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LIPSCHITZ CONTINUITY OF THE VALUE FUNCTION IN
MIXED-INTEGER OPTIMAL CONTROL PROBLEMS*

MARTIN GUGATT, FALK M. HANTET

ABSTRACT. We study the optimal value function for control problems on Ba-
nach spaces that involve both continuous and discrete control decisions. For
problems involving semilinear dynamics subject to mixed control inequality
constraints, one can show that the optimal value depends locally Lipschitz
continuously on perturbations of the initial data and the costs under rather
natural assumptions. We prove a similar result for perturbations of the initial
data, the constraints and the costs for problems involving linear dynamics, con-
vex costs and convex constraints under a Slater-type constraint qualification.
We show by an example that these results are in a sense sharp.

1. INTRODUCTION

In this paper we address the robustness of solutions to optimal control problems
that involve both continuous-valued and discrete-valued control decisions to steer
solutions of a differential equation such that an associated cost is minimized. This
problem class includes in particular optimal control of switched systems [20, 21],
but also optimization of systems with coordinated activation of multiple actuators,
for example, at different locations in space for certain distributed parameter sys-
tems [12, 11]. In analogy to mixed-integer programming we call such problems
mixed-integer optimal control problems. Algorithms to compute solutions to such
problems are discussed in [8, 16, 11, 17, 18, 15]. From a theoretical point of view,
but also for a reliable application of such algorithms, the robustness of the solution
with respect to perturbation of data in the problem is essential, for instance, in
the case of uncertain initial data. We consider the robustness of the optimal value
because this is the criterion determining the control decision. Moreover, we under-
stand robustness in the sense that we consider the regularity of the optimal value
as a function of the problem parameters.

For continuous optimization problems many sensitivity results are available, see
[3, 13]. In particular certain regularity assumptions and constraint qualifications
guarantee the continuity of the optimal value function, see [7, 9]. In the context of
mixed-integer programming, in general, the main difficulty is that the admissible
set consists of several connected components and jumps in the optimal value as
function of the problem parameters can occur if due to parameter changes connected
components of the feasible set vanish. In mixed-integer linear programming with
bounded feasible sets, the continuity of the value function is therefore equivalent
to existence of a Slater-point [19]. For mixed-integer convex programs, constraint
qualifications are given in [10] which yield the existence of one-sided directional
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derivatives of the value function and hence its Lipschitz continuity. For optimal
control problems in general, it is well known that one cannot expect more regularity
of the optimal value function than Lipschitz continuity. The following example is
an adaption of a classical one saying that this is also true for integer, and hence
mixed-integer controlled systems.

Ezxample 1. For some ty > 0 and A € R, consider the problem

minimize y(tf) subject to
y(t) =v(t)y(t), for a.e. t € (0,t¢), y(0)=A (1)
y(t) € R, v(t) € {0,1} for a.e. ¢t € (0,).

The optimal value function v(\) = inf{y(ts; \) : v € L>(0,t¢;{0,1})} can easily be

seen to be
A, A<O0
V(A) — e ) < )
A A >0,

which is Lipschitz continuous, but not differentiable in A = 0.

For semilinear mixed-integer optimal control problems, we show below that for
parametric initial data as in the example, local Lipschitz continuity of the opti-
mal value function can indeed be guaranteed for a rather general setting without
imposing a Slater-type condition. Similar results are well-known in the classical
Banach or Hilbert space case without mixed control constraints [5, 1]. Further,
we analyze parametric control constraints and parametric cost functions for convex
programs. For this case, we formulate a Slater-type condition guaranteeing again
the local Lipschitz continuity of the optimal value function. Finally, for convex
programs, we can combine both results to obtain local Lipschitz continuity jointly
for parametric initial data, control constraints and cost functions.

2. SETTING AND PRELIMINARIES

Let Y be a Banach space, U be a complete metric space, V be a finite set, and
filto,ts] xY x U xV — Y. We consider the control system

y(t) = Ay(t) + f(tay(t)a u(t)’v(t))’ te (thtf) a. €., (2)
where [to, t¢] is a finite time horizon with ty < tf, A: D(A) — Y is a generator of
a strongly continuous semigroup {7'(t)}¢>o of bounded linear operators on Y, and
where u: [to,tf] = U and v: [tg,tf] — V are two independent measurable control
functions. Throughout the paper we consider the Lebesgue-measure. Our main
concern will be the confinement that the control v only takes values from a finite set.
Without loss of generality, we may identify V with a set of integers {0,1,..., N —1}
and, in analogy to mixed-integer programming, we refer to (2) as a mized-integer
control system, where u represents ordinary controls and v integer controls. Let
Ult,t;) be a Banach subspace of measurable ordinary control functions u: [to, t¢] —
U and let V}, ;) be the set of measurable integer control functions v: [to, tf] — V.
By the assumed finiteness of V we actually have Vi, 1 = L™ (to,t; V).

Let A be a Banach space and consider (2) subject to a parametric initial condition

y(to) = yo(N), (3)
where yo()) is an initial state in Y parametrized by A € A.

The separation of the control in u and v and the inherent integer confinement
of the latter control lets us formulate parametric control constraints of the mixed
form

g\ u,t) <0, k=1,...,M, t€ [to,t] (4)
where M € N and, for every v € V};, 4, the functions g7,..., g5, A X Uy X
[to, tf] — R are given. These constraints can for example model anticipating control
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restrictions, where a decision represented by v at an earlier time limits control
decisions for u at different times. We discuss an example in Section 5. In cases
without mixed control constraints, we set M = 0.

Definition 1. For fixed A € A, let W, ;1(\) denote the set of all admissible controls

W[to,tf](/\) = {(u,v) € U[to,tf] X V[to,tf] :

5
G u,t) <0, k=1,..., M, t € [to, t¢]}. ()

Moreover, we say that y: [to,tf] — Y is a solution of the mized-integer control
system if there exists an admissible pair of controls (u,v) € W, +(A) such that
y € C([to, te]; V') satisfies the integral equation

t

y(t) = T(t —to)y(to) +/ T(t —s)f(s,y(s),u(s),v(s))ds, t € [to,ts] ~ (6)
to

and (3) holds. Let #};, +(\) denote the set of all such solutions y defined on [to, t].

For any y € S,.+1()), we denote by y = y(:;y0(A), u,v) the dependency of y on

yo(A), w and v if needed.

According to Definition 1, #};, +,1(A) consists of the mild solutions of equation (2)
and covers in an abstract sense many evolution problems involving linear partial
differential operators [14]. It particular, the mild solutions coincide with the usual
concept of weak solutions in case of linear parabolic partial differential equations on
reflexive Y with distributed control where A arises from a time-invariant variational
problem [2]. For an example, see Section 5

In conjunction with the mixed-integer control system we consider a cost function
0 AxXC([to, t¢]; Y) X Uy, t0) X Vito 4;) — RU{00} and define the mized-integer optimal
control problem with parameter \ as

minimize (A, y, u,v) subject to
§t) = Ay(t) + F(E, y(t), u(t), (D)), t € (to, tr) e
y(0) = yo( ), (7)
gp( A u,t) <0 forallt € [to, te], k=1,..., M,
y € C([to, te];Y), u € U[tg,tf]a v E V[to,tf]-

We will study the corresponding optimal value v(\) € RU {£oo} given by

v(A) =in f{sMy,uv):
y(t) = Ay(t) + f(t, y(t), u(t), v(t), t € (to, tr) a.e.
y(0) = yo(A), (8)
gr(A\u )<0f0ra11t€[t0,tf] k=1,...,M,

Yy e C([to,t{] )a u € U[to,tf]v (S ‘/[to,tf]}

in its dependency on the parameter .
For the mixed-integer control system, we will impose the following assumptions.

Assumption 1. The map f: [to,tf] x Y x U x {v} = Y is continuous for all v € V.
Moreover, there exists a function k € L'(to,ts) such that for all (u,v) € Wy, ¢,
y1,y2 € Y and for almost every ¢ € (¢, tr)

(i) |f (1, u(t), v(t) = f(E y2,u(t), v(t)] < E(E)]yr — yel
(i) [f(E0,u(t),v(®))] < k().

In particular, under these assumptions, the integral in (6) is well-defined in the
Lebesgue-Bochner sense and from the theory of abstract Cauchy problems [14] we
obtain a solution y in C([0,t¢];Y) for all yo € Y, u € U, ,4,) and v € Vi, 4,1. More-
over, the strong continuity of 7'(-) and the Gronwall inequality yield the following
solution properties.
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Lemma 1. Under the Assumptions 1, there exist constants v > 0 and wg > 0 such
that for all A1, \a € A, setting y; = y(-;yo(Ai), u,v) € Lig.4,)(Ni) fori € {1,2}, for
all t € [to, te] it holds || T (t)|| < vexp(wo(t — to)),

lyi@)] < CO(L+ [yo(Ni)]), i€ {1,2}, (9)
and

y1(t) = y2(1)] < C(B)]yo(M1) — yo(A2)| (10)
with C(t) = yexp (wo(t —to) + ’yfti k(s) ds).

For the cost function and control constraints, we will impose the following as-
sumptions.

Assumption 2. The function p: Ax C([to, t¢]; Y) X Uy 4 X Vite¢;) — R is continuous
and, for every v € Vi, 4, the functions g7,...,g5,: A X Uy 4 X [to, tr] — R are
such that the set of admissible controls Wi, ,1()) is not empty for all A € A.

In particular, under Assumptions 1 and 2, for every A € A, the set %, +,1(A) is
non-empty. Moreover, one obtains local Lipschitz continuity of the value function
if the perturbation parameter A\ acts Lipschitz continuously on ¢ and yy by similar
arguments as in a classical Banach or Hilbert space case [5, 1].

Theorem 1. Under the Assumptions 1 and 2, suppose that the constraint functions

91, ..,9y are independent of . Let Xﬁbe some fized parameter in A and assume
that for some bounded neighborhood B(X) of A and some constant Lg
[yo(A1) = yo(A2)| < Lo A1 — Aa|, A1, A2 € B(A). (11)
Moreover, let K = supycp(x) [Y0(A)| and assume that for some constant Ly,
lo(As 9, u,v) = (A2, 5 u,v) < Lo(ly — 9] + [A = Aaf) (12)

for all (u,v) € Wy 41, ¥, 7 such that max{|y|,[7|} < C(t)(1 + K) and M\, A2 €
B(\), where C(t) is the bound from Lemma 1. Then there exists a constant L,
such that

V(A1) — v(M2)| < Lu|Ar — Xa|, A1, A2 € BA). (13)

Proof. Let € > 0 and A1, A2 € B(X) be given. Choose (uc,v:) € Wi, 4] such that
QO(AQa gsv Ug, vs) S V(AQ) + g,

where g denotes the reference solution y(-;yo(A2), te, V) € H4y,¢)- Let ye denote
the perturbed solution y(-;yo(A1), te, ve) € Ff 4. Lemma 1 and the assumptions
yield

|y€(t)| < C(t)(l + K)a te [thtf]’

and
|ye(t) = G ()] < C(t)LolA1 — Az, t € [to, L.
Hence,
P(A1, Y Ues Vo) < 0(A2, Tey Ue, Ve) + [0(A1, Yes Ue, Ve) — ©(A2, e, e, ve)|
< (A2, Py e, ve) + Lo (C(te) Lo + 1)[A1 — Az
Thus

V()‘l) 90()‘1, ysvusvvs) < 50(/\27gsa Ug, UE) + L«P(C(tf)LO + 1)|>‘1 - /\2|

<
< l/()\g) + e+ Lw(C(tf)Lo + 1)|)\1 — )\2|
Letting ¢ — 0 from above gives an upper bound v(A1) < v(\2) + L, | A1 — Ao| with

L, =Ly(C(ts) Lo+ 1). (14)
Interchanging the roles of A\; and Ay yields the claim. O
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In the subsequent section, we will obtain a similar result concerning the perturba-
tion of the functions g7, ..., g3, and the cost function ¢ under additional structural
hypothesis and a constraint qualification.

3. PERTURBATION OF THE CONSTRAINTS FOR CONVEX PROBLEMS

In this section, we show that under a Slater-type condition the optimal value
v(A) of the mixed-integer optimal control problem (7) in the case of a convex cost
function and linear dynamics is locally Lipschitz continuous as a function of a
parameter A acting on the control constraints g7, ..., ¢}, and the cost function ¢.
We need the following

Assumption 3. The map (y,u) — f(t,y,u,v) is linear and the map (y,u) —
©(A, ¥, u,v) is convex. Moreover, the function ¢ is Lipschitz continuous with respect
to A in the sense that

|90()‘1a Y, u, U) - (P()\Q, Y, u, ’U)| S L‘P(|y|’ |u|) |)‘1 - )‘2| (15)

with a continuous function Ly : [0,00)? — [0, 00). For all k = 1,..., M, the maps
u — gp(A, u, t) are convex, the maps (u,t) — gp(\, u, t) are continuous and the
functions g; are Lipschitz continuous with respect to A in the sense that for all
t € [to, t]

lgk (A1, u, £) = gi (A2, w, 1)] < Lg(Jul) [Ar — Aq (16)

with a continuous function Ly : [0, 00) — [0, 00).

Under the Assumptions 1-3 and assuming that yo is independent of A, we have
for each parameter A € A the mixed-integer optimal control problem (7) with yo(\)
replaced by a fixed initial state yo € Y. Moreover, in this section, v(\) denotes the
corresponding optimal value function (8) with fixed initial state yg. The subsequent
analysis is based upon the presentation in [10], where for the finite dimensional case
the existence of the one sided derivatives of the optimal value function v(\) is shown.
For a generalization to the above setting, we first introduce a Slater-type constraint
qualification, a dual problem and prove a strong duality result.

Assumption 4. (CQ) For some A € A and some bounded neighborhood B(A) C A
of A there exists a number w > 0 such that for all v € V[, ;) there is a Slater point

i, € U such that for all A € B()\) we have
Ie( N Ty, t) < —w  forall t € [to,t¢], k=1,..., M, (17)

sup  sup @\, y(ty, v), ty,v) < 00 (18)
V€V, t5] AEB(X)
and that there exists a number a such that for all A € B()\) we have
v\ > a (19)
and that the set

U {(u,v) € Ultote] X Vito,te] *
Al,AZEB(S‘)

(A, y(u,0),u,0) < O(A1, Yy, 0), Ty v) + (A1 — Aof?,  (20)

gr(A,u(t),t) <0, t € [to, ts], k= 1,...,M} =: S(yo)

is bounded.
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Note that (19) holds if « is a lower bound for the cost function.
Let C([to, t¢])% denote the set of positive function of bounded variation on [to, t¢].

For any controls v € Vi, 1, u € Upy, 4, and any p* € (C([to, tf])i)M we define the
Lagrangian

M te
Lot 1) = o ylu,0), w,0) + 3 / B us) df(s),  (21)
k=1"to

where the integral is in the Riemann-Stieltjes sense. Further, we define

hoOu i) = dnf Lo(hu, 1), (22)
w€Upg 4]

Under the constraint qualification (CQ), for all fixed A € B(A) and v € Vg, 4,1,
the classical convex duality theory as presented in [6] implies the strong duality
result (see also [9])

sup ho (A, %) = v¥(A) (23)
pe(C(tote))1 )™
where vY(\) denotes the optimal value of the following convex optimal control
problem only in the variables y and u

minimize (A, y,u,v) subject to
y(t) = Ay(t) + f(ta y(t)’ u(t)a ’U(t)), le (th te) a.e., y(O) = Yo, (24)
gp(\u,t) <0 forallte [ty ts], ke{l,...,M},
y € C([to, 1Y), u € Upy 1y,

see, for example, [9, 6]. Further, we introduce the sets

F,(N) = {* € (Cllto, te])7)" + ho(X 1) > =00} (25)
and
GN=¢pe [ F.OV: inf hy(Apy) ER G, (26)
VEVIzg tg]

VE&EVtg, 1]

and, for (r, p) € RxG(\), we define the projection 7(r, p) = r. Finally, we introduce
the following maximization problem as the dual problem of (7)

maximize 7(r, p) subject to
pEGN), reR, (27)
r < hy(X, py) for all v € Vi, 4.
The optimal value of this dual problem is
A(N) = sup inf  hy(\ py). (28)
pEG(N) V€Vt 4]
Now we state a strong duality result. For the convenience of the reader we also

present a complete proof. Note however that Theorem 2 can also be deduced from
Ky Fan’s minimax theorem in [4].

Theorem 2 (Strong duality). The constraint qualification (CQ) implies that

v(\) = A(N), for all A € B(\), (29)
where v(A) is the optimal value of (7) with fized initial state.

Proof. Choose p € G(A). Then convex weak duality implies that for all v € Vi, 4]
we have
ho (A, po) < V7 (N). (30)
Thus
inf  hy,(\, pp) < inf () =v(A). (31)

VEVtg.t¢] VEVtg. )
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This implies that

A(N) = sup inf  hy(A py) < v(N), (32)
pEG(N) VEVitg 8]
that is, we have shown the weak duality. Further, due to (CQ) and convex strong

duality from (23), for each v € Vj;, ¢, we can choose some p;, € (C([to,tf])i)M

such that
B i) = 17 (V). (33)
Define p* = (11)vevy,, .- Then p* € G(A). This yields

A(N) = sup inf  hy(X py)
pEG(N) V€Vt 4]

34
> inf  h,(A\ )= inf v'(N\) =v(N). (34)
VE Vg ] VEVtg. )
Hence the strong duality follows. 0

Based upon the above duality concept, we can now show the Lipschitz continuity
of the optimal value function in a neighborhood of A. To this end, we introduce for
any € > 0 the set of e-optimal points

P(\e) = {u € U, 1, : there exists v € Vi, 4, such that
gr(\u,t) <O0forallt € [to, te], k=1,..., M, (35)
o\, y(u,v), u, v) <v(A) + 5}
and we set H(\,e) = {p € G(N) : infyev hy(A, py) > v(X) — €}
Lemma 2. Under (CQ), the set
Q) = U {po:pe HO, M =22} (36)
A1, A2€B(A), v€Visg )

is bounded.

Proof. Due to assumption (CQ), for all v € Vj;, 4+, we have the Slater point .
Choose Ai, A2 € B()\) and p € H(\1, |\ — X2|?). Then infvEV[to,tf] ho(A1,y py) >
v(A1) — |A1 — A2]?. Thus by definition of h,, for all v € Vito,t:], we have that
Ly,(A1, T, po) > ho(M1, po) > (A1) — |A1 — A2|?. By definition of £,, this implies

M te
(A1, Y (U, ), T, v) + Z/ gi (A, 8) d(po)i(s) = (M) = [A = Aol (37)
k=1"%0

Now using that

Ir( A1, 0y, t) < —w < 0 for all t € [to, te], ke {1,...,M}, (38)
we can divide by —w < 0 and obtain due to (19)
M _ _
Z/tfld(p )k(s) < V(/\l)i|>\17/\2|2*50(/\17y(uvvv)7uv7v)
k=1"to - et
_ |)\1 —)\2|2+g0()\1,y(ﬂv,v),av,v) _V()‘l)
w
|)\1 - )\2|2 + (p()\lay(a’uav)’a’uav) e
o w
A —A2?+ sup sup (A y(tw,v), tw,v) —a
_ VEVirg 1) AEB(N)

w
Due to (18) this yields the assertion. O
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Lemma 3. Suppose that (CQ) holds. Then for all A1, A2 € B(X) we have
v(A1) —v(A2) > —C A1 — A9 (39)
for some C in R.

Proof. Let A1, A2 € B()\) be given. Choose a solution u € P(A1, |\ — X2|?) and © €
Vito.t;) With g}?()\l,u,t) <0 forallt € [to,ts], j=1,..., M, o(A, y(u,?), u, 0) <
v(A1) + A1 — X2|? and p € H(A2, |1 — A2/?). Then we have

v(Aa) —v(X2) = oA, y(u,0),u,0) — inf hy(Ag, o) — 2[A1 — Aef?

vE€Virg, 1)

> (M, y(u, 9),u, 9) — hs(A2, p5) — 2|A1 — Ao

Z (p(}‘lay(ua ﬁ)a ’U/,’Z)) - ETJ()\QaU; ﬁf;) - 2|)\1 - )\2|2
M te )

> pOn s+ Y [ g0 dpss)
j=17t

_‘C’D()‘Qaua ﬁ’f)) - 2|)‘1 - )\2|2
= LA, u, ps) — LAz, u, pr) — 2|\ — Ao|?
A

te

+O Lyl [ dpots) + 200 = ] D =l
to

Due to (CQ), the set S(yo) from (20) is bounded. Thus our assumptions imply

that the set {y(a, 0) : (@, ) € S(yo)} is bounded (see (9)). Due to Lemma 2, the

set () is also bounded. Since L, and L, are continuous this allows us to define
the real number

C = SU.P Ltp(|y(aa ﬁ)'a |’CL|)
(@, 9)€S(yo)
te (40)
L MLy(Ja) sup / dpu(s) +2  sup A — .
pweQ(N) Jto A1, A2€B(X)

Due to the definition of P(\q, [A\1 — X2|?) we have (u, ©) € S(yo). Moreover, we

have py € Q()\). Hence we have
I/()\l) - V()\Q) 2 70 |>\1 - )\2|
and the assertion follows with C = C. [l

Similarly as in Lemma 3, by interchanging the roles of Ay and A2, and with the
choice C' = C with C as defined in (40) we can prove the following Lemma:
Lemma 4. Suppose that (CQ) holds. Then, for all A1, \a € B(\), we have

v(A1) —v(A2) < C AL — Ao, (41)
for some C in R.

The above analysis implies our main result about the Lipschitz continuity of the
optimal value as a function of the parameter .

Theorem 3. Under the Assumptions 1-3, for any X € A and a bounded neighbor-

hood B(\) C A satisfying the constraint qualification (CQ) it holds
(A1) —v(A\2)| < C A1 = Aa|  for all A1, A € B()) (42)

with C as defined in (40), that is, the optimal value function v is Lipschitz contin-
wous in a neighborhood of A\ with Lipschitz constant C'.

Proof. The result follows from combining the proofs of Lemma 3 and 4. O
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4. JOINT PERTURBATIONS

In this section, we study the joint local Lipschitz continuity of the value function
v with respect to A\ acting on the initial data, the constraints and the costs. We
consider the mixed-integer optimal control problem (7). In contrast to Section 3 the
initial state yo(A) depends on A. Also, the constraints and the objective function
depend on A. The result is obtained by combining Theorem 1 and 3.

Theorem 4. Under the Assumptions 1-3, for any X € A, a bounded neighborhood
B(X\) C A let Lo, Ly, be constants such that (11) and (12) hold as in Theorem 1.
Further, suppose that (CQ) holds in the sense that (17) is satisfied and Uy, ey, S(yo)
is bounded with S(yo) from (20) and Yo = {yo(\) : A € B(A)}. Then, there exists a
constant L, such that

|V()\1) — V()\g)l < Ll,|)\1 — )\2|, for all )\1, )\2 S B()\), (43)
where v(X\) is the optimal value of (7) as defined in (8).

Proof. In this proof, for A € B(\) and yo € Y, we use the notation

V()‘ay()) = inf{cp()\,y,u,v) :
y(t) = Ay(t> + f(ta y(t), u(t)v ’U(t)), te (t07 tf) a.ce., y(()) = Yo, (44)
gp( A u,t) <0 forall t € [to,te], k=1,..., M,
Yy e C([to,tf];Y), S U[to,tf]7 vE V[to,tf]}'

Due to (11) and (12) the set Yj is bounded by the constant K from Theorem 1 and

for all yo € Yo, v € Vjgy,4,), A € B(A) we have the upper bound

w(Avy(y()v’avvv)vﬂvvv) < @(X,y(yo(j\),ﬂv,v),ﬂv,v)
+ L¢(|y(y0,ﬂv,v),ﬁv,v) - y(yo(j\%ﬁvvv)vﬂvvv” + |A - XD

Moreover, from Lemma 1, we obtain |y(yo, %y, v)| < C(t¢)(1 + K). This implies
(18). Using similar arguments, we get a lower bound

v(A, > inf inf inf A, Uy V), Uy, V) =2 > —OQ.
A vo) 2 Y0EY0 vEViyy, 1y /\eB(X)w( y(yo, v, v), o, )

This implies (19) with o independent of A\. Thus Assumptions 4 holds for all yo € Y
and the proof of Lemma 2 shows that the bound of the set Q(\) is independent
of yo. Due to (11) the function L, in Assumptions 3 is constant and C' from (40)

reduces to

~ te
C=L,+ M sup sup Lg(|a]) sup / dpuw(s)

Yo€Yo (4,9)€S(yo) Pw€R(N) Jto
+2  sup A1 — Ag| < oo
A1, AQGB(X)

Now, let A1, A2 € B(A). From Theorem 1 with Ay as first argument of v fixed we get
(A1, 0(M)) =M1, yo(A2))| < LA —Ag| with L, given by (14). From Theorem 3
with g as an argument of yo fixed we get [v(A1, yo(A2))—v(A2, yo(X2))| < C|A1—Az].
Thus we obtain the inequality

[v(A1,y0(A1)) — v(A2, yo(A2))]
< [v(A1,90(A1)) = v(A1, y0(A2))| + [v(A1, y0(A2)) — (A2, yo(A2))]
< (Ly + C) A1 — Ao

and (43) follows with L, = L,+C. O
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5. EXAMPLE

We discuss an academic application concerning the optimal positioning of an
actuator motivated from applications in thermal manufacturing [12, 11].

Example 2. Suppose that Q@ C R? is a bounded domain containing two non-
overlapping control domains w; and wy. For simplicity, we assume that the bound-
aries of all these domains 0f2, dw; and Ows are smooth. Let €,0 > 0 be two given
parameters, let x,,, denote the characteristic function of w;, let v, 4+,)+ denote the
restriction of v to the non-negative part of the interval [t1,¢2] and let Ay denote
the Laplace operator. For a time horizon with ¢ — ¢y > 0, we consider the optimal
control problem

ty te
minimize/ /|y(t,x)—gj(t,x)|2dacdt+/ lu(t)|? dt
to Q

to
yr — Ay + o) u(t)Xw, + (1 —v(E))u(t)xw, =0 on (tg,te) X Q
y=0 on (to,t) x O
y=7 on{tp} xQ
v(t) €V ={0,1} on [to, t(]

u(t) € 0,14+¢] ifvlp_sgr =1 orv|_sg+ =0a.e on [t —o,t"
[0, ¢] else.

The combination of the actuator and constraints in this problem model that the
continuous control u is restricted to a small uncontrollable disturbance ¢ for a dwell-
time period of length § whenever a decision was taken to change the control region
w1 to we or vice versa while the goal is to steer the initial state ¢ € LQ(Q) as close
as possible to a desired state § € C([to,t]; L?(R2)). We consider a perturbation
A = (7,e,9), i.e., a joint perturbation of initial data, the disturbance and the
tracking target.

We can consider this problem in the abstract setting with Y = L?(Q), U = R,
Ulto,ts) = L™ (to, t¢)

Ay = Ay, y e D(A) = H*(Q) N Hy (),
f(y,u,0) = fu,v) = —(vuxw, + (1 —v)uxw,),

ts te
o0y, ) = / / (b @) — §(t,2) dudt + / ()P dt,
to Q

to
defining

Ug

al(t) = 14+ ifvlp_sg+ =1orvly_s+ =0a.e on [t —0,t"
e else,

and setting M = 2 and, for all v € Vj;, 4

gf(Aa U, t) = €SSSUPge[ty, 1] (U(S) - U (S))v

g3(As u, 1) = esssupep, ¢(—u(s)).

Here the g¥ (), u, -) are constant with respect to ¢ and hence continuous as func-
tions of t. Moreover, the maps u — ¢?(\, u, -) are continuous in L*°(tg, t¢).
The objective function is convex with respect to (y,u) and also the maps u
gY (A, u, t) are convex. Let €1, e3 > 0 be such that without restriction we have
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v U

eSS SUDP e, 1,1 (U(8) — UL, (8)) > esssupgepy, 4, (u(s) — uZ,(s)). Then we have

|gi)()‘1a u, t) - gij()‘Qa u, t)l

= S (4(5) T2, ) — €55, () L, )
= eSSy, ¢ (uls) + uZ, (s) — ug, (s) — ug,(s)) +

— esSSUPye(y, ¢ (u(s) — g, (5))
< esSSUPepy 1y U2, () — Z, (s)]
< leg — e

It is well-known that (A, D(A)) is the generator of a strongly continuous (analytic)
semigroup of contractions {T'(t)};>0 on Y, see, e.g., [14]. Also, Assumptions 1-3
are easily verified and it is easy to see that (11) and (12) hold. The constraint
qualification (CQ) is satisfied with w = § and a = 0. The control constraints imply
that the set S is bounded in Ulto,tr] X Vito,t;) independently of the initial state yo.
Hence we can conclude from Theorem 4 that the optimal value function v is locally

Lipschitz continuous jointly as a function of A = (g, &, 9).

6. CONCLUSION

We have studied the optimal value function for control problems on Banach
spaces that involve both continuous and discrete control decisions. For control sys-
tems of a semilinear type subject to control constraints, we have shown that the
optimal value depends locally Lipschitz continuously on perturbations of the initial
data and costs under natural assumptions. For problems consisting of linear systems
on a Banach space subject to convex control inequality constraints, we have shown
that the optimal value of convex cost functions depend locally Lipschitz continu-
ously on Lipschitz continuous perturbations of the costs and the constraints under
a Slater-type constraint qualification. The result has been obtained by proving a
strong duality for an appropriate dual problem.

By a combination of the above results we have for the linear, convex case obtained
local Lipschitz continuity jointly for parametric initial data, control constraints and
cost functions. The Example 1 shows that this result is sharp in the sense that we
can, in general, not expect much more regularity than we have proved.

Our analysis currently does not address the stability of the optimal control under
perturbations. This is an interesting direction for future work.
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