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Abstract

We study exponential stability and its robustness for time-varying linear index-1 differential-
algebraic equations. The effect of perturbations in the leading coefficient matrix is investigated. An
appropriate class of allowable perturbations is introduced. Robustness of exponential stability with
respect to a certain class of perturbations is proved in terms of the Bohl exponent and perturbation
operator. Finally, a stability radius involving these perturbations is introduced and investigated. In
particular, a lower bound for the stability radius is derived. The results are presented by means of
illustrative examples.
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1 Introduction

We study exponential stability and its robustness for time-varying linear differential-algebraic equations
(DAESs) of the form
Et)r = A(t)x, (1.1)

where (B, A) € C(R;R™™)2 n € N. For brevity, we identify the tuple (E, A) with the DAE (1.1).
For the analysis it also important to consider the inhomogeneous system

E(t)i = A(t)z + f(¢), (1.2)

where f € C(R4;R™).

DAESs have been discovered to be the appropriate tool for modeling a vast variety of problems e.g. in
mechanical engineering [2, 24, 50|, multibody dynamics [20, 55], electrical networks [19, 48, 53] and
chemical engineering [13, 16, 49], which often cannot be modeled by standard ordinary differential
equations (ODEs).

In this work we concentrate on linear time-varying index-1 DAEs, which are, roughly speaking, those
DAESs which are decomposable into a differential and an algebraic part and no derivatives of the alge-
braic variables appear in the decomposed system. The consideration of index-1 DAEs! is relevant as
in a lot of applications the occurring DAEs are naturally of index-1. For instance, it is shown in [21]
that any passive electrical circuit containing nonlinear and possibly time-varying elements has index
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less than or equal to two - and the index-2 case is exceptional. Furthermore, so called hybrid models of
electrical circuits are always index-1 [56, 34]. Therefore, our approach to index-1 DAEs has a wide area
of applications e.g. in electrical engineering, as linear DAEs (E, A) arise as linearizations of nonlinear
DAEs F(t,x,%) = 0 along trajectories [11].

Furthermore, we are investigating the perturbation theory of DAEs (1.1), and, as explained in [12,
Rem. 3.2], higher index DAEs are very sensitive to perturbations since they contain hidden con-
straints which involve higher derivatives of the solutions components. As shown in [5, Sec. 5.3] for a
time-invariant index-2 example, arbitrary small perturbations of the matrix A in (1.1) may destroy ex-
ponential stability. This is why most of the stability results for DAEs are obtained for index-1 systems,
see e.g. [1, 10, 12, 17, 18, 23, 27, 39, 43, 51, 57], because in index-1 DAEs (E, A) exponential stability
is robust with respect to perturbations in the matrix A. When higher index DAEs are considered,
additional assumptions have to be made [28, 44, 46, 57]. Tt is also possible to reformulate the DAE by
applying some index reduction method in order to obtain a lower-index DAE with the same solution
set, see e.g. [36, 37, 40]. However, to the author’s best knowledge, the only results on the perturbation
theory of higher index DAEs (and DAEs where an index cannot be defined, resp.) so far are given
in [5] - and only for perturbations in A.

Among all the available index concepts for DAEs [9, 25, 26, 36, 45], the tractability index as introduced
in [42] turned out to be the most suitable for dealing with perturbations in the leading coefficient ma-
trix E of (1.1). This is because the way it allows for the decoupling of the DAE in a differential and
an algebraic part via certain projectors enables us to reuse the same projectors for the perturbed sys-
tem under some appropriate assumptions. This makes a proper analysis of the perturbation problem
possible. Moreover, in this approach it is not necessary to carry out any state space transformations.
The present paper is concerned with perturbations in the leading coefficient matrix E. In perturba-
tion theory of DAEs it is usually assumed that the leading coefficient E is not perturbed at all, see
e.g. [12, 17, 18, 22, 51]. Even in the time-invariant setting, only very few authors have investigated
the effects of perturbations in the leading coefficient, see [8, 10, 15]. For time-varying DAEs, the only
work where also perturbations in the leading coefficient are allowed is [40]. The main reason why
perturbations in the leading term are usually not considered in the DAE community is that even in the
time-invariant index-1 case exponential stability is very sensitive with respect to such perturbations,
see [10]. Byers and Nichols [10] gave the first systematic approach to this problem by introducing a
class of “allowable perturbations”. In the present article we will generalize their results to time-varying
systems in a certain sense, see Section 6. Bracke [8] also generalized the approach of [10] within the
setting of time-invariant DAEs to obtain a better treatment of higher index DAEs.

The present paper was inspired by the work of Chyan et al. [12] and Du et al. [18], who introduced a
stability radius and developed a perturbation theory for time-varying DAEs, and also by the work of
Hinrichsen et al. [29], who developed a comprehensive perturbation theory for time-varying ODEs. As
anticipated in [12, Sec. 6], robustness results for perturbations in the leading coefficient of a DAE may
be obtained for a certain class of perturbations. It is the first aim of the present paper to introduce
a class of allowable perturbations in the leading coefficient and then prove robustness of exponential
stability with respect to these perturbations using the Bohl exponent and perturbation operator. The
second aim is to introduce a stability radius for time-varying DAEs. The stability radius defined
in [12, 18] is defined only with respect to perturbations in the coefficients of A. On the other hand,
[10] give a definition for the stability radius involving perturbations in E for time-invariant DAEs. Our
definition of the stability radius can be viewed as both, a generalization of the definition given in [10]
for time-varying systems and as a generalization of the definition given in [12, 18] for a larger set of
allowable perturbations with respect to the leading coefficient. We then investigate this new stability
radius and in particular prove a lower bound. As far as the author is aware, these results are even new
for time-invariant systems.



The paper is organized as follows: In Section 2 we state the class of DAEs we consider in this article,
that is DAEs of tractability index-1. We further give the fundamental statements about the decompo-
sition of the DAE via the projectors, initial conditions, transition matrix and a variation of constants
formula. The perturbation problem is outlined in Section 3 and the class of allowable perturbations
defined. By means of an example it is shown that the class of perturbations is sufficiently large. The
notion of Bohl exponent for DAEs is recapitulated in Section 4, along with statements about the
equivalence of a negative Bohl exponent and exponential stability, and it is shown in Theorem 4.8 that
the Bohl exponent is robust with respect to perturbations introduced in Section 3. In Section 5 we
introduce the perturbation operator for the DAE (1.1) and, after recapitulating some of its properties,
we show in Theorem 5.4 that its norm can be used to determine a bound p such that, roughly speaking,
exponential stability is preserved for any perturbation with norm less than p. We also prove another
robustness result which incorporates the norm of the perturbation operator in Theorem 5.8. We close
Section 5 with a recapitulation of the results for the important class of semi-explicit index-1 DAEs. In
Section 6 we introduce a stability radius for index-1 DAEs and prove essential properties. The main
theorem of this section is Theorem 6.11 which provides a lower bound for the stability radius. This
lower bound then enables us to prove a statement about certain subsets of exponentially stable index-1
DAESs being open in the respective supersets. We close the paper with some conclusions and open ques-
tions in Section 7. Note that the results obtained in this article are new even for time-invariant systems.

Nomenclature

N, Ny the set of natural numbers, Ng = N U {0}

Ry = [0,00)

im A, ker A the image and kernel of the matrix A € R™*", resp.

Gl,(R) the general linear group of degree n, i.e., the set of all invertible n x n matrices
over R

|Ed] :=  Vz Tz, the Euclidean norm of 2 € R”

| Al = sup{ ||Az| | ||z|| =1 }, induced matrix norm of A € R"*™

C(Z;S) the set of continuous functions f : Z — S from a set Z C R to a vector space S

CH(T;S) the set of k-times continuously differentiable functions f : Z — S from a set
Z C R to a vector space S

B(Z;S) the set of continuous and bounded functions f : Z — S from a set Z C R to a
vector space S

Taq(t) = { (1): i)ftltleervi\i/s(’e, fort e Ry and M C Ry

dom f the domain of the function f

I1f oo = sup{ [|[f(®)|| |t € dom f } the infinity norm of the function f

I lm the restriction of the function f on a set M C dom f

L*(Z;S) the set of measurable and square integrable functions f : Z — S from a set
7 C R to a vector space S

1fllz2(t0,00) = (ftzo £ dt)2 the L2-norm of the function f € L?([ty,>);S), to € R



2 Index-1 DAEs

The property of a DAE (1.1) to be of differentiation index 1 [9], tractability index 1 [42] or strangeness
free [36] resp., is always, roughly speaking, the property of the DAE being decomposable into a dif-
ferential and an algebraic part and no derivatives of the algebraic variables appear in the decomposed
system. As indicated in the introduction we use the tractability index setting to define the “index-1
property” used in this paper.

The tractability index has first been introduced for nonlinear DAEs in [25]. Later, the tractability
index setting was stated in a more comprehensive way for linear DAEs in [42]. This theory has then
been further developed for DAEs with properly stated leading term [3, 4, 45].

In this section we introduce the set of projector functions necessary to introduce the index and derive
properties of it. In particular a simple algorithm is given, which checks the index-1 property of a
given DAE and, if satisfied, calculates a corresponding projector. We further give the fundamental
statements about the decomposition of the DAE via the projectors, initial conditions, transition matrix
and a variation of constants formula.

While we chose a different exposition in this article, the theory presented in this section (except for
Algorithm 1 and most parts of Sections 2.3 and 2.4) is essentially the same as the one developed in [42],
see also [3, 4, 12, 18, 25, 45]. However, we aim for a comprehensive and self-contained presentation.

2.1 Projectors and index property

In order to define the index-1 property of a DAE (£, A) we introduce the set Qp 4 of special projector
functions as follows.

Definition 2.1 (Projector functions). Let (E, A) € C(R;R™*")2 be given. Define

VteR,: Q) =Q(t) A ker E(t) = imQ(t), }

Qpa= { QeC Ry R™™) | o0 (EQ — A)Q € C(R,; Gl,(R))

O

Remark 2.2 (Properties of Qg 4). Let (E, A) € C(R;;R™™)2. Then we have the following properties:
(1) VQ1,Q2 € Qpa: Q1Q2=0Q2 N Q201 = Q1.
(ii) VQ € Qp,a: %(er) = 0.

While property (i) is immediate from the fact that all elements in Qg 4 are projectors onto the same
set, property (ii) needs a short proof: As Q(t) is idempotent it follows rk Q(¢) = tr Q(¢) for all ¢t € R
and the latter term is continuous, hence ) has constant rank. o

Assuming that Qp 4 # () and incorporating a projector @ € Qg 4, we may immediately rewrite (1.2)
as

E&((I - Q)z) = (A- EQ)z + f. (2.1)
The next aim is to define a solution of (1.2) in terms of (2.1), but this requires to prove that (the
solutions of) equation (2.1) are independent of the choice of Q.

Lemma 2.3 (Independence of the projector). Let (E, A) € C(Ry;R™™)2 f € C(Ry;R") and assume
that Qp,a # 0. Then, for all Q1,Q2 € Qg A and P; :=1—Q;, i = 1,2, we have, for all x € C(Ry;R"),

{ Vie Ry E(t)(Pu(t)z(t) = (At) + B(OPL(1)a(t) + f(2)
and Piz € C1(R4;R™)

{ Vte Ry E(t)§(Pa(t))a(t) = (A1) + E()Pa(1))a(t) + f(2)
and Pyx € C'(Ry;R™).



Proof: It suffices to show one direction. Let x € C(R4;R™) such that it solves (2.1) for @ = @1 and
Pix € CY(Ry;R™). Observe that, since Q2Q1 = Q1,

PPl=I-Q)UI-Q1)=U-Q2—-Q1+Q2Q1) = —Q2) = P. (2.2)
This immediately yields that Pox = PPz € C'(Ry;R™). Now proceeding as in the proof of [25,
Lem. 11, p. 32], we show that
FE (%(Plsc) — Plx) =F (%(PQ:C) — PQCC) 5
from which the assertion follows. This however is immediate from

E(4(Puw) - Piz) = BP, ($(Pio) - Pir) = B ($(PsPiz) — PPz — PoPua)
= E(&(PP2) - &(PP)2) 22) o (%(ng) B P2x>.
O
By Lemma 2.3 the following set of solutions of (1.2) is well-defined.

Definition 2.4 (Solution space). Let (E, A) € C(R;R™ )2, f € C(R,;R") and assume that there
exists some Q € Qp 4. We call a function x : Ry — R" a solution of (1.2) if, and only if,

x € C};,AJ = {2€CRyRY) | (I —Q)z € C'(Ry;R™) and x solves (2.1) for all t € Ry }.
3

Note that this solution concept does only incorporate global solutions and does not account for pos-
sible local solutions, which however must be expected for time-varying DAEs, see e.g. [5, 6]. This is
reasonable since any local solution can be uniquely extended to a global solution for the class of DAESs
that we will consider, see Definition 2.6. We show this property in Lemma 2.15.

Remark 2.5 (Properly stated leading term). The reformulated DAE (2.1) is a DAE with so called
properly stated leading term (see e.g. [3, 4, 45]), because the coefficients of the leading term are well
matched, that is ker E(t) @ im(/ — Q)(t) = R" for all t € R,.. o

We now define the notion of an index-1 DAE.

Definition 2.6 (Index-1 DAE). The DAE (E, A) € C(Ry;R™™)? is called indez-1 if, and only if,
Qpa#0. o

Note that by Definition 2.6 the set of index-1 DAEs includes all implicit ODEs, i.e., any system (1.2),
where E € C(R4; Gl,(R)), even though such systems are often referred to as index-0 in the literature.
In Lemma 2.12 we show that any index-1 DAE is decomposable into a differential and an algebraic
part, which then justifies this notion. Another justification is given in the following remark.

Remark 2.7 (Index-1). Let (E, A) € C(R4;R™™)2 Then Qp 4 # 0 if, and only if, (E, A) is indez-1
tractable in the sense of the definition on page 154 in [42]. For a discussion of the tractability index
concept in relation to other index concepts, such as the differentiation index [9] or the strangeness
index [36], see [38, Secs. 2.10 & 3.10] and [47]. o

The following proposition is important for later purposes and gives more insight into the set Qg 4.



Proposition 2.8 (Index-1 and projectors on ker E). Let (E, A) € C(R4;R™™)2. Then
Qpa#0 = Qpa={QeC (RHRY™) |VteRy: Q)’=Q(t) A ker E(t) =imQ(t) }.
Proof: Follows from a pointwise application of [25, Thm. A.13]. O

The existence of a projector Q onto ker £ can be checked via the following lemma in the case of
differentiable F.

Lemma 2.9 (Projector on ker E and rank of E). Let (E,A) € C(Ry;R™"™)2 and suppose that E €
CL(Ry; R™ ™). Then
3Q € CL(R ;R Ve R, -
Q(t7 = Qt) A ker E(t) = im Q1)

In any of the above cases, there exists a continuously differentiable projector QQ onto ker E which is

bounded.

<~ dr<nVteRy: rkE@l)=r

Proof: “=": Asin Remark 2.2 we may deduce that @ has constant rank and therefore E has constant
rank.

“<": Since F is continuously differentiable and has constant rank if follows from [33, Thm. A.1] that
there exists a projector @ onto ker E.

The boundedness of @) can be inferred from [33, Thm. A.1] as well. O

Unfortunately, there is no algorithm to calculate the bounded projector ) onto ker E¥ whose existence
follows from Lemma 2.9 for continuously differentiable E with constant rank. Nevertheless, if (E, A)
is real-analytic, then the calculation of a projector @) is feasible by the following algorithm, which is
motivated by Proposition 2.8 and can be used for checking the index-1 property and calculating a
corresponding projector Q € Qp A.

Algorithm 1 Calculation of @ € Qg 4

1: function @ = getQ(F, A)

2: determine minimal < n := size(E) s.t. tk E(t) < r for all t € R, and real analytic Q : R, —
R™*("=") with pointwise full column rank s.t. EQ = 0;
if not(vVt € Ry : rk E(t) =r) then

print “DAE is not index-1!” STOP
end if
Q:=QQTQ)'QT;
if £+ (EQ— A)Q ¢ C(R;+;Gl,(R)) then
print “DAE is not index-1!” STOP
end if

Proposition 2.10 (Correctness of the algorithm). Let E, A : Ry — R™™ be real-analytic. Then
Algorithm 1 terminates after finitely many steps with either “DAFE is not index-1!” or it returns a
real-analytic matriz Q € Qp A.

Proof: Feasibility of line 2 of Algorithm 1 is due to [54, Thm. 1]. If the test in line 3 fails, then F
does not have constant rank and hence (E, A) cannot be index-1. In the case the test does not fail, we
have

Qe{QeC (RyuR™™) | VEteR : Q) =Q(t) A ker E(t) =imQ(¢) },



for @) defined in line 6, which can be seen as follows: Clearly (QTQ) is well-defined and real-analytic
and simple calculations yield @Q? = @. Furthermore, it is easy to observe that im Q(t) C ker E(t) for
all t € R,. For the opposite inclusion let 2 € ker E(t), then 2 = Q(t)y for some y € R" " and since
imQ(t)T = R™" there exists z € R” such that (Q(t)TQ(t))y = Q(t)" z, hence z = Q(t)z € im Q(t).

If then the test in line 7 fails, the DAE is not index 1, i.e., Qp 4 = 0, because otherwise we would have
Q@ € Qg 4 by Proposition 2.8 and thus the test could not fail. If the test in line 7 is affirmative, we
clearly have Q € Qg 4, i.e., the DAE is index 1, and the algorithm returns the real-analytic matrix @
as the computed projector. O

Remark 2.11.

(i) In practice, it is not easy to implement Algorithm 1 for the whole class of real analytic functions.
The main problem is to find @ such that the condition in line 2 of Algorithm 1 is satisfied.
However, if (F, A) has polynomial entries, then there are efficient (actually, polynomial time)
algorithms which solve this problem; see [52].

(ii) The test for invertibility of E(t) + (E(t)Q(t) — A(t))Q(t) for all t € Ry in line 7 of Algorithm 1
cannot be reduced to the test of invertibility on a (finite) subset of R;. Consider for example

1 0] (1 O 0 0 .
the system ([0 O] , {0 a(t)]) for a € C(R4;R). Then we may choose () = [0 J and obtain

tk (BE(t) + (E0)Q() — A1)Q(t)) = 1 + rka(t).

The rank condition must then be checked for all ¢ € Ry, because a can vanish at any point. <

2.2 Decomposition of the DAE

We show that any index-1 DAE can be decomposed into a differential and an algebraic part.

Lemma 2.12 (Decomposition). Let (E, A) € C(Ry;R™ ™)? be indez-1, Q € Qg a and f € C(R;R™).
Set
P:=1-Q, A:=A-FEQ, G:=FE+(EQ-A)Q=E-AQ. (2.3)

Then, for x € C(R4;R™), we have x € C}EAf if, and only if, Px € C*(R;;R") and = solves the
following system for all t € Ry.:

{ §(PMz) = (P(t)+ PH)G(t) "A)P(t)e + P(t)G(1) " (1), (2.4)
Q)z = QWG TAM)P(H)r +QE)GEH) ™ f(1). '

Proof: First observe that for any z € C(R,;R") with Px € C'(R,;R") we have

Ei=Ar+f & E$(Pr)=(A+EP)z+ f
& (E—AQ)(P&(Pz)+ Q)= APz + f & P&(Pz)=(G'AP-Q)z+G'f.

Now let = € C};,AJ, then clearly Pz € C'(R;;R™). Furthermore, & (Pz) = 4 (PPx) = PPx—f—P 7 (Px),
whence PPPz = () and Q%(Pw) — QPPz. Then, since x solves Pdt(Px) = (GT'AP - Q)z + G~ 'f,
we find

4(Pz) = P(PL(P2)) + Q& (Pz) =
P(GYAP - Q)z + PG 'f + QPPx + PPPx = (P 4+ PG 'A)Pxz + PG™'f.



Moreover,
0=QPL(Pz)=Q(G'AP - Q)z + QG 'f = QG 'APx — Qz + QG ' f.

On the other hand, if Pz € C'(R,;R") and x solves (2.4), then

P4 (Pz) = PPPx+ PG 'APx + PG™'f = PG"'APx — Qv + Qo + PG™'f
= PG 'APz + QG APz — Qz + PG f + QG ' f = (GT'AP — Q)z + G~ f,

that is x € C};,AJ. O

It can be seen from Lemma 2.12 that, roughly speaking, the solutions of the index-1 DAE (E, A) can be
calculated by solving an ODE for Pz and then Qz (and therefore z) is given in terms of Pz. Therefore,
all solutions of the DAE (1.2) are fully determined by the solutions of the ODE (first equation) in (2.4).
It is also important to note that no derivatives of the so called “algebraic variables” Qx are involved
in (2.4), what justifies the use of the notion “index-1”, cf. [42].

The first equation in (2.4) gives rise for the following definition.

Definition 2.13 (Inherent ODE). Let (E,A) € C(Ry;R"™ )2 be index-1, Q € Qp.a, P,A,G as
in (2.3) and f € C(R4;R™). Then the equation

g = (P(t) + P()G() T A)y + PG f (1) (2.5)
is called an inherent ordinary differential equation of (1.2). o

Note that, of course, (2.5) depends on the choice of @ € Qp 4. The inherent ODE has the property
that every solution starting in im P(tg) for some tg € Ry remains in im P(¢) for all ¢ € Ry as we will
show in the following.

Lemma 2.14 (Property of the inherent ODE). Let (E, A) € C(R1;R™™)? be index-1, Q € Qp 4,
P,A,G as in (2.3) and f € C(R;R"). Iftg € Ry and y € CH(R;R") is a solution of (2.5) with
y(to) € im P(ty), then y(t) € im P(t) for all t € Ry.

Proof: Observe that any solution y € C*(R,;R™) of (2.5) satisfies

LQy) =9 — F(Py) = (P+ PG ' Ay + PG~ f — Py — P((P+ PG ' A)y + PG'f)
= —PPy= (PP - P)y=-P(I - P)y=-P(Qy),

where we used that P = PP+ PP. Now given an initial condition y(tg) = P(to)z°, 2° € R™, we obtain
(Qy)(to) =0, thus Q(¢)y(t) = 0 for all ¢ € R} as Qy solves a homogeneous linear differential equation
with zero initial condition. Therefore, y(t) = P(t)y(t) for all t € R.. O

With the decomposed system and the information about the inherent ODE it is now possible to show
that for index-1 DAEs every local solution can be uniquely extended to a global solution.

Lemma 2.15 (Unique extension of solutions). Let (E, A) € C(R4;R"™™)? be index-1, Q € Qp 4 and
f € CRG;RY. Ifx € C(T;RY), J C Ry an interval, is such that (I — Q)x € CY(J;R") and x
solves (2.1) for all t € J, then there exists a unique & € C, Ap Such that x = z| ;.



Proof: Let P, A, G be as in (2.3). Then, by Lemma 2.12 (clearly, the statement does also hold true
for local solutions), y = Px : J — R" is a local solution of the inherent ODE (2.5) and can thus be
extended to a global solution y : Ry — R™. And as y(t) € im P(t) for t € J we obtain from Lemma 2.14
that y(t) € im P(¢) for all t € Ry. Then 7 := (I + QG 'A)y + QG~'f : Ry — R" is a global solution
of (2.4) as a simple calculation shows and therefore, again using Lemma 2.12, & € C}E’ Af This proves
existence, as 7|, = z.

Uniqueness follows since assuming there is another solution & € C}, 4  with &(t) = Z(¢) for all t € J
implies P(t)z(t) = P(t)z(t) for all t € Ry, as P& and Pz solve the inherent ODE (2.5) with same
initial values (in J). Then invoking Lemma 2.12 and the second equation in (2.4) gives

Qi =QG 'APi + QG 'f = QG 'APi + QG f = Qz. O

2.3 Initial value problems

In this subsection we investigate initial value problems. First, we define the set of consistent initial
conditions.

Definition 2.16 (Consistent initial values). Let (E, A) € C(R,; R"*")2 be index-1 and f € C(R;;R").
The set of all pairs of consistent initial values of (1.2) and the set of initial values which are consistent
at time t° € R, is denoted by

VE,A,f = { (to,wo) e Ry xR"

Jx GC}LAJ: 2(t%) = 29 }

Veart®) = {2%eR" | (t°2°) e Vpa },
resp. o

Note that if 2 : Ry — R™ is a solution of (1.2), then z(t) € Vg 4 f(t) for all t € Ry. We may derive the
following representation of Vg 4 ¢(tp) in terms of the decomposition (2.4) which shows in particular
that Vg 4, f(to) is a linear affine subspace.

Proposition 2.17 (Representation of Vg 4 ¢(to)). Let (E,A) € C(Ry;R™™)? be index-1, Q € Qp, 4,
P, A, G asin (2.3) and f € C(Ry;R™). Then

Vigp € Ryt Vias(to) = Q(to)G(to) ' f(to) +im (I + Q(to)G(to) A(to))P(to). (2.6)

Proof: “D7: If 2° = (I+Q(t0)G(to) *A(to)) P(to)z + Q(to)G(to) "1 f(to), 2° € R™, we have P(t)2? =
P(to)z° and thus there exists a solution y € C(Ry;R") of (2.5), y(tg) = P(tp)x°. By Lemma 2.14 we
obtain y(t) € im P(¢) for all t € R, and a simple calculation then yields that = := (I + QG~tA)y +
QG71f : Ry — R" solves (2.4) and therefore, invoking Lemma 2.12, x € C}E’A?f. This gives 20 =
x(ty) € VE,Ayf(to).

“C”: If 2° € Vg a,£(to), then there exists z € C}E,A,f such that x(tg) = 2°, and since z also solves (2.4)
by Lemma 2.12 it follows that

2% = a(to) = P(to)z(to) + Q(to)z(to) = (I + Q(t0)G(to) " Alto))P(to)z(to) + Q(to)G(to) " f(to). O

In order to define a transition matrix in the subsequent section we need to consider initial value
conditions of the form
E(to)(x(to) — .%'0) =0 (2.7)

for tg € Ry and 2° € R™. The following result clarifies the relation to initial value problems with
z(tg) = 2V for 20 € Vg 4 ¢(to).



Proposition 2.18 (Initial value problems). Let (E, A) € C(Ry;R™™)2 be inder-1 and f € C(R,;R™).
Then, for any (to,x°) € Ve A f and x € C}; A we have
z(ty) =2 = E(to)(x(ty) — 2°) = 0.

Proof: “=": Clear.
“=": Let Q € Qp 4 and P, A, G as in (2.3). First, we show P(to)(x(tg) — 2°) = 0. We have
E(to)(x(to) — ") =0 = E(to) P(to)(x(to) —2°) =0 = (E(to) — A(to)Q(t0)) P(to)(x(to) — 2°) = 0,
whence G(to)P(to)(x(tg) — 2°) = 0 and invertibility of G(t) yields P(to)(x(tg) — 2°) = 0. Now we
find, invoking Lemma 2.12, that
Q(to)z(to) = Q(to)G(to) " A(to) P(to)z(to) + Q(to)G(to) " f (to)
= Q(t0)G(to) " A(to) P(to)z” + Q(t0)G(to) " £ (to),

thus

x(to) = P(to)z(to) + Q(to)x(to) = (I + Q(to)G(to) "' A(to)) P(to)a’ + Q(to)G(to) ' f(to).  (2.8)

Let R(to) = (I + Q(to)G(to) 'A(to))P(to), then, by Proposition 2.17, we have 2° = R(ty)z" +
Q(to)G(to) L f(to) for some ' € R™. Since R(ty)?> = R(to) we can infer R(tg)z? = R(tp)z" and
hence 2° = R(to)z® + Q(to)G(to) "1 f(to), by which, invoking (2.8), we immediately get x(tg) = 2°. O

Note it is easily verified that R(tg) in the proof of Proposition 2.18 is a projector on Vg 4 f(to).

It is now interesting that an initial value problem (1.2), (2.7) may also be considered for arbitrary
2% € R™ and that this problem has a unique solution. The only drawback is that for 2° & Vg 4 (¢o)
the solution does not satisfy z(to) = 2° anymore. In fact, different initial values may lead to the same
solution. We may study this in terms of the mapping which maps initial values onto the solution of
the corresponding initial value problem.

Proposition 2.19 (Solution mapping). Let (E, A) € C(R;R™™)? be indez-1, Q € Qp a, P,A,G as
in (2.3) and f € C(R4;R™). Then, for every ty € Ry, we have:

(i) The map
Yt : R" — C}E?A’f, ¥ — x, where E(to)(x(tg) — :CO) =0,

is well-defined and surjective.
(i) ¢y, satisfies
Va® € R™: (i1, (2°)) (o) = (I + Q(to)G(to) "  Alto)) P(to)z” + Q(to)G(to) ' f (to)
and ((pto (xo))(to) =20 for all 2° € VE,a,f(to).
(iii) The restriction ¢yly, , ) i bijective.

(iv) If f =0, then ¢y, is linear and ¢y, ) s a vector space isomorphism.

|VE,A,0(to
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Proof: (i): In order to show that ¢y, is well-defined we have to prove that for all 20 € R™ the solution of
the initial value problem (1.2), (2.7) is unique. This can be shown along lines similar to the uniqueness
part of the proof of Lemma 2.15.

It remains to show that ¢y, is surjective. To this end observe that for =z € C}E, Ay it follows from
Lemma 2.12 that x solves (2.4) and hence

t=Pr+Qr=1+QG 'A)Pxr+QG'f.

Setting 2% := (I + Q(to)G(to) ' A(to))P(to)xz(to) + Q(to)G(to) " f(to) yields E(to)(z(to) — %) = 0.
(ii): As shown in the proof of Proposition 2.18, it follows for all 2° € R" and all = € C};, 4, such that
E(to)(x(tg) — 2°) = 0 holds, that

(I + Q(t0)G(to) ™" A(to)) Pto)” + Q(to) G (to) ™ f (to) = z(to) = (1o (2°)) (to)

Furthermore, Proposition 2.18 gives that if 2% € Vg 4 f(to), then (¢4, (2?))(to) = z(to) = 2.
(iif): The injectivity of the restriction ¢y, £(to) follows from Proposition 2.18.

(iv): If f = 0, then the linearity of ¢y, follows from the linearity of (1.1) and the initial condition (2.7).
From (i) and (iii) it then follows that ¢¢,ly, , /) IS @ Vector space isomorphism. O

An explicit formula for ¢y, is derived in Proposition 2.25 using variation of constants.

Remark 2.20 (Kernel of ¢y, ). The fact that different initial values may lead to the same solution
of the initial value problem (1.2), (2.7) leads to the fact that, for f = 0, the map ¢;, may have a
non-trivial kernel. Indeed, we may calculate

ker gy, = { 2" € R” | o1, (2°) =0 } = { 20 € R™ | E(tg)z’ =0 } = ker E(to).

2.4 Transition matrix and variation of constants

Next we define a transition matrix for the homogeneous system (1.1) using the result of Proposi-
tion 2.19.

Definition 2.21 (Transition matrix). Let (E, A) € C(Ry;R™*™)? be index-1 and ¢, be the solution
map given by Proposition 2.19 for (1.1). Then the transition matriz ®(-,-) : Ry x Ry — R™*™ of
(E,A) is defined by

D(t,t0) == [(ro(e1)) (@), (ero(en)) )], t,to € Ry,
where e; is the i-th unit vector. o

It is immediate from Definition 2.21 that ®(-, ) is the unique solution of
E(t) §®(t, to) = A1) (¢, to), E(to)(®(to, t0) — I) = 0.
We may derive the following representation of the transition matrix in terms of the inherent ODE.

Lemma 2.22 (Representation of ®(-,-)). Let (E, A) € C(Ry;R™™)? be index-1, Q € Qp 4 and P, A, G
as in (2.3). Then

Vi,to € Ry o ®(t,t0) = (I + Q(H)G(t) T A(1)) o (t, to) P(to), (2.9)
where, for all ty € Ry, ®o(-,tg) is the unique solution of

§i®o(t,to) = (P(t) + P(O)G(1) " A(#))@o(t,t0),  Po(to, to) = 1.
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Proof: Fix ty € Ry. Then, for all i = 1,...,n, we may infer from Lemma 2.12 that

(10 (€0)) (8) = (I + Q)G ()" A(t))yi(t), t € Ry,

where y; = Py, (e;) solves (2.5), yi(to) = P(to)e;, with f = 0. Hence, y;(t) = Po(t,t0)P(tg)e; for all
t € R, and this yields the assertion. O

Remark 2.23 (Transition matrix). We use the notation of Lemma 2.22. Note that the columns of
D (-, tg)P(to) solve (2.5) (for f = 0) with initial conditions in im P(¢y), and hence it follows that they
remain in im P(¢) by Lemma 2.14, that is

Vi to € Ry« P(6)®o(t, to)P(ty) = o(t, to)Plte) = P(t)D(L, to). (2.10)

Using this relation it can easily be deduced that ®(¢,%y) has the semi-group property: ®(¢,s)®(s,r) =
O(t,r) for all ¢t,s,r € Ry. This justifies to call ®(¢,t9) a transition matrix for (1.1). And indeed
®(-,-) satisfies the definition of a transition matrix in [5, Def. 4.1] except for the smoothness condition,
which however holds on im P(t) by the representation in Lemma 2.22 (i.e., P(-)®(-,%o) is continuously
differentiable). Since the smoothness is not really needed all the results derived in [5] for Bohl exponents
and perturbations of A can also be applied to the index-1 DAE (1.1). o

Example 2.24. From the representation of ®(-,-) in Lemma 2.22 it can be seen that ®(-,p) is
continuous but not necessarily continuously differentiable. We give an example where ®(-, o) is only
continuous and P(-)®(-,y) is continuously differentiable. To this end consider (1.1) with

p=[y o]+ a0=[,1, Y]

By choosing () = I — E' it can be calculated the system is index-1 and the transition matrix is

et—to 0
(I)(tvto) - I:’t _ Het—to O:| :

This shows that ®(-, #o) is continuous but not continuously differentiable, whilst P(-)®(-,t) = [¢,° 9]

is continuously differentiable. o

Now we come back to inhomogeneous problems (1.2) and derive a variation of constants formula
for (1.2) using the transition matrix ®(-,-).

Proposition 2.25 (Variation of constants). Let (E, A) € C(R;;R™™)2 be inder-1, Q € Qg .a, P, A, G
as in (2.3) and f € C(R4;R™). Furthermore, let tg € Ry, ®(-,-) be the transition matriz of (E, A) and
@1, be as in Proposition 2.19. Then, for all z° € R,

VteRy: (g1 (2")) () = @(t, o) P(tg)a” +/ D(t,s)P(s)G(s) "1 f(s) ds + QE)G(H) L f(t). (2.11)

to

Proof: We may infer from Lemma 2.12 that

(10 () (1) = (I + Q)G(H) TA))wi(t) + QUIG() ' f(1), t Ry,

where y = Py, (2°) solves (2.5), y(tg) = P(tg)x". As a solution of this ODE initial value problem y
has the representation

Vte R, : y(t) = ot to)P(to)x® + /t Do(t, s)P(s)G(s) "L f(s)ds.

to

The assertion now follows from (2.9). O
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Remark 2.26 (Dependencies on the projector). Let (E, A) € C(R4;R™™)? be index-1, Q € Qp 4 and
P, A, G asin (2.3). In several results, for instance in the representation results for the set of consistent
initial values and the transition matrix, certain matrices appear which involve products of Q, P, A and
G. Simple calculations show that neither of the terms QG~!, QG™'A and (I + QG A)P depend on
the choice of the projector Q. o

3 The perturbation problem

In this section we state the class of perturbations considered in this article. For given (E,A) €
C(R;R™™)2 and perturbation Ag € C(Ry; R™ ") we consider the perturbed system

(E(t) + Ap(t)i = A(t)z, (3.1)

i.e., perturbations of the matrix-valued function E. Since exponential stability is very sensitive with
respect to arbitrary perturbations in the leading term [10], we do not allow for general perturbations
Ap € C(R4; R™ ™), but restrict ourselves to the class of perturbations defined in the following.

Definition 3.1 (Allowable perturbations). Let (E, A) € C(Ry;R™™)? be index-1. Then the set of
allowable perturbations (in the leading coefficient) is defined by

Vi€ Ry« ker E(t) = ker(E(t) + Ap(t)),
Ppa:=1< Ap e C(RGR™™) | 3QeQpa: G+ Ap(I+QQ) € C(R; Gl,(R))
for G as in (2.3)

Remark 3.2 (Allowable perturbations).

(i) If Ag € C(Ry; R™ ™) is chosen such that [|Ag|| is sufficiently small, then we can always assure
that G + Ag(I + QQ) € C(R4; Gl,(R)) and that ker(E + Ag) C ker E - the latter meaning the
kernel of E can only become smaller. If the aforementioned conditions are satisfied, then the
condition ker E(t) C ker Ag(t) for all ¢t € Ry is equivalent to Ag € Pg_ 4.

(ii) The matrix QQ is nilpotent and the index of nilpotency is 2 everywhere: As Q = %QQ = QQ+QQ
we obtain QOQ = 0 and hence (QQ)? = 0. Therefore, I + QQ is invertible everywhere with
(I+QQ)" =1-QQ. o

It may be asked why it is required in the definition of Pg 4 that the projector @ must be in Qg 4
and not in QA , 4. In fact, the answer is that it doesn’t matter, but re-using the projector from the
nominal system is easier than calculating a new one. The following lemma clarifies this.

Lemma 3.3 (Projectors and perturbations). Let (E, A) € C(R,; R"*™)2 be index-1 and Ap € C(R; R™*"™).
If Qpa #0, Qpiag.a # 0 and ker E(t) = ker(E(t) + Ag(t)) for allt € Ry, then Qp a4 = Qriay A-
Furthermore, we have

Pe.a = { Ap € C(Ry; R™™) ‘ QE4AL A F 0 N VteR,: ker E(t) = ker(E(t) + Ag(t)) }
Proof: Follows immediately from Proposition 2.8. O

Remark 3.4 (Kernel assumption). The definition of the set Pg 4 may seem restrictive, in particular
the claim for the kernel of E to be preserved. But on the one hand side, as shown later in this section,
perturbations of the algebraic part are still possible. On the other hand side, in the perturbation
theory of DAEs it is usually assumed that the leading coefficient E is not perturbed at all, see e.g. [12,
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17, 18, 22, 51]. Moreover, the condition on perturbations of the leading term to preserve some kernel
is not uncommon, as in [10], where time-invariant systems are considered, it is assumed that the left
kernel of F is preserved under the perturbation (see proof of [10, Lem. 3.2]). Furthermore, as argued
in [10], in practical applications the set of allowable perturbations is limited anyway, restricted by the
physical structure of the considered system. Therefore, as it is widely believed, if the algebraic part of
the DAE represents path constraints, then the zero blocks in E are structural and are not subject to
disturbances or uncertainties. However, this is not entirely true as it can be deduced from considering
a DAE in semi-explicit form:

. I 0 .i'l All(t) Alg(t):| <.%'1>
Et)z = | ] = = A(t)x. 3.2
( ) |: 0 0:| <$2> |:A21(t) Azg(t) ) ( ) ( )
Equation (3.2) consists of n; differential equations and ns = n — n; algebraic constraints. Changing
any of the zeros in the second column of E would involve derivatives of xo and therefore inevitably
change the structure of the system - so these zero blocks are structural. However, the zero block in

the lower left corner is not. If we change this block to Fo; for instance, then the second equation now
reads E91(t)t1 = A9 (t)x1 + Ago(t)ze and incorporating the first equation gives

0= (Ao — Eo1An)(t)z1 + (Aze — E21A12)(t)z2,

so the system has again the same structure as before. This shows that we have to distinguish between
perturbations which change the structure of the system and perturbations which change the structure
of the matrices £ and A. What is desired is that the structure of the system is preserved under
perturbations and indeed, in the above example, changing the lower left block in £ does not change
the kernel of E/. This shows that for semi-explicit DAEs, the perturbations which preserve the kernel
of F (and may change anything else) are those which preserve the (physical) structure of the system.
Note that system (3.2) is index-1 if, and only if, Ay is invertible everywhere and hence the perturbed
system is index-1 if, and only if, Ags — F21Aj9 is invertible everywhere, which holds true if || E2;||oo is
sufficiently small. o

Lemma 3.5 (Sufficient condition for preserved index). Let (E, A) € C(Ry;R™™)?2 be index-1, Q €
Qp.a, G asin (2.3) and Ag € C(Ry;R™ ™). Then the following holds true:
() B - AQ € C(R.; Gl (R),
Vte Ry : ker E(t) = ker(E(t) + Ag(t)),
. = QGQE+AE,A N AEEPEA.
vieRy: [Ap()(E®R) — AMQ®W) ] <1

Proof: (i): Let X := (I + QQ)G~' and observe that
(I +QQ) = XBE(I +QQ) - XAQ

and hence, as (I + QQ) ' = I — QQ by Remark 3.2 (ii), XE = I + XAQ(I — QQ) = I + X AQ, since
QQQ = 0. Therefore, X(E — AQ) = I and by invertibility of X we find

(E—AQ) '=X =T+ 0QQ)G". (3.3)

(ii): As Ag preserves the kernel of E it is clear that @ is a projector on'ker(E + Apg). Hence, it only
remains to prove that £+ Ag + (E + Ag)Q — A)Q = G + Ap(I + QQ) € C(R4;Gl,(R)). Since
G+Ap(I+QQ) = (I+Ag(E—AQ)™1)G the invertibility immediately follows from the assumption. O

Lemma 3.5 gives rise for the following definition of subsets of Pg 4.
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Definition 3.6. Let (E, A) € C(R4;R™™)? be index-1 and Q € Qp 4. Then we define

IAE)(E() — ABQM) ] < 1

o

Note that, if E = 0, then I € Qp 4 and we have PéA = {0} = Pg, 4. In general, we have the following
corollary, which is immediate from Lemma 3.5.

Corollary 3.7. Let (E, A) € C(Ry;R™™)? be index-1 and Q € Qg 4. Then PgA C Pg,a.
For perturbations in Pg 4 we may also reformulate the perturbed system (3.1) in a form similar to (2.4).

Lemma 3.8 (Decomposition of perturbed system). Let (E, A) € C(Ry;R™ ™2 be indez-1, Q € Qg 4,
P A G as in (2.3) and Ap € PgA. Then x € C(R4;R™) is a solution of (3.1) if, and only if,
Px € CY{R;R") and x solves the following system for all t € R :

{ FPtx) = (P)+PH)G(t) " AM)P(H)z + P)G(t) At)P(t)z, (3.4)
Qt)z = QWG TAM)P(t)r + Q()G(H) At)P(t)x, '

where

A= —(T+A)TAAI-QQ), A=Ag(E-AQ)™" (3.5)

Proof: Using Lemma 2.12 and the fact that Q € Qp4a, 4 by Lemma 3.5, and defining A= A-Ag0,
G := FE + Ap — AQ, it is immediate that z is a solution of (3.1) if, and only if, Pz € C'(R,;R") and

T solves ) R .
{%(P(t)w) = (P(t) + P()G(t) 'A(t))P(t)z, (3.6)
Qt)r = QU)G(t)"TA(t)P(t)z. '

Now observe that, by (3.3), G = G+AG and hence, under the assumption that ||A(t)|| = ||Ag(t)(E(t)—
AB)Q(t)) || < 1 for all t € Ry, it is immediate that

Gl=G'IT+AN) =G IT-AI+AN)Y).
By some simple calculation we then obtain that
GlA=G'A- G T +MN)"ARQ + AT+ A)7LA).
Using that ApQ = A(E — AQ)Q and
(T+A)A=A-AT+A)TA=AT+A)!

we get

G'A=GA-G I +MN)A(E-AQ)Q + A).
Now (E —AQ)Q+ A= (E— AQ)Q + A — EQ = A(I — QQ), thus
G 'A=G "4+ G A,
which yields that (3.6) is equivalent to (3.4). O

In the subsequent sections we will also need the following lemma, the proof of which is straightforward.
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Lemma 3.9 (Bound on A). Let (E, A) € C(R;R™™)? be indez-1, Q € Qp 4 and Ap € Pgﬂ. Then,
for A as in (3.5) and all t € Ry, we have

1A () (E() — ADQH) A — Q()Q())]| .
1= |Ap()(E®) — A)Q()
From (3.4) it can be seen that the perturbation does not only effect the differential part, but also the

algebraic part of the DAE. To make this more clear consider the following example which will serve as
a running example in the following.

[A@] <

Example 3.10. Consider the system (1.1) with constant

100 -1 0 0
E=1]01 0|, A=]|0 -1 0
000 0 0 1

The solutions of this system are given by z1(-) = c1e™", x2(+) = coe™", x3(-) = 0 for ¢1,co2 € R. Now let

o O

Ap =

O o >

0
0|, 0eR,
0

(o9

and observe that ker £ = ker(E + Ap) for all § € R. Furthermore, choosing @ =1 — F € Qg 4, we
have that, for G as in (2.3),

1 0 O . 1 0 0
G=101 0 and hence G+Ap(I+QQ)=1{0 1+ 0|,
00 -1 § 0 -1

which is invertible for all 6 # —1. Hence Agp € Pg  for § # —1. As it is easy to calculate that
|AE|| = v2|6], we have Ap € PgA if, and only if, |§] < 4 The perturbed system (3.1) reads, after
some rearrangement,

1 5
Z1 1+ 1% *2 T15% 1+ 1%
Therefore, the solutions are
_. _1 1, _. 0cg  __1_.
21(:) = (e1 —e2)e™ +epe T, wo() = e T, a3() = —0(er —ep)eT — g T3

for ¢1,co € R, and it is clear that both the differential and the algebraic part of the DAE have been
perturbed as all components of the solution have changed. Furthermore, we see that for § > —1 the
perturbed system is exponentially stable (cf. Definition 4.6), whilst it is unstable for 6 < —1. For
0 = —1 we have Ap & Pg, 4, however the system is still exponentially stable as the equations read,
after some rearrangement, &1 = —x1,x9 = 0,23 = x1 - but this is beyond the scope of this approach
because the index of the system did change (it is index-2 tractable in the sense of [42] for § = —1). ©

Remark 3.11. Note that, as shown in Example 3.10, the perturbations may change the algebraic
equations, but not the algebraic structure of the system as it was pointed out in Remark 3.4. o
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4 Bohl exponent

There are two fundamental concepts in the theory of ODEs to investigate asymptotic behaviour of
solutions: the Lyapunov and the Bohl exponent. While the Lyapunov exponent, introduced by Alek-
sandr M. Lyapunov [41], gives a bound for the exponential growth of the solutions of the system, the
Bohl exponent, introduced by Piers Bohl [7], describes the uniform exponential growth of the solutions.
While the Lyapunov exponent is very useful for time-invariant systems, the Bohl exponent is the ap-
propriate concept when it comes to time-varying ODEs. The Bohl exponent has been successfully used
to characterize exponential stability and to derive robustness results, see e.g. [14, 29]. For an excellent
summary of the history of the development of the Lyapunov and Bohl exponent see [14, pp. 146-148].
In this section we give the definition for the Bohl exponent as stated in [5] for general DAE systems and
derive some formulae for it which hold in the index-1 setting. We also state the equivalence between a
negative Bohl exponent and exponential stability and derive a robustness result for the Bohl exponent
under the class of perturbations introduced in Section 3. In particular, this shows that exponential
stability is robust under these perturbations. The main result of this section is Theorem 4.8 which
states the robustness of the Bohl exponent.

Definition 4.1 (Bohl exponent). Let (E, A) € C(Ry;R™")? be index-1. The Bohl exponent of (E, A)
is defined as

kp(E, A) = inf{ peER ( IN, > 0Vz€Ch i Vt>s>0: [a)] < Ne||z(s)]| }

Note that we use the usual convention inf () := +o0. o

Next we state a representation of the Bohl exponent for index-1 DAEs which is well-known for ODEs,
see e.g. [14, Sec. I11.4].

Lemma 4.2 (Representation of the Bohl exponent). Let (E,A) € C(Ry;R™™)2 be index-1 with
transition matriz ®(-,-). Then we have

kp(E, A) :inf{ peER (aNp>owzszoz B (2, 5)|| < N,ert==) }

and kp(E, A) < oo if, and only if,
sup ||®(¢,s)]] < o0.
0<t—s<1

Furthermore, if kp(E, A) < oo, then it holds that

In ||®(¢
kn(B, A) = limsup 22N

s,t—s—00 t—s
where In0 := —oo.

Proof: The first statement is immediate from the definition of the Bohl exponent and the second is a
special case of [5, Prop. 3.7]. For the last statement see [12, Prop. 4.4]. Note that in the second and
last statement a Bohl exponent kp(E, A) = —oo is explicitly allowed. O

We stress that the equivalent condition for a Bohl exponent kp(E, A) < oo is also valid in the case
kp(E,A) = —oo. Moreover, the formula for the calculation of the Bohl exponent does also hold true
in this case. The Bohl exponent can become —oo if all solutions of (1.1) vanish identically, hence
®(t,s) = 0 for all t,s € Ry. However, it is possible that the Bohl exponent is —oc even in the ODE
case, i.e., when we have non-zero solutions. This is illustrated by the following example.
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Example 4.3 (Bohl exponent —oco). Consider the system
T =—2tx. (4.1)

It is easy to observe that any solution z(-) of (4.1) satisfies z(t) = e~ =)z (s) for all t > s > 0. We
show that kp(1, —2t) = —oc.

First let p > 0 and set N, := 1. Then clearly ||z(t)|| < N,e?=%)||z(s)]|| for all t > s > 0.

Now let p < 0 and set N, := e””. Then let ¢ > s > 0 and observe that

0<(—p—(t—38)?=p*+2p(t—s)+ (t —s)? = (p> + p(t — s) +t* — s*) + p(t — s) — 2st + 25%,

hence
PP p(t—s)+t2—s2>2s(t—s)—p(t—s)>0.

Therefore, we have e~ (*=5%) < ¢#”eP(t=5) which proves ||z(t)|| < N,e?t=3) ||z (s)]|.

By the above findings we obtain kp(1, —2t) = —oo and in particular we see that
, In||®(t,s)| .. In e~ (=%
limsup ————— = limsup ——— = —¢.
s,l—s—00 — S s,t—s—00 — S

o

Remark 4.4. As shown in Example 4.3, a Bohl exponent of —oco is not an exceptional case, even
for ODEs. For DAEs it is even more common as any equation of the form 0 = A(t)z with A €
C(R4+;Gl,(R)) has Bohl exponent —oco. But compared to a Bohl exponent of 400 it is of a more
“good-natured” kind, as a system with Bohl exponent —oc is in particular exponentially stable (cf. Def-
inition 4.6). Therefore, we will usually consider the cases of finite Bohl exponent and Bohl exponent
—o0 together, i.e., the latter is not excluded when kp(E, A) < oo is required, if not stated otherwise. ©

The Bohl exponent can also be represented in terms of the transition matrix of the inherent ODE (2.5),
provided there exists a bounded projector ) € Qp, 4 - which is guaranteed for any index-1 DAE (E, A)
with £ € CY(R,;R™ ") by Proposition 2.8 and Lemma 2.9. This result has been proved in [12,
Prop. 4.6], but here we show that it indeed holds under very mild assumptions.

Lemma 4.5 (Representation in terms of ®¢). Let (E, A) € C(Ry;R™™)? be index-1 with transition
matriz ®(-,-) and let ®o(-,-) be the transition matriz of the inherent ODE (2.5). Suppose that there
exits a bounded Q € Qg A and that kp(E, A) < co. Let P =1 — Q. Then we have

kB(E, A) = limsup In ||(b0(t’ S)P(S)H S hmsup M

5,t—s5—00 t—s 5,t—5—00 t—s

Proof: Let A and G as in (2.3). By [12, Lem. 4.3] the assumption kg(E, A) < oo implies that
I + QG 'A is bounded. It also follows from the assumption that P is bounded. And indeed this is
enough to guarantee that the proof of [12, Prop. 4.6] is feasible. O

Next we state the definition of exponential stability of DAEs (E, A). The definition for general DAEs
can be found e.g. in [5, 6]. Here we state the already simplified version derived from [5, Prop. 5.2].

Definition 4.6 (Exponential stability). A linear index-1 DAE (E, A) € C(R4;R"*")? with transition
matrix ®(-,-) is called exponentially stable if, and only if,

Fp, M >0Vt >ty >0: ||[®(tty)] < Me Htto), (4.2)
<&
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Note that usually stability is a property of a particular solution: other existing solutions in a neigh-
borhood of it stay close to it for all time. For linear systems it is sufficient to consider this property
only for the trivial solution. However, for (general) DAEs it is at first sight not clear whether this is
still true. To this end, it is shown in [6, Thm. 4.3] that also for DAEs (£, A) it suffices to consider the
stability properties of the trivial solution.

As shown in [5, Cor. 5.3] we have the following lemma.

Lemma 4.7 (Bohl exponent and exponential stability). Let (E,A) € C(Ry;R™™)? be index-1 with
transition matriz ®(-,-) and suppose that there exists a bounded Q) € Qp A and that kp(E, A) < oo.
Then the following statements are equivalent:

(i) kp(E,A) <O0.
(ii) (E,A) is exponentially stable.
(i) Vp>03e>0Vtg € Ryt [ [|®(t,20)[[P dt < c.

In this sense, the next result is a robustness result for exponential stability under perturbations intro-
duced in Section 3. In the proof of Theorem 4.8 we use techniques from the proofs of [5, Lem. 5.8]
and [12, Thm. 5.2].

Theorem 4.8 (Robustness of Bohl exponent). Let (E, A) € C(Ry;R™™)? be index-1 and suppose that
there exists a bounded QQ € Qg A and that kp(E, A) > —oo. Further let P and G be as in (2.3). Then

for any € > 0 there exists § > 0 such that for all Ap € PgA which satisfy, for A as in (3.5), the
condition

t+s
limsupl/t |P(r)G(T) P A(T)P(T)||dT < § (4.3)

t,s—o0 S

it holds that
ij(E + AE,A) < k‘B(E,A) +e.

Proof: Let A be as in (2.3), ¢ > 0, and Ag € ngA. Assume that kp(E, A) < oo, otherwise the
inequality is trivially satisfied. Let ®(-,-) be the transition matrix of (E, A), ®¢(-,-) be the transition
matrix of the inherent ODE (2.5) and let ®(-,-) be the transition matrix of the perturbed system
(E+ Ag,A). Fix s € Ry. Then, invoking Ag € PgA and Lemma 3.8, ®(-,-) satisfies the first
equation in (3.4) as a matrix equation, that is, for all ¢ 27 s,

L(P)®(t,s)) = (P(t) + P()G(t) " A()P(1)@(t, s) + P(t)G(t) T A(t)P(t)®(t, 5).

This implies that the columns P(-)®(-,s)e; solve the inherent ODE (2.5) with f = AP®(-, s)e;, i =
1,...,n, starting in im P(s). In fact, the initial values satisfy

P(s)®(s,s)e; = P(s)(I + Q(s)G(s)A(s))P(s)e; = P(s)e;
and hence an application of the variation of constants formula gives
P(t)®(t,s) = Do(t,s)P(s) + / Do (t, 7)P(T)G(T) P A(T)P(T)®(T, 5) dT (4.4)

for all ¢ > s. Now invoking the boundedness of Q, |kp(E,A)| < co and Lemma 4.5, we find that for
= —kp(E, A) —¢/2 there exists M > 0 such that

|®o(t, s)P(s)|| < Me Ht=9) ¢ >,
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We obtain from (4.4) that
t
M |[P(6)D(t, )| < Met +M/ IP(T)G(r)~ A P(r)l|e" || P(r)®(r, 5)|| dr,

and an application of Gronwall’s inequality (see e.g. [32, Lem. 2.1.18]) yields

IP(t)d(t, )| < Me =) M [JIPMGEOTIADP@ A7y > (4.5)

Now the Condition (4.3) implies existence of g, sy > 0 such that

1 t+so
sup — ||P(T)G(T)71A(T)P(T)H dr < 26.
t>to SO Jt
We distinguish two cases.
Case 1: s < tg. Let t > s and k € N such that sg(k — 1) <t —ty < spk. Then

t IP(1)G(r) "L A(r)P(r)]| dr < kso(20) < 2(t — to + 50)8 < 2(t — 5 + 50)0, (4.6)

to

and therefore, for all t > s,

IPOB(5)]| S MeHE=9M [0 PG AP dr M iy IPOGE T ADPE] dr

(4<6) Meflu,(t—s) N062M(t78+80)5 — MN06230M567(H72M5)(1‘/78)

)

where N0 = max {1, M [0 PG AP dr |

Case 2: s > tg. Let t > s and k € N such that so(k — 1) <t — s < sok. Then
t
/ HP(T)G(T)’lA(T)P(T)H dr < ksp(20) < 2(t — s+ s0)0, (4.7)

and therefore, (4.5) gives that, for all ¢t > s,

HP(t)(I)(t, S)H (437) Mef,u(tfs)NOeQM(tferso)& < MN06250M567(/L72M5)(1573)'

The two cases together with Lemma 4.5 (taking into account that P(t)®(t,s) = ®o(t,s)P(s)) imply
that
kp(E+ Ap,A) < —u+2Mé =kp(E, A) +¢/2 + 2Mo.

Choosing 0 = ;57 completes the proof of the theorem. O

In the case of bounded perturbations the statement of Theorem 4.8 can, under some further assump-
tions, be simplified.

Corollary 4.9 (Robustness of Bohl exponent). Let (E,A) € C(Ry;R™™)? be index-1 and suppose
that there exists a bounded Q) € Qp A and that kp(E,A) > —oco. Further let P, G be as in (2.3) and
suppose that G=', P(E — AQ)~" and P(E — AQ)~'A(P — QP) are bounded. Then for any ¢ > 0 there
exists 0 > 0 such that for all Ag € C(Ry;R™ ™) which satisfy ker E(t) = ker(E(t) + Ag(t)), t € Ry,
and ||Ag|lec < § it holds that

kp(E+ Ap,A) < kp(E,A) +«.
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Proof: First observe that by choosing § sufficiently small we may assure Ap € Pg qand [[Ap|s||P(E—
AQ) | < 1. Furthermore, for A as in (3.5), AP is bounded, as from Lemma 3.9

IP(E — AQ)" ' A(P — QP)|loo | AE I
1= P(E - AQ)MwollApllee

[APloo < (4.8)

where it was used that Ay = AP and (I — QQ)P = (I — Q + QQ)P = P — QP. It follows that

1 t+s
1imSUP—/ [P(T)G(T) AT P(7)[ldr < PG |oo|AP|oo-
t

t,s—o0 S

Now ||AEg|lec can be chosen sufficiently small so that Theorem 4.8 may be applied to conclude the
proof. O

Remark 4.10 (Boundedness assumptions). Note that the boundedness assumptions of Corollary 4.9
are satisfied if Q, Q, (E— AQ)~" and A are bounded, i.e., boundedness of G~! and P(E— AQ) ' A(P —
QP) is implied. Therefore, these assumptions seem appropriate, in particular when we look at the
ODE case: If E =1, we have Q = 0 and G = I, hence the assumptions reduce to boundedness of A.
This however is (apart from the cases kp(E, A) = +00) quite natural, as perturbations in the leading
term of ODEs correspond to systems

i=T+Apt)TA)z = At)z — Ap(t)(I + Ag(t)) tA(t)z,

i.e., perturbations of A of the form Ag(t)(I + Agp(t)) 1 A(t). Boundedness of this perturbation term
is necessary to obtain robustness results, see e.g. [29], and is guaranteed if A is bounded. o

In Theorem 4.8 the case kp(F,A) = —oco is excluded. Together with the case kp(E,A) = +o0, this
is treated in the following proposition, which provides a condition under which the Bohl exponent is
invariant.

Proposition 4.11 (Equal Bohl exponents). Let (E, A) € C(Ry;R™™)2 be index-1 and suppose that
there exists a bounded Q) € Qp a. Further let P and G be as in (2.3). If Ap € PgA and A as in (3.5)
satisfies

t+s
lim sup — /t |P(1)G(r) A P(r)] dr =0, (4.9)

t,s—o0 S

then kp(E + Ag, A) = kp(E, A). This means in particular, if
lin [POGE T AOPOI =0 or [T IPOGE ADPE dr <,
> 0

then kB(E + Ap, A) = kp(F, A)

Proof: Let P, A, G be as in (2.3). If kg(E, A) = —oo, then it is easy to observe that choosing
sequences p — —oo and d; N\, 0 in the proof of Theorem 4.8 shows that kp(E + Ap, A) = —o0.
Suppose now kp(E, A) # —oo. Observe that Theorem 4.8 implies kp(E + Ag, A) < kp(E, A). We

now show that it may be applied to (F + Ap, A) with perturbation —Ap as well. To this end, note

that Q € Qg a Lem. 3.5 QE+ApA and —Afg € P3+AE’A. It remains to prove that

= E+Ap+(E+Ap)Q—-A)Q  and
—(I+A)"TAA(I — QQ), where A = —Ap(E+ A — AQ)™L,

B
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satisfy (4.9) as well. First note that £ + Ag — AQ is invertible everywhere by Lemma 3.5 since

Q € QptAg,a- o
We will show now that G"'A = —G~'A. To this end observe that

A=—Ap(E—AQ) " (I+Ap(E—AQ) ™) "= =AU +A) ' = A+ AT +A)'A=—(1+A) A,

(T+8) =T -T+0)"A)""

and hence, since G = G + AG,

=T+ A,

G'A=—G ' I+N) ' T+A)AAT - QQ) =G "I+ A 'AA(I — QQ) = -G 'A.
Now Theorem 4.8 implies kg(E, A) = kg((E + Ag) — Ag, A) < kp(E + Ag, A). O

Remark 4.12 (Invariance of Bohl exponent +00). Condition (4.9) is a very strong condition on the
perturbation in order for the Bohl exponent of +00 to be preserved. For simplicity, let us consider the
ODE case for a moment: Example 4.3 shows that a Bohl exponent of —oo (or, similarly, +00) is not an
exceptional case, however it is usually not treated, even in the standard literature on Bohl exponents
for ODEs [14, 32]. Of course, Proposition 4.11 is in particular applicable to ODEs (I, A), but as the
system (I + Ap, A) reads, for any Ap € P?’A,

i = (I+Agp(t) Az,

the perturbation is multiplicative and hence not the usual kind of perturbations considered for ODEs.
Nevertheless, as follows from a careful inspection of the proof of Proposition 4.11, for additive pertur-
bations of the form (I, A+ A) we obtain the following: If A € C(R4;R"*") and kp(I, A) = o0, then
for all A € C(R4;R™ ™) which satisfy (4.9) (with P = G = I) we have kp(I, A+ A) = t+o0.

It is now immediate that in the scalar case (n = 1), in Condition (4.9) we may replace “= 0” by
“< o0” and the statement still holds true. Moreover, in the general case, we were not able to find any
example such that a bounded perturbation A could push the Bohl exponent away from oo, while on
the other hand side we were not able to prove that it is preserved for such a perturbation. It may be
worth noting however, that there are systems with a Lyapunov exponent (mentioned in the beginning
of this section) of —oco which can become +o00 under arbitrary small perturbations.

Thus the invariance of Bohl exponent +co under an appropriate large class of perturbations is an open
problem. If we assume

afec%megnEpf@ymm3M>OVtzszom@uﬁwgA@*WFﬂw, (4.10)

it is straightforward to prove (using the mean value theorem) the following:

Let (E,A) € C(Ry;R™™)? be index-1 and suppose that there exists a bounded @ € Qp 4. Further
let P and G be as in (2.3). If (4.10) holds, Ag € PgA and A as in (3.5) satisfies (4.9) with “< oc0”
instead of “= 0", then kp(E + Ap, A) = kp(E, A) = — 0.

The author conjectures that Condition (4.10) is equivalent to kp(E, A) = —oo, however it is only clear
that (4.10) implies kp(E, A) = —oc. o

We close this section by illustrating the main result by means of our running example.

Example 4.13 (Example 3.10 revisited). It can be immediately seen from the representation of the
solutions in Example 3.10 that

k?B(E,A) = -1 and kB(E+AE,A) :max{_l’_l—j_é}
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for all § # —1. Therefore, given € > 0 we have that for all § € R which satisfy

e<l1: 56(—1,%75),
e=1: 0¢€(—-1,00),
e>1: d¢€ (—oo,lL_J U (-1, 00),

the Bohl exponents satisfy
ij(E + AE,A) < k‘B(E,A) +e.

5 Perturbation operator

In this section we investigate robustness of exponential stability (1.1) in terms of the perturbation
operator. As a system (E,A) is exponentially stable if, and only if, its Bohl exponent is negative
by Lemma 4.7, Theorem 4.8 states in particular that exponential stability of index-1 DAEs is robust
with respect to perturbations in Pg 4 for any bounded @ € Qg 4. However, Theorem 4.8 does only
state that the perturbation has to be sufficiently small in order to preserve exponential stability. In
this section we provide a calculable upper bound on the perturbation such that exponential stability
is preserved by using the perturbation operator. In [29] it was shown that the perturbation operator
is an appropriate tool for investigating perturbations and robustness for ODEs, see also [12, 18] for
index-1 DAEs.

Motivated by the variation of constants formula (2.11) the perturbation operator is defined as follows.

Definition 5.1 (Perturbation operator). Let (E,A) € C(R,;R™™)2 be index-1 and exponentially
stable and let ) € Qg 4. Further let ®(-,-) be the transition matrix of (E, A), let P and G be as
in (2.3) and suppose that PG~ and QG~! are bounded. Then the perturbation operator of (E,A)
corresponding to () is defined by

LY - L3([to, 00); R™) — L2([to, 00); R™),
o (t = [ B PEGE () as + Q<t>G<t>1f<t>) |

O

Lemma 5.2 (Properties of the perturbation operator). Let (E,A) € C(Ry;R"™ ™)? be indes-1 and
exponentially stable such that (4.2) holds. Let Q € Qg a, ®(-,-) be the transition matriz of (E, A) and
let P and G be as in (2.3) and suppose that PG™1 and QG are bounded. Then we have:

(i) For any ty € Ry Lt% is well-defined, i.e., Lt%(f) € L?([ty,00); R™) for all f € L?([ty,00); R™).

(ii) For all ty € Ry the operator L,gQO is bounded by

IL& 1 < % |76 ool + 196 T

(iii) to — HL%H is monotonically nonincreasing on Ry, i.e.,

1L > IL2]l, 0 <ty < t1.
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Proof: See [12, 18]. O

As mentioned before, the perturbation operator is motivated by the variation of constants formula (2.11),
but since an introduction of a solution theory for (1.1) involving L2?-inhomogeneities and therefore
Sobolev spaces for the solutions would be very technical and not provide any more insight, we re-
stricted ourselves to the class of continuous solutions as introduced in Definition 2.4. Nevertheless,
Lemma 5.2 shows that the perturbation operator is well-defined. Furthermore, the dependence on the
projector @ is only weak - on the set of continuous L?-functions all perturbation operators correspond-
ing to different projectors coincide.

Lemma 5.3. Under the assumptions of Definition 5.1 and for any ty € Ry we have that: If, for any
f € C([to,o0); R™) N L?([tg, 00); R™), gp{o is the map

<pt0 R™ — C([ty,00); R"), 20— li 00y Where z € Cpoap and E(to)(z(to) — zY) =0,
which is well-defined by Proposition 2.19, then
Vf € C([to,00);R™) N L ([to, 00)R™) : LE(f) = 0, (0).

If we consider perturbations of (1.1) in the leading term as introduced in Section 3, then the perturbed
system (3.1) may also be interpreted as a closed-loop system obtained from (1.2) by applying the
time-varying deriative feedback

f(t) =u(t) = —Ap(t)i(t).
We show now that robustness of exponential stability can be related to the inverse norm of the per-
turbation operator. In fact, we prove that the latter provides a calculable bound on the perturbation

such that exponential stability is preserved. This result is a DAE-version of [29, Cor. 4.3] and to this
end we also introduce the notation

. —1 Lem. 5.2
UE,A,Q) = lim |[Lg]~

sup || ||

t0>0

for index-1 (E, A) € C(R4;R™™)? and Q € Qp 4. Note that ¢(E, A, Q) = oo is explicitly allowed. The
next theorem states that if the perturbation term A as in (3.5) is sufficiently small, then exponential
stability is preserved. We like to remark again that if (E, A) is index-1 and E € C!(R;R™*"), then
there always exists a bounded Q € Qg 4.

Theorem 5.4 (Exponential stability and perturbation operator). Let (E, A) € C(Ry; R"*™)? be index-
1 and exponentially stable and suppose that there exists a bounded QQ € Qg 4. Let P and G be as in (2.3)

and suppose that G~ is bounded. Furthermore, let Ap € Pg’A and suppose that for A as in (3.5) the
matriz AP is bounded. If

(APl o0 {H(lg{jg)w NG}, z:fooj
T if Q =0,

then the perturbed system (3.1) is exponentially stable.

lim
to—o0

Proof: Case 1: @ # 0. First note that to — H (AP)] is monotonically decreasing on R, and

[to,oo)‘ )
hence the limit always exists since AP is bounded. Then, it follows from the fact that ¢y — ||L§)H_1
is monotonically increasing and the assumption, that there exists £ € R, such that

~

| APy ooy|| < min {ILEIL QG IR}, to> 4. (5.1)
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By exponential stability of (E, A) we have (4.2), where ®(-,-) is the transition matrix of (E, A). In
order to show that (3.1) is exponentially stable we will show in Step 1 that kp(E + Ag, A) < oo using
Lemma 4.2 and then in Step 2, using Lemma 4.7, that kg(E + Ag, A) < 0. Note that Lemma 4.7 is
applicable since @) € Qp 4 = QpE+Ap 4 is bounded. This means to show that there exist ¢1,co > 0
such that for the transition matrix ®(-,-) of (E 4+ Ag, A) it holds that

o0
sup Bt to)]| <t and Vg € R, : / 1B(t, 1) |2 dt < c».
0<t—tp<1 to

Fix s >t and let A be as in (2.3). Then ®(-,-) satisfies (3.4) as a matrix equation, which read, for all
t>s,

{ a(P ()‘i{( s)) = (P(t)+ P)G(t) A1) P()®(t, 8)+P( )G(t) P A P(1)(t, s), (5.2)
QD(ts) = QMG AMPM)B(t,s) + Q)G AM)P(H)D(L, ). '

Proceeding as in the proof of Theorem 4.8, and taking into account that P(s)®(s,s)z? = P(s)z? for
2% € R", we find that applying the variation of constants formula (2.11) yields

t
d(t,s)z’ = d(t, S)P(s)xo—i—/ (t,7)P(T)G(T) T A(T)P(T)® (7, 5)2° dr +Q(t)G(t) L A(t)P(t)®(t, s)a"
’ (5.3)
for all 2° € R™. .
Step 1: We show that supg<;_;, <1 [[®(t,t0)|| < c1. Let tg > t and observe that

- Il < 1QG Ml [t0,00)
|@cap), o] <1067 e || (AP | <1

[to,oo
by (5.1). This gives

@ (1,10)2°] < (110G oo [ (AP o|| ) Mt 1P (10)a]

t ~
+[|PG™Y|so H (AP)“tO’OO)Hoo/t MerT||®(T, o)z dr
0

for all 20 € R” and an application of Gronwall’s inequality (see e.g. [32, Lem. 2.1.18]) yields

12, t0)2"| < ma| P(to) e 10|20 fler2=10),

where x; = (1— 1QG" | HAP|[5’OO)HOO)71M and ky = |PG~Ys |AP|| M. This immediately
implies that

1@ (t,t0)2°l| < crlla®ll,  er = mal|Plloce™, ¢ € [to, to + 1],
and c; is independent of ¢y > . It remains to prove that SUPtety t-+1] | ®(t,t0)|| < & for all 0 <ty < i
and some ¢; > 0. However, this is clear since the mapping to — Supycpy ¢+1] [|2(f, o)l is uniformly

continuous on [0, f].
Step 2. We show that ftzo | ®(t,t0)||? dt < ¢y for all tg € Ry. To this end, consider, for < s < T, the
operator

Mg i R" = L2([f,00); R"), 2" — 2, 7() == L5 1) ()D(-, 5)2°.

Let, for 2° € R™, o5 7(-) := L5 1)(-)®(-, s)P(s)2” and define the operator

LST : L?([s,00); R™) — L?([s,00); R™), f > ]l[s,T)Lg(f)-
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Then we have
o1 (t) = w05 7(t) + L (AP, 1)(t), t> 5. (5.4)

Note that 3:0757T|[8700) , 3:37T|[8700) € L?([s,00);R™). By (5.1) we find that the operator

K : L*([s,00); R") — L*([s,00); R"), f > x0,87T’[s,oo) —i—LgT(APf)

is a contraction and hence the Banach fixed-point theorem yields that ;7 is the unique solution
of (5.4) and

-1
o liegece) < 1T = L2 APY szl 2gaey < (1= ILSH || (AP gooy|| ) ™ N0 lz2gece)

~
=Ks,T

and by exponential stability of (E, A),

ks, M — —
25,70l L2t 00) = I%s,7 ]| L2(5,00) < f/ﬂ V11— e 2(T=9)||20].

Now, we have (L3 < ILE | < 1] and [[(AP) | < [(AP) o] s thus

-1 ~
ror < (1= ILEN | AP | ) i<s<T.
o0
Therefore, we find that for all z° € R”
sup{ ||MS7T3:O||L2[,;’OO) ‘ (5,7)eR?*and t < s < T } < 00,
and hence the uniform boundedness principle yields existence of K > 0 such that
Vi<s<T: Mzl < K.

This implies that, for all 2° € R and s > ¢, we have

00 T
[ 18P de =t [ M) O e < K2R,
s T—oo Jg

thus [ |®(t,5)]|? dt < K? and K is independent of s. Since we had fixed s > # it remains to prove
the assertion for tg < ¢. The latter follows from

(e 9] f [e.9]
[ 1a P at < [ e 0P de sup 80,00+ [ 18D b sup |8 t0)]* < .
to 0 to[O,ﬂ t toG[O,ﬂ

which holds by continuity of ®(-, ).
Case 2: ) = 0. The proof of this case is established along similar lines. O

Note that in Theorem 5.4 the case ) = 0 means that E is invertible everywhere and hence (E, A) is
an implicit ODE. Furthermore, the boundedness of G~ and AP is guaranteed if Q, Q, (E - AQ)™ 1,
A and Ag are bounded and ||[Ap(E — AQ) s < 1.

Note also that the case kp(E, A) = —oo is explicitly allowed in Theorem 5.4.
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Remark 5.5 (Structured vs. unstructured). Note that we consider unstructured perturbations, in
contrast to the structured perturbations (of the A matrix) considered in [29] for ODEs, or in [12, 18]
for index-1 DAEs. However, it is not easy to incorporate structured perturbations in the setting of
perturbations of the leading term FE, since the proof of Theorem 5.4 does only work in the unstructured
case. So there is no direct motivation for the consideration of the perturbation operator corresponding
to structured perturbations of the form Ay = BAC in (3.1). o

The following corollary gives a bound directly on the perturbation Ag such that exponential stability
is preserved for all perturbations within the so defined set.

Corollary 5.6. Let (E,A) € C(R;R"*™)2 be index-1 and exponentially stable and suppose that there
exists a bounded Q € Qg . Let P and G be as in (2.3) and suppose that G™1, P(E — AQ)™!
P(E — AQ)™'A(P — QP) are bounded. Furthermore, let Ap € ngA be bounded and suppose that
Ap # 0, which readily implies P # 0. Set k1 := |P(E — AQ)'A(P — QP)|looc > 0 and ry :=
IP(E — AQ) ™ |oc > 0. If

min{((E,A,Q),|QG <"} .
rk1+re min{(E,A,Q),|QG 1<} if Q#0,

I ‘A H (E.AQ) o
tog)noo E‘ tOv 0o < ||E_1A||oo+||E_1||oo£(E,A,Q)’ ,LfQ - O /\ E(E,A, Q) < OO7

00, fQ=0 N UEAQ)=
then the perturbed system (3.1) is exponentially stable.

Proof: Case 1: () # 0. First note that by assumption H AE|[t0 OO)H < kyt =|P(E - AQ)" |3} for
’ oo
to large enough. Furthermore, Lemma 3.9 yields (cf. also (4.8)), for A as in (3.5) and ?( large enough,

IP(B ~ AQ) AP = QP) o || Al o) _

1= |P(E = AQ) oo || Aty o _
thus the statement follows from Theorem 5.4.
Case 2: ) = 0. In this case, observe that G = E and P = I, thus the proof is similar to Case 1. [

|ap)

[tO’OO)Hoo

Remark 5.7 (ODE case). Consider Corollary 5.6 with (E, A) = (I, A), i.e., an ODE and suppose that
¢(I,A,0) < oco. In this case the provided bound on the perturbation Ag € 73?7 4 1s

o(I,A,0)

tin | Al )| <

to—00

The latter corresponds to ODE results in the following way: Rewrite the perturbed equation (I +
Ag(t)z = A(t)z as

b= T+ Apt)TAt)z = A(t)r — Ap(t) (I + Ap(t) L A(t)z,

where it is worth noting that I + Ag is invertible everywhere as A does not change the kernel of the
identity by assumption. Now D := —Ag(I +Ag) A can be viewed as a perturbation term within the
classical ODE theory and the ODE result corresponding to Corollary 5.6 is [29, Cor. 4.3]. We show
that the estimate [29, (4.13)] follows from our estimate in Corollary 5.6. To this end denote by

182l = || Ml |
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for any M € C(R4;R™™) and tg € R4. Then we have, for ¢y sufficiently large,

0(I,A,0
HDHt < HAEHtOHAHtO < HAHtO ||A||o£+€(17)A70) _ HAHtog(Iv A7 0) < E(I A 0)
0 = _ £(1,A,0) o - YD
from which the assertion follows. o

The next theorem is a version of [29, Prop. 4.5] and [12, Thm. 5.8] for perturbations of the leading
coefficient E of an index-1 DAE (E, A). It is a further robustness result under perturbations within
the class 7387 4 as it shows, for perturbations which converge to zero, that the norm of the difference
of the two perturbation operators corresponding to the nominal system and the perturbed system, for
the same projector @, gets arbitrary small for sufficiently large ;.

Theorem 5.8 (Perturbation operator under perturbations). Let (E,A) € C(Ry;R™™)2 be index-1
and exponentially stable and suppose that there exists a bounded QQ € Qp a. Let P and G be as in (2.3)
and suppose that G=', P(E — AQ)™" and P(E — AQ) 'A(P — QP) are bounded. Furthermore, let
Ap € PZ 4 be such that | Ap(E — AQ) s < 1. If

Jim | Ag()] =0,

then for the perturbation operator Lg of (E, A) corresponding to Q) and the perturbation operator f/%
of the perturbed system (E + Ag, A) corresponding to Q it holds

: Q_ 7@ _
tolg)noo HLto LtoH 0

In particular

UE,A Q) =0E+ AR, A Q).

Proof: First note that by Lemma 3.5, Q@ € Qp4a, 4 and hence the perturbation operator f/ngO of
(E + Apg, A) corresponding to ) exists. Suppose that P # 0, because otherwise Ap = AgP = 0 and
the result is trivially verified. We proceed in several steps and incorporate some ideas of the proof
of [12, Thm. 5.8] which treats perturbations of A.

Step 1: Let tg € Ry and f € L%([tg,0);R") be fixed. Denote by ®(-,-) the transition matrix of
(E,A) and by ®(-,-) the transition matrix of (E 4+ Ap, A). Let G := E+ Ap+ (E+ Ap)Q — A)Q €
C(R4+; GL,(R)). Then, by the definition of the perturbation operator, we have

Qr
—~
)
SN—
|
_
SN—
~
—~
)
N~—
(oW
®

(L) = LEN@) = /(‘P(taS)P(S)G(S)1—@@78)13(8)

to

+Q) (G =Gt ) f(t)

and therefore

|L20 - 28]

: < 1 F1(to, Pl 229,00y + 1F2(t0, Pl 12720 ,00) + 1F5(E0s Ol 12720 00) -

L2 [to,00
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ABlig, °°>H

Step 2: We show that [|F1(to, f)l| 12p4,00) < = ||AE(E VO RISE 1l £2}9,00) for some k1 > 0 indepen-
dent of ¢ty and f. Taking into account that by (2.10) it holds P(t)®(t,to)P(to) = Po(t,t0)P(to) =
P(t)®(t, to) for all t > tp we obtain from (5.3) that
t
PO)B(t,to) — PO(tto) = | POD(E,$)G(s) " Als)P(s)B(s, o) ds (5.5)

to

for A as in (3.5). Furthermore, by the second equation in (5.2) it holds

Q)D(t, t0) — Q1) D(t, o) = Q()G(H) " A(t) (P()®(t, to) — P(1)®(t, to)) + Q(E)G(t) " A(t) P(£)®(t, to)
(5.6)

for all t > ty. Due to Proposition 4.11 and Lemma 3.9 we find that kp(E + Ag, A) = kp(E, A) < 0,
the latter inequality holding by assumption. Lemma 4.2 and the boundedness of () then yield that
there exist My, Ma, ;v > 0 such that, for all t > ¢y,

1@t to) || < Mye #t=t0), 19 (¢, t0)|| < Myer(t=to),

IP(6)® (., to)|| < Mae™#=10),||P(6)®(t, to) ]| < Mpe (10,
Applying this to (5.5) and (5.6) and noting that by [12, Lem. 4.3] and kp(E, A) < oo the matrix
QG~'A is bounded, we may calculate

@ (t, 750) (t,t0)||

< PO te) — PO 1) + [QE)D(t ) — QD (L.t0)]
110G A PO 1) - OB )] + QWG AM PO IIPWB( 1)
1416 Al / Mae =) G oo A () P(5)]| Mae 61 dis
+M2\|QG*1||oo||A<t§P<t>||e*“<t*t°>
< (141G Al |G oo M) / |A(s)P(s)]| ds
+ M QG oo |A(E) P800, (5.7

Let K1 := (14 [|QG7 Al o) |G oo M3, Ka := M3||QG™}| . Invoking Young’s inequality for convo-
lutions, i.e.,

I f *9HL2[Ooo < HfHLl 10,00) 191 £2[0,00) (5.8)
for f € L*([0,00);R™), g € L?([0,00); R™), (f fo f(t—s)g(s) ds, we may calculate that

2
dt

/ (B(t,5) — B(t, 5)) P(s)C(s) " f(s) ds

to

1P (to, lzpg00) = /

to

(5.7) N 0 t t 2
< wAee i [ ([ e [Iampol e as ) a
to to s
_ 00 t 2
sR3|PG I [ (/ I AP (3)] ds> at
to to
~ 2 0 t 2
< KHPGIE APl | (/0 eIt — 5 £ (5 + to) | ds) dt

2

~ 2 [ t
LK3IPE || AP, HOO/O (/0 e~ £(s + to)| ds) at
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(5.8) - 2 *, ’
< KPPl [ ([ ) 171

N 2 o0 2
FRAPGE APl [ ([ e at ) 11

K{ K

= (B B e | APl 191

Furthermore, we have

PG e = [PG1(I 4+ Ap(I + QO)G) oo 2 — PG e
o 2 ~ = TApE—AQ) T

and by Lemma 3.9

IP(E — AQ) ™ A(P = QP) oo || Arlg
= [A5(E ~ AQ) [ |

AP, <
tOv oo

thus it holds

K Ko\ 1PGTIelIP(E = AQ) AP = Pl || sl ||
+22) 2| fll 21000

2 g (1— | A(E = AQ) |x0)?

S - We sh h r < H Ael, °°)H
tep 3: e show that || Q(to,f)HLQ[tO?oo) S T AR(E-AQ)- 1||oO
of tp and f. To this end observe that

13t Dl 2 < (

1 £l 22[¢9,00) for some g > 0 independent

H (PG~ — PG

- H (PG AR +QQ)G (I + Ap(I +QQ)G )

[t07OO)HOO

63 VPG IllP(E = 4Q) o | Al o

- L= Ap(E — AQ) ’
and hence, using the same techniques as in Step 2, we obtain, with K3 := ||PG™!|oo||P(E — AQ) ™Yo,

1B (to, NIZ2gte,0) = / ‘
to

[to’oo)Hoo

2

/ (¢, S)P(s)(G(s)_1 - é(s)_l)f(s) ds|| dt

to

2
M1K3HAE|[to,oo>Hoo /°° (/t S| (s + to)]| d )2 dt
e S 5
1—JAg(E — AQ) 0 0 0

2
) M K5 H AE|[750=°O)Hoo Hf”2
— |\ p(1—[[AE(E — AQ) ) o

s Anliy, oo)H

Step 4: We show that HF3(t(),f)HL2[t07 ) S T ARE—A0) T HfHLQ[to ) for some 3 > 0 independent
of tg and f. This is straightforward as
. 2
IR0 N = [ [Q0G0 =60 a

106 e |P(E — AQ) o | Al |

) 2
< 20 .
~ ( 1 — ||AE‘(E — AQ),1||OO ) ||f||L2[t0,OO)
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Step 5: The statement of the theorem now follows from Steps 1-4 together with

lim ‘AE\[ ~0. O

to—00 to,00) Hoo
We illustrate some of the results by means of our running example.

Example 5.9 (Examples 3.10 and 4.13 revisited). First we calculate ¢(E, A, Q) for the system (E, A)
and projector @ given in Example 3.10. Simple calculations yield that the transition matrix of (E, A)
is given by

d(t,s) = diag (e_(t_s), e~ (t=9) 1), t,s € Ry,

and the perturbation operator by
L% : L*([ty, 00); R?) — L*([ty, 00); R?),

(RO L0 (0o [ ) ds, [ ) a, ~50))).

to to

We may now calculate that, for any to € R, and f € L?([tg,00); R3),

[e%} t
||Lgf||%2[to,oo) = /0 </0 6_(t_5)f1(8+t0) ds>

+ h f3(t)? dt

to

00 2
( /0 dt) 112210 o0y + 1220 000) + 21000

17117 2(z6 00):

2 2

[ee] t
dt +/ (/ e =9 fo (s + tg) ds) dt
0 0

IN

which gives HL%H < 1. On the other hand side, for f = (t+ (0,0,e=(7%))) € L2([ty,00); R?) we
obtain that )
Q r12 _ 2 _

1L It 00) = N I2ft0,00) = 55
thus it holds HngQO || =1 for all ty € Ry and hence ¢(E, A, Q) = 1. For the constants in Corollary 5.6 we
therefore find that k1 = 1, ko = 1 and min{/(E, A, Q),||QG 1|3} = 1 as it can easily be calculated.
Now Corollary 5.6 states that, for the perturbations Ag that we consider in Example 3.10, if || Ag|| < %,
then the perturbed system (E + Ag, A) is exponentially stable. As ||Ag|| = v/2|6| this gives a bound

on J: .
ol < ——.
|6 Wi

Indeed, as seen in Example 3.10, the perturbed system is exponentially stable for all § > —1 so the
above statement is true, but not very sharp. o

Remark 5.10 (Semi-explicit systems). We revisit the results of the present and the preceding sections
for the special class of semi-explicit systems. These systems play an important role, since in a lot of
applications the DAE is in semi-explicit form. As already stated in (3.2), a DAE (E, A) is in semi-
explicit form if it takes the form

=[50} () = [t o] (2) =0 o
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0 0 _ Inl 0 _ Inl _A12
0 I, € Qp.a, thus P = 0 0 and G = 0 — Aoy

invoking Proposition 2.8, the system is index-1 if, and only if, Asy is invertible everywhere. If we look

at perturbations Ag, then we find that Ag € Pg 4 if, and only if, Ap = [21 8}, [I ZA(tl)(t)} has
2 2

We may now choose () = { ] Hence,

full column rank for all ¢ € R} (guarantees the kernel condition) and

I+ Aq(t) _A12(t):|
Ag(t) —Agg(t)

is invertible for all t € Ry. Using Schur’s complement (see e.g. [32, Lem. A.1.17]) and invertibility of
Ago the latter is equivalent to invertibility of I + Aq(t) — A1o(t) Az (t) "1 As(t) for all t € R, , which is,
since by Sylvester’s determinant theorem (see [32, Lem. A.1.13])

A A
det (Inl + [I, —A12A2_21] |:A;:|> = det (In + |:A;:| [Ia _A12A2_21]> )

equivalent to invertibility of I + [Al(t)] [I,—A12(t)Aga(t)Y] for all t € Ry. The latter is satisfied if

Gt) + Ap(t) = [

Ao (t)

HI + [21(?} [I,—A12(t)Aga(t)71]|| < 1, which exactly characterizes the set PgA.
2 ’

(t)
The perturbed system
I:Inl —I—Al(t) 0:| <.%'1> _ [All(t) Alg(t)] (1‘1) (5 10)
Ag(t) 0 .i'g A21 (t) Agg(t) i) ’
can also be rewritten in semi-explicit form. To this end observe that the second equation in (5.10)

reads xy = A2_21A15v1 - A2_21A21x1 and inserting this in the first equation gives

(I+Ay)iy = Apeg + A Ay Aoy — A1pAyy) Aoy,

It is now straightforward to observe that (5.10) is equivalent to

[181 8] @)Z [Am(t)_lAzl(t) i 5a(05(0) IO} ()

where B = (I + Ay — A12A2_21A2)71(A11 — A12A2_21A21).

The boundedness assumptions of Corollary 4.9, Corollary 5.6 and Theorem 5.8 reduce to the bound-
edness of A2_21, A12A2_21 and Aq1 — A12A2_21A21, which is satisfied if A1, A12, A9 and 142_21 are bounded
(but not necessarily As2). The boundedness assumptions of Theorem 5.4 reduce to boundedness of
Ay and Ajp Ay

Having a closer look at Theorem 5.4 and Corollary 5.6 we may calculate the constant |[QG 1|}

o . : I —ApAy
appearing in the bound on the perturbations by observing that G—1 = [0 jfz} and hence
—Agy
QG| = || A5, ||=}. Furthermore, the constants #; and g in the important Corollary 5.6, which

determine the lowest bound on the perturbation so that we still have exponential stability, can be
calculated as follows:

Ay — A At Ay 0

k1 = |[PGLAP| e = H[ : ’

} H = [|A11 — A2 A% A || so
B 1
Ko = | PG~ o0 = H [I AHA”}

0 0 - ”[17_‘412‘42_21”‘00

‘ o0
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6 Stability radius

In Theorem 5.4 and Corollary 5.6 we have derived a bound on the perturbation such that exponential
stability is preserved. This rises the question for the distance to instability of an index-1 DAE (E, A).
For ODEs this question has been successfully treated by Hinrichsen and Pritchard, who introduced
the stability radius as an appropriate measure for robustness [30, 31]. Roughly speaking, the stability
radius is the largest bound p such that exponential stability and the “algebraic structure” (which is
important for DAEs) of the nominal system is preserved for all perturbations of norm less than p. After
the investigation by Hinrichsen and Pritchard [30, 31] for time-invariant ODEs, the stability radius
was generalized to time-varying ODEs, see e.g. [29, 35]. For time-invariant DAEs a stability radius
has been defined and investigated in [8, 10, 17, 51], the most general version (in the sense that the set
of allowable perturbations is large) is given in [8], and for time-varying DAEs in [12, 18]. In contrast
to the definition of the stability radius for time-varying DAEs given in [12, 18], we define the stability
radius by also allowing for perturbations in the leading coefficient matrix FE.

For time-invariant DAEs the first approach in this direction was undertaken by Byers and Nichols [10]
who also introduced a set of allowable perturbations, that is perturbations which preserve regularity
and the so called nilpotent part of the matrix pencil sE — A, and defined the stability radius with
respect to this set. As shown in the proof of [10, Lem. 3.2], the assumption of preserved nilpotent part
is, provided that the perturbation preserves the index-1 property, equivalent to a common left kernel
of the leading coefficient matrices of the perturbed and the nominal matrix pencil. Therefore, it differs
from our approach just in the fact that we require the right kernel of E to be preserved. In this sense,
our definition of the stability radius can be viewed as both a generalization of the definition given
in [10] to time-varying system and as a generalization of the definition given in [12, 18] to a larger set
of allowable perturbations with respect to the leading coefficient.

When defining the stability radius one might argue about which norm of the perturbations should be
taken. As we will consider perturbations in E and A we need to introduce some common measure
of the perturbation matrices Agp and A4. In [10] the Frobenius norm |[[Ag, Aal||F is considered,

while in [8] the norm of the block matrix H [AOE AO } ‘
A

is used, both contributions considering constant

matrices. Here we will use the infinity norm of the time-varying perturbation pair ||[Ag, Aa|lco-

Let (E, A) € C(Ry;R™™)? be index-1. We introduce the following sets:

K(F, 4) = { [Ap, A] € BRR™) | Vi e R, : ker B(t) = ker(E(t) + Ap(t)) },
I:={(E,A) €C(R;R”™)? | (E,A) is index-1 },
S:={(E,A) € C(R;R™™) 2 ! (E, A) is exponentially stable } .
K(E, A) is the set of allowable perturbations.

Definition 6.1 (Stability radius). Let (E, A) € C(Ry;R™")2 be index-1. Then the stability radius of
(E, A) is the number

r(E,A) =
inf { [|[Ag, A4l | [AE, A4l € K(E,A) A (E+Ap,A+A4) €IV (E4+ A, A+A4)¢S) },
for which r(E, A) € [0, oo] holds. o

Remark 6.2 (Stability radius).

1) It is immediate that for exponentially stable index-1 € ; and any perturbation
i) Ttisi di hat f iall ble ind E A) e C(Ry :R™™)2 and bati
[Ap,A4) € K(E,A) with ||[Ag, Aal||, < r(E,A) the perturbed system (E+Ag, A+A4), which
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corresponds to the equation
(B@) + Ap®)i = (A®) + Aa®)a, (6.1)
is exponentially stable and index-1.

(ii) r(FE, A) is the measure of the distance to the nearest allowable system that is not exponentially
stable. Note that the infimum is taken over the set (E, A). If we had taken a larger set, or all of
B(R . ; R™2") the infimum would in most cases be zero. This is due to the fact that arbitrarily
small perturbations in £ can cause the system to become unstable if no further structure of the
perturbations is claimed. This is true even in the time-invariant case, see e.g. [10]. Nevertheless,
it is still possible that there are exponentially stable systems with stability radius zero, because
arbitrary small perturbations can also change the structure of the system, i.e., destroy the index-
1 property; this is illustrated in Example 6.3. However, as shown in Lemma 6.4, under some
boundedness assumption this cannot happen anymore.

(iii) Note that for time-invariant DAEs the definition of stability radius given in [8] is more general
than ours in the sense that the set of allowable perturbations is larger, as it is only required
that the index and the degree of the characteristic polynomial are preserved. However, for time-
varying DAEs we have no notion like the characteristic polynomial. Concerning the higher index
case see the following item.

(iv) It may be possible to define sets of allowable perturbations and the stability radius for higher
index DAEs in the following way: If (F, A) is index-u tractable in the sense of [42], then assume
that the perturbation Ag is such that in the chain of matrix functions [42, (2.23)] the kernel of A;
(in the notation of [42]) is preserved for i = 0,. .., u—1; note that Ay = E. This might be a proper
generalization of the set IC(E, A). The set Z might be generalized in a straightforward manner
to the set of all index-u systems (E, A). Then it is also an interesting question in what way the
so generalized stability radius is related to the one defined in [10] in the case of time-invariant
DAE:s.

(v) For time-varying ODEs (I, A), the stability radius r(I, A) is, in general, much smaller than the
stability radius 7(A) defined in [29]. In fact, it may even be that r(A) = oo and (I, A) < oc:
Consider the system & = —tz. It is easy to see that for any bounded perturbation A € B(R;;R)
the system & = (—t+A(t))x is still exponentially stable, thus r(—t) = co. On the other hand side,
let [Ap, Aa] € K(1,—t), that is 1 + Ag(t) # 0 for all t € R;. Hence the perturbed system (6.1)
can be rewritten as

. —t+ A
=——F 7
1+ Apg(t)

and by choosing A4 = 0 and, for any £ > 0, A = —1 — ¢, the perturbed system gets unstable,
as it reads @ = Lx. Thus r(1,—t) < ||[-1 —&,0]|| = 1 +¢ and as € > 0 was arbitrary we get

r(1,—t) <1 <oo=r(-t). o
Example 6.3. Consider system (1.1) with £ =0 and A(t) = tj%l Now let Ap =0 and Ay = —§ for
any 0 > 0. Then [Ag,Ay] € K(E, A). However, there exists some ¢ > 0 such that A(t) + Aa(t) =
t% — 0 =0 and hence (F+ Ag, A+ A4) ¢ Z. This means r(E, A) < |[[0,—d]|| =0 for all 6 > 0, i.e.,
r(E,A) = 0. However, the nominal system (F, A) is exponentially stable, as any solution z satisfies
x(t) = 0 for all t € Ry. This shows that r(E, A) = 0 and (E, A) € S, but the vanishing stability radius
is only due to the structural index-1 property getting weaker and weaker for increasing time ¢, which

may be compensated by appropriate boundedness conditions, see Lemma 6.4. o
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As stressed in the preceding example, for an index-1 DAE (FE, A) the properties r(E, A) = 0 and
(E,A) € S are not equivalent. If however, some boundedness assumptions are satisfied, then this
equivalence becomes valid. This and other properties of the stability radius are derived in the following.
Note that the stability radius does not have any invariance properties, as we consider an unstructured
stability radius. As shown in [29], the unstructured stability radius is not invariant with respect to
Bohl transformations (see also [5] for the latter).

Lemma 6.4 (Properties of the stability radius).

(1) If Q € CY(R;R™ ™) is such that Q and Q are bounded and Q(t)> = Q(t) for all t € Ry and
(E,A) € B(Ry;R™™)? s such that Q € Qp 4 and (E — AQ)™! is bounded, then it holds that

r(B,A)=0 <= (E,A)¢S.

(i) r(a(E, A)) =r(aE,aA) =ar(E,A) for all a > 0.
(iii) Let V(t) C R™ be a time-varying subspace of R™ with constant dimension, and define
Ky = { [E,A] € B(Ry;R™?") | (E, A) is index-1 and ker E(t) = V(t) for allt € Ry }.
Then the map Ky > [E, A] — r(E, A) is continuous.

Proof: (i): “<” is clear. To show “=" we use the result of Theorem 6.11 which will be proved
later. So assume that r(E, A) = 0 and (E, A) € S. Observe that, for G as in (2.3), we have G~ =
(I —QQ)(I + QQ)G™! and hence the boundedness of (E — AQ)~!, Q and Q implies, invoking (3.3),
boundedness of G~1. This guarantees ¢(E, A, Q) € (0,00]. Together with boundedness of F and A it
also follows that 1 and kg as in Theorem 6.11 are finite. Now Theorem 6.11 implies r(E, A) > 0, a
contradiction.

(ii): Follows directly from the definition of the stability radius.

(iii): Let € > 0 and [E}, A;] € Ky. Choose 0 = ¢ and [Es, As] € Ky such that

H[El — EQ,Al — AQ]HOO < 0.

Since [E1, A1] is bounded we have r(E;, A1) < oo, because [—FE1, —A1] € K(E1, Ay) but (By — Eq, A —
A—1) =(0,0) € Z, thus r(Ey, A1) < ||[E1, A1]||cc- Let [Ag, A4l € K(Eq, A1) be such that (E; +
AE,Al =+ AA) QI or (E1 +AE,A1 + AA) ¢ S, that is T(El,Al) < H[AE7AA]HOO Since

(B1+ Ap, A1+ Ay) = (B2 + (E1 — Es) + Ap, As + (A1 — Ag) + Ay),

it follows r(E2, As) < ||[[E1 — E2, A1 — As]lloc + [[AE, Aal|lec- Now taking the infimum over all such
[AE,AA] we obtain that ’I“(EQ,AQ) < H[El — E2,A1 — AQ]HOO + T(El,Al), thus having |’I“(E2,A2) —
r(Eq, A1)| < 6 = e. This proves continuity. O

Note that in Lemma 6.4 (iii) we consider the set of bounded functions to get a proper notion of distance
between two pairs of matrix functions. Moreover, as can be deduced from the proof, boundedness is
essential in order to get a finite stability radius, which is in turn crucial for continuity. Furthermore,
the constant dimension of V is not restrictive as it was shown in Section 2 that if (£, A) is index-1,
then F has constant rank, and hence the kernel is of constant dimension. Therefore, it is shown that
the stability radius is continuous on every set of bounded pairs of index-1 matrix functions where the
leading coefficients share a common kernel. In fact, this is no longer true on sets where the kernel may
change, as the following example illustrates.
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Example 6.5. Let ¢ > 0 and consider the system (1.1) with £ = ¢ and A = —1. First we consider
the case € > 0. Let [Ag,Aa] € K(e,—1). Note that ¢ + Ag(t) must be always invertible in order to
preserve the kernel and hence (6.1) can be rewritten as

—1+ Ault) .
€+ AE(t)

Now, for any v > 0, Ap = — — v and Ay = 0 are allowable perturbations and make the system
unstable, as it reads & = %x Hence, r(e,—1) < [|[[-e—7,0]|| = e+ forall y > 0, thus 0 < r(e,—1) < e.
In particular this gives

lim r(e,—1) = 0.

e—0

Now, for ¢ = 0 and any [Ag, A4] € K£(0,—1) the system (6.1) reads 0 = (=1 + A4(t))z. First observe
that [Ag, Aa] =[0,1] € K£(0,—1) and the resulting perturbed system reads 0 = 0 which is not index-1
anymore and has any function as a solution. Therefore, it is in particular not exponentially stable,
which gives 7(0,—1) < 1. On the other hand side, for any A4 with ||A 4|l < 1 the perturbed system
stays exponentially stable, so we obtain r(0,—1) = 1. Finally we may conclude

I 1) =0#1=r(0,-1).
lim (e, =1) =0 # 1 = r(0, ~1)

O

In the following we derive a lower bound for the stability radius. In order to do this we further
investigate the perturbation structure. Similar to Section 3 we introduce the following.

Definition 6.6 (Pairs of perturbations). Let (E, A) € C(R;;R™™)? be index-1 and @ € Qg 4. Then
we define

vVt e Ry : ker E(t) = ker (E(t) + Ap(t)) and
)(E(t) — A()Q(
t)(B(t

PEa=13 [Ap,Aal € C(Ry;R™M) t s }
)(E(t) — AH)Q(#) ™

)
a0 | 05 <1

o

It is crucial that perturbations in 73% 4 preserve the index-1 property of the nominal system. This is
stated in the next lemma.

Lemma 6.7 (Condition for preserved index). Let (E, A) € C(Ry;R™ ™)? be indez-1 and Q € Qp 4.
Then we have

[Ap, A4l € 7316232,A = Q€ QpiagAta,.

-Q
is invertible everywhere, the statement follows immediately from the assumptions and the observations
. 3.3
Ap(I+QQ)G™ 2 ApP(E - AQ)™

QG =QU +QQ)G = Q(E - AQ)™". (6.2)
O

Proof: As we only have to show that B4+ Ag + (E+Ap)Q — (A+AA)Q = G+ [Ap, A4 [I * QQ}

We may also reformulate the perturbed system (6.1) in a decomposition as in (3.4).
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Lemma 6.8 (Decomposition of perturbed system). Let (E, A) € C(Ry;R™ ™)? be indez-1, Q € Qp 4,
P, A, G as in (2.3) and [Ap, A4] € ﬁg’A. Then x € C(R;R™) is a solution of (6.1) if, and only if,
Pz € CH(R4;R") and = solves (3.4) with

A= (I+A0) (A4 AT -QQ),  A=[Ap A {_PCS(EE__AA%)_Z} . (6.3)

Proof: The proof is a straightforward modification of the proof of Lemma 3.8. It is only important
to use that

Aead) [ ] = ~AG( - GQ)0+ AalT - Q) 0
In fact, with the new A in (6.3), it easy to generalize all of the results of Sections 4 and 5 to pertur-
bations [Ag, A4l in E and A. We state this in the following theorem.

Theorem 6.9 (Results for perturbations in E and A). The statements of Theorem 4.8, Corollary 4.9,
Proposition 4.11, Theorem 5.4, Corollary 5.6 and Theorem 5.8 remain the same for perturbations in
E and A, that is they are true if the following substitutions are applied where possible:

o ApePE, — [Ap, Al €PE,.

Ap € C(RLR™™) 5 (Ap, Ay) € C(Ry; R¥<™)2,

A as in (3.5) — A asin (6.3),

kB(E+AE’A) = kB(E+AEaA+AA)}

8Bl = [[AE, Al

perturbed system (3.1) +— perturbed system (6.1),

|2elnmo|, = (25 Al

lime o0 [Ap(t)]| =0 = limo [|[Ap(E), Aa(®)][ =0,

perturbed system (E + Ap, A) — perturbed system (E + Ag, A+ Ay),

1AB(E — AQ) o <1 H[AE,AA] [(E - AQ)_I] <1,

_QGfl

o0

o ((E+Ap,A) — UE+ A, A+ Ay).

Furthermore, in Corollary 4.9, Corollary 5.6, and Theorem 5.8 the assumption of boundedness of
(I —QG~A)(P—QP) has to be added and in Corollary 5.6 the constants k1 and ko have to substituted
with the ones defined in Theorem 6.11 and in the second case ||[E~1A| s has to be substituted with

[

Proof: Except for slight but obvious modifications the proofs of the results need not to be changed if
it is remembered that A is another matrix. In particular, at some instances Lemma 6.7 must be used
instead of Lemma 3.5. However, in two cases some more comments are warrant.

Corollary 4.9: Equation (4.8) has to be changed to the inequality presented in Step 2 of the proof of
Theorem 6.11.

Corollary 5.6: The inequality in Case 1 has to be changed in the same manner.

o0
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Theorem 5.8: The matrix G changes to G = G + [Ap, A4 [I :SQ] = G + AG, where A =
[Ap, A4l [—PQ(EE——AAQQ))J' Hence, some of the inequalities change as well. For brevity we use the
constants k1 and ko defined in Theorem 6.11. Then we obtain
o PG|
IPG oo < T
1—[[Afloo
[T | (B Al o
o2 loo = 1= [|Alloo ’
-1
o ) (K1 N K2> 1PG loorn [[ 185 Al 0| "
) 00 = Y — 2 00))
110 L2[t0= ) ,LL2 H (1 o ||A||Oo)2 L [to, )
o 1PG ook || (A2, Aalljy 0|
s, |- .
[t0:09) [ o 1= [Alloo
M PG ootz || (A, Al |
‘|F2(t05f)||L2[to,oo) < ,U,(l— HAHOO) HfHLQ[tO,oo)a
1QG k2 || 185, Al |
HF3(thf)||L2[to,oo) < 1 — HAH ||f||L2[to,oo)

O

Nevertheless, we separately state the following generalized version of Theorem 5.4 which is important
in due course.

Proposition 6.10 (Exponential stability and perturbation operator anew). Let (E, A) € C(R; R™*™)?2
be index-1 and exponentially stable and suppose that there exists a bounded Q € Q. . Let P and G

be as in (2.3) and suppose that G~ is bounded. Furthermore, let [Ap, A4] € 7/5%’14 and suppose that
for A as in (6.3) the matriz AP is bounded. If

min {{(E,A,Q),|QG|'}, ifQ#0,
tolgnoo ‘(AP)‘[to,oo)Hoo < { ((E,A,Q), if Q =0,

then the perturbed system (6.1) is exponentially stable.

The main theorem of this section essentially relies on the preceding proposition. It gives a lower bound
for the stability radius in terms of the norm of the perturbation operator, more precisly the number
((E, A, Q) introduced in Section 5.

Theorem 6.11 (Lower bound for the stability radius). Let (E, A) € C(Ry;R™™)2 be index-1 and
exponentially stable and suppose that there exists a bounded QQ € Qg a. Let P and G be as in (2.3) and
P(E - AQ) ' A(P - OP) ]H .

suppose that G~1 is bounded. Suppose further that ki := H [ [~ Q(E — AQ) ' A)(P — OP)
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< 00, i.e., the corresponding matrices are bounded. Then kg > 0 and

= [ P1E 4001

—Q(E - AQ)™!

min{/(E,A,Q),|QG 1| .
K1+Ka mln{Z(E AQ),QG— 1||oo } Zf Q 7& 07

A .
r(E,A) > aﬁ%@%@, ifQ=0 A UE,A Q) < oo,
00, ifQ=0 A UE,AQ)=

Proof: If P # 0, then k9 > 0 is obvious. If P =0, then Q = I and hence ko > 0 as well. Now we show
that for any [Ag, Aa] € K(E, A) with [[[Ag, Aallleo < =25, Where o := min {{(E, A,Q), [QG [},
we have (E+Ag,A+As) €T and (E+ Ap,A+A4) € S. We discern two cases and proceed in two
steps.

Case 1: Q # 0.

Step 1: We show (E+ Ag, A+ A4) € Z. To this end observe that it follows from the assumption that
k2||[[AE, Aallloo < 7529~ <1 and hence

K1+R2Q

—1

las, il < || 550 ]

which yields [Ag, A4l € 733,47 thus, invoking Lemma 6.7, (F + Ag, A+ Ay) is index-1.

Step 2: We show (E+ Ag, A+ A4) € S. By Step 1 we have [Ag, Ayl € 73%,,4- Further invoking that,
for A and A as in (6.3),

P(E — AQ)™"A(P - QP)

AP =(I+80)7 (A4 = AA)(I ~QQ)P = (I + ) [Ap, Al [u_— Q(E - AQ)™'A)(P - QP)

we obtain

e v i

for all ty € R, hence we may apply Proposition 6.10 to conclude exponential stability.
Case 2: Q = 0. The proof is similar and omitted. O

Note that in Theorem 6.11 the boundedness of G~! is still important in order to guarantee that
UE, A, Q) € (0,00] exists.

Remark 6.12 (Special cases). We consider Theorem 6.11 for two special cases.

Case 1: EE = I. In this case we have () = 0, thus P = I and hence k1 = [_IA} H and ko = 1.
o

Suppose that ¢(I, A,0) < co. Then we obtain from Theorem 6.11 that

(I, A,0) __t1,A0
14 |Alloe + €(I,A,0) = Ky +£(I,A,0) =

<r(l,A).

Note that this does not coincide with any bounds known for the stability radius of an ODE, as still
perturbations of the identity and therefore multiplicative perturbations of A are possible. More precisly,
A may be perturbed to (I + Ag) 1A+ Ay).

If we considered only perturbations in A, then in k1 and ke we neglect the first rows (because these
correspond to Ag) and thus obtain k1 = 1 and ke = 0, i.e., (I, A,0) < r(I,A), which is just the
bound obtained in [29, Prop. 4.1] for ODEs.
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Case 2: E = 0. In the case of a purely algebraic equation we have () = I. This gives k1 = 0 and, as
A must be invertible everywhere, kg = ||A7!||o. Now Theorem 6.11 gives

IATHIS < (0, 4).

This bound is sharp: Any allowable perturbation [Ag, A 4] with |[[Az, Aalllee < A7) has Ap =0
and the perturbed system (6.1) reads 0 = (A(t) + A4(t))x, or, equivalently, 0 = (I + A(t)"1AA(t))z.
Then

IA®) T AL < 1AallsllA™ e < 1

for all t+ € Ry and the resulting invertibility of I + A(t)"tA4(¢) yields that the perturbed system (6.1)

is exponentially stable (as it only has the trivial solution). Therefore, (I, A) = ||A~!(|L.
In fact, |A71||! also coincides with the stability radius as defined in [12, 18], see [18, Sec. 5.2], which
is reasonable as in this case no perturbations of E are involved. o

Remark 6.13 (Semi-explicit systems). Consider a semi-explicit system of the form (5.9). We use the
results and notation already obtained in Remark 5.10. With these it is easy calculate

)
o0

. —1
m= |l ]

—A + A12A22 Aoy

11421
and obtain the corresponding lower bound on the stability radius via Theorem 6.11. o

Remark 6.14 (Structured vs. unstructured reloaded). As pointed out in Remark 5.5 we considered
unstructured perturbations in Section 5 because we are unable to give a proof for the structured
version of Theorem 5.4. For the same reason we consider unstructured perturbations and hence the
unstructured stability radius as in Definition 6.1 in this section. More precisly, the essential result
on the stability radius is Theorem 6.11, which itself relies on Proposition 6.10, the generalization of
Theorem 5.4. Therefore, there is no proof for the structured version of Theorem 6.11, and it is hard
to make any reasonable statement about a structured stability radius. o

Corollary 6.15 (Set of stable DAEs is open). Let Q € C'(R; R™™) be such that Q and Q are bounded
and Q(t)> = Q(t) for all t € Ry. Define

Kq = { [E,A] € B(R+;R”X2”) | Vte Ry tker E(t) =imQ(t) },

So = { [E, A] € B(R; R™™) | Qe Qpa A (E,A)eS N (E — AQ)™" is bounded }.

Then Sg is open in Kq.

Proof: Observe that clearly S C Kq and let [E, A] € Sq. Since, for G as in (2.3), Gl=(1-
QQ)(I +QQ)G™! the boundedness of (F — AQ)~!, @ and @ implies, invoking (3.3), boundedness of
G~'. Together with boundedness of E and A it then follows that x; and ks as in Theorem 6.11 are
finite. Set

o min {((E, 4,Q), |06}, i Q £0,
= —\ where « :=
K1+ Koo U(E,AQ), ifQ=0 A UEAQ) < oco.
If Q =0 and {(E,A,Q) = oo, set ¢ = 1 (any positive real number would be sufficient). If now
[E, Al € Kq with ||[E — E, A — A]|| < &, then it follows that [Ap, As] = [F - E, A — A] € K(E, A)
and hence, applying Theorem 6.11, we may conclude that (£, A) € ZNS. It remains to prove @ € Qp ;
and boundedness of (E — AQ)~"
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To this end observe that (E, A) € TN Kgq and an application of Proposition 2.8 imply that Q € Qp ;.
We also calculate that

(E—AQ) ™ = (E— AQ) + (Ap — AaQ)) " = (B — AQ) (I + (Ap — A4Q)(E — AQ)™ )™

and since

B -1
l(ae - 8005 - 4Q) . = 18,8 | F5ETAD ]| < liap Adllors <o <1
e find I(E - AQ)Y
IE = AR o < T (A, = 220) (B - 40T <

O

Note that in Corollary 6.15 we again consider the set of bounded functions in order to get a proper
notion of distance between two pairs of matrix functions.

7 Conclusion

We have studied exponential stability and its robustness of time-varying index-1 DAEs (1.1). We
introduced an appropriate class of perturbations in the leading coefficient of the DAE, and derived
that exponential stability is robust with respect to these perturbations using the Bohl exponent. As the
Bohl exponent approach does not provide a calculable bound on the perturbation we further proved
such a bound incorporating the perturbation operator. Moreover, we introduced a stability radius
for time-varying DAEs which incorporates perturbations in the leading coefficient and proved basic
properties of it. In a main theorem we derived a lower bound for the stability radius.

There are some open questions:

(i) Isit possible to solve the problem of invariance of Bohl exponent +oo as described in Remark 4.127

(ii) Isit possible to derive a shift property of the Bohl exponent with respect to the leading coefficient?
In [5, Prop. 3.11] a shift property with respect to the coefficient matrix A has been derived.

(iii) Is it possible to derive a relation between kp(E, A) and ¢(E, A, @), and between kp(F,A) and
r(E, A) using this shift property?

(iv) Is it possible to define the stability radius for higher index DAEs as indicated in Remark 6.2 (iv)?

(v) It has been mentioned that in [10] the Frobenius norm of [Ag, A 4] is used to define the stability
radius. Can we expect better results if we use the supremum of the pointwise Frobenius norms
instead of the infinity norm?

(vi) Is it possible to derive a formula for the stability radius as derived by Jacob [35] for ODEs and by
Du et al. [18] for DAEs (the latter not incorporating perturbations in E)? To this end, it would
be interesting to investigate if the lower bound derived in Theorem 6.11 already is the desired
formula, if an appropriate (larger) class of perturbations is considered.

(vii) Is it possible to incorporate structured perturbations? As explained in Remarks 5.5 and 6.14, it
is hard to incorporate structured perturbations in the perturbation framework presented in the
present article.
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