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Abstract We investigate the invariance properties of a class of switched systems
where the value of a switching signal determines the current mode of operation
(among a finite number of them) and, for each fixed mode, its dynamics are de-
scribed by a Differential Algebraic Equation (DAE). Motivated by the lack of
invariance principles of switched DAE systems, we develop such principles for
switched DAE systems under arbitrary and dwell-time switching. By obtaining
a hybrid system model that describes the switched DAE system, we build from
invariance results for hybrid systems the invariance principles for such switched
systems. Examples are included to illustrate the results.

1 Introduction
1.1 Background

We consider a class of hybrid dynamical systems with continuous dynamics that
can be modeled as differential-algebraic equations (DAEs) — also known as descrip-
tor systems — and with discrete dynamics given by difference inclusions. These type
of systems, which we refer to as hybrid DAE systems, arise in several applications
in engineering such as robot manipulators, vehicular traffic systems [3], power
systems, biological systems, and mechanical systems [9]. The systems of interest
in this paper include a logic variable which determines the current mode of the
system (among finitely many of them) and that, during flows, the dynamics of
the other state components evolve according to a linear DAE. Particularly, we
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also consider a class of switched systems with a state evolving according to a lin-
ear DAE in-between switching instants and, due to the algebraic constraints of the
DAE in each mode, potentially exhibiting jumps in the state at switching instants.
Switched DAE representations naturally appear when modeling electrical circuits
where algebraic constraints (e.g., due to Kirchhoff’s laws) are entangled with dif-
ferential equations (e.g., governing the change of current and voltages in capacitors
and inductors) as well as elements such as (ideal) switches or diodes [13].

The stability analysis of switched DAE systems has its foundations on the
stability analysis of descriptor systems (also referred to as differential-algebraic
systems, singular systems or semi-state systems), e.g., a survey of results on linear
singular systems is given in [4]. Also, a historical review of linear singular systems is
presented in [51[I2]. The consistency of initial conditions together with Lyapunov
theory is used to study the stability properties of the origin for linear singular
systems in [I9]. Several authors have analyzed switched DAE systems from many
perspectives, with most of the research being focused in establishing asymptotic
stability of the origin. In [I3], Lyapunov’s direct method is used to analyze the
asymptotic stability of the origin for switched DAE systems. Sufficient conditions
for exponential stability of switched singular system with stable subsystems are
presented in [26]. It is important to note that a typical assumption that is enforced
in such works is that solutions are given by piecewise (right or left) continuous
functions, so as to preclude the presence of impulses in the solutions at the times
when switches occur. As stated in [14] in the context of switched systems, to deal
with such impulses in the solutions, one approach is to consider distributional
solutions or weak solutions; see, e.g., [I3,2I]. However, unless explicitly assumed,
neither concept of solution leads to a set of solutions with the so-called sequential
compactness property, which is key in the development of invariance-like results
[11] (see [16]).

1.2 Motivation and Contributions

Next, as a motivation, we present an example where the analysis of the asymptotic
stability of the origin is not suitable and a notion of invariance is required to
analyze the solutions of a fairly simple switched DAE system.

Ezample 1 (Motivational example) Consider a switched DAE system with two
modes of operation determined by o € {1,2} and dynamics

EO’S = Adf (1)

where ¢ € R? is the state of the system and
Br=o]. =[] 2= o] 4 =[5 Y] @

Let the switching signal o : R>o — {1,2} be a piecewise-constant right-continuous
function. Consider the function

V(€,0) = (Eof) Es€ V(¢,0) € R? x {1,2} (3)

and note that, when o remains constant, the change of the function V is given as
follows:

— If o =1, then V(¢,0) = (E1€) " E1€& + (E1€) T E1€ = 0 for each ¢ € R2.

—N— . .
— If 0 =2, then V(¢,0) = (E26) " Eat + (E2€) T Eof = —2¢2 for each ¢ € R%.
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Since for o = 2 reduces to &3 = —&2 and & = 0, we have that V(£,0) implies
exponential stability of the origin during that mode. On the other hand, if o jumps
at time ts, the state ¢ is mapped to a point in R? given by £(t4) = Ha(t:r)g(ts),
where the subsequent algebraic restrictions are fulfilled. (These maps are given
by the so-called consistency projectors; see also [13, Definition 3.7].) Using the
definitions of (Es, As) above, for changes from ¢ = 2 to 1 (i.e., o7 = 1), the
consistency projector is given by IT1, while, for changes from o = 1 to 2 (i.e.,
ot =2), the projector is given by II. These projectors are given by

m=[1]. m=[gY]. @

Then, the change of the function V (£, 0) at mode transitions is as follows:

— If o =1, then o = 2 and, for each ¢ € R?,

V(I12€,2) ~ V(1) = ¢ (113 B Balls — B B ) ¢

—£&

— If 0 =2, then ot =1 and, for each ¢ € R?,

V(ILg ) - V(2) = ¢ (I Bl Bil - B B2) ¢
=¢ =0,
where we used the fact that £&1 =0 if 0 = 2.

Denoting by VT the value of V after the jump at (£,0), the change of V during
flows and jumps is given by

— 0 i =
Vo -viea ={g% 172

Note that V is not strictly decreasing during flows or jumps. Depending on the
law triggering the change of o, solutions can either approach the origin or stay
away from it for all time. In fact, for any initial condition away from the origin, if
o eventually remains at 1, then the solution would remain at a level set of V for
all future time.

Due to the nonstrict decrease of V' during flows, asymptotic stabilityﬂ of the
origin of cannot be established using the tools in [BlI3L[19}23]26] for particular
classes of switching signals. The main reason is the lack of a tool to characterize
the w-limit set of bounded and complete solutions to . One could be tempted
to recast this system as a hybrid inclusion as defined in [8[15] and apply the
invariance principle in [8]. The resulting hybrid inclusion is given by

y, 1€ =1s(€0) (60)€Cs .
{§+—gs(£70) (E,U)GDS ( )

1 Stability can be inferred from the properties of V, but attractivity requires the application
of an invariance principle, which is not available in the literature.
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where
Cs:={(&,0) eR*x {1,2} | s =1} U{(&,0) e R? x {1,2} | 0 = 2,&, =0} (6a)
s = 8] if o=1

) — —&1 6b
f5(&2) 57 Agg = _52 if o=2 (o)
Ds:={(&0) €eR* x {1,2} | 0 = 2,1 # 0} (6c)
9s(§,0) := I5¢€. (6d)

Notice that this hybrid inclusion has the same solutions as the original switched
DAE system. The next step would be to define an autonomous system generating
the switching signal and apply the invariance principle in [§]; however, since the
set Dy is open, the assumptions in [§] would not hold. In fact, as we will show in
detail in Example 2| the hybrid inclusion model associated to is not nominally
well-posed, and therefore the invariance principles in [§] are not applicable. This
fact motivates the development of invariance principles for systems of the form

with jumps on £ and o generated by a state-space model.
[w}

In this paper, we consider dynamical systems with multiple modes of operation
and state jumps. Within each mode, the dynamics are given by linear differential-
algebraic equations (DAESs). State jumps can occur when in a fixed mode, when
transitioning between modes, or they can be induced by an inconsistent initial
condition. We refer to this class of hybrid systems as hybrid DAEs. Motivated by
the lack of results regarding the invariance properties of switched DAE systems,
being perhaps the main reason the difficulty in guaranteeing a sequential compact-
ness property of the solutions to such systems [I1], we build from the concept of
solution to hybrid systems in [8] (referred here as hybrid inclusions) and propose a
model for switched DAE systems using the framework of hybrid DAFs introduced
here. For the proposed hybrid DAE model, we establish that when its data satisfies
certain mild conditions, the system has a set of solutions with structural proper-
ties enabling the development of invariance results. Also, we propose a model for
switched DAE systems under certain classes of switching signals and we estab-
lish conditions on its data for an invariance principle to hold. More precisely, the
contributions of this paper include the following:

1. Building from results for switched DAE systems [13,[26], we propose a dynami-
cal model that allows for jumps when initial conditions are not consistent with
the algebraic conditions. In fact, our model uses concepts from the literature
of switched DAE systems to keep the special structure of the algebraic restric-
tions in DAE systems, in particular, the so-called consistency jumps driven by
the consistency projectors and inconsistent initial conditions [4[I321]. Using
ideas for hybrid systems [§], the proposed model captures the jumps triggered
by state conditions. Our model uses the concept of solution, and the invariance
notions and results for the class of hybrid systems in [g].

2. For hybrid DAEs with linear dynamics during flows, we determine the prop-
erties of w-limit sets of bounded and complete solutions, and establish an
invariance principle. The invariance principle resembles the classical one for
continuous-time systems.

3. Building from the results for hybrid DAE systems in item 2 (see also [16]) and
for switched systems in [7], we propose invariance principles for switched DAE
systems under arbitrary and dwell-time switching.

It is important to note that tools for the study of invariance properties of hybrid
systems in [8] are used in this paper, but the invariance principles in [§] cannot
be applied directly to the class of systems of interest, in particular switched DAE
systems as in . This is mainly because the systems we consider do not fulfill the
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required conditions in [8]. Another important point to highlight is that unlike [13],
the concept of solution used in this paper does not take into account impulses. As
we point out in Section [d] and illustrate in Example [ and Example [} this notion
of solution is required so that the w-limit set of bounded and complete solutions
for switched DAE systems have the needed structural properties, namely, weak
invariance. Examples 4] and |5 point out that impulses in the solutions do not
necessarily lead to w-limit sets with such key property.

To the best of our knowledge, invariance properties for DAE systems with
discontinuous coefficient matrices and with jumps in its states, such as the hybrid
DAE and switched DAE models considered here, are not available in the literature.

1.3 Organization and Notation

The notation used throughout the paper is as follows. Given a set S C R", the
closure of S is the intersection of all closed sets containing S, denoted by S. We
define R := [0,00) and N := {0, 1,...}. Given vectors v € R", w € R™, o’
is equivalent to (v,w), where (-) T denotes the transpose operation. Given a function
f:R™ — R", its domain of definition is denoted by dom f, i.e., dom f := {z €
R™ | f(z) is defined}. The range of f is denoted by rge f, i.e., rge f := {f(z) | z €
dom f}. The right limit of the function f is defined as f¥ () := lim,_,o+ f(z + v)
if it exists. The notation fﬁl(r) stands for the r—level set of f on dom f, i.e.,
f1(r):={z €domf | f(z) =r}. The r-sublevel set of the function V : domV —
R, namely, the set of points {z € domV | V(z) < r}, is denoted by Ly (r). Given
two functions f : R"™ — R™ and h : R™ — R", (f, h) denotes the inner product. We
denote the distance from a vector y € R" to a closed set A C R" by |y|4, which
is given by |y|a := infica |z — y|. Given a matrix P € R™*™, the determinant
of P is denoted by det P. The column space of the matrix P, i.e., the set of all
possible linear combinations of the column vectors of P, is denoted by im(P). The
span of a set of vectors @ is defined as the set of all finite linear combinations

of elements of Q, e.g., span(Q) = {Zle a;v; | k€ N\ {0}, v; € Q,q; € R}. Given

two matrices P,Q € R™ "™, the set of finite eigenvalues {Ai}ie{1,27n-7nl}7 where
n1 < n, is denoted by M(P,Q) := {s | s € C, s finite, det(sP — Q) = 0}. Given
n € N, the matrix 0, € R™ " denotes the zero n x n matrix, also I,, € R™*"
denotes the n x n identity matrix.

The remainder of this paper is organized as follows. In Section [2] the required
modeling background is presented. In Section [3] the main results are presented;
namely, a description of hybrid DAE systems and the invariance principle for such
systems, an invariance principle for switched DAE systems under arbitrary, and
an invariance principle for switched DAE systems under dwell-time switching. In
Section [4l we present examples where the definitions and the invariance principles
are exercised. The technical prerequisites needed in the proofs of the main results
are summarized in Section [5.1) while the proofs of the main results are given in
Section Auxiliary results are in the Appendix.

2 Preliminaries
2.1 Modeling switched differential-algebraic systems

In this paper, we consider the class of linear switched DAE systems given by

Eo’é = AU£7 (7)
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where £ € R" is the state, o : R>y — X is the switching signal, and X is a
finite discrete set. Solutions to @ are typically given by (right or left) continuous
functions (see [21] and references therein). Definition[5|below introduces the notion
of solution to employed here.

Definition 1 (DAE regularity [4), Definition 1-2.1]) The collection {(Fs, Ao )}sex
is regular if, for each o € ¥, the matrix pencil sEs — A, € R™ " is regular,
where s € C. The matrix pencil sE; — Ay is regular if det(sEs — Ay ) is not the
zero polynomial. The matrix pair (Es, As) and the corresponding DAE is called
regular whenever (Eq, As) is regular.

To define a switched DAE system as in [13], we recall first some concepts
regarding the linear subspaces where solutions to belong. Due to the algebraic
constraints in , the solutions to evolve within a linear subspace called the
consistency space. If the initial value is not consistent, that is, £(0) does not belong
to the consistency space, then, jumps may appear in the solution, similar to the
jumps induced by switching between modes.

Definition 2 (Consistency spaceEI) Given o € X, the consistency space for is
given by

Cs :={& € R" | 3 a continuously differentiable function ¢ : [0,7) — R"
s.t. Eo&(t) = As€(t) Yt € (0,7), £(0) = &, 7> 0}

For a linear switched DAE system as in , for each o € X, the consistency space is
given by a linear subspace. Moreover, this consistency space can be characterized
by a set or by a basis. The consistency spaces can be computed using the quasi-
Weierstrass form and the Wong Sequences, which are introduced in [24]. The
Wong sequences are used to calculate the consistency and inconsistency spaces v*
and w*, which are calculated from the basis of the linear subspaces (see [I3L[10]).
Notice that, for each o € ¥, the consistency space €, is computed directly from
the system data of @7 which is given by the matrix pair (Es, As). As a reference
for the reader, in Appendix [A-I] using the aforementioned Wong sequences the
definition of the subspaces v* and w* are given in Definition @ For an explicit
representation of v; and w;, see |21, Lemma 4.2.1] and [2] Lemma 2.2]. Also, for
a Matlab script to compute these subspaces, see [6]. In Appendix the well
known quasi-Weierstrass form is recalled in Theorem 4} For any full rank matrix
Vo, Wo] € R™*™, where Vy € R" ™ | W, € R""  nJ +ng = n, with im(V,) = v}
and im(W,) = wj, the matrices T, := [V, Wy| and S, := [EoVs, AcWy] ! are
invertible and put the matrix pair (Es, As) into the quasi-Weierstrass form given
by Theorem According to Theorem [4] from the linear DAE system in , an
equivalent ODE system and its algebraic restrictions can be obtained using the
well-known quasi-Weierstrass transformation for regular matrix pencils (see [2] and
references therein). Note that this transformation does not change the solutions
of the system, but instead, exposes important features of it.

Remark 1 Explicit forms of matrices Sy and T, are given in Definition [9] With
this transformation, for each o € X, system is equivalent to v = Jov, Now = w

2 This definition is adapted from [I3] Definition 2.1].
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since
Eos = Aof
EoTs [5}] - AT, m
SoEaTy (3] = SoAaTs m

e = 500

where [5}] =T;'¢, and Sy and T, are invertible matrices. Then, the matrix pencil

of the equivalent system is given by (SoFEoTs, S AcTs) [2].
For each o € X, the consistency space for is given by
€5 :=im(v;) = span(Vs)

Even though v; is the collection of infinitely many elements, as shown in [2], we
have that v} := ﬂiEN v; is a subspace of R". Additionally, for the linear system ,
vy is given by a linear subspace of R™ (see, e.g., [I3l, Remark 2.2]). Then, the basis
¢, is given by a finite set of column vectors. In the following sections, we need to
describe the intersection between the consistency space and some sets in R™. To
do so, we recast the consistency space as a set in R” as follows.

Definition 3 (Consistency set) Given o € X, the consistency set for the system
is given by 9, := {€ | £ € span(€,)}.

Given that €, is a basis with finitely many column vectors, the operator span

over €, leads to a closed set O,. ] )
Next, the consistency and differential projectors are defined.

Definition 4 (Consistency and differential projectors [22, Definition 6.4.1]) Given
the regular collection {(Fs, As)}secx as in Definition [1} for each o € X let the
matrix pencil (SoEsTo, ScAsTy) and n{ and n3 be given by Definition |§| and
Theorem [i] Then, for each o € ¥, we define the following:

— Consistency projector: Iy := Ty [é"f 8 U] ;1
ny

— Differential projector: II¢* := T, [167 000] So
na

Now we can define a solution to a switched DAE system.

Definition 5 (Solution to a switched DAE system) A solution ¢ = (¢¢,0) to the
switched DAE system consists of a piecewise constant function ¢t — o(t) € X
and a piecewise continuously differentiable function t — ¢¢(t) € O, (;), both right

continuous, such that Ea(t)q.ﬁg(t) = Ag)pe(t) for almost all ¢ € dom ¢¢, with
dom ¢ = dom ¢y = domo.

Let the switching instants be denoted as t;, which satisfy 0 = tp < t1 < t2 <
... < t; < tjz1. The function o : R>oy — X' is constant over the intervals [t;,t;11)
for each i € N. Thus, at switching instants, the jumps in the state of the system
between consistency sets are given by the consistency projectors in Definition [}
namely,

¢§+(ti) = Iy, P ()
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where the superscript T denotes value of the state after an instantaneous change
and be (t;) denotes the limit from the left of the value of the state, namely be (t;) =

limtat; ¢¢(t). Finally, the derivative of the solution of the DAE (Ey (), Ay(y)) is

computed in the interior of the aforementioned intervals; therefore, this notion of
solution does not consider impulses.

A solution ¢ to the switched DAE system in is complete if its domain dom ¢¢
is equal to R>q and precompact if the solution itself is complete and bounded, where
by bounded we mean that there exists a bounded set K such that rge¢, C K. In
Lemma [5| of Appendix we recall an explicit formula of solution to

2.2 Modeling hybrid systems as hybrid inclusions

The hybrid system modeling framework employed here is the one in [§], where a
hybrid system is given by a hybrid inclusion # of the form

% zcRP zeC & €F(x)
reD zt € G(x)

The data of H is given by a set C C RP, called the flow set; a set-valued mapping
F : RP = RP, called the flow map; a set D C RP, called the jump set; and a set-
valued mapping G : R? = RP, called the jump map. The flow map F defines the
continuous dynamics on the flow set C, while the jump map G defines the discrete
dynamics on the jump set D. At times, the data of H is explicitly denoted as
H=(C,F,D,G).

To guarantee a sequential compactness property of the solutions to hybrid
systems, some mild conditions on the data of the hybrid inclusion are required.
These conditions are listed in Assumption [I] below. Assumption [I| requires the
concepts of outer semicontinuity and local boundedness, which are given in [8]
Definition 5.9] and [8, Definition 5.14], respectively.

Assumption 1 (Hybrid basic conditions [8, Assumption 6.5]) The hybrid inclusion
H = (C, F,D,QG) satisfies the hybrid basic conditions if

(A1) C and D are closed subsets of R?;

(A2) F : R? = RP is outer semicontinuous, locally bounded relative to C, C C dom F,
and F(x) is convez for every x € C;

(A3) G : RP =2 RP is outer semicontinuous, locally bounded relative to D, and D C
domG.

A hybrid inclusion that meets the conditions in Assumption [I]is said to be nomi-
nally well-posed, see [8, Definition 6.2].

3 Main results
3.1 An invariance principle for hybrid DAE systems

In this section, we introduce a class of hybrid systems that model DAE systems
with state-triggered jumpsﬂ We refer to these systems as hybrid DAE systems

3 A simplified version of this model was introduced in our preliminary work in [16] and [I7].
The model in [16] considers single-valued functions ¢,. In [I7], we generalize the hybrid DAE
model to allow for set-valued maps ¢, to make it suitable for the study of switched DAE
systems. Note that the models in [I6] and [I7] do not consider the state component x.
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and denote them as Hp4g. In this section, we formulate an invariance principle
for hybrid DAE systems.
The state vector of an Hp g is given by

x:=(,x,0) eR" xR™ x X,

where £ is the state component associated with the DAE system, x is the state
component driven by a differential/difference inclusion, o is the state component
associated with the switching signal, and X is a finite discrete set as defined in
Section The hybrid DAE system is given by the hybrid inclusion

%, Io 8 13 A€
HpAE et g(z,5) (8a)
I:X+:| c U |: fy(:”[:) =: G(x) xeD
o Gep(x) g
where
C = |J (Con (Do xR™ x {0})) (8b)
ocX
D= |J ((Ds N (D5 xR™ x {o})) U((R"\ D5) x R™ x {o}))  (8¢)
oy
9(x,6) :=gp(2,6) Ugo(z,6) Va € D,5 € p(x) (8d)
and
- - (Z) if z R™ Da R™ a
gD((E,X,O')7U) :gD(:L‘,U) = {H&gg(ﬁ,x) iffvgg)gﬂ\(ga):Rm :{{U}})7 (88)
gD((é»ng)?&) = gD(-T7&) = {éjﬁf gi g %glf-}(%)aa);é&;l;gg}})v (Sf)
Wex=v@={{u e a& En L) ee

The elements of data that represent Hp g on the state space R" x R™ x X are
given by (Es,Cs, As, p, Do, go, g+, ¢) and have the following properties:

— The sets O, are the consistency sets and the matrices IT, are the consistency
projectors, which are generated using E, and Ay for each o € X as in Defini-
tion [3] and Definition @ respectively.

— Given A, for each o € ¥, and a set valued mapping p : R*T+1 = R™ the
flow map F is a set valued mapping F : R*T™ 1 = R?*™+1 that defines the
continuous evolution of z.

— At jumps, the map g defines the changes of ¢ while v defines the changes of
X- The set-valued map ¢ determines the changes of 0. The jump map G is a
set-valued mapping G : R*t™m+!l — R+™M+1 that defines the changes of = at
jumps.

— The map g is given by Equation , where functions go and gp defines the
changes of ¢ when ¢ does not belong to the consistency set O, and when ¢
belongs to the intersection between the consistency set O, and the set D,
respectively. Notice that due to the consistency projector IT5, both maps, gp
and go, map any point in R”T"%2 to points in the consistency set.

— For each o € X, the sets C, and D, are subsets of R**™+! that, together with
the consistency sets Og, define where the evolution of the system according to
F and G are possible, respectively. Namely, the sets C' and D model where the
state of the system can change according to the differential inclusion or the
difference inclusion in , respectively.
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— The conditions on the state related to the algebraic equations in the DAE
are given by the consistency set Oy, while conditions not related with such
algebraic equations are modeled by Cs and Dg.

— The set Co N (D5 x R™ x {o}) is the collection of points in R" ™! where
the system is allowed to flow (since O, is the set of points where flow is
“consistent”). The set Dy N (D¢ x R™ x {o}) is from where jumps of ¢ and x
according to g, and gy, respectively, are allowed.

For convenience, the dimension m of the state component x is allowed to be
zero, in which case the state of the system becomes x = (£,0), and the state
variable x as well as the maps p, 7, and gy do not play a role in the dynamics
of . On the other hand, the state component  is motivated (and becomes very
useful) in modeling switched DAEs under dwell-time switching in Section

As in the framework in [8], we define solutions to hybrid DAEs using hybrid
time domains. Therefore, during flows, solutions are parametrized by ¢t € Rx,
while at jumps they are parametrized by ;7 € N. The reader can find a definition of
the hybrid time domains in [8, Definition 2.3] and of hybrid arcs in [8, Definition
2.4].

]A hybrid arc is a solution to a hybrid DAE system if it satisfies the system
dynamics. This notion is made precise next.

Definition 6 (Solution) A hybrid arc ¢ = (¢¢, ¢y, ¢o) is a solution to Hpag if
#(0,0) € CU D and

(S1) (Flow condition) for each j € N such that IV := {t : (t,5) € dom¢} has
nonempty interior

¢X§t,j§ eCforallteint I7, tr— |py Et,j; satisfies
$o(t,J b (t,J
E¢o(taj) 00 ¢£(t7.7) qua(t,j) (¢£(t7.7))
0 Im O Q?X(tvj) = p((d)ﬁ(t?j)’¢X(t7j)7¢6(tvj)))
0 01 [4o(t.5) 0

for almost all t € I/
(S2) (Jump condition) for each (t,5) € dom ¢ such that (¢,j + 1) € dom ¢,
#(t,j) € D, (t,j+1) € G(o(t )

A solution ¢ to Hpag is maximal if there does not exist another solution ) such
that dom ¢ is a proper subset of dom ) and ¢(t,j) = (¢, ) for all (¢,5) € dom¢. A
solution ¢ is complete if dom ¢ is unbounded and precompact if it is complete and
bounded. Notice that the previous concept of solution is impulse free by definition.

In Section [4] Example [3] illustrates the concept of solution in Definition [6]
while Examples |4] and hOW the effect on the w-limit set of a given solution that
contains impulses.

Before introducing the first main result, define

D:= | (Do N (Do x R™ x {7})) (9)
oceX
. (z,5)
o= FQ@» } (10)
Gep(x) g

Due to the sequential compactness property of solutions required to develop an
invariance-like result, the data of Hp g will have to satisfy the following mild
regularity properties.
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Assumption 2 (Hybrid DAF basic conditions) A hybrid DAE Hpag = (Es,Co, As,
0, Do, go, gy, ) satisfies the hybrid DAE basic conditions if

(B1) For each o € X, Cs and Dgs are closed sets in Rn+m+1

(B2) The collection {(Eg,Ag)}geE is regular (see Deﬁmtwnl} and p : R =
R™ s outer semicontinuous, locally bounded relative to C, C C domp, and
p(&,x,0) is convex for every (f,x,cr) eC;

(B3) The set-valued function ¢ : R™ x R™ x X = X is outer semicontinuous relative
to D. For each o € Y, go : R®" x R™ = R" is outer semicontinuous and
locally bounded at each (€,x) € R™ x R™ such that (¢,x,0) € D, and D C
Uges (dom go x {a}). Also, g : R*T™TL = R™ s outer semicontinuous, locally
bounded relative to D, and D C dom G-

Following [8 Definition 6.19], we present the following notion of invariance.

Definition 7 (Weak Invariance) For the hybrid DAE system Hp ag, the set M C
R™ x R™ x X is said to be

— weakly forward invariant if for each xo € M, there exists at least one complete
solution ¢ to Hpap from zo with rge¢ C M;

— weakly backward invariant if for each z* € M and each N > 0, there exist
o € M and at least one solution ¢ to Hpag from xg such that for some
(t*,5°) € domg, t* + j* > N, we have ¢(t*,5*) = z* and ¢(¢,j) € M for all
(t,j) € dom ¢ with ¢t + 5 < t* + 5%,

— weakly invariant if it is both weakly forward invariant and weakly backward
invariant.

Following [20} Theorem 4.7], we consider locally Lipschitz functions V' to locate
the w-limit set of precompact solutions to Hpag. To be able to take derivatives,
we employ the generalized directional gradient (in the sense of Clarke) of V at =
in the direction v, which is given by V°(z,v) = max¢cay (a) (¢, v), where 9V (z) is a
closed, convex, and nonempty set equal to the convex hull of all limits of sequences
VV(z;) with z; converging to z.

Now, we are ready to present the invariance principle for hybrid DAE systems.

Theorem 1 (Invariance principle for Hpap with linear flow map) Suppose the hy-
brid DAE Hpag in is such that its data (Es,Co,As,p, Do, go,gv, ) satisfies
Assumption[d Furthermore, suppose there exist a function V : R"™+L 5 R that is
continuous on R and locally Lipschitz on an open set containing C, and func-
tions uc : R SR and up : R+ 5 R such that

T4 A€
(ﬂc, p% ) <uc(x) Vr e C (11a)
V(n) —V(z) <up(x) Ve € D and Vn € G(x) (11b)

Let ¢ be a precompact (complete and bounded) solution to Hp o with initial condition
#(0,0) = (€0, X0,00). Suppose that K C R" ™1 s nonempty and rge ¢ C K. If

uc(z) <0, wup(z) <0 Vz € K,
then ¢ approaches the largest weakly invariant set for Hp ag contained in
Vi) nKn (ugl(O) U [ugl(O) na (uBl(O))D (12)

for some constant r € V(K).
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In the next section, we propose invariance principles for switched DAE systems
given by under certain families of switching signals. In particular, for switched
DAE systems, we consider arbitrarily fast switching signals and dwell-time switch-
ing signals. A signal t — o(t) is a dwell-time switching signal with dwell-time 7, > 0
iftj41—t; > 7p for each j € {1,2,...}, where ¢; is the j—th switching time (see [20]
for similar constructions). Next, we discuss a switched DAE system under dwell-
time switching signal in Example [2| It revisits Example [1f and explores the possi-
bility of recasting the linear switched DAE in as a hybrid inclusion (as defined
in [815]) and then try to apply the invariance principles in [g].

Ezample 2 (Motivational example revisited) Consider the switched DAE system
in Example 1] Computing the consistency and differential projectors as in Defini-
tion [4] we have that IT, = ITg" for each o € ¥ = {1,2}, where I, is given in ().
Let the switching signal o be considered as an input to the system of dwell-time
type with dwell-time 7 > 0. We can recast this switched DAE system as a hybrid
inclusion with inputs as in [I5]. We denote this hybrid inclusion as Hs, which is
given by

n, 1€ =1hgo) (go)ed ,
{s+=gs<f,a> (6.0) € D, (13)

where Cs, fs, Ds, and gs are given in @ This hybrid inclusion has the same
solutions as the original switched DAE system.

The invariance principles in [8] are developed for autonomous hybrid inclusions,
namely hybrid inclusions without inputs. One can consider an exosystem that
generates the dwell-time switching signal ¢ — o(¢) such that ¢ — (£(t),0(t)) is also
a solution to the system in @ To do so, consider the following equivalent hybrid
inclusion with the state vector z = (¢,7,0) e RZ2 x R x ¥

[g [fs (€,0)

T € | krp(T) reC

o

H ¢ (14)
7-1 = g(x) xeD

where, the set valued function k-, (7) is given by
1 ifr<7p
k(tp)(T) :==<[0,1] if T =71p vr e R (15)
0 if 7> D
the sets C C R® x ¥ and D := Dy U D, C R3 x X are given by

C={zeR®xY|o=17e(0,pl}Uu{reR®x X |oc=2¢=0r1¢[0,mp|}
Do={zeR’xX|o=1r>2mp}U{zeR®x ¥ |0=2,6=0,7>rp}
Dy={zeR*xX¥|0=2& #0}

and, the jump map g: R? x ¥ — R3 x ¥ is given by

H370‘£

g x € Dqg
9(x) =\t e

[T :| r € Dy

(o
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Notice that due to Dy, the set D is open. Recalling Lemma 6.9 in [8], which states
that a necessary condition for well-posedness of hybrid systems is that the set D is
closed, we conclude that the equivalent hybrid inclusion in cannot be nominal
well-posed. Therefore, the results in [8] are not applicable. [u]

3.2 Invariance Principles for Switched DAE systems

In this section, we propose invariance principles for switched DAE systems given
by under certain families of switching signals. In particular, we consider arbi-
trarily fast switching signals and dwell-time switching signals.

Next, we introduce mild regularity properties on the data of the collection
{(Es,As)}sex that are required in the following sections.

Assumption 3 (Basic conditions for the collection {(Es, As)}ses). Given the col-
lection {(Eo, Ac)}oecx, we have that

(C1) The collection {(Eo, As)}oex is reqular (see Definition [1]).

3.2.1 Invariance principle for switched DAE systems under arbitrary switching

Before introducing the second main result, define

C=D= ] (D5 x{o}) (16)

oceX
Next, we present an invariance principle for this class of switched DAE systems.

Theorem 2 (Invariance principle for switched DAE systems under arbitrary switch-
ing). Given a switched DAE system as in @, suppose that the collection {(Es, As)}se s
satisfies Assumption@ Let ITEY be given by Deﬁm’tion@ Furthermore, suppose there
ezist a function V : R — R that is continuous on R™! and locally Lipschitz on
an open set containing C, and functions uc : C — R and up : D — R such that, for

all (¢,0) € ogE(DU x {o}), we have
Ve ((g7 o), [Hg—’ngoﬁD <uc(€,0) Y&, o) eC (17a)
V(II5£,5) - V(¢,0) <up(E o) Vo e ¥\ {o} andV(¢,0) e D (17b)

where C and D are given in (16)). Let ¢ be a precompact solution to the switched DAE
system in . Suppose that K C R" " is nonempty and rged C K. If

uc(§0) <0, up(§o)<0 V(¢ 0) €K,

thenc? approaches the largest weakly invariant set for the switched DAE system con-
tained in

Vi) nKn (ugl(o) U [ugl(o) nG (ug)l(o))D (18)
for some constant r € V(K).
Remark 2 Notice that given that ¢ is an argument of the functions V, uc, and up,

it is possible to consider different functions V, uc, and up for each o. In particular,
the results in Section [3:2:2] use functions V explicitly indexed by o.
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3.2.2 Invariance principle for switched DAE systems under dwell-time switching

Next, to locate the w-limit set of precompact solutions to switched DAE systems
an invariance principle for switched DAE systems under dwell-time switching sig-
nals is presented following the ideas in [7]. First, let us introduce the required
assumptions.

Assumption 4 For each o € X, V5 : R" — R is locally Lipschitz and Wy : R"™ —
R> is a continuous function on an open set O, D¢ C Og, and

Vo (6 115" Ast) < ~Wo(€) VE € Oo (19)

Assumption 5 Given a dwell-time switching signal ¢t — o(t), the solution t — ¢¢(t)
to (7)) is such that for each p € X, for any two consecutive intervals (t5,tj11), (¢, tet1)
such that o(t) =p for all t € (tj,tj41) and all t € (tg,tg41), we have

V(e (tjr1)) — Vip(de(tr)) 2 0 (20)

Theorem 3 (Invariance principle for switched DAE systems under dwell-time switch-
ing) Let Assumption @ and Assumption 4| hold, and let ¢ be a precompact dwell-time
solution, with dwell-time Tp > 0, to the switched DAE system in satisfying As-
sumption@ Then, there exist 1,72,...,T0,,... € R such that ¢¢ approaches

M= | Mo(ro,7p), (21)
oeX

where, for each 0 € X, My (ro,Tp) is the largest subset of Vi ' (re) N W5 1 (0) that
is invariant in the following sense: for each constant o € X and for each & €

Mo (re,7p) there exists a solutiorﬁ (¢§”,U) to Ec€ = A& on [0,7p/2] such that
¢§(t) € Mo (ro,mp) for allt € [0,7p /2] and either ¢£~(O) =& or ¢5(TD/2) =&.

Similar as in [7], we will say that a pair of functions (ITg" As£, W) is observable if,
for each a < b, the only solution ¢ : [a,b] — R" to & = 15" Ay& with Wo (¢¢(t)) =0
for all ¢ € [a,b] is ¢¢(t) = O for all t € [a, b].

Assumption 6 For each 0 € X, the pair (II3"As&, W) is observable.

Corollary 1 (Invariance principle for switched DAE systems under observability) Let
Assumptions and@ hold. Then, every precompact dwell-time solution ¢¢ to the
switched DAE system in @ satisfying Assumption@ 1s such that ¢¢ converges to the
origin.

4 Examples

Next, we introduce examples to illustrate the concepts and results in the previous
section. Example 3] illustrates the concept of solution to hybrid DAE systems,
while Examples [4] and [5| discuss the effect on the w-limit set of a solution that
contains impulses. Examples [} [7] and [§] portray the usage of Theorems [I} [2}
and [3] respectively.

In Examples through @, the state component xy € R™ with m = 0 is omitted;
therefore, in those examples we ignore the maps p, v, and g in . In the following
examples, consistency spaces, consistency projectors, and difference projectors €,
Iy, and 13", respectively, are computed using the algorithm in [6].

4 The notion of solution of a DAE is given by the component ¢¢ as in Definition |5| when o
is constant.
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Ezample 3 (Motivational example revisited) Consider the Hpag system in
with the data given by . Consider the flow and jump sets given by C; =
{(6,0) eR? x ¥ | & > 0,0 = 1}, D1 :={(§,0) € R* x X| & < 0,62 < 0,0 = 1},
Oz :={(£,0) €ER*Xx X | &2 < 0,0 =2}, D2 := {(§,0) € R*x X| & > 0,0 = 2}. Also,
consider g1(§) = —¢, g2(€) = &, and ¢(¢,0) = 3 — 0. Computing the consistency
spaces and consistency projectors, we obtain

com(B). e-m(l). m-pY m-BY e

The resulting consistency sets are given by

O1={zeR°x % |o=1}, Dr={zcR*x¥|&=0,0=2} (23
1), where £(0,0) € C.

(0,1),
[0,7],0)} U {([w, =], 1)} U

Consider the initial condition (£(0,0),0(0,0)) =
={(
d a hybrid arc ¢ = (¢¢, ¢o)

Now, consider a hybrid time domain given by 7 :
{([m,7],2)} U {([m,27],3)} U {([2m,27],4)} U...a
defined as
— for all t € I° := [0, 7], $¢(t,0) = [sin (¢),cos (t)] " and ¢o(t,0) = 1;
— for all t € I' := [m,7], ¢¢(t,1) = I12g1((0,-1)) = (0,1) and ¢o(t,1) =
W(¢§(7770)7 1) =2
— for all t € I? := [m,7], ¢¢(t,2) = IM1g2((0,1)) = (0,1) and ¢o(t,2) =
‘P(¢§(7T7 1)72) =1
— for all t € I® := [r,2n], ¢¢(t,3) = [sin (t — 7),cos (t — m)] " and ¢o(t,3) = 1;
— for all t € I* := [2m,27], ¢¢(t,4) = IT291((0,—1)) = (0,1) and ¢o(t,4) =
30(¢§(27T’3)71) =2

(
{

This hybrid arc is a solution to the hybrid DAE system since (51) and (S2) in
Definition [6] hold. o

It is well known that inconsistent initial conditions in a switched DAE system
may induce impulses in the solutions. For this reason, it is a common practice to
impose certain restrictions on the data (Es, As) to ensure impulse free solutions,
see, e.g., [I3, Theorem 3.8] and [251[26] for descriptor systems. The solution concept
in Definition [6] leads to impulse free solutions but allows for jumps on the state at
initial time instances and after switching of modes. This is due to the derivative of
the solutions being computed in the interior of the intervals I7’s (without empty
interior).

Ezample 4 (A system with no impulse free solutions [I3, Example 3.6]) Consider
the Hp g system with the data in , where

100 000 000 100
E1={010|, A, =1[000|, E2=[100|, Ao= {010
001 000 010 001

¥ ={1,2}, and g»(£) = £. Now, suppose that C, D, and ¢ are such that there exists
a solution ¢ from ¢¢(0,0) = (1,0, 0) with o component ¢ (¢,0) = 1 for each t € [0, 1]
and ¢o(t,1) = 2 for each ¢ € [1,00). Then, using the definition of solution to a
hybrid DAE in Definition @ the only possibility for the £ component is ¢¢(t,0) =
£(0,0) for each ¢t € [0,1] and ¢¢(t,1) = (0,0,0) for each ¢t € [1,00). On the other
hand, using the concept of solution in [I3], a solution ¢ — x(t) = (x1(t), z2(t), z3(t))
to the switched DAE system (7)) with data {(Es, As)}ses would not be impulse



16 Pablo Nafiez et al.

free. In fact, at the jump at ¢t = 1, since x1(¢t") = 0, then its derivative, which
defines the z2 component of the solution when o = 2, would have a delta Dirac
at t = 1 and its second derivative, which defines the s component of the solution
when o = 2, would involve the derivative of the delta Dirac at ¢ = 1. Such impulsive
solutions are not allowed in the solution concept introduced in Deﬁnition@ Despite
the differences in the concepts of solution, notice that over the interior of the
intervals, [0,1) x {0} and [1,00) x {1} for ¢, while [0,1) and [1,00) for z, the
solutions ¢¢ and z coincide. o

Recall from [16] that an w-limit point of a solution ¢ to Hpag is a point
x € R"™MHTL guch that there exists a sequence of points (t;,7;) € dom¢ with
lim; oo (t; + j;) = 0o and lim; o ¢(t;,J;) = z. The set of all w-limit points of ¢ is
defined as the w-limit set of ¢. We present a formal definition of the w-limit set of
a solution in Definition

Ezample 5 (Invariant set with no impulse free solutions) Consider the Hpap sys-
tem with the data in and

100 00-1 000 101
E1=1010], Ay ={00-1|, Ba=[100|, Ao=|010
001 00 -1 001 001

91(8§) = 92(§) =& ¥(§,0) =3 -0,

where ¢ € R3 and ¥ = {1,2}. The flow and jump sets are given by C1 = {(£,0) €
REx X |1/2<¢&& <1,0=1},Co = {(,0) eR3x ¥ | 1/2 <& < 1,0 = 2},
D1 ={(£,0) eR*xX | €3<1/2,0 =1}, and D2 = {(§,0) e R3x X | &3 > 1,0 = 2}.
Computing the consistency projectors, we have

100 00-1
I =1010], II,=]00-1
001 00 1

Taking into account the concept of solution in [I3], a nonzero solution t + x(t) =
(z1(t),z2(t),z3(t)) to the switched DAE system (7) with data {(Eo,Ao)}sex
would have an impulse in the state zo when switching from mode 1 to 2. When
switching from mode 1 to 2, according to (E2, As), the algebraic equation 0 =
z1 + x3 should be fulfilled after the switch, which suggest that, if 0 = z1 + 3
does not hold before the switch, the solution would have a jump in its z; com-
ponent. Also, given that xs is given by z1, a delta Dirac § would be induced in
the z2 component of that solution (i.e., if ¢ is the switching time, then 6(¢ — ts)
appears as an additive term in z2(t)). It is important to mention that (7)) is a time-
varying system, thus the usual concept of w-limit of a solution does not apply [I1].
Nevertheless, one can consider an auxiliary system, known as the exosystem, that
generates a given switching signal ¢ — o(¢) such that ¢ — (z(t),o(t)) is also a solu-
tion to , leading to an autonomous system. Consider a switching signal ¢ — o (¢)
for @ that has a jump at time instants ¢; € R>q, ¢ € N. Also, suppose that, given
an initial condition £(0) to (and a initial value o(0) to the exosystem), at each
switching instant t;, o(t;") toggles (by o(t]) = 3 — o(t;)) when o(t;) = 1 and
z3(t;) < & or when o(t;) = 2 and z3(t;) > 1. Following the exosystem idea, the
switching signal is given by

_ Jo(0) if g <t < tgiry .
7= {3 —o(0) if 752;-1 <t <Zt2i+2 vVt € Ryp,i €N
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Given the initial conditiorﬂ z(0) = (1,1,1) and o(0) = 1, according to the concept
of solution in [I3], the solution has infinitely many jumps and impulses. It follows
that the w-limit set of such solution is given by M., = M; U Ms U Mg, where

My ={(z,0) ER*x X |21 =20 =23 —2,1/2< 23 < 1,0 =1}
Ma={(z,0) eR}*X ¥ | &1 =20 = —3,1/2< 23 < 1,0 =2}
Ms={(z,0) eR*x T | 22 =6(0) —1/2,21 = —1/2,23 =1/2,0 = 2}

Notice that for each (zg,00) € Mi N My there exist at least one complete
solution (z, o) to and the exosystem from (zo,00) with rge (z,0) C Mc. On
the other hand, for each (zo,00) € M; there is no solution (z,0) to and the
exosystem from (zo, og) with rge (z,0) C M. Therefore, the set M. is not weakly
forward invariant. It is important to highlight that one would expect the w-limit
set of the solution to be weakly forward invariant, but this is not the case when
solutions have impulses.

On the other hand, following the concept of solution in Definition [6] consider
the solution (tvj) = (¢§(t’.7)7¢0'(t7])) = ((¢1(t7j)’¢2(t7j)7¢3(t7j))’¢U(t’j)) to
from (¢¢(0,0), ¢5(0,0)) = (x(0),0(0)) = ((1,1,1),1). Due to the derivative of the
solutions being computed in the interior of the intervals I’’s (without empty in-
terior), that concept of solution does not take into account the aforementioned
impulses. Even more, notice that disregarding the impulses, the solutions (z,0)
and (¢¢, o) coincide. Therefore, it is natural to expect that the w-limit set M of
(¢¢, o) is such that M C M.. Consider the set M = M3y U Mz, and notice that
for each (£0,00) € M there is a solution to (8] from (&0, 00) with rge (¢¢, ¢o) C M;
therefore, the set M is weakly forward 1nvar1ant with respect to (8). Addition-
ally, following the result in Theorem [I] it is possible to show that the set M is
also weakly backward invariant. Thus, the set M is weakly invariant for (see
Definition |Z| for formal definitions to these notions). o

To illustrate the use of the invariance principle in Theorem [I] for hybrid DAE
systems, we first revisit the example in Section

Ezample 6 (Motivational example revisited) Consider the Hpag system in ,
with the data given by and the single-valued function ¢(¢,0) = 3 — o, where
2 = {1,2}. For each o € ¥, the flow and jump sets are given by Cs = D, =

2 x {o}. The consistency spaces, consistency projectors, and consistency sets are
glven by . and (| .7 respectively. Also, computing the difference projectors
¢ we have I, = II$*.

Notlce that, ignoring the requirements on the maps p and gy due to m = 0,
the data (EJ,CU,AU, p, Do, ga, gv, ) fulfills Assumption l Considering the same
Lyapunov-like function in (3, K = R? x {1,2}, and functions uc : R3> — R and
up : R® = R given by

uc(z) = (o —1)(—2¢3) ve e R*H! (26a)
up(z) == (2 —0)(—£3) Vo € R*T (26b)

we apply Theorem
Let z € C. We have the following cases:

— Ifz € CinO1 = {z € R*x{1,2} | ¢ = 1}, then V° (:c [ i Ay 5}) =0 =uc(z).

5 Notice that the initial condition (z(0),o(0)) is consistent with (E1, A1) since x(tg) =
4 (14)z(t0)
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(a) Representation of the (b) Solution that remains in (c) Solution that start from
invariant set M. a level set of V. initial conditions £(0,0) =

(0, 4/7) and stay there jump-
ing.

Fig. 1 Representation of the invariant set M’, where the circle in blue (dashed) represents

{zx € R2 x {1,2} | ¢ + &2 = r,0 = 1} and the points in red represents {z € R% x {1,2} | & =
0,£2 = r,0 = 2}. The solid (blue) curve indicates flow. The dashed (red) arc indicates jumps.

S freCinDs={recR®x{1,2}| & =0, o =2}, then V° (x [Hé“ngﬁ]) -
265 = uc(z).

Let x € D. We have the following cases:

~IfzeDinNOD; ={reR?x{1,2} | o =1}, then V(II2£,2) -V (1) = €3 =
up(z).

—IfzeDanOs={zcR*x{1,2} | & =0, 0 =2}, then V(I11£,1) — V(£,2) =
0 =up(x).

Notice that (11a)) and (11b)) hold for uc and up in (26a)) and (26b]) respectively.

Computing the sets involved in (I2)), we have, for each r € R>,

vl n (ugl(()) U (ugl(()) nG (uBl(O)))) = (Vv ) nCo1)U
(Vi) n{zeR*x{1,2} | & =0, 0 =2})

=WV i) nC)u{zeR? x{1,2} | & =0,65 =r,0 =2}

={zeR*x{1,2} [ +& =ro=1}U{z e R* x {1,2} | & =0, =r,0 =2}
=M

Then, using Theorem every precompact solution to Hpap converges to the
largest weakly invariant set inside M’ for some r € R>(. This is a tight result as
M’ is weakly forward invariant. In Figure we present a representation of the
invariant set M’. In fact, there are precompact solutions ¢ to Hp 4 g from M’ that
have ¢, equal to one, in which case, ¢ remains in the level set of V~1(r), with
r = V(#(0,0)), as is shown in Figure There are also precompact solutions
¢ that start from initial conditions £;(0,0) = 0 and £(0,0)? = r and stay there
jumping as is shown in Figure u]

Next, we use Theorem [2| to describe the largest weakly invariant set for a
switched DAE system under arbitrary switching.
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Ezample 7 (2D switched DAE system) Consider the switched DAE system (as
presented in [2I, Example 1b]) with the data given by

B=4 4=l w39, a=[3_9.

where ¥ = {1,2}. Notice that the collection {(Es, As)}scx is regular; there-
fore, the switched DAE system fulfills Assumption |3 The consistency spaces and

projectors are given by
aiee _ [10
| w1

&= ([l]), m =g

es=im ([f). = 3] mv = B
T}he consistency sets are given by 91 = {£ € R2 | &1 =&Yand Oy = {¢ € R2 16 =
0}.

Now, consider the Lyapunov-like function V : R2t! — R given by

1
1
0
1

V(go) =0 (%&% + %g%) ; (27a)

and the subset K C R? given by K = péJE (Op x {p}). Also, consider the function
up : D — R, which for points (¢,0) € D, is given by
up(§,0) =0, (27b)
and the function ug : C — R, which for points in (¢,0) € C, is given by
uc(é,0) = —& - & (27c)

where C and D are given by (16)). To apply Theorem let (§,0) € UE(Dp x {p}).
pe

We have the following cases:

~ If (6,0) € D1 x {0}, then V* ((&,0), [H1€]) = - — & = uc(6,0) and
V(II3-6&,3—0)—V(£o)=0= uD(ﬁ,U)(.l_ff

— If (§,0) € D x {0}, then V° ((,0), |2 (A%¢]) < —¢f - & < uc(0) and
V(H370'€73 - U) - V(gao-) =0= ’U,D(E,O')‘

Observe that the assumptions in Theorem [2| hold for V, ue, and up in (27)).

Computing the sets involved in , we have
Vi) nKn (u51(0) u (u;,l(()) nG (u,gl(O)))) — Vi) A KN (D1 UD)

Then, using Theorem [2| every precompact solution to converges to the largest
weakly invariant subset in (18] for some r € R, where (18)) is given by

_ 2 & 8 _ __
M =1(0)eR ><{1,2}‘ L2 —ro=13u

{(570) ER2 X{172} | 612075327"70':2}
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This is a tight result as M’ is weakly forward invariant. In fact, there are pre-
compact solutions ¢ from M’ that have constant ¢, in which case, ¢¢ approaches

the origin. Also, for every solution ¢ with dom ¢ = VCEJOO([tj, tj+1),4) with infinitely
j=

many intervals [t;,¢;41] such that t; 41 —t; > 0, due to the strictly decaying rate
of V' during flows, the largest invariant set is {0} x X.

In fact, consider the switched DAE system recast as a hybrid DAE system
denoted as H‘,%‘:XE. Notice that H%VXE has Zeno solutions. In particular, from
every point in M, there is a solution that remains in M’ by jumping (in backward
and forward time), making the set M’ weakly forward invariant for some r > 0;
i.e., there are precompact solutions ¢ to H%‘Q}’E that start from consistent initial
conditions &1 (0,0)%/2+£2(0,0)2/2 = r and 0(0,0) = 1; or £;(0,0) = 0, £2(0,0)2 = r,
and ¢(0,0) = 2 and stay jumping in between these two points. However, notice
that the notion of solution to in Deﬁnitiondoes not allow for Zeno solutions.

It should be noted that Zeno solutions to HYYp are not solutions to the switched
DAE system in . o

Ezample 8 (2D switched DAE system under dwell-time switching) Consider the
same data as in Example [7] but with a variation on the second mode given by

Ba=[o0] 42 =170

The consistency spaces and projectors for the second mode are given by

¢ =im([(1)D, Il = {(1) (ﬂ IS = {(1) 8}

The consistency sets are given by O1 = {¢ € R? | &1 =&} and D2 = {£ € R? | & =
0}. Also, for each o € {1,2} consider the functions V5 : R* = R and W, : R* - R
given by

1 1
Vo (§) = 55% + 553
Wo(€) = & + 6,
where the consistency sets are given by D1 = {£¢ € R? | & = &} and D5 = {€ €

R?| & =0
1 =0}
To apply Theorem [3] we have the following cases

— If (§,0) € (D1 x {1}) ={(§,0) € R? x {1,2} | &1 = &2,0 = 1}, then
Vs (6o [T 6"Me]) =~ ~ & < —wal(e. o))

— If (§,0) € (D2 x {2}) ={(§,0) € R? x {1,2} | & = 0,0 = 2}, then
Ve (€ o) [ 1%¢]) = -6 < -Wa (6 0)).

Notice that Assumption [ holds for Vy and Wy. To satisfy Assumption [5 we
need to evaluate V along the solutions. The decrement rate of V,, during flows is
o VS (6 1 A

Vo (€)

where

—If (€,0) € (D1 x {1}), then A\ = 878 = 28 — o
§§1+§§2 51
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C I (£,0) € (D2 x {2}), then A = &8 _ & o
381+38; 362

Thus, A1 = A2 = XA = 2. The decrement of V' at jumps is as follows:

— If (&,0) € (D1 x {1}), then V3_o(IT3-0€,3 — 0) — Vo (£,0) = £3.
— If (¢,0) € (D2 x {2})), then V3_o(IT3-0&,3 — o) — Vo (£, 0) = 1€3.

where we can deduce that at jumps

Vo (§(tj41)) — Vo (&)

Vo (€(tj+1)) — 2Va—o (&(tht1

Vo (€(tj1)) — 2 M=) ys o (e(ty
Vo (&(ty41)) — 26 T2V, (gt 40
Vo (€(tj41))(1 — de™A7P

- T
- D
v
©o o o o o

for each o € {1,2}. Thus, Assumption |5 holds when 7p > In (4)3.
Consequently, following Theorem |3 ¢ being a precompact dwell-time solution
with dwell-time 7p > In (4)%, ¢¢ approaches the largest invariant subset of M =

UEMO-(TU,TD). Computing the sets involved in with W5 1(0) = {0} for o €
S

{1, 2}, we have that the only set that is invariant is the origin. In fact that property
follows from Corollarysince the pair (113" Ax&, W) satisfies Assumption@ Thus,
any precompact dwell-time solution ¢, with dwell-time 7p > In (4)% approaches
the origin. In Figure (left), a numerical approximation of the solution to the
system for a given initial condition and dwell-time 7p = In (4)3 is shown. o

Notice that the bound for 7p in Example [§ may be not tight enough; actually,
the bound on 7p depends on the selection of Vi, as is shown in the following
example.

Ezample 9 (2D switched DAE system under dwell-time switching) Consider the
switched DAE system in Example [§] under dwell-time 7p > 0 and the functions
Vo: R? R and W, : R? = R for o € {1,2} given by the trivial choices

Vo (§) =0, Wo(§) =0
for all (§,0) € D5 x {c}.
diff
— If (¢,0) € (D1 x {1}), then V (=, [T 41¢] ) = 0 <~ (o).
° HdiffA2§

— If (¢,0) € (D2 x {2}), then V3 (=, |20 424] ) = 0 <~ (o).

To satisfy the conditions in Theorem we need to ensure that solutions are
precompact as in Proposition|2] Thus, we choose an arbitrary compact set K given
by a ball of radius r centered in the origin for some r € R. We use an auxiliary

function & : R? — R to define K as

K :={¢eR? | k(€) <r}, (28)

where k(§) 1= % + % As in the previous example, it is possible to show that the
function x decays through flowing solutions by the decay rate A = 2. Also, it is
possible to show that at switching instants the function x is given by x(£(t)) =
2k(&(tj41)) for all consecutive intervals (¢;,t;41) and (tg,t511) C dom¢é. Then, to
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L reee—
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(a) With 7p = In (4)% (left) and 7p = In (2)% (right).
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(b) With 7p =1In (2)1 (left) and 7p = In (2) 55 (right).

Fig. 2 Solutions of the switched DAE in Exampleand Examplelélfor different dwell-time
switching signals using the same initial condition &1(0) = &2(0) = 2 and ¢(0) = 1. Color
gradient represents time, the green triangle represents the initial condition, and the red X
symbol represents the final condition at t = 4.

assure that the solution ¢ belongs the compact set K (for some r > 0), after each
jump the following inequality must hold:

r(E(tk)) < (29a)
26(&(tj41)) <7 (29b)
2672(tj+1*tj)li(£(tj)) <r (29¢)

This condition is satisfied taking t;;1 —t; = 7p, with 7p > In (2@) % Thus,

k(€(t;)) = r give us the bound 7p > In(2)3 which makes ¢ precompact for K

given in . With the bound on 7p it is possible to apply Theorem and

using auxiliary function x we deduce that if 7p = In (2)% then ¢ approaches M =
U Mo(re,7p) which, since rgeé C K, is a subset of

oe{1,2}

U Ve 'o) nEnWst(0) = KN (D1UDs)
oce{1,2}
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In Figure (left), the solution to the system for a given initial condition and
dwell-time 7p = In (2) is shown. Additionally, given the strict decrease of (&(t))
through flows given by

(VK(€), 5" As€) <0

for o € {1,2} and for all ¢ € R?\ {0}, and , it is easy to see that if Tp > In (2)
the largest invariant subset M is the origin. In Figure (right), for mp
In(2)4 > In(2)3 it is shown how a solution for a given initial condition approaches
the origin. Furthermore, if 7p < In(2)2 then x(£(t;)) < r, and therefore, the
sequence x(£(t)) for k= {1,2,...} grows unbounded. In Figure (right), it is
shown how the solution does not converge when 7p = In (2)55 < In(2)3.

1
2

5 Proofs

5.1 Technical prerequisites

As pointed out above, solutions to Hp g can exist from any point in R™ x R x .
Due to the fact that the set D in is open. The invariance principles for hybrid
inclusions in [8] cannot be applied. This is the reason we introduce the following
hybrid DAE system:

& 2o s I C
) 06”13‘61)%5)_(@ ve
HpaE &t 9o (2, 5) A A (30a)
xT| e U gy(z) | =:G(x) =xeD
ol sepm L O
where gp is given in , and
D:= | (DN (D5 x R™ x {0})) (30b)

oceX
For this system, under proper assumptions, D can be a closed set.

Remark 3 By replacing D with D and G with G, Deﬁnition@also defines the notion
of solution ¢ to the hybrid DAE system Hpag in .

Remark 4 Notice that the model in does not allow for inconsistent initial
conditions, unlike the nominal hybrid DAE system in . Therefore, the system
in is not intended to replace the model in 7 but to be used as an intermediate
model (simplified model) to carry out the proofs in this section.

5.1.1 Equivalence of solutions between 7‘2DAE and Hpag

Next, we present an equivalence between the solutions of Hpap and Hpap.

Lemma 1 (Equivalence of solutions between Hpag and 7:lDAE systems) Consider

Hpap and Hpag in and with data (Es,Co,Acs,p, Do, go,gv,¢). The fol-
lowing hold:
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i) Consistent initial value: if the initial value (£o,x0,00) belongs to (Do, X R™ x
{00}) N (Csy U Do), then ¢ is a mazimal solution to Hpag if and only if ¢ is a

mazimal solution to HpAg.-

it) Inconsistent initial value: if the initial value (£o,X0,00) belongs to (R™\ Ogy) %
R™ x {00}, for each mazimal solution ¢ to Hpag with #(0,0) = (&0, x0,00),
(0,1) € dom ¢, and

$(0,1) € U (D5 x R™ x {5}) N (C5 U D)) (31)

5€¢p((£0,X0,90))

there exists a mazimal solution ¢A> to 7:1DAE such that domq@ C dom ¢, where

b(t,5—1) = ¢(t,5) for all (t,j) € dome\ {(0,0)} and $(0,0) € G(£o, x0,00)-

Given the construction of the systems in and 7 the statement in this lemma
holds immediately (for details, see Appendix|A.2|). A detailed version of the proofs
in this manuscript are available in [I§].

Remark 5 Notice that for each precompact (complete and bounded) solution ¢

to Hpap there exists a precompact solution ¢ to Hpag such that i) or ii)
in Lemma [1| hold. Particularly, for each precompact solution ¢ to Hpar from
(&0, x0,00) € (R™\ Og,) x R™ x {00}, we have that (0,1) € dom ¢ and there ex-
ists a precompact solution ¢ to Hpap from ¢(0,0) = ¢(0,1) € G(&, xo0,00) such
that holds. Additionally, notice that due to the possibility of several incon-
sistent initial conditions mapping to the same singleton in the consistency set, a
family of precompact solutions to Hp4g may have a single precompact solution

to Hpap that satisfy item ii) in Lemma

5.1.2 Equivalent H and its solutions

The results in the next section require an equivalent hybrid inclusion representa-
tion of Hpag. This representation is given in the next result.

Lemma 2 (Equivalence between solutions of 7:[DAE and 7-L) Suppose that the data

of Hpag is such that the collection {(Ey,As)}Yocys satisfy Assumption @ From a
consistent initial condition ¢o = (£o0,X0,00) € Doy X R™ x {00}, ¢ is a solution to

7:£DAE if and only if ¢ is a solution to the hybrid inclusion H given by

¢ T80 AL ¢ ~
x| € p%'c) =: F(x) zeC
~ ] |o
H f 9D (.23, &) ~ A (323)
XJ“} € U gy(z) | =G(x) z€D
o sep@) L 7

where F U(Dngmx{a})jRanme.
oeX

Proof Since the collection {(Es, As)}secx is regular, for each o € X, the differ-

ential projector II$* can be computed as in Definition 4l Notice that given the

construction of Hpapg, G maps to Usep(z) (D5 X R™ x {5}) after each jump.
Furthermore, according to Definitions and [13] Definition 2.1], given a

solution ¢ to Hpap, we have that ¢(t,j) = (Be(t, ), dx(t, ), do(t, 7)) € Oo(r i) X
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R™ x {o(t,5)} for all (¢,5) € dom ¢. For each j such that I’ x {j} € dom¢ has a
nonempty interior, the solution components ¢¢ and ¢, satisfy

By, () be(t.5) = Ag, (1.5 (8, 5) V(¢ 5) € int 7 x {5}, (33a)

and

dx(t,5) € p(e(t,5), dx(t,3), do(t.5))  ¥(t,§) €int [/ x {5}  (33b)

Applying [22, Theorem 6.5.1] to (33a)) for each interval I7 x {j} € dom ¢ with
nonempty interior, ¢ — ¢¢(t,7) also satisfies

e (t,9) = 151 jy A, (1,4) P (1. ) (34)

To establish that ¢ is also a solution to 7—~l, notice that given the construction
of G in Hpap and H, the value of (¢¢, dx, do) after each jump at (£, x, o) belongs
t0 Useyp(a) (D5 x R™ x {5}) and that holds for each (¢,j + 1) € dom ¢ such that
(t,7) € dom ¢.

The above shows that ¢ is a solution to 7. The other direction follows similarly
since, for each interval I7 x {j} € dom ¢ with nonempty interior, a function ¢ —
¢¢(t,7) is a solution to qﬁ.g(t,j) = H(‘;L“(t)j)A% (t,)Pe(t, §) if and only if is a solution

t0 Eg, (1.5)Pe(t,4) = Ag, (¢.5)%¢ (£, 7)- u

In the following sections, the equivalent hybrid inclusion H allows us to use pre-
vious results in the analysis of invariance properties of hybrid systems to establish
invariance principles for hybrid DAE systems and switched DAE systems.

Recalling the hybrid basic conditions for hybrid inclusions in Assumption
and the definition of a nominally well-posed hybrid inclusion in [8, Definition 6.2],

we present, conditions for H to be nominally well posed next.

Lemma 3 (Well posedness of 7-7) Let Hpag satisfy Assumption @ Then, the hybrid
inclusion H satisfies the hybrid basic conditions (Assumption .

Proof We show that (A1), (42), and (A43) from Assumption |l] are satisfied:

— To show that (A1) holds, note that for each o € X, Cy», Do, and O, are closed
(owing to (B1) and that D is given by the span of a subspace described by a
basis €, (see Definition [3)), the sets described by C» N (D5 x R™ x {o}) and
Dy N (D6 x R™ x {o}) are also closed. Therefore, by the construction in
and , C and D are closed.

— To show that (A2) is satisfied, recall (B2) from Assumption [3|and note that the
collection {(Es, As)}secx is regular; therefore, for each o € X (see Theorem
and [I6, Theorem 3.4]) the differential projector IIg™ can be computed as in
Definition[d] Also, notice that for each o € 5, the function ¢ — T3 A, &, which
for each (&, x,0) € (Do x R™ x {0}) is a smooth single-valued function, is outer
semicontinuous and locally bounded. Further using (B2), the flow map

Hg_iffAUé-
p(ow)

is outer semicontinuous, locally bounded relative to C, and F(z) is convex for
every (&,x,0) € C.

F((&x,0)) = F(z) =
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— To show that (A3) holds, recall that for each (¢,x,0) € D

. . (x,5)
G((&x,0) =G = | nggm) } (35)

Fep(x) g

Notice that with (B3) and the linear transformation II5, the map (11595, g, ) :
R" x R™ x {6} = D5 x R™ x {5} is outer semicontinuous, locally bounded at
D (see [8, Definition 5.9] and [8, Definition 5.14], respectively). Now, given
that D is closed and the fact that, for each & € ¥, the map (II39s,g+,5) is
outer semicontinuous and locally bounded at D, the map (9p,9+,0) is also
outer semicontinuous and locally bounded at D. Then, G : R® x R™ x {¥} =
Usen(Ds x R™ x {&}) is outer semicontinuous and locally bounded at D due
to ¢ being outer semicontinuous and & being given by a finite union of outer
semicontinuous maps (gp, g, 7).

|

Remark 6 Notice that if ¢ is single-valued and (go,g~) is outer semicontinuous,
then @ is already outer semicontinuous.

Remark 7 Notice that the dimension of x € R™ is allowed to be zero (m = 0), in
which case the state of the system becomes x = (£,0) and the state x and the
maps p, 7, and gy do not play a role in the dynamics of (and ) In such a
case, the result of Lemmaholds for the data given by (Es, Cs, As, Do, go, ) and
ignoring the requirements on the maps p and g, in Assumption

Given a complete solution to Hp g, we define its w-limit set as follows; see [8]
Definition 6.17].

Definition 8 (w-limit set) The w-limit set of a complete solution ¢ : dom¢ —
R ™+ denoted by £2(¢), is the set of all points 2 € R**™+! for which there exists
an increasing sequence’| {(¢;, j;) }=% of points (¢;, j;) € dom ¢ with lim;_, o t; +j; =
oo and lim;_, o, &(¢;,7;) = . Every such point x is an w-limit point of ¢.

Lemma 4 (w-limit set for Hpap) Suppose that Hpap satisfies Assumption |4 Let
¢ be a precompact (i.e., complete and bounded) solution to Hpag. Then, 2(¢) is
nonempty, closed, weakly invariant, and imy j_, o0 (¢ jyedom ¢ |9(t;5)|2(p) = 0-

Proof Given that the data of the Hp4g system and, consequently, the data of the
Hpar system satisfy Assumption (B2), an equivalent hybrid inclusion H can be
constructed as in Lemma [2| (Equation ) Moreover, given a precompact solu-
tion ¢ to Hpag, by Lemma there exists a precompact solution to Hpag that,
at most, is a shift by one jump of ¢. Additionally, by Lemma [2| such precompact
solution is also a solution to H. With some abuse of notation, we do not rela-
bel that solution. By Lemma |3} if Hpag satisfies Assumption |2 then H satisfies
Assumption [1l Furthermore by [8, Theorem 6.8], if a hybrid inclusion meets the
conditions in Assumption [I| it is nominally well-posed. Applying [8, Proposition
6.21] to the nominally well-posed hybrid inclusion H and the precompact solution
¢, the w-limit set 2(¢) is nonempty, closed, and weakly invariant. Then, using the
equivalence of solutions between Hpap and Hpag in Lemma 2(o) is weakly
invariant for Hpap and [¢(t,j)|oe) — 0 as t +j — oco. |

6 Given a solution ¢, the sequence {(t;,5:)}S°, of points in dom ¢ is increasing if, for each
1=0
t €N, 6+ Ji <tig1 + Jita-
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Remark 8 Notice that given ¢ precompact either i) or i7) in Lemma hold. More-
over, given the Cons‘pruction of G in and , and the fact that the solution
¢e to the DAE Ep¢e(t) = Apge(t) is such that t — ¢¢(t) € Op, if i) (or i)
holds then ¢(t,j) € &gz (D5 x R™ x {5}) N (Cs U D5)) for all (t,j) € domg¢

(for all (¢t,j) € dome \ {(0,0)}, respectively). Following Definition |7 for each
z* € hUE((R" \ O5) x R™ x {5}) there does not exist N > 0, zo, and a solu-
[24S]

tion ¢ to Hpag from zg such that the conditions for weakly backward invari-
ance in Definition m are fulfilled. Thus, {z*} cannot be weakly invariant, namely,
() C _gz((Dg, x R™ x {5}) N (C5 U Dz)).

o

Proposition 1 (Invariance principle for Hpag with linear flow map) Suppose the
hybrid DAE Hpag in is such that its data (Es,Co, As,p, Do, go, v, p) satisfies
Assumption |4 For each o € X, let IIZV be given as in Definition |4 Furthermore,
suppose there exist a function V : R 5 R that is continuous on R*™+1 and
locally Lipschitz on an open set containing C, and functions uc : R*T™H1 5 R and
up : R SR such that

ITET A€
Ve (% p%p) ) <uc(x) Vr e C (36a)
V(n) —V(z) <up(x) Ve € D and Vn e G(x) (36Db)

Suppose that K C R* T+ s nonempty and ¢ is a precompact solution to Hpap with
rged§ CK.If

uc(z) <0, wup(z) <0 Vz € K,

then gg) approaches the largest weakly invariant set for 7:1DAE contained in

Vi) N KN (ugl (0) U [ugl 0)né (uBl (0))}) (37)
for some constant r € V(K).

Proof Given the precompact solution dtoHpar satisfying rgeé C K, by Lemma ,
¢ is a solution to Hpag if and only if it is a solution to the hybrid inclusion H
in

[32a). Consider Hpap with the same data as Hp . Since the data of Hpap
fulfills Assumption [2| then the data of Hpapg also fulfills such assumption. Bi

Lemma since Hpag’s data fulfills Assurnption then H satisfies Assumption

Moreover, by construction of 7—7, for the function V in the assumptions, we have
that and hold for H as well. Then, an application of [20, Theorem 4.7]
to H implies that ¢ approaches the largest weakly invariant set in for some
r € V(K). Hence, the claim follows since, by Lemma [2, ¢ is also a solution to

Hpag-
|

5.2 Proofs of main results

5.2.1 Proof of Theorem/[d]

Proof (Proof of Theorem |1) Consider Hpap with the same data as Hpap. Since
the data of Hpap fulfills Assumption [2| then the data of Hpag also fulfills such
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assumption. Given that 7 p 4 satisfies Assumption the collection {(Ep, Ap)}pex
is regular (see Definition . Define the hybrid inclusion H as in Equation (32a))
in Lemma |2| Recalling Lemma [1| and Remark |5l since ¢ is a precompact solution
to Hpag Equation holds for inconsistent initial conditions, and there exists
a precompact solution to Hp4p that, at most, is a shift by one jump of ¢. With
some abuse of notation, we do not relabel that solution. Notice that, by Lemma [2}
¢ is also a solution to H. Given that, by Lemma [3, H satisfies Assumption |1} an
application of [8, Theorem 6.8] to H shows that the hybrid inclusion H is nominally
well-posed. Thus, by construction ONf H, for the function V in the assumptions, we
have that (11a]) and (11b]) hold for H as well. Then, an application of [20, Theorem
4.7] to the nominally well-posed hybrid inclusion H and the precompact solution
¢ implies that ¢ approaches the largest weakly invariant set M, which is a subset
of for some r € V(K).

It just remains to show that the largest weakly invariant set M in for H is
also the largest weakly invariant set in for Hp ag. We will prove this statement
by contradiction. So, we assume that there exists z* € M that does not belong
to the largest invariant set in (12 for Hpag. Then, every solution ¢’ to Hpag
from z* eventually leaves backward or forward in time). However, since M
is weakly invariant for #H, using Lemma i and Lemma [2| ¢’ is a solution to H
that eventually leaves (12)) (backward or forward in time). This is a contradiction
to the property established in the previous paragraph. ]

5.2.2 Proof of Theorem[4

Given Ep, Ap € R"™ ™ for each p € ¥, a switched DAE system under arbitrary
switching signals can be captured by a hybrid DAE system. Particularly, when
modeling switched DAE systems under arbitrary switching signals, the state com-
ponent x and the maps p, v, and g, are not needed and, hence, not taken into
account from now on. To every solution to the switching DAE in there cor-
responds a solution to the hybrid DAE in . Given the initial time tg and the
switching instants ¢1,¢2, ..., one can build a solution to Hp g on a hybrid time
domain 7 = UJZZO ([t5,tj41] x {4}) (with Z finite or infinite) that corresponds to
(¢,0). Then, a switched DAE system under arbitrary switching signals is given by
the hybrid DAE

Es 0] |¢ Ao
H 38
o e U [%-c@  aep o5
Fep((£,0))

which has data (Es, Cs, Ao, Do, go, ) and state vector z = (£, o). Recalling , for
each o € X, we have C5; = R"x{c}, Ds = R"x{0}, g5(&) =&, and p(&,0) = Y\ {c},
leading to

c=J (95 x{0}), D=J R" x{0}) (38b)
ceX oceX
Also, consider the set
D= U (D0 x {0}) (38¢)
oceX

Since the collection {(Es, As)}scx only plays a role in the definition of the objects
leading to , for simplicity, we write it as H%‘fXE = ((Eo,As), X).
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Proof (Proof of Theorem Let H%VXE be the hybrid DAE modeling the given
switched DAE system under arbitrary switching signals, where g-(§) = &, ¢(&,0) =
Z\{o}, and C and D are given by (38b). Since HX is a particular case of a hybrid
DAE as in (8), and given that the collection {(Es, As)}sex fulfills Assumption
the data of #$)Yp fulfills Assumption

Since ¢ is a precompact solution to , passing to a hybrid time domain (see

preamble of Section [3.2)), it is also a precompact solution to HXp. Notice that
given the domain of definition of uc and up, we can extend those domains for
both functions by defining

- otherwise

ic((€,0)) = {E%ff"’) if (¢,0) € domuc

ap((&,0)) = {Z&Eé’ ) i)ftl(fe}%v)isee domup

Notice that omitting the state component x, the functions p, v, and g, and
replacing uc and up by 4uc and @p, the bound in Equation holds with the
data of H3Y; and is equivalent to the bound given in the assumptions. Then,
an application of Theorem [1|to the hybrid DAE H$Xp with the function V in the
assumptions, @¢, @p, and the precompact solution ¢ implies that ¢ approaches
the largest weakly invariant set that is a subset of (18 for some r € V(K). The
claim is proven following similar steps as those in the proof of Theorem |

5.2.3 Proof of Theorem[3 and Corollary![]]

Given matrices Ey, A, € R™™"™ for each ¢ € X, a switched DAE system under
dwell-time switching signals can be captured by the following hybrid DAE system:

T < oS
. 0ol [§ € p(o) = F(z) € x,0)eC o
DAE \ [¢T II;¢ a
{x*} e J | 0]=6@ (&x,0)eD
otl sep@ L
where
C=J(Con (D5 xR x {a})) (39D)
ceX
1 if x<7mp
p(x) == {[07 1] ifx=7p  VYxeR (39¢)
0 ifx>mmp
D= (Do N (D5 xR x {o})) U(R"\Ds) xR x {0})) (39d)
ceX

where IT; and O, are computed using the data (Es, As) for each o € X. The state
vector of the hybrid DAE system #}¥, . is given by = = (£, x,0), where x € R™,
m =1, and the remainder of its data (Fo,Cs, As, p, Do, 9o, gv, ) is given by

Co =R" x [0,7p] x {0} (39)
Dy =R" X [rp,0) x {o} (391)
9o (&) =¢ (39g)
gy(z) =0 (39h)
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and p(&,x,0) = X'\ {o}. Since the family {(Es, As)}secx and 7p only play a role
in the definition of the objects leading to , for simplicity, we refer to it as
Hiag = (Bo, As),7p, ). Notice that for each dwell-time solution to H g =
((Es,As),mp, X) in with dwell-time 7p > 0 there corresponds a solution to
the hybrid DAE system H]?, , in (39).

Solutions to H77, ;; can exist from any point in R" xR>q x 2. At times, it might
be desired to not allow for inconsistent initial conditions in the state component
£. For such situations, consider the hybrid DAE Hpap in with the data of
H7P,; and relabel it as H}P, ..

The proof of Theorem [3| requires Proposition [2] which is presented first. Note
that Assumption ] and Assumption [5] are given in Section @

Proposition 2 (Auziliary system Hpap) Given o € X, consider the DAE system
Eo€ = Aok, where (Ex, Ay) € R™™ x R™™ is regular (see Deﬁnition. Let p be as
n , and using (Es, Ag), let D5 and (4, Hg’ff) be generated as in Deﬁmtion@ and
Deﬁm’tion@, respectively. Furthermore, suppose there exist a function Vo : R™ — R
that is locally Lipschitz on an open set Og, D6 C O, and a function Wy : R™ — Rx
that is continuous on Oy such that B

Vs (657 AsE) < —Wo(€) VE € Op (40)

Define the following hybrid DAE system, denoted by ’HlDAE, as

E,00] [¢ A€
0 101 (x| € |p(x) (¢ x,0)eC”
. 001| |5
DAE et e (41a)
[xﬂ € [0] (&, x,0) € D*
ot o
where
C*"=ConN (D6 xR x {0}), (41b)
D*=DysN (Do xR x {a}), (41c)

with Cy and Do as given in (39¢€]) and (391), respectively, and K C Oy is a nonempty
and compact set. Let ¢ = (¢¢, dy, do) : dom e — Oy x R x {0} be a complete solution
to HIDAE such that the §-component of ¢ satisfies rge ¢ C K and such that

Vo (¢e(t, g +1)) = Vo(de(t,5)) <0 (42)

for all (t,5) € dom ¢ such that (t,5+ 1) € dom ¢. Then, for some constant r € R, the
solution component ¢¢ of ¢ approaches the largest subset M contained in

Vol (r)n K nw;t(0) (43)
that is invariant in the following sense: for each & € M there exists a solution (¢§~, o)

(given as in Deﬁm‘tz’on@ when o is constant and equal to o) to Ex€ = Ax€ on [0,7p /2]
such that qbé(t) €M for allt € [0,7p/2] and either ¢7£~(0) =& or gzﬁé(TD/Q) =&.
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Proof Given the hybrid DAE system H}, 4 in , consider a hybrid DAE system
Hpap as in with the data of H}, 45 in and relabel it as H} 4, where
gp((&,x,0),0) = K, gv((§,x,0)) =0, ¢((§,x,0)) =0, ¥ = {c}, and C* and D*
given as in and , respectively. Since the hybrid DAE system 7—[1D AE I8 a
particular hybrid DAE system, given that Cy and D, are closed, the matrix pair
(Es, As) satisfies Assumption |3 the maps p, ¢, go and gy fullfill the conditions
in Assumption [2| by the fact that K is nonempty and compact. With some abuse
of notation, the data of H} 4 fulfills Assumption [2l Given that H}, 4 satisfies
Assumption [2} then #}, 4z satisfies Assumption 2| Since the matrix pair (Eo, Ao)
is regular, a hybrid inclusion # is obtained as in Lemma We relabel that hybrid
inclusion as " . Namely, H'P is given by

3 My Apg] .
x| € p(&c) =F((&x,0)) (&, x,0) € C*

A e (44)
[Xﬂ : M = Gl(&x.9)) (&x,0) € D*

By Lemma since the (ﬁlvata of H7, i fulfills Assumption then H™P satisfies
Assumption |1} Given that H™P satisfies Assumption an application of [8, The-
orem 6.8] to H™P shows that the hybrid inclusion H™ is nominally well-posed.

Notice that for all (nontrivial) solutions to 7P, the state o remains constant.
Then, to analyze the components ¢ and 7 of the solutions, we consider the follow-
ing hybrid inclusion:

§| e |15 At (€.X) € Do x [0, 7p]
g [Kp(X) | CETEEE )
t e o] (&x) € Do x [1p,0)

By the assumptions in this proposition, ¢ is a complete solution to H}:)AE and
¢¢ is bounded by K while ¢y is bounded by the construction of Hp, 4. Thus,
the component (¢¢,¢y) of the solution is precompact. Recalling Lemma [1| and
Remark notice that given ¢ precompact (complete and bounded) to Hp4x,

there exists a precompact solution to ?:[b g that, at most, is a shift by one jump
of ¢. Particularly, notice that (0,1) € dom ¢ and holds for inconsistent initial
conditions. With some abuse of notation, we do not relabel that solution. Notice

that, by Lemma [2| ¢ is also a solution to H™. Also, notice that the component
(¢¢, dx) of ¢ is a solution to H! in .

Now, notice that the hybrid inclusion H* satisfies Assumption |1} Given that
the component (¢¢, ¢y) of ¢ is a solution to H1!, for the functions V, and W, in
the assumptions of this proposition, we have that holds for the data of H' as

well. Then, an application of [7, Theorem 4.1] to H! implies that & approaches
the largest subset M of

Vil (ryn K nw;t(0)
that is invariant in the following sense: for each £y € M there exists a solution ¢>§~
to € = I13" A€ on [0,7p/2] such that ¢z(t) € M for all ¢ € [0,7p/2] and either

7 Even though [7, Theorem 4.1] requires a continuously differentiable function V, the argu-
ments therein follow similarly for a locally Lipschitz function V,. This is due to the invariance
principles in [20] allowing for locally Lipschitz Lyapunov functions.
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¢é(0) = & or ¢5(TD/2) = &o. Hence, the claim follows since (¢¢, $y) is also a
component of the solution ¢ to Hh 4 in . |

Now, we are ready to present the invariance principle that involves only prop-
erties of switched DAE systems @ under dwell-time switching signals. Its proof
uses an equivalence between the solutions to such systems and those to H7, s,

and, for each p € X, exploits the property of H}, 4 in Proposition

Proof (Proof of Theorem For each p € X for which there is infinitely many
disjoint intervals (¢;,t; + At;), 7 =0,1,..., At; > 7p on which o(¢) = p, consider
a hybrid arc z with

oo [j—1 J
domz = U Z At;, Z At | x {75} (46)
j=0 Li=0 i=0

(with the convention that >, ') At; = 0) defined by

j—1
2(t,7) = e (tj +t-Y Ati) (47)

i=0
for ¢t € [ZZ;& At;, z:o At;]. Such a hybrid arc is a component of the solution
to Hpp of Proposition [2 and meets the assumptions of that theorem, with
Ep, Ap, Vp, Wy for all p € X, and with K C Op being any compact set such that
$e(t,j) € K whenever o(t) = p (with K large enough to hold for jumps and flows
of the solution component ¢,). Proposition [2| implies the claim. |

Proof (Proof of Corollary [I) The claim follows from the proof of Proposition
If (II;"ApE, Wp) is observable then the set M is the origin; therefore, all sets
My (rp, 7p) in Corollary |3] are also the origin. [ |

6 Conclusion

In this paper, we consider switched DAE systems and hybrid DAE systems, which
are dynamical systems with multiple modes of operation and state jumps. The
proposed hybrid DAE model borrows the concept of solution from hybrid systems
theory, as well as concepts from switched DAE systems to include algebraic re-
strictions and jumps driven by inconsistent initial conditions. The properties of
the w-limit set of a solution for these systems was characterized and invariance
principles for hybrid DAE systems and switched DAE systems under arbitrary
and dwell-time switching signals are introduced. While using previous results on
invariance principles for switched systems via hybrid systems techniques, we ex-
tended the results in [7] to the case of locally Lipschitz Lyapunov functions. The
hybrid DAE model and the invariance principle in this document can be extended
to the nonlinear case following the ideas for switched DAE systems in [13]. This
generalization is part of the current efforts and future directions.
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A Appendix
A.1 Supplementary definitions

Definition 9 (Wong sequence@ Consider a regular matrix pair (Fs, As) where o € X. The
associated Wong sequences are defined by

vo :=R"™, vy = A;l(Egui), vii= ﬂ v;, Vi € N
1€eN
wo i={0}, wit1 =By (Aowi), wi:=|Jwi VieN
1eN
which are nested subspaces and get stationary after exactly ¢, steps, namely, v;41 C v;, wiy1 2

w; for each ¢ € N and vjy1 = v; = v}, wit1 = w; = w} for all i > ¢5, where the integer ¢ is
called the index of the o-th DAE.

Theorem 4 (The quasi- Weierstrass fornﬂ) Suppose (Eq, As) is regular, where o € X. Then,
there exist matrices So and Ty that transform (Es, Ag) into the quasi- Weierstrass form

I, 0O Js 0O
(SOEO'T07 SOAUTO') = ([ %1 No'j| ) |:O Ing:|>

for some J, € R™ *"Y and a nilpotent matriz N, € R™2 X3 | where (N )™ =0, n{+ng =n,
So € N is the smallest number such that (Ng)se = 0. The identity matrices Ly, Ing and zero
matrices have the proper dimensions.

A.2 Details of the proof of Lemma [T}

Proof Given the two representations ’r':tpAE and Hpag, SﬁDAE and Sy, , are the set of

maximal solutions (according to [8} Definition 2.7]) to Hpar and Hpag, respectively. For all
¢ € Sppap (for all consistent and inconsistent initial conditions) we have:

7) Consistent initial value: following Deﬁnition given a consistent initial condition o € Oq,,
the solution ¢¢ to the DAE Euqde(t) = Asyde(t) is such that t — de(t) € Doy. Also,
consider the following cases of consistent initial conditions to and :

a) x* = (€, Xt+, 04+ ) € (Do,o X R™ X {04+ }) N Co,.: Notice that given the construction
of Fin and , for the time interval [t*,t* + 7) x {j*} and 7 > 0, the solutions
& [t " +7) x {j*} = R+ and ¢ [t*, t* +7) x {j*} — R*T™+1 are such that
O(t,5) = Bt ) € (D (1) X R™ X {6o (£, )}) for all () € [t%,¢% +7) x {7°}.

b) =* = (&, xt*,0t%) € (Do« X R™ x {04 }) N Dy, : Given the construction of G and

G in and (30)), respectively,

G(z*) = G(z*) C U (D5 x R™ x {6})
GEP(Epx X p* 0 )

Notice that conditions a) and/or b) are fulfilled for all (¢,7) in dom ¢; therefore, from a)

and b) we conclude that given an initial condition ¢(0,0) = ¢(0,0) = (€0, x0,00) € (Dog X

R™ x{00})N(Coy U Doy ) we have that ¢(t,5), ¢(t,5) € ’LeJE (D5 xR™ x{5})N(C5UD3))
(e}

and ¢(t, j) = ¢(t, 5) for all (, j) € dom ¢ = dom ¢, namely, at lows and jumps the solutions

¢ and ¢ match and <Z> € Sy

DAE’

8 This definition is adapted from [I9, Lemma 2.1], [I3, Theorem 2.3], [2, Theorem 2.4],
and [I} Proposition 1].
9 This theorem is adapted from [2, Theorem 2.4].
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1) Inconsistent initial value: for all nontrivial solutions ¢ to Hpag, if ¢(0,0) = (€0, x0,00) €
(R™\ Ogy) x R™ X {00} and using the definition of G in , we have

#(0,1) € G(&0,x0,00) = U [

5€¢(£0,X0,90)

- U [

_ o
5€¢(£0,X0,90)

9(%0, X0, 00,5)
X0

c

If

o0, 1)e  |J (D5 xR™x{6})N(CsU D5))
5€¢(£0:x0,90)

and considering ¢(0,1) as the consistent initial condition required in ¢), then, according
to 7), there exists a solution ¢ € 831 4 from ¢(0,0) = ¢(0,1) € G(&o0, x0,00) such that

dom ¢ C dom ¢ and ¢(t,j — 1) = ¢(¢, ) for all (t,j) € dome\ {(0,0)}.
|

A.3 Details of the proof of Lemma [2}

Since, for each o € ¥, the matrix pairs (Fs, As) are regular (see Definition , there exist ma-
trices Ty and Sy that put (Se FoTs, Se AcTy) into the quasi-Weierstrass form (see Lemma [3)).

Notice that given the construction of ’;':LDAE, G maps to Op after each jump, where p is the
value to which o is updated to. This is due to €, = im(I1,) and Op := {{ | £ € span(€y), 0 =
p}, then at a jump at (§,0) € Dy N Oy thus (ET,p) € O,.

Furthermore (according to Definitions[2} [3] and [I3} Definition 2.1 and references therein]),
given a consistent initial condition, the “classical” solution to Epé(t) = Ap&(t) belongs to the
consistency space €, for the open interval (0, c0). Then, given a solution ¢ to H DAE, we have
that (£(t,7),0(t, 7)) € Oo(r,5) V(t,5) € dom¢. For each j such that I’ x {j} C dom ¢ and I?
has a positive Lebesgue measure, the solution component £ satisfies

Ea(t,j)é(tuj) = Aa(t,j)g(tvj) V(t,]) S Ij X {.7}7 (48)

where I7 x {j} := {t € Ryo : (¢,7) € dom¢} x {j}. In fact, over the interval I9 x {j}, £ is
given by the “classical” solution to the DAE Ea(t,j)é = Ay1,5)§ (see Appendix . Applying

Lemma [5| to for all open intervals I7 x {j} € dom ¢, for each interval I7 x {j}, &(t,4)
satisfies

&(t,9) = Toge, ) [6 8] Sot,5) Ao t,5)E(t: ) (49)

To establish that ¢ is also a solution to ﬁ, notice that given the construction of G (in

Hpag and ’;‘:Z), the initial value of £ after each jump belongs to the consistency set O,
in other words (£(t,5 + 1),0(t,j + 1)) € D44, j41) holds for each (¢,5) € dom¢ such that

(t,7+ 1) € dom ¢.
Also, a function t — £(t) that is a solution to £ = I3 A, ¢ if and only if is a solution to
Es& = As&; therefore, following same steps above a solution to H is also a solution to Hpag-

A .4 Classical Solutions for Invariant Regular-DAEs

Lemma 5 (Explicit solution formula for switched DAE systems [22, Theorem 6.4.4]) Let
I C [t,t] C R>o have nonempty interior and the regular matriz pair (Eqx, Ayx). Also, let the
projectors defined in Deﬁnition The smooth functions £, h : I — R™ satisfy
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Eo‘*é(t) = Ao’*g(t) + h(t)
if and only if they satisfy,

S

diff La—T
gt) = eor Ao I et / Mo Aot IR () dr — 37 (112 Eqe) " IR (1),

k=0
(50)
for ¢ € R™ and an initial condition £(t) = &o such that
> k
fo+ Y (I Ege )" IR0 (t) € D (51)
k=0

Furthermore, if h =0 then can be replaced by .

£(t) = T [ 0] So= Aoé(®) (52)
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