are assumed to have entries in the field F, where F is equal to R
(the field of real numbers) or C (the field of complex numbers). The set Pg
is a closed convex cone. A matrix X € Pg is said to be extremal if it lies on
an extreme ray of the cone Pg. The sparsity order of G (also abbreviated
as the order of G) ordp(G) is defined as the maximum rank of an extremal
matrix in Pg. We have: ordp(G) <n—2, with equality in the real case when
n >4 if and only if G is a circuit [7]. When G is the complete graph, Pg is the
cone of all positive semidefinite matrices, every extremal matrix has rank
<1 and, thus, ordp(G)=1. The sparsity order of a complete bipartite graph
is computed in [5] and the graphs with sparsity order 1 are characterized in
[1] (cf. also [14]). Namely,

Theorem 1. For a graph G, we have: ordg(G)=1 <= ord¢(G)=1 <= G
is chordal, i.e., G does not contain any circuit of length >4 as an induced
subgrapl. |

The following two operations are useful for computing the sparsity order.
If H is an induced subgraph of G, then

ordp(H) < ordp(G)
[1] and if G is the clique sum of two graphs G1 and G2, then
(1) ordp(G) = max(ordp(G1), ordr(G2))

[7]. A graph G is called a k-block if G has order k and every proper induced
subgraph of G has order <k — 1. For instance, the circuit Cy, is an (n—2)-
block over the reals if n >4 [1]. For any given k, the number of k-blocks
is finite, because a k-block has at most k2+k —2 (resp. k? — 1) nodes if
F=R (resp. F=C) [1]. In both the real and complex cases, K is the only
1-block and Cj is the only 2-block; in the real case, there are exactly sixteen
3-blocks: the graphs A; — Ajp and B — Bg shown in Figure 2. [1]. Helton
et al. [6] have classified the 4-blocks over R having 9 non edges (by relation
(5), this is the smallest number of non edges that a 4-block can have); their
number is quite large and the classification involves many technical details.
This indicates the difficulty of the general problem of classifying k-blocks.
In order to characterize the graphs having order <Kk, it suffices to know
the minimal (with respect to taking induced subgraphs) graphs among the p-
blocks with p> A and this might be more tractable, at least for small values
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of k. For instance, it follows from Theorem 1 that every k-block (k > 2)

contains a circuit of length > 4 as an induced subgraph. The following is
conjectured in [1] in the case k=2 and F=R:

Conjecture 2. A graph G satisfies: ordg(G) <2, if and only if G does not
contain as an induced subgraph a circuit on n > 5 nodes nor a 3-block.

Equivalently, over the reals, the only k-block (k > 4) which contains no 3-
block is the circuit Cjo.

The main contribution of this paper is to show the validity of Conjecture
2 (cf. Theorem 9); we also prove an analogous characterization for the graphs
having sparsity order <2 over C (cf. Theorem 13). The essential ingredient
in our proof is a decomposition result (in terms of clique sums) for the class
of graphs having no 3-block and no circuit of length > 5 as an induced
subgraph (cf. Theorem 8). Section 5 is devoted to the proof of this result
which is quite technical.

As an application, one can recognize in polynomial time whether a graph
has order 1 or 2. As another application, we can characterize the graphs
whose ‘powers’ all have order <2 (cf. Theorems 11 and 15); in the complex
case we derive a result of McCullough [12,13]. Moreover, we obtain the

classification of the 3-blocks, which was not known in the complex case (cf.
Corollary 14).

The minimum fill-in fill(G) of a graph G is the minimum number of
edges that need to be added to G in order to obtain a chordal graph; this
parameter has been studied, in particular, in connection with the Gaussian
elimination process for real symmetric positive definite matrices (cf. Rose
[15]). The following inequalities relating the sparsity order and the minimum
fill-in have been shown in [17], solving a conjecture of [7].

Proposition 3. ordg(G) <fill(G)+1, ordc(G)<2-fill(G)+1. |

We will see in Section 2 that these inequalities follow as an easy appli-
cation of a result (cf. Theorem 6) about the dimension of faces of the cone
Pa.

Note that the difference between the minimum fill-in and the sparsity
order can be arbitrarily large. Indeed, if G is the clique sum of two graphs
G, and Gs, then ordp(G) =max(ordp(G1),ordr(G)2) while fill(G) =fll(G1)+
fill(G3). We will see in Section 3 examples of graphs (those in class G4 - they
are not clique sums) having order 2 and an arbitrarily large minimum fill-
in. The complexity of computing the order of a graph is not known. On
the other hand, evaluating the upper bound given by Proposition 3 is hard,
since computing the minimum fill-in is NP-complete ([19]).



546 MONIQUE LAURENT

Application to the completion problem. Let us now explain the link
existing between the cone Pg and the completion problem for positive se-
midefinite matrices.

The matrix completion problem asks whether a given partial matrix can
be completed so as to obtain a matrix satisfying a prescribed matrix pro-
perty, in our case, being positive semidefinite. This problem has received a
lot of attention in the literature; this is due, in particular, to its many appli-
cations, e.g., to statistics, molecular chemistry, distance geometry, etc. (Ct.
the surveys by Johnson [9], Laurent (10] and further references there.)

Given a graph G = (V,E) and a partial matrix A = (a;;) whose entries
are specified only on the diagonal positions and on the off-diagonal positions
corresponding to the edges of G, A is said to be completable to a positive
semidefinite matriz if there exist a positive semidefinite matrix B such that
bi=a; (1€V) and bjj =a;j (i#j €V and ij € E). Then, C; denotes the
subset of RVYE consisting of all such completable partial matrices A. When
G is the complete graph, Cg is the cone of all positive semidefinite matrices,
which is well known to be self polar. From this follows that the polar cone!
of Cg is equal to the projection on RVYE of the cone Pg.

Therefore, a partial matrix is completable to a positive semidefinite mat-
rix if and only if its inner product with any extremal matrix in Pg is non-
negative. Hence, knowledge about the extremal matrices in Pg is useful for
deciding completability of partial matrices. This fact motivates the study of
extremal matrices in Pg and of the order of graph G. In view of the pola-
rity relation between the cones Cs and Pg, Theorem 1 is equivalent to the
following result of [4] concerning the cone Cg.

Theorem 4. A graph G is chordal if and only if every partial matrix whose
entries are specified on G (and on the main diagonal) and for which all fully

specified principal submatrices are positive semidefinite can be completed
to a positive semidefinite matrix. 1

We now give some preliminaries about matrices and vector representati-

ons, leading to a reformulation for the sparsity order, and some notation on
graphs.

Matrices and vector representations. An n xn matrix X = (z45) with
entries in F (=R or C) is Hermitian if X* = X and positive semidefinite

! Recall that the polar C° of a cone C CT is the set of all y€F¢ such that y*z >0 VzeC.
When the cone C consists of nxn matrices, we view C as a subset of F** equipped with the
usual inner product. That is, for two n x n matrices 4 and B, their inner product (A, B)
is defined as Tr(A*B) =sz=1 ajjbij. Here, 2*,a*, A* denote, respectively, the conjugate
of z€TF (equal to z if F=R), and the conjugate transpose of vector a or matrix A.
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(then, we write: X »= 0) if X is Hermitian and z*Xz > 0 for all £ € F*
Equivalently, X = 0 if there exist vectors uy,...,u, € P (k>1) such that'
xij; = ujuy for all 4,5 =1,...,n; the sequence (ui,...,uy) is then called a
Gram representation of X and X is called the Gram matriz of u,,...,un
Note that {uj,...,un} and X have the same rank. If X has rank k, then it
has a unique (up to orthogonal transformation) Gram representation in the
k-dimensional space F*.

Let G = (V,E) be a graph with V = {1,...,n} and let X be an nxn
positive semidefinite matrix with Gram representation (u1,...,u,). Then,
X €Pg if and only if the vectors uq,...,u, satisfy:

(2) ufu; =0 for all ij € E,

i.e., they form an orthogonal representation of G. Given a subset ACEUE,
sct

3) Uyp = {uiu; +ujul |1j € A} if F=R,

Ua = {wf,wyuf | ij € A} i F=C

If X € Pg, then all matrices in Uy are orthogonal to the identity matrix.
The following is shown in [1].

Proposition 5. Let X € Pg with rank k and Gram representation
(U1, .. Un) In F*. Then, X is extremal if and only if the identity matrix
is (up to scalar multiple) the only kx k real symmetric matrix (resp. comp-
lex matrix) which is orthogonal to all matrices in Uy in the real case (resp.
complex case). Equivalently, X is extremal if and only if the following holds:

E+4+1

(4) rank(Ug) = ( 5

) ~1(F=R), ¥*-1(F=0).

Therefore,

k+1

(5) ordp(G) =k = |E| > ( 5

>~1W=MéW—DW=©-

A set of vectors ui,...,un € F* with rank k and satisfying (2) and (4)
is called a k-dimensional extremal orthogonal representation of G. Hence,
the sparsity order of G is equal to the largest k for which there exists a
L-dimensional extremal orthogonal representation of G. Proposition 5 turns
out to be a direct consequence of the result from Theorem 6 about dimen-
sions of faces of Pg.
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Graphs. All graphs are assumed to be simple (i.e., without loops and paral-
lel edges). Given a graph G=(V,E) with E as set of non edges, G:=(V, E)
is the complementary graph of G. As usual, K, denotes the complete graph
on n nodes, K, denotes the complete bipartite graph with colour classes
of cardinalities n and m, and C,, denotes the circuit on n nodes. Given a
subset U of V, G[U] denotes the subgraph of G induced by U, with node
set U and edge set {ij € E |1,j €U}. A subset SCV is called a stable set
of Gifij@FE foralli#£j €S, and a cliqgue if ij € E for all i# 7€ S. The
stability number a(G) is the maximum cardinality of a stable set in G. A
subset FC E is called a matching in G if no two edges of F' have a common
endnode.

Let G; = (V1,Ey) and Gy = (V,,E3) be two graphs such that the set
K:=V;NV; is a clique in both G7, G2 and there is no edge between a node
of V1 \ V2 and a node of V5\ V5. Then, the graph G:= (V1 UV,, E1UEy) is
called the clique sum of the graphs G; and Gy and the set K is called a
clique cutset of G.

A graph G is said to be chordal (or triangulated) if it does not contain a
circuit C,, (n>4) as an induced subgraph. Equivalently, G is chordal if and
only if G is a clique sum of cliques (Dirac [3]).

Given an integer m > 1, let G(™ denote the graph obtained from G by
replacing every node v €V by a clique K, of cardinality m and making any
two nodes i € Ky, j € K, adjacent in G™ if and only if the nodes v and v
are adjacent in G.

2. Relating the sparsity order of a graph and its deficiency in
chordality

In this section we show that the results from Propositions 3 and 5 follow as
applications of a result concerning the structure of the faces of the cone Pg.

Let G=(V,E) be a graph with V={1,...,n}. A subset FF CPg is called
a face of Pg if X =Y +Z with X € F| Y,Z € Pg implies that Y, Z € F. The
extreme rays of Pg are its faces of dimension 1. Given X € Pg, let Fp (X))

denote the smallest (with respect to inclusion) face of P that contains X.
Then,

Fp,(X)={Y € Pg | KerX C KerY'}

(where KerX ={z € R"| Xz =0}); this relation was shown in [8] in the case
when G = K, and the general case follows easily. Moreover, one can compute

the dimension of the face Fp (X) in terms of parameters of X (cf. Theorem
31.5.3 in [2]).
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Theorem 6. Let G=(V,E) be a graph, let X €Pg with rank k and Gram
representation (ul,...,un) in F* and let Uz be defined by (3). Then,

. E+1
(6) dim Fp, (X) = ( 0 )—rankR(UE) (F=R), k2—rankc(UE) (F=0C).

In particular, X is extremal if and only if (4) holds.

Proof. Let U denote the k x n matrix whose columns are the vectors
Ul,...,Up. Lhen, X = U*U. Call a k x k matrix B a perturbation of X if
X £AB € Pg for some A >0. Then, dim Fp,(X) is equal to the dimension
of the set of perturbations of X. One can verify that B is a perturbation of
X if and only if B=U*RU for some k x k Hermitian matrix R satisfying

(R,uuj) = (R,ujuj) =0 forallij € E.

Let U denote the subspace of F** (the set of kx k matrices) spanned by Us.
In the real case, dim Fp,(X) is equal to the dimension of the orthogonal
complement of U in the space Sy, of real symmetric matrices and, thus, to
(k;d) —rankg(Uz). (We have used here the fact that, for a symmetric matrix
B, (B,uu}) =0 <= (B,uuj+u;uf) =0.) In the complex case, dim Fp(X)
is equal to the dimension of the set HyNUL, the orthogonal complement of
U in the space Hj of k x k complex Hermitian matrices. However, the set
HiNU* has the same dimension as its superset C* nyt, which implies that
dim Fp,(X)=k?—rankc(Ug). Indeed, suppose that {Ry,...,R,} is a set of
linearly independent matrices in C** N+ Note that for ReCF N4+, both
matrices R+ R* and i(R— R*) belong to H;NUL. Moreover, at least one of
the two systems {R1+ R}, Ry,...,Rp} and {i(R1—R}), Rs,...,Rp} is linearly
independent. Therefore, we can iteratively construct from {R;,...,Rp} a set
of p linearly independent matrices in HNU~. |

We now indicate how Proposition 3 can be derived from Theorem 6.

Let G = (V,E) be a graph and set k:=ordp(G) and p:= fill(G). There
exists a subset F of E of cardinality p such that the graph H:=(V,EUF)
is chordal. Let X be an extremal matrix in Pg of rank k and with Gram
representation (uj,...,un) in F*: thus, X € Py. Set pr:= (k'QH) and pc:=k>.
By relation (6), we have:

rankg (Ug) = pr — dim Fpg (X) = pr — 1,
rankg(Ug p) = pr — dim Fp,(X).
On the other hand,
rankp(Ug) < rankF(U—E\F) + rankg(Ur) < rankgr(UE\F) + e - |F|,
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setting eg =1 and ec:=2. This implies that
dimeH(X) <e-|F|+1l=e-p+1.

There exist d < dim Fp,, (X) extremal matrices X1,...,Xq € Py such that
X = X;+...+X,. This implies that rankX <rankX;+...4+rankXy. Each
matrix X; has rank 1 since H is chordal. Therefore, rankX < d which,
combined with the inequality: d <ep-p+1, implies that k=rankX <ep-p+1.
That is, ordp(G) <ep-fill(G) +1.

3. Graphs with sparsity order 2: The real case

In this section, we characterize the graphs having sparsity order < 2 in
the real case. The main result is Theorem 9 which gives two equivalent
descriptions for these graphs; one is in terms of forbidden induced subgraphs
and the other one shows how such graphs can be decomposed by means of
clique sums using four basic classes of graphs.

(8) 1]
O
@

(1a) graph G (22) graph G (2b) graph G
*—®
% °o—e O
*—e
- <|> C|>
@ O O O
(3a) graphG  (3b) graph G (4a) graph G (4b) graph G

Fig. 1. Classes G1, G2, G3, and Gy

We begin with introducing four classes of graphs having order <2 over
R. These graphs are shown in Figure 1.. For 1=1,2,3,4, let G; denote the
class consisting of the graphs having the form shown in Figure 1. (ia) and
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of their induced subgraphs. We use the following convention in Figure 1.: A
small dark dot indicates a node, a big dark sphere indicates a clique, while
a big white sphere indicates a stable set; edges are indicated by lines, while
a thick line between two spheres or between two sets of nodes shows that
every node in one set is adjacent to every node in the other set.

For each class G; with i=2,3,4, we picture not only graph G €G; but also
its complementary graph G, because the latter graph has a very simple form
which will be used in the proof of Proposition 7. Note that a graph G € G,
is obtained by adding two non adjacent nodes to a chordal graph H and
making them adjacent to all nodes of H (and taking an induced subgraph
of the resulting graph).

Remark that a graph in class G; has minimum fill-in at most ¢ fori=1,2,3
while graphs in G4 may have an arbitrary large minimum fill-in.

Proposition 7. If GEG1UGyUG3UGy, then ordg(G) <2.

Proof. If G€Gj, then ordr(G) <2 follows from Proposition 3, since fill(G) <
1

Let Ge€G; for 1=2,3,4. Let X be an extremal matrix in the cone Pg having

rank k:=ordg(G) and with Gram representation (u1,...,un) in R¥. Then,
by Theorem 6,

rank(Usg) = -12-(k2 +k—2).

We compute in each case the rank of the set Ug. Consider first the case
when G €Gs. Let A, B denote the node sets corresponding to the two stable
sets that are connected in G (cf. Figure 1. (2b)) and set a:=rank{u;|i€ A},
b:=rank{u;|i€ B}. Then,

rank(Ug) < 2 + ab.

We have that a+b <k since every u; (i € A) is orthogonal to every u; (j € B);
this implies that ab< %k? Therefore, we have:

Lo Lo
S+ k—2) <24k,
2(k +k-2)<2+ 1
from which it follows that k<2. If G€Gs, then we have:
-;—(k2+k—2) <4,

implying again that k <2. Finally, if G € Gy, then we obtain in the same way
as above that:

1 2 1 2 1 2
1 _9) < =K% + A2,
2(k +k 2)_4 +4

which also implies that k<2. |
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We now characterize the graphs having order < 2 over R.
relies essentially on a graph-theoretic result concerning the chara
in terms of forbidden induced subgraphs of the graphs in the
(1=1,2,3,4) and their clique sums. We first formulate this grap
result whose proof, in view of its length, is delayed till Section 5

Theorem 8. The following assertions are equivalent for a grap.

(i) G does not contain as an induced subgraph a circuit C, (n >
of the graphs As-Aig and B:1-Bg (cf. Figure 2.).

(ii) G is a clique sum of a set of graphs belonging to U G; (cf. .

=1

We show in Figure 2. the complementary graphs of a list of six
A1 — Ajg, B1— Bg. Note that Aj, By, Ao, By, Bs are, respectively
Cs, the complete bipartite graph K3 3, K3 3+e (add an edge to K
(delete an edge from K33), K33+e\f.

Theorem 9. The following assertions are equivalent for a grar

(i) ordr(G)<2.
(ii) G does not contain as an induced subgraph a circuit Cp, (n:
of the graphs As-Ayg and By-Bg (cf. Figure 2.).

(iii) G is a clique sum of a set of graphs belonging to U G; (cf.

i=1

Proof. The implication (i) == (ii) follows from the fact that th
(n>5), Ay —Ajo, B1—Bg all have order >3 (for this, it suffices t
each of them a 3-dimensional extremal orthogonal representat
The implication (ii) == (iii) holds by Theorem 8, while (iii) =
from relation (1) and Proposition 7.

The result from Theorem 9 can be seen as an analogue and ge
of the corresponding characterization for graphs of order 1, whic
the following assertions are equivalent for a graph G: (i) ordg
G is chordal; (iii) G can be decomposed as a clique sum of cliq
mention some applications of Theorem 9. The first applicatior
can test in polynomial time whether a given graph G has order
reals. Indeed, it suffices for this to first (i) decompose G into gre
clique cutsets by means of clique sums and then to (ii) test wh

4

graphs produced by step (i) belong to Ugi. Step (i) can be |

1=1
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<> AL X
AL At Al

Fig. 2. Complements of graphs A; — Aig, B1 — Bs (the 3-blocks over R)

time O(nm) if G has n nodes and m edges [18] and step (ii) can obviously
be executed in polynomial time.

The second application is the classification of the 3-blocks over the reals,
which was obtained by Agler et al. [1]. The only fact from [1] that we have
used concerning the graphs A; — Ayg, B1 — Bg is that they have order >3
(which easily implies that they are 3-blocks). But, we obtain ‘for free’ the
hard part, which consists of showing that A; — Ao, B; — Bg are the only
3-blocks.

Theorem 10. In the real case, the 3-blocks are the graphs A; — Aip and
B, — Bg.

Proof. If G is a 3-block then, by Theorem 9, G must contain one of the
graphs A; — A0, B1—Bg as an induced subgraph and, thus, G is equal to it
(by the definition of a block). ]
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The third application of Theorem 9 is the characterization of the graphs
G whose powers G(™) all have order <2 over R.

Theorem 11. The following assertions are equivalent for a graph G.

(o) ordR(G(m)) <2 for every integer m>1.
(i) ordg(G®)<2.
(i) G does not contain as an induced subgraph a circuit C,, (n2 5) nor any
of the graphs Ay, By, D1, Do, D3 (cf. Figures 2. and 3.).
(iii) G is a clique sum of a set of graphs belonging to the class G4 (cf.
Figure 1.).

. 1 TA

D, D, D,

Fig. 3. Complements of graphs D;, D2, and D3

The next lemma will be used in the proof of Theorem 11 and later as
well.

Lemma 12.

(i) Let H be a chordal graph that does not contain an induced path of
length 3 and with stability number a(H)=2. Then, its node set can be
partitioned into VoUV; UV, in such a way that VoUV; and VUV, are
cliques and there is no edge between Vi and V.

(ii) If G € G contains neither Dy nor D3 as an induced subgraph, then
Gegy.

Proof. (i) As H is chordal and is not a clique, there exists a clique cutset
K in H. Hence, the node set Vi of H can be partitioned into N1UNy UK,
in such a way that there is no edge between N; and N,. Moreover, both
Ny, Ny are cliques (since a(H)=2). For a=1,2, set

K, ={k€ K|tk gFE forsomei€ N,}.

Then, K1 #0 = K, =0, a node k€ K is not adjacent to any node of N;
(else, one would find a path of length 3 in H), and k€ K; is adjacent to all
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?}cl)des in Ny (since a(H) = 2). Therefore, we can assume that Ky =0 and
en, ’

Vg =N, U (K \ Kl) U (K1 ] Nz),

where the sets N;U(K\ K1) and (K\K1)UK1UN5 are cliques and there is no
edge between the sets Ny and K;UN,. Thus, (i) holds (setting Vg:=K\ K
V1:=Nq, V2:=K1UN2). ’
(ii) Let G€G; and let H denote the chordal part in G (cf. Figure 1. (1a)).
If G contains neither Dy nor D3 as an induced subgraph, then H does not
contain an induced path of length 3 and a(H)<2. We may assume that H

is not a clique (else we are done). Using (i) we conclude that G has indeed
the form of a graph in G,. |

Proof of Theorem 11. (o) = (i) and (iii) => (o) are obvious. The imp-
lication (i) == (ii) follows from the corresponding implication in Theorem
9; indeed, the graphs H:=Dj, Dy, D3 are forbidden as induced subgraphs of
G since H? contains Ag, As, As, respectively. Similarly, (ii) = (iii) follows
from the corresponding implication in Theorem 9. Indeed, each of the graphs
A1—Ay9, By1— Bg contains one of Ayq, By, D1,Ds, D3 as an induced subgraph.
Hence, under assumption (ii), we know that G is a clique sum of a family
of graphs belonging to U;1=1 G;. In order to conclude the proof, it suffices
now to verify that a graph Ge€ U?:l G; not containing Dy, Dy, D3 necessarily
belongs to G4. This is obvious for the classes G and G3 and Lemma 12 (ii)
settles the case when G€G;. |

4. Graphs with sparsity order 2: The complex case

In this section we characterize the graphs having sparsity order <2 over C.
As in the real case, we begin with exhibiting some basic classes of graphs
having order <2 over C as well as some examples of graphs with order > 3.
Let G5 denote the class consisting of the graphs that can be obtained from
a complete graph by deleting a matching of cardinality at most 3. It follows
from (5) that ordc(G) <2 if G € Gs and McCullough (Prop. 2.6, [12]) has
shown that orde(G) <2 if G€G4.

It is shown in [12] that ord¢(G) >3 if G is one of the graphs Cy, (n>5), Ay,
B (cf. Figure 2.), D1, D3 (cf. Figure 3.). We observe that the graphs Dy and
Ds whose complements are shown in Figure 4. also have order >3. (The vec-
tor assignments indicated there provide a 3-dimensional extremal orthogo-
nal representation.) In fact, the graphs A4, B1,D1,D3,D4, D5 all have order
equal to 3 (by (5)). Therefore, the graphs C, (n>5), Ag,B1,D1,D3,D4,Ds
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€y e u e € € u €1=(1,0,0)
62=(0,1,0)
AT T Se
e €3 e Vv € €3 € V u =(1,1,1)
v =(1,1,-1-1)

D, Dy

Fig. 4. Complements of graphs D4 and Ds

are forbidden induced subgraphs for the class of graphs having order < 2
over C. As we now see, there are no other minimal forbidden induced subg-

raphs. The proof of this result relies again on a decomposition result, which
follows quite easily from Theorem 8.

Theorem 13. The following assertions are equivalent for a graph G.
(i) ordc(G)<2.
(ii) G does not contain as an induced subgraph any of the graphs Cp, (n>5),
A4,B1,D1,D3,Dy4, and Ds.
(iii) G is a clique sum of a set of graphs belonging to G4UGs.

Proof. The implications (i) = (ii) and (iii) = (i) are clear. We now verify

the implication (ii) = (iii). For this, let G be a graph satisfying Theorem

13 (ii). Then, G satisfies the condition (ii) from Theorem 9 (since the graphs

Ag, Az, By — Bg all contain Ds; while As, Ag, A7 contain D;; Ag, Ag contain

Dy; and finally Ajg contains Ds). Therefore, by Theorem 9, G is a clique
4

sum of a set of graphs belonging to Ugi. In order to conclude the proof,
=1

it suffices to verify that a graph G € G, UGy U3 satisfying Theorem 13 (ii)

belongs, in fact, to Gs. This is easy to see when G € G, UG3 and Lemma 12

(ii) settles the case when G€0;. ]

Therefore, the graphs having order < 2 over C can be recognized in
polynomial time. Another application of Theorem 13 is the classification of
the 3-blocks over C.

Corollary 14. The 3-blocks over the field C are the graphs Cs, By, A4, D1,
D3, Dy, and Ds. [ |

As last application of Theorem 13, we obtain the following result of Mc-
Cullough [12,13] characterizing the graphs G whose powers G(™) all have
order <2 over C. It turns out that we find the same graphs as in the real
case.
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Theorem 15. The following assertions are equivalent for a graph G.

(o) ordc(G™)Y)<2 for every integer m>1.
(i) orde(GPY<o.

(i) G does not contain as an induced subgraph a circuit Cr (n>5) nor any
' ‘of th'e graphs Ay, By, Dy, Dy, D3 (cf. Figures 2. and 3.).

(iii) G is a clique sum of a set of graphs belonging to the class Gy (cf. Figure

1.).

Proof. The implications (0) = (i) and (iii) = (o) are clear. The implica-
tion (i) = (ii) follows from Theorem 13 and the fact that DgZ) contains Dy.
We now verify the implication (ii) = (iii). For this, let G satisfy Theorem
15 (ii); then, G satisfies Theorem 13 (ii) and, thus, is a clique sum of a set of
graphs belonging to G4UGs. It suffices now to note that a graph belonging
to §s and satisfying Theorem 15 (ii) belongs, in fact, to Gy. ]

McCullough [12,13] has given an additional equivalent property for the
graphs satisfying Theorem 15 (ii) (called by him 2-chordal), in terms of
existence of a certain linear ordering of the nodes involving the notion of
‘simplicial pair of nodes’; this is in analogy with the existence a perfect el-
imination ordering for chordal graphs, that involve the notion of simplicial
node. Note that the ‘hard’ part in his proof lies also in proving the de-
composition result via clique sums (the original proof given in [12] for this
decomposition result was not correct; it was later corrected in [13]).

5. Proof of Theorem 8

This section is devoted to the proof of Theorem 8. The implication (ii) =
(i) follows from the fact that the graphs Cn (n>5), A2 — Ajo, B1 — Bg have
no clique cutset and that they cannot occur as an induced subgraph of a
graph in G; (1=1,2,3,4).

We now turn to the proof of the reverse implication: (i) = (ii). The
starting point of our proof was inspired by the proof given in [16] for the
following result of Dirac [3]: Every chordal graph G which is not a clique
has a clique cutset. The latter result can be shown in the following manner.

Let G be a chordal graph which is not a clique. Then, there exists a node
u which is not adjacent to all nodes in V. Let SCV be a maximal subset of
V containing u such that G[S] is connected and the set

N = {i € V\S|iis adjacent to some node in S}
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is strictly contained in V'\ S. Setting N:=V\ (SUN), we have partitioned
V into .
V=SUNUN,

where G[S] is connected, N # 0, and there is no edge between the sets N
and S. It follows from the maximality assumption on S that

(1) every node of N is adjacent to every node of N.

Moreover, N is a clique and, thus, a clique cutset in G (cf. the proof of
Claim 3).

We now return to the proof of Theorem 8 (i) == (ii). For this, we let
G be a graph satisfying condition (i) (i.e., G does not contain Cy, (n > 5),
Ay — Ay, By — Bg as an induced subgraph) and we assume that G has no
clique cutset. We show that G belongs to one of the classes G;, 1=1,2,3,4.
We can assume that G is not a clique (else, we are done). In the same manner
as above, one can partition the node set V into

V=SUNUN,

where S # 0, G[S] is connected, N # @, there is no edge between the sets
N and S, N is not a clique, and relation (1) holds. The rest of the proof
consists in a detailed analysis of the structure of the sets S, N and N, so
that one can finally reach the conclusion that G has indeed the form of a

4
graph in U G;.

=1

5.1. Preliminary results and sketch of proof

We group here a number of preliminary results on the structure of G which
will lead to several distinct cases that we have to consider. In what follows,
we let 0 denote a given element of N. For s€.5, we set

N(s):={ie N|is€ E}.

Claim 2. If st is an edge in S such that N(s)UN(t) is not a clique, then
N(s)CN(t) or N(t)CN(s).

Proof. Assume that st is an edge in S and that N(s)\ N(¢), N(t)\ N(s)
are both non empty; we show that N(s)UN(t) is a clique. For this, let
1€ N(s)\N(t) and €N (t)\N(s); then, ij € E (else, (7,1,s,t,5) would be an
induced C5). Let i’ be another node in N(s)\N(t); then, i7’ € E (else, we find
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Bs on {s,t,'i,.'i',j,ﬁ}). Let k€ N(s)NN(t); then, ki€ E (else, we find A4 or By
on {7,s,t,1,5,k} depending whether kj € E). Finally, if k,A' € N(s)NN(t)
then kk'€ E' (else, we find A5 on {s,t,k,k',4,j,7}).

k)

Claim 3. If 1,5 € N are two non adjacent nodes in N, then there exists
s€ S which is adjacent to both i and j.

Proof. Let 7,j€ N be non adjacent and assume that no s€ S is adjacent to
both 4,j. There exist s,t €S such that si,tj € E and sj,ti ¢ E. Consider a
shortest path P in S from s to t. Then, this path P together with the edges
s1,17, 17, 5t yields a circuit of length >5 in G, a contradiction. |

As a consequence of Claim 3, we obtain that
(4) GI[N] is chordal.

Indeed, suppose that G[N] contains an induced Cy; let 7,5 € N be nonadja-
cent, and let s€ S be adjacent to i and j. Then, we find B3 on the nodes of
C4 and 1,7,s, a contradiction.

Claim 5. Let IC N be a stable set in N of cardinality |I|>3. Then, there
exists a unique node s€ S which is adjacent to all nodes in I.

Proof. We proceed by induction on |I| > 3. Suppose first that |I|=3, I =
{i,7,k}. If there exists no node in S adjacent to i, 5, k then, by Claims 3 and 2,
there exist pairwise nonadjacent nodes r,s,t € S such that ri,rj, si,sk,tj,tk €
E and rk,sj,ti € E; this gives an induced circuit Cs in G, a contradiction.
Now, if s,t are two distinct nodes in S adjacent to ¢,j and k, then we find Ay
or By on {i,j,k,s,t,} depending whether s,t are adjacent or not. Hence,
the result holds when |I| = 3. Suppose now that I = {i1,...,i,} with p>4
and that no node of S is adjacent to all elements of I. By the induction
assumption, we may assume that, for every j=1,...,p, there exists s; € S
adjacent to all nodes in I\ {i;}; then, the subgraph of G induced by nodes
7,51, Sp, Ip—2,1p—1,%p 15 Bs. Hence, there exists s€ S adjacent to all nodes in
I; uniqueness follows from the case |I|=3. |

Claim 6. Let i,7,k €N be distinct nodes such that G[{1,5,k}] has exactly
one edge. Then, there exists a node s€S which is adjacent to i,7, and k.

Proof. Suppose the claim does not hold. Say, 2j € E and ik, jk ¢ E. Then,
there exist s,t €S such that s is adjacent to ¢,k but not to 5 and t is adjacent
to 7,k but not to i. Then, ste E (else, we find Cs on s,t,1,7,k) and we find
B, on m,s,t,1,7,k. i
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Claim 7. Let I,J C N be distinct maximal stable sets in N. If INJ # 0,
then any node s€ S which is adjacent to all elements in I is adjacent to all
elements in J.

Proof. Suppose not. Let s €S be adjacent to all elements in I and let j€ J\I
such that sj € E. By maximality of I, there exists 1€l such that ij€ E. Let
EeInJ and let t €S be adjacent to ¢,7, and k (which exists by Claim 6).
Then, we find By or Bs on 7, s,t,%,7,k (depending whether st€ E or not). §f

Claim 8. Let (¢,h,j,k) be an induced Cy in N (i.e.,ih,jh,ik,jEk€E,ij,hk ¢
E). Then, any node s€ S which is adjacent to ¢ and j is adjacent to h and

k. Moreover, every node x € N\{i,7,h,k} is adjacent to at least three nodes
in {4,7,h,k}.

Proof. Let s€S be adjacent to i and j and suppose that s is not adjacent,
say, to k. Let t € S be adjacent to h and k. Suppose in a first step that
sh ¢ E. If t is adjacent to both 1,7, then we find Bs or Bg on the nodes
m,s,t,1,7,h,k (depending whether s,t are adjacent); if ¢ is adjacent to one of
i,7, then we find As or Bs and, if ¢ is not adjacent to 7, , then we find By or
By on the nodes s,t,1,7,h, k. Therefore, we have that sh € E and, similarly,
ti€ E. Then, we find As or Bg on {7, s,t,%,5,h,k} when tj € E and we find
Ay when tj € FE (on {s,t,1,7,h,k} if st¢ E and on {T,s,t,1,5,k} if ste E).
We now prove the second assertion of the claim. For this, consider z €
N\ {%,7,h,k} such that z: ¢ E. Let s€ S which is adjacent to z,%,j (which
exists by Claim 6); then s is adjacent to h and k. Hence, the subgraph of G
induced by {7,s,z,,7,h,k} is A3, As, B3, or Bg if one of the edges zj,zh, zk
is missing. |

Corollary 9. If N is not a clique, then G[N] is chordal and there are at
least two edges among any three nodes in N.

Proof. Let 71,7y be two non adjacent nodes in N. Suppose first that
(2,h,4,k) is an induced Cy in N. Let s € S be adjacent to 1,3,h,k (which
exists by Claims 3 and 8); thus, we find A3 on {71,72,s,%,5,h,k}. This
shows that G[N] is chordal. Suppose now that 7,7,k are distinct nodes in N
having at most one edge among them. Then, there exists s € .S adjacent to
i,5,k (by Claims 5 and 6); thus, we find By or Ag on {71,R2,s,%,7,k}. ]

Let v denote the largest cardinality of an induced matching in G[N ], the
complementary graph of G[N]. Then, v>1 since N is not a clique and

(10) v<3.
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Indeed, suppose that v >4 and let {isj, |a=1,2,3,4} be an induced matching
in G[N]. By Claims 3 and 8, there exists a node s € S which is adjacent to
all nodes iq,Jq, a=1,...,4. Then, we find Ajg on {7, s,%4,J, (a=1,2,3,4)}.
Note that v >2 if and only if G[N] is not chordal.

We can now describe the overal structure of the proof. We will organize
our discussion according to the value of the parameter »=1,2,3 (by (10)).
In the case when v =1, i.e., when the graph G[N] is chordal, it will be
convenient to consider separately the two cases when a(G[N])=2 and when
a(G[N]) > 3. To summarize, the proof will consist of examining the following
disjoint cases:

Case A: v=1 and a(G[N])=2; then, we show that GeG; UGy.
Case B: v=1 and a(G[N]) > 3; then, we show that G€g;.
Case C: v€{2,3}; then, we show that G€g,.

5.2. Case A

We assume here that G[N] is chordal with stability number a(G[N]) = 2.
Let K C N be a clique cutset in G[N]. Then, N can be partitioned as

N = KUN; UNy

where N1, No # 0 and there is no edge between the sets N1 and N3. Moreover,
both N7 and Ny are cliques (since a(G[N])=2). We show that G belongs to
G1UG4. For convenience, we introduce the following sets:

Sy :={s € S| s is adjacent to N; but not to Na},

Sy :={s € S| s is adjacent to Ny but not to N1},
S1p := {s € S| s is adjacent to N; and Ny}, Sp:= S5\ (51U SU S12)
and, for a=1,2,
K,:={ke€ K|ik ¢ E for somei€ N,} and Ko := K \ (K; U K3).

Given a set A CV and u € V' \ A, we say that u is adjacent to A if u is
adjacent to some element in A. Moreover, a path connecting a node of S; to
a node of Sy whose set of internal nodes is contained in Sy is called a path
from Sy to Sy via Sy. We have:

KN Ky =0; N, UK; and Ny U K are cliques,

since a(G[N])=2. Moreover,
S12 # 0.
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Indeed, given i; € Ny, i3 € Na, there exists (by Claim 3) a node s€ S which
is adjacent to 4, and 4g; thus, s € S12. The following observation will be used
repeatedly.

Claim 11. There does not exist an induced path from Sy to Sy via Sp.
Moreover, any induced path contained in SpUS1USj3 is contained in SoUS
or in SpUSs.

Proof. Suppose that there exists an induced path (s1,u1,...,up,s2) where
s1 €51, s2 € Sy, and uy,...,up € So (p>0). Let iy € N, be adjacent to s,
for a =1,2. Then, (41,81,u1,-..,Up,S2,%2,7) is an induced circuit of length
>5 in G, yielding a contradiction. The second assertion in the claim follows
easily. |

By definition, every node of Sio is adjacent to at least one node in N;
and in Ny. More strongly, we have:

(12) Every node s € Si9 is adjacent to every node in N; U No U K1 U K».

This follows using Claim 7, since any two non adjacent nodes of N form a
maximal stable set in G[N]. Indeed, let s € Si2 and let i; € Ny, ip € Ny be
adjacent to s. Then, s is adjacent to every other node j; € Ny since {i1,%2}
and {j1,i2} are two intersecting maximal stable sets. Moreover, if k € K;
is not adjacent to some j; € Ni, then s is adjacent to k since {k,j;} is a
maximal stable set meeting {71,332}

Claim 13. The graph G[S1oU K UN] is chordal.

Proof. We already know that G[K UN] is chordal (using (4)); hence, a
possible Cy is necessarily contained in K USjo and has at least two nodes
in S12. Let 47 € Ny and i € Ny. If (4,7,s,t) is an induced Cy with ¢,j € K
and s,t € Sia, then ¢, € Ky (by (12)) and we find As on 7, s,t,1, 7,71, %2.
In the case when (7,7,s,t) is an induced Cy4 with 1€ K and r,s,t € S, then
i € Ko and we find Bg on 7,r,s,t,1,11,12. Finally, if (r,s,%,u) is an induced
Cy contained in Syo, then we find B3 on 7,7, 8,t,u,11, 9. |

Our next objective is to show that S =359, i.e., that the set T := SpguUS;USs
is empty. Given s€ T, set

Xs:={z € S2UN |sz € E}.

Claim 14. X, is a clique for every s€ T and X;UX; is a clique for every
edge st in T'.
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Proof. Note first that, if z,y are two non adjacent nodes in S12 UN, then
one of the following holds: either z € S19, y € S12UKy; or z€ K1, y€ Ny (or
the symmetric case: z € Ko, y € N»); or z€ Ny, y € Na.

Suppose that X is not a clique for some s €T and let z,y be nonadjacent
nodes in X;. If z € S19, then N(s) C N(z) (by Claim 2, since N(z) is not
a clique) and, thus, y € N which, in view of the above observation, means
that y € Syo. But, then, we find B4 or Bs on {7, s,2,y,11,%2} (where 41 € N1,
13 € N3). We cannot have: z € Ny,y € No; therefore, z € K3, y € Ny and, thus,
s€Sy. Then, s must be adjacent to any iz € N2 (by Claim 7, since {y,i2} is a
maximal stable set in N meeting {z,y}), contradicting the fact that s€Si.
Hence, X is a clique.

Suppose now that XsU X; is not a clique for some edge st in T'. Then,
there exist two nonadjacent nodes z,y in X,UX; with, say, z€ X\ X; and
y € X\ Xs. We can assume, e.g., that s,t€ SyUS;. Again we cannot have:
xz € N1,y € N. Hence, given i3 € Ny, (i9,2,s,t,y) is an induced Cs in the
case when z € S19 and y € S1oU Kp; in the case when z € K1, y € N, then
(m,z,s,t,y) is an induced Cs. |

If T # 0, we let A denote a maximal subset of T for which G[A4] is

connected and the set X (A4):= U X, is a clique.
a€A

Claim 15. There is no edge between the sets A and T\ A.

Proof. Assume that a € A is adjacent to b€ T\ A. By maximality of A, we
deduce that X(A)U X, is not a clique; hence, there exist two nonadjacent
nodes z € X(A) and y € X;. Let ag € A be adjacent to z. As z,y are
not adjacent, we deduce from Claim 14 that ag # a, agb,apy,bz & E. Let
(20,a1,...,ap,a) be a shortest path connecting ag and a in A (possibly p=0
if apa € E). Together with nodes z,y, this yields an induced path P of length
2> 4 from z to y and whose internal nodes belong to 7. Now, by Claim 11,
we may assume that all internal nodes of P belong to SoU S1. Therefore,
the path P together with edges ipz,%2y (resp. with edges iz, my) yields an
induced circuit of length >6 in G when z €S2 and y € S12UKj (resp. when
z €Ki and y€ Nyp). B

We can now deduce that
T = SoU S; USy=0; that is, S = S1».

For, if T#0, then A0 and X (A) is a clique cutset in G. (To see it, note
that there is no edge between A and the sets T\ 4, (S12UN)\ X (A) and N.
Hence, if we delete the clique X(A) in G, we obtain a graph in which A is
disconnected from the rest of the graph.)
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Corollary 16. If |N1|=|Nz|=1 and K1=K,=0, then G€G;.

Proof. Indeed, under this assumption, we have that N1 = {i1}, Na = {i2}
where both i1 and iy are adjacent to all nodes in V'\ {i1,72}=SUKUN. As
GV \ {#1,i2}] is chordal (by Claim 13), we obtain that G€ G. |

From now on, we can assume without loss of generality that the following
holds:

(17) |N1| > 2, or K1 # 0.
Then, N is a clique by Corollary 9. Moreover,

S is a clique and every node of S is adjacent to every node of N.

Indeed, it follows from assumption (17) that G[N] contains a path (3,7, k)
of length 2 (choosing, either i,k € Ny, j€ Na; or t€ K3, j € N1, k€ Ny where
ij € E). Therefore, if s,t are two non adjacent nodes of S, then we find A
on the set {7,7,k,s,t,}. Hence, S is a clique. Suppose now that s€ S is not
adjacent to some node h€ N; then, h€ Ky by (12). Let t€ .S be adjacent to
h. Then, we find Ag on the set {7,s,t,h,%,5,k}.

Hence, we know the following information about G: The sets S and N
are cliques, every node of SUN is adjacent to every node of N, and G[N] is
chordal. This implies:

Corollary 18. If|S|=|N|=1, then GEG;. (|

Henceforth, we can now assume, moreover, that
(19) max(|S|, [V]) > 2.
This implies that
G[N] does not contain an induced path of length 3.

Indeed, G[SUN] contains a path of length 2 by (19); hence, if G[N] would
contain an induced path of length 3, we would find graph Ag.

Therefore, by Lemma 12 (i), we know that N can be partitioned into
N=VuWuW,

where Vo UV1 and VUV, are cliques and there is no edge between V] and
Vo. (Namely, Vo= Ky, V1=N; and Vo=K;UN,.) We can now conclude that
G belongs to class G4 (with the cliques Vi, S, Vo, N forming the outer circuit
and Vp as central clique). This concludes the proof in case A.
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5.3. Case B

We assume here that G[N] is chordal with stability number a(G[N]) > 3.
We show that G €. For this, let I be a maxima) stable set in N; |I1>3.

By C1.a1m 5, there exists an element s; €S which is adjacent to all nodes in
I. A first easy observation is that

|N| =1.

Indeed, if 71,72 € N and 4,5, k € I, then we find Aj or By on {11,72,57,1,j,k}.
Next, we observe that

sr is adjacent to every node of N.

Indeed, let he N\I.If hi¢ E for some i €I, then s; is adjacent to h by Claim
7. If hie E for all i€, then syh€ E for, if not, we find Ay on {7, s1,h,4,j,k}
(where 4,7,k €I). At this point, we can already conclude that

(20) if S ={sr}, then G € G.

Indeed, s; and 7 are both adjacent to all elements of N and G[N] is chordal.
We now show that the set T:=5\{s;} is empty. For this, note first that

(21) every node s € T is adjacent to at most one node of I.

Indeed, we know from Claim 5 that s is adjacent to at most two nodes of I.

If seT is adjacent to 4,5 €I and if k€ I\ {i,5}, then we find By or Bs on
{m,s,sr5,1,9,k}. For s€T, set

Y;:={z € N|sz € E}.

Claim 22. For every seT, Y, is a clique and, for every edge st in T', Y,UY;
is a clique.

Proof. Suppose that z,y € Y; are not adjacent where s€T. Let 7,7 €I be
both non adjacent to s (such i,j exist by (21)). Then, we have that z7,yi€ £
(for, if not, we find A4, By or Bs on {@,s,s1,2,y,1}). Similarly, zj,yj € E.
Hence, we have found (z,1,y,j) as induced Cy in G[N], which contradicts
our assumption that G[N] is chordal.

Suppose now that Y,UY; is not a clique for some edge st in T; let z € Y\Y3,
y €Y, \ Y, be non adjacent. Then, (7, ,s,t,y) is an induced Cs. |

Lot A be a maximal subset of T such that G[A] is connected and the set
Y(A):= U Y, is a clique. One can verify that
a€A

there is no edge between the sets A and T\ A.
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(The proof is similar to that of Claim 15. Namely, if a € A is adjacent to
be T\ A, then we find two non adjacent nodes ¢ € Y(A), y €Y, and an
induced path P from z to y whose internal nodes belong to T'. This path P
together with edges Mz, 7y yields an induced circuit of length >6.)

From this it follows that A=0 (otherwise, the clique Y/ (A)U{s;} would
be a clique cutset in G). Therefore, T =0, which shows that S={ss} and,
thus, Ge€G; by (20). This concludes the proof in Case B.

5.4. Case C

We assume here that v € {2,3}; thus, G[N] is not chordal. By Corollary 9,
this implies that '

N is a clique.

Let {iajo|a=1,...,v} be an induced matching of maximum cardinality in
G[N]. In view of Claim 8, every node of N is non adjacent to at most one
of the 44,7,’s. This leads us to defining the following sets:

I, ={i € N|i#j,andij, & E}, Jo:={i € N |i#i,andii, ¢ E}
for a=1,...,v. Thus, i, €1, and j, € J, for a<v. Set
Ii=|JIUJa No:=N\I,
a=1

S;:={s €S| sisadjacent to all nodes of I'}, and T := S\ 5.

We group several observations about the sets I, Ng,S;. By Claim 8, S;#0
and a node s € S belongs to Sy if and only if s is adjacent to i, and j, for
some a=1,...,v. Moreover,

Ny is a clique
(clse we find an induced matching of size v+1 in G[N]).
Every node of Ny is adjacent to every node of I.
Indeed, suppose that z € I is not adjacent to y € Ny; say, x € I;. Then,
y is adjacent to 1,71,%2,70 and = # 1;. Given s € S; we find A7 on

{i1,71,12,72,2,v,8,7}. Moreover,

(23) St is a clique.
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Indeed, if s, € S; are not adj = L
) jacent, then we find A3 on {7, s.t
We also have: ’ 3 on {7, 8,801, 1,12, 2}

(24) fzel,jedyae{l,...,v}, thenzy ¢ E.
Say, a=1. The statement is obvious if z=1; or y = j1. Otherwise, we find

A7 on {i1, 1,12, J2,2,y,s,7} where s€ S;. The following statements (25) and
(26) are direct consequences of Claim 8.

(25)If z € I, U J,, then z is adjacent to ¢, and j, for a # b € {1,.. SV}

(26) IfseT,z,yel,UJ, and zy € E, then s is adjacent to
at most one of z,y.

Ifexel,ud,,ye hUd,a#be{l,...,v}, thenzyc E
(27) e o
and x € {iq, Ja} or y € {ip, b}

The statement follows from (25) if z € {i4,ja} Or y € {ip,Jp}. Otherwise, we
find A4 on {z,Y,%4, ja,%,Jo } if 2y € E and we find Ag on {z,y,%a;Ja, %, js, 5,7}
if zy € E (where seSy).

Our next objective is to show that S=S57, i.e., T=0. For s€T, set:

Zs:={z€SiUN |sz € E}.

Claim 28. Z, is a clique for every s€ T and ZsU Z; is a clique for every
edge st in T.

Proof. Suppose that x,y € Z; are not adjacent for some s €T As Sy and
Ny are cliques and every node of I is adjacent to every node of No, there are
two cases: either z,y€l, or €Sy and y€ N. The case z,y €l is excluded
by relations (26) and (27). If € S; and y€ N, then N(s)UN(y) is not a
clique since I C N(z). By Claim 2, this implies that N(s)C N(z) and, thus,
zy € E, a contradiction.

Suppose now that Z4UZ; is not a clique for some edge st in T;let € Z\Z4,
y e Z,\ Zs be non adjacent. If z,y € N then (m,z,s,t,y) is an induced Cs
in G. Hence, = € Sy and y € Ny. Consider i1 € I1,51 € J1. By (26), we may
assume that si; € E. Then, ti; € E (else, (i1,2,5,t,y) is an induced Cs) and,
thus, tj| € E, sj1 € E. But, then, we have found B; on {i1,71,2,y,8,t}. 1

Let A be a maximal subset of T for which G[A] is connected and the set
Z(A):= U Z, is a clique.
acA

Claim 29. There is no edge between the sets A and T \ A.
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Proof. Suppose that a € A is adjacent to b € T\ A. By maximality of A,
we deduce that Z(A)U Z, is not a clique; let z € Z(A), y € Zy be non
adjacent and let ag € A be adjacent to . We know from Claim 28 that
a# ag and agy,za,zb ¢ E. Considering a shortest path in G[A] from ag to
a, we find an induced path (z,a1,...,ap,y) where ai,...,ap €T and p > 3.
If 2,y € N, then this path together with edges mz,ny yields an induced
circuit in G. Hence, z € S; and y € Np. Consider ¢1 € I1, j1 € J1. Then, %;
is adjacent to one of aj,as. (Indeed, i; is adjacent to some a; for, if not,
then (i1,z,a1,...,ap,y) is an induced circuit. Let k> 1 be the smallest index
such that iya;, € F; then, (i1,z,a1,...,a;) is an induced circuit which implies
that k <2.) Similarly, j; is adjacent to one of a;,az. Hence, we can assume
that 4101 € E (= j101 € E), j1a2 € E (= t1a2 € E). Then, we find Bs on
{il‘;jlawayaalya‘Q}' |

From this it follows that
T = 0; that is,S = ST.
For, if not, then A#® and Z(A) would be a clique cutset in G.

Corollary 30. If v =3, or if v =2 with max(|I,UJ,|:a=1,2) >3, then
Geg,.

Proof. By the assumption, we have that [N|=|S|=1 and SUNj is a cliq 1e
(for, otherwise, one would find Ag or Ay in G). Moreover, if v = 3, then
max(|I,UJ,|:a=1,2,3)=2 (else, one finds Ag). Using (24), (25), (27), one
obtains that Ge€G,. |

Therefore, we can now assume that
v=2 and max(|[,UJy|:a=1,2) =2.

Set
Ny = {i€ No|is & E for some s € S}.

The following holds:
si € E for every s € S,i € Ny.

Indeed, suppose that si € E for some s€ S, 1 € N} and let t € S such that
ti¢ E. Then, we find A7 on {7, s,t,7,%1,J1,%2,j2 }-

Hence, the node set of G can be partitioned into the sets S, No\N{, N(’)UYV—,
and I ={i1,71,%2,72}, in such a way that SU(No\Ny) and (No\N§)UNJUN
are cliques and there is no edge between S and NjUN. Therefore, G belongs
to Ga. This concludes the proof in Case C and, thus, of Theorem 8.
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6. Conclusions

As mentioned in the Introduction, one of the motivations for the study
of the cone Pg comes from its link with the positive semidefinite matrix
completion problem. It has been shown in [11] that the completion problem
can be solved in polynomial time for the following classes of graphs: chordal
graphs (i.e., graphs with sgl’)arsity order 1); graphs with fixed minimum fill-

in; hence, for graphs in U G:; graphs in G; when one of the sets on the
=1

4-circuit is assumed to have a fixed size. Therefore, if one can show that the

completion problem is polynomial time solvable over the whole class Gy, then

the problem would be polynomial time solvable for all graphs with sparsity
order 2.
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