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Abstract

In the framework of the topos approach to quantum mechanics a kind
of global valuation is introduced and studied. It allows us to represent
certain features related to the logical consequences of properties about
quantum systems when its phase space is endowed with an intuition-
istic strucure.
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Introduction

Quantum Mechanics (QM) seems to be producing, since approximately the
last two decades, a new technological and experimental quantum era. Quan-
tum computation, quantum cryptography, quantum teleportation and the
sort are starting a radical change in the way in which we process infor-
mation. But while quantum information processing is giving rise the most
outstanding developments we still lack a coherent physical representation of
the theory that would allow us to explain what is QM really talking about.
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One of the main separation lines that draws a clear distinction between the
many interpretations of QM is the “positive” or “negative” attitude towards
the main features of the formalism. In between them quantum contextuality
rises as one the main characteristics that needs to be carefully considered.

It is well known that in classical physics every system can be described
by specifying its actual properties. Mathematically, this happens by repre-
senting the state of the system by a point (p, q) in the corresponding phase
space Γ and its properties by subsets of Γ, with a structure of operations
compatible with the usual mathematics of set theory. Consequently, the
propositional structure associated with the properties of a classical system
follows the rules of classical logic. In the orthodox formulation of QM, a
pure state of a system is represented by a ray in the Hilbert space H and
its physical properties by closed subspaces of H, which with adequate defi-
nitions of meet and join operations give rise to an orthomodular lattice [24].
This lattice, denoted by L(H), is called the Hilbert lattice associated to H
and motivates the standard quantum logic or orthomodular quantum logic
introduced in the thirties by Birkhoff and von Neumann [1]. But while in
classical physics any situation allows an interpretation in terms of sets of
actual (preexistent) properties, QM forbids such an interpretation due to
the contextual character of the theory. Let us analyze this in detail.

Assigning values to a physical quantity M is equivalent to establishing
a Boolean homomorphism v : WM → 2. Thus, we can say that it makes
sense to use the “classical discourse” —this is, the classical logical laws are
valid— within the context given by M. One may define a global valuation
of the physical magnitudes over L(H) as a family of Boolean homomor-
phisms (vi : Wi → 2)i∈I such that vi | Wi ∩Wj = vj | Wi ∩Wj for each
i, j ∈ I, being (Wi)i∈I the family of Boolean sublattices of L(H). This global
valuation would give the values of all magnitudes at the same time main-
taining a compatibility condition in the sense that whenever two magnitudes
shear one or more projectors, the values assigned to those projectors are
the same from every context. Kochen-Specker (KS) Theorem rules out this
possibility [21]. In algebraic terms, this theorem is expressed as follows [4, 5]

Theorem If H is a Hilbert space such that dim(H) > 2, then a global
valuation over L(H) is not possible. 2

This impossibility to assign values to the properties simultaneously satis-
fying compatibility conditions is a weighty obstacle for the interpretation
of the formalism. The problem of contextuality has been studied from dif-
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ferent approaches. One of them is the modal algebraic approach version
related to partial valuations of the orthomodular lattice of closed subspaces
of Hilbert space developed in [6, 7, 11]. This proposal allows to identify
the constraints imposed by the structure to the relation between actuality
and possibility and the discourse that includes both type of propositions.
Orthomodular lattices enriched with a modal operator constitute the alge-
braic framework for this approach. A different approach to contextuality
is the one proposed by Isham and Döring which takes quantum systems
as modeled by a topos [8, 9]. In this framework, projectors are mapped
to sub-objects of the spectral presheaf, a process they call daseinisation
which means “bringing-a-quantum-proposition-into-existence” [8]. The set
of sub-objects of the spectral sheaf forms a Heyting algebra. From a logical
point of view, a nice feature of this approach is that —as any topos— the
topos in which the quantum theory is represented comes with an intrinsic
intuitionistic logic.

In this work we introduce and study a kind of global valuation for the
quantum systems whose logical structure is encoded in a Hilbert lattice
L(H). These global valuations only preserve the bounded join-semilattice
structure of L(H). These valuations are motivated by a modal extension of
the intuitionistic structure of quantum properties when the topos approach
to QM is considered. In this modal extension, modal operators encode
the notion of logical consequence of a physical property associated to a
quantum system modeled by a topos [12]. Let us note that this new type of
modal approach has a different interpretation with respect to the algebraic
modal extensions in orthomodular structures aforementioned above. Then,
semilattice global valuations will allow us to describe features related to the
logical consequences of physical properties.

The paper is organized as follows: In Section 1, we recall some basic
notions about orthomodular lattices, Boolean algebras and Heyting alge-
bras. In Section 2, we describe the topos approach to quantum systems and
the intuitionistic structrure of quantum phase space. In Section 3 a modal
extension and a type of classical interpretation for quantum systems are
introduced. This modal extension is conceived from the intuitionistic struc-
ture of the phase space. In Section 4 a set of global valuations based on the
bounded semilattice structure preservation of Hilbert lattices are defined.
These valuations represent algebraic properties related to the modal exten-
sion of the intuitionistic structure of the phase space. Finally, in Section 5
these bounded semilatice valuations are interpreted.
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1 Basic Notions

Now we recall from [2, 20, 24] some notions of universal algebra and lattice
theory that will play an important role in what follows. Let L be a bounded
lattice with 0 the minimum element and 1 the maximum element. If a ∈ L,
an element c ∈ L is said to be a complement of a iff a∧ c = 0 and a∨ c = 1.
Let L = 〈L,∨,∧, 0, 1〉 be a bounded lattice. Given a, b, c in L, we write:
(a, b, c)D iff (a∨b)∧c = (a∧c)∨(b∧c); (a, b, c)D∗ iff (a∧b)∨c = (a∨c)∧(b∨c)
and (a, b, c)T iff (a, b, c)D, (a,b,c)D∗ hold for all permutations of a, b, c. An
element z of a lattice L is called central iff for all elements a, b ∈ L we have
(a, b, z)T and z is complemented. We denote by Z(L) the set of all central
elements of L and it is called the center of L. If L is a bounded lattice then
Z(L) is a Boolean sublattice of L [24, Theorem 4.15].

A lattice with involution [19] is an algebra 〈L,∨,∧,¬〉 such that 〈L,∨,∧〉
is a lattice and ¬ is a unary operation on L that fulfills the following con-
ditions: ¬¬x = x and ¬(x ∨ y) = ¬x ∧ ¬y. An orthomodular lattice is
an algebra 〈L,∧,∨,¬, 0, 1〉 of type 〈2, 2, 1, 0, 0〉 that satisfies the following
conditions

1. 〈L,∧,∨,¬, 0, 1〉 is a bounded lattice with involution,

2. x ∧ ¬x = 0.

3. x ∨ (¬x ∧ (x ∨ y)) = x ∨ y

We denote by OML the variety of orthomodular lattices. It is well
known that if H is a Hilbert space then L(H), the lattice of closed subspaces
of H, also called Hilbert lattice, is an orthomodular lattice. Boolean algebras
are orthomodular lattices satisfying the distributive law x ∧ (y ∨ z) = (x ∧
y) ∨ (x ∧ z). We denote by 2 the Boolean algebra of two elements.

Let B be a Boolean algebra. A subset I ⊆ B is an ideal iff it satisfies:
if a ∈ I and x ≤ a then x ∈ I and if a, b ∈ I then a ∨ b ∈ I. I is a
proper ideal iff I 6= B or, equivalently, 1 6∈ I. If X ⊆ B, the ideal IX
generated by X is the minimum ideal containing X. It is well know that
IX = {x ∈ B : ∃x1 · · ·xn ∈ X with x1 ∨ · · · ∨ xn ≥ x}. Each ideal I
in B determines univocally a congruence in which the equivalence classes
are given by [x] = {y ∈ B : ¬x ∨ y ∈ I and x ∨ ¬y ∈ I}. In this case
the quotient set B/∼, noted as B/I, is a Boolean algebra and the natural
application x 7→ [x] is a Boolean homomorphism form B onto B/I. A
proper ideal I is maximal iff the quotient algebra B/I is isomorphic to 2. If
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f : B → 2 is a Boolean homomorphisms then the preimage of 0, i.e. f−1(0)
is a maximal ideal. Dualizing the definition of ideal yields the definition of
filter. In this way, all results obtained for ideals can be obtained for filters
applying duality.

A Heyting algebra [2] is an algebra 〈A,∨,∧,→, 0〉 of type 〈2, 2, 2, 0〉 sat-
isfying the following equations:

H1 〈A,∨,∧, 0〉 is a lattice with universal lower bound 0,

H2 x ∧ y = x ∧ (x→ y),

H3 x ∧ (y → z) = x ∧ ((x ∧ y)→ (x ∧ z)),

H4 z ∧ ((x ∧ y)→ x) = z.

We denote by H the variety of Heyting algebras. In agreement with the
usual Heyting algebraic operations, we define the negation ¬Hx = x → 0
and 1 = ¬H0.

In each Heyting algebra A, the reduct 〈A,∨,∧, 0, 1〉 is a bounded dis-
tributive lattice. The lattice order, expressed in terms of the operation →,
is equivalent to a ≤ b iff 1 = a → b. Moreover, for a, b ∈ A, a → b =∨
{x ∈ A : x ∧ a ≤ b}. Boolean algebras are Heyting algebras satisfying

the equation x ∨ ¬Hx = 1. In this case, the operation → satisfies that
x→ y = ¬Hx∨ y. In a Heyting algebra A the set of central elements, which
is a Boolean subalgebra of A, is given by Z(A) = {z ∈ A : z ∨ ¬Hz = 1}.

2 The phase space for quantum systems

The main idea of this approach is to represent propositions about the values
of physical quantities with sub-objects of the phase space of the system, just
as in classical physics propositions are represented by subsets of the state
space Γ. This does not mean that the mentioned ‘values’ are classical values,
may be they are not even real numbers, but it is required that the associated
sub-objects form some sort of logic, just as the subsets of Γ form a Boolean
algebra.

In the present paper, we continue previous research [12] in which propo-
sitions were represented by modal operators in a Heyting algebra. The en-
coding of physical properties in a Heyting algebra provides an intuitionistic
description of phase space. In fact, when a quantum system is represented

5



by a von Neumann algebra N , the abelian subalgebras of N represent con-
texts in which, restricted to the context, the rules of classical logic hold (see
for discussion [4]). This algebraic formulation of QM usually starts with the
C∗-algebra of observables. This is a complex algebra A that is complete in a
norm || · || satisfying ||xy|| ≤ ||x||||y|| and has an unary involutive operation
∗ such that ||x∗x|| = ||x||2. In this way, a quantum system is mathemati-
cally modeled by a C∗-algebra. If H is a Hilbert space, the algebra B(H)
of all bounded operators of H, equipped with the usual norm and adjoint
is an example of C∗-algebra. By the Gelfand-Naimark theorem [?], any C∗-
algebra is isomorphic to a norm-closed self-adjoint subalgebra of B(H) for
some Hilbert space H.

A von Neumann algebra N is a special case of C∗-algebra N ⊆ B(H)
equal to its own bicommutant. More precisely, if N ′ is the set of all bounded
operators on H that commute with every element of N then N ′′ = N .
Whereas C∗-algebra are usually considered in their norm-topology, a von
Neumann algebra carries in addition a second interesting topology, called
the weak-topology, in which it is complete as well. In this topology, one has
convergence xn → x iff, for each density operator ρ, trρ(xn − x) → 0 in H
where tr is the trace. A general C∗-algebra may not have any nontrivial
projections while a von Neumann algebra is generated by its projections,
i.e., elements satisfying p2 = p∗ = p. In a von Neumann algebra, the
projections are in natural correspondence with the closed subspaces of a
Hilbert space. In this way, projections of a von Neumann algebra form a
complete orthomodular lattice. A state in a von Neumann algebra N is a
linear functional s : N → C that is continuous in the weak topology and
such that s(x∗x) ≥ 0 and s(1) = 1.

In the usual topos approach [9, 17, 14] physical properties are encoded in
a Heyting algebra. This provides an intuitionistic description for the phase
space of the system. More precisely, in a quantum system represented by a
von Neumann algebra N , the abelian subalgebras of N represent contexts
in which, restricted to the context, the rules of classical logic hold (see for
discussion [4]). Let N be a von Neumann algebra and V(N) be a family
of commutative subalgebras of N which share the unit element with N .
Consider the partial ordered set 〈V(N),⊆〉 viewed as the small category
whose arrows are defined by the partial order ⊆. In the topos approach the
system is modeled in the category of presheaves

V̂(N) = SetV(N)op
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Thus, the category V̂(N) can be seen as a category of sets fibred over the
contexts. Let N be an abelian von Neumann algebra. A multiplicative state
is a state s such that s(xy) = s(x)s(y). We denote by Σ(N) the set of
multiplicative states in N and the weak∗ topology is considered in Σ(N).
We recall that if a classical system is modeled as an abelian von Neumann
algebra N , Σ(N) represents the phase space of the system.

To model a quantum system, the spectral presheaf is defined as the func-
tor:

Σ : V(N)op → Set

such that, V(N) 3 A 7→ Σ(A) and, for each arrow f : A → B, (i.e., f is
the inclusion A ⊆ B), Σ(f) is the function Σ(f) : Σ(B) → Σ(A) such that
(Σ(f))(s) = s|A is naturally chosen as the state space.

Let N be an abelian von Neumann algebra and P(N) be the set of
projections. Let P ∈ P(N). It is well known that the set CP = {s ∈
Σ(N) : s(P ) = 1} is clopen when the weak∗ topology is considered in Σ(N).
Moreover, if we consider the set Clp(Σ(N)) of all clopen sets in Σ(N), the
function C : P(N) → Clp(Σ(N)) such that C(P ) = CP is a bijection. A
clopen subobject of the spectral presheaf Σ is a subfunctor T of Σ such that
for each A ∈ V(N), T (A) ∈ Clp(Σ(N)).

When considering Subcl(Σ), the set of clopen subobjects of Σ, we can see
that, Subcl(Σ) is a bounded distributive lattice where the operations ∨,∧
over clopen subobjects are defined pointwise in each subalgebra of V(N), 0
is the empty subobject and 1 = Σ. In [8, §2.3] and [9, Theorem 2.5] the
following result is proved:

Theorem 2.1 Subcl(Σ) is a complete Heyting algebra. 2

In a classical system, represented by a commutative von Neumann alge-
bra, the subsets of the phase space with usual set operations define the log-
ical (Boolean) structure of the system. For a quantum system, represented
by a von Neumann algebra whose phase space is modeled by the spectral
presheaf Σ, Subcl(Σ) represents the logical structure of the system which is
intuitionistic. We will reefer to Subcl(Σ) as the the algebra of propositions
associated to the spectral presheaf Σ.

3 A modal extension for Subcl(Σ)

In the framework of orthomodular logic, a classical proposition is usually
represented by a Boolean (also called central) element of an orthomodular
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lattice [5, ?]. In particular, propositions about classical systems are repre-
sented by a Boolean algebra. Suppose that L is a lattice representing the
propositional structure associated to a quantum system. A classical inter-
pretation of L implies assuming that each x ∈ L has a classical complement
¬cx and satisfies distributivity conditions in this interpretation. Then, if x
is not a classical proposition in L, a classical interpretation of L must, al
least, endow a complement for x. Thus, a natural way to algebraically rep-
resent classical interpretations are embeddings of L into Boolean algebras,
preserving lattice order structure. In [12] the following general formalization
of the concept of classical interpretation for quantum properties encoded in
Subcl(Σ) is proposed.

Definition 3.1 Let Subcl(Σ) be the algebra of propositions associated to
the spectral presheaf Σ. A classical interpretation of the properties about
the system is a ∨,∧, 0, 1- embedding C : Subcl(Σ) ↪→ B where B is a Boolean
algebra.

To study this type of classical interpretation, we use the theory of modal
operators on Heyting algebras which has its main application in the theory
of topoi and sheafication [10, 22].

Let A be a Heyting algebra and a, b ∈ A. We say that b is a logical
consequence of a iff a ≤ b or equivalently 1 = a → b. We denote by [a) the
set of logical consequences of a. We remark that [a) is the principal filter
associated to a in A. A modal operator on A [23] is a unary operation j such
that:

x ≤ j(x), jj(x) = j(x), j(x ∧ y) = j(x) ∧ j(y). (1)

Let A be a Heyting algebra and a ∈ A. Two interesting modal operators
are

3a(x) = a ∨ x, 3a→(x) = a→ x. (2)

3a(x) is known as closed modal operator and 3a→(x) is known as open modal
operator. In [12, Proposition 5.3] it is proved that

Proposition 3.2 Let A be a Heyting algebra and a, b ∈ A. Then

1. Imag(3a) = [a),

2. 3¬
H
a(x) ≤ 3a→(x),

3. Imag(3a→) ⊆ Imag(3¬
H
a) = [¬Ha),
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4. a is a Boolean element in A iff 3¬
H
a = 3a→.

2

The set M(A) of all modal operators on A is partially ordered by the
relation

j1 ≤ j2 iff j1(x) ≤ j2(x), for all x ∈ A. (3)

If A is a complete Heyting algebra, this partial order defines a complete
Heyting algebra structure on M(A) [23, Theorem 2.3] where

∧
i ji is given

by the operation (
∧
i ji)(x) =

∧
i ji(x). The implication j1 → j2 is given by

the operation (j1 → j2)(x) =
∧
{j1(y)→ j2(y) : y ≥ x}. Joins in M(A) are

defined as j1 ∨ j2 =
∧
{j ∈M(A) : j1, j2 ≤ j}.

Theorem 3.3 [18, § 2.6, § 2.7] Let A be a complete Heyting algebra and
a ∈ A then:

1. 3a is a Boolean element in M(A) and 3a→ is its complement in M(A).

2. The map a 7→ 3a defines an injective 〈
∨
,∧, 0, 1〉-homomorphism A→

Reg(M(A)).

3. a 7→ 3a is an isomorphism iff A is a Boolean algebra.

2

In general, a 7→ 3a does not preserve the operation → exception made in
the case in which A is a Boolean algebra.

Definition 3.4 Let A be a complete Heyting algebra. We define the algebra
A3 as the Boolean subalgebra of Reg(M(A)) generated by the following set
{3a,3a→ : a ∈ A}.

When considering the properties of the system encoded in Subcl(Σ), the
lattice embedding C0 : Subcl(Σ) → Subcl(Σ)3 such that C0(a) = 3a can be
seen as a classical interpretation of the quantum properties. Suppose that a
is a quantum property encoded in Subcl(Σ). Then, by Proposition 3.2-1, the
classical interpretation of a, given by the modal operator 3a, makes reference
to the logical consequences of a in Subcl(Σ). The Boolean complement of a
in Subcl(Σ)3 given by 3a→, by Theorem 3.3-1 and Proposition 3.2-3, makes
reference only to the consequences of ¬Ha in Subcl(Σ) that have the form
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a → x. This means that, thinking of a as a classical property forces us to
only consider as the consequences of ¬Ha those of the form a→ x.

Note that if a ∨ ¬Ha = 1 then 3¬
H
a = 3a→. This means that the

encoding of physical properties in Subcl(Σ), by Proposition 3.2-4, a classical
property is distinguished from a non classical one via the form of the logical
consequences of its intuitionistic negation in Subcl(Σ).

The classical interpretation C0 : Subcl(Σ) → Subcl(Σ)3 may be associ-
ated to a piece of the classical language that describes some facts regarding
the intuitionistic logical consequences of the propositions about the system.
Thus, the classical interpretation given by C0 describes semantic aspects of
the intuitionistic logic of phase spaces.

4 Daseinisation and semilattices global valuations

The notion of daseinisation is introduced in [8] in order to establish a relation
between a physical property about the system and each possible context.
Let H be a Hilbert space and V(NH) the family of all unital commutative
von Neumann sub algebras of B(H) ordered by inclusion and viewed as a
category poset. Let P ∈ L(H) i.e. a projector that represent a propositions
about the system and V ∈ V(NH). Then we define

δ(P )V =
∧

Q∈P(V ):Q≥P

Q

Note that δ(P )V ∈ V and δ(P )V is considered as an approximation of P
from above in the context V . In particular if P ∈ V then δ(P )V = P .
Thus, the set Cδ(P )V = {s ∈ Σ(V ) : s(δ(P )V ) = 1} is a clopen in the weak∗

topology of Σ(V ). In [8, Theorem 2.4] it is proved that, for each P ∈ L(H)
the set δ(P ) = {Cδ(P )V : V ∈ V(NH)} defines a clopen subobject of Σ
establishing an embedding

δ : L(H)→ Subcl(Σ) s.t. P 7→ δ(P )

named daseinisation. The function δ preserves the operations 〈∨, 0, 1〉 i.e.
it is a bounded ∨-semilattice homomorphism.

Let us consider the classical interpretation C0 : Subcl(Σ) ↪→ Subcl(Σ)3 in

the sense of Definition 3.1. The composition L(H)
δ→ Subcl(Σ)

C0→ Subcl(Σ)3

also defines a bounded ∨-semilattice homomorphism. Since it is always
possible to establish a Boolean homomorphism v : Subcl(Σ)3 → 2 we can
consider de following commutative diagram:
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? �
��≡

L(H) 2

Subcl(Σ)3

v̂

C0δ
v

(4)

Note that v̂ acts as a kind of global valuation assigning truth and falsity
to all propositions about the system. Unlike the notion of global valuation
given in Section 2, v̂ is another type of valuation that does not preserve
the orthomodular structure L(H). In fact, v̂ is a bounded ∨-semilattice
homomorphism. It motivates the following notion of global valuation based
on semilattices homomorphisms.

Definition 4.1 Let L(H) be a Hilbert lattice. A global 3-valuation is a
bounded ∨-semilattice homomorphism v̂ : L(H) → 2 factorizable as in
Diagram (4).

We are interested in characterizing and interpreting the bounded ∨-
semilattice homomorphisms v̂ : L(H) → 2 defining global 3-valuations.
Note that, the bounded ∨-semilattice embedding C0δ : L(H) → Subcl(Σ)3

can be see as the assignment P 7→ 3P where 3P make reference to the logi-
cal consequences of P in Subcl(Σ). By the ∨-preservation of C0δ we identify
the join of L(H) with the join of Subcl(Σ)3 and then

3P∨Q = 3P ∨3Q (5)

Since δ(P ∧Q) ≤ δ(P ) ∧ δ(Q), the infimum δ(P ) ∧ δ(Q) is not itself of the
form δ(R) where R ∈ L(H). Note that

3P∧Q ≤ 3P ∧Σ 3Q (6)

where ∧Σ is the infimum in Subcl(Σ)3.

Theorem 4.2 Let L(H) be a Hilbert lattice and v̂ : L(H)→ 2 be a bounded
∨-semilattice homomorphism. Then the following conditions are equivalent:

1. v̂ is a global 3-valuation.

2. If v̂(P ) = 0 and v̂(P1) = . . . = v̂(Pn) = 1 then 3P1∧Σ . . .∧Σ3Pn 6≤ 3P .

11



Proof: 1 =⇒ 2) Suppose that v̂ is a global 3-valuation and let v :
Subcl(Σ)3 → 2 be a Boolean homomorphisms such that v̂ = v(C0δ). By [2,
Theorem 4, § III.3] v−1(1) is a maximal filter Subcl(Σ)3 and by the factoriza-
tion of v̂, form each P ∈ L(H), 3P ∈ v−1(1) iff v̂(P ) = 1. Thus, if v̂(P ) = 0
(i.e. 3P 6∈ v−1(1)) and v̂(P1) = . . . = v̂(Pn) = 1 (i.e. 3P1 . . .3Pn ∈ v−1(1))
then, 3P1 ∧Σ . . . ∧Σ 3Pn 6≤ 3P .

2 =⇒ 1) Since v̂ is bounded ∨-semilattice homomorphism, v̂−1(0) is
closed by ∨. Then, for each finite subset {P1 . . . Pn} ⊆ v̂−1(0),

∨n
i=1 Pi < 1.

The composition L(H)
C0δ→ Subcl(Σ)3 is an injective bounded ∨-semilattice

homomorphism therefore
∨n
i=13Pi =

∨n
i=1 C0δ(Pi) = C0δ(

∨n
i=1 Pi) < 1.

It proves that the ideal I3v̂−1(0) in Subcl(Σ)3, generated by C0δ(v̂−1(0)), is

not trivial i.e., I3v̂−1(0) 6= Subcl(Σ)3. Let F3
v̂−1(1) be the filter in Subcl(Σ)3

generated by {3P : v̂(P ) = 1}. By hypothesis we can see that F3
v̂−1(1) is a

not trivial filter.
We shall prove that F3

v̂−1(1) ∩ I
3
v̂−1(0) = ∅. Suppose that x ∈ F3

v̂−1(1) ∩
I3v̂−1(0). By definition of generated ideal and generated filter in a Boolean

algebra there exists Q1 . . . Qm in v̂−1(0) and P1 . . . Pn in v̂−1(1) such that

3P1 ∧Σ . . . ∧Σ 3Pn ≤ x ≤
m∨
i=1

3Qi =
m∨
i=1

C0δ(Qi) = C0δ(
m∨
i=1

Qi).

Note that,
∨m
i=1Qi = P ∈ L(H), v̂(P ) = v̂(

∨m
i=1Qi) =

∨m
i=1 v̂(Qi) = 0 and

3P1∧Σ . . .∧Σ3Pn ≤ 3P which is a contradiction. Hence F3
v̂−1(1)∩I

3
v̂−1(0) = ∅.

By the Prime Ideal Theorem [2, Theorem 1, § III.4], there exists a maximal
ideal IM in Subcl(Σ)3 such that I3v̂−1(0) ⊆ IM and IM ∩ F3

v̂−1(1) = ∅. Then

the natural boolean homomorphism v : Subcl(Σ)3 → Subcl(Σ)3/IM ≈ 2 is
such that v(3P ) = 0 iff v̂ = 0. It proves that v̂ = v(C0δ) and v̂ is a global
3-valuation.

2

5 Interpreting global 3-valuations

Let H be a Hilbert space representing a quantum system and V(NH) be the
family of all unital commutative von Neumann sub algebras of B(H) ordered
by inclusion. When we consider the phase space described by the spectral
presheaf Σ and the propositional structure intuitionistically modeled by the
Heyting algebra Subcl(Σ), Theorem 4.2 provides an interpretation for global
3-valuations.
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By Eq.(1) and Eq.(2) an inequality in Subcl(Σ)3 of the form

3P1 ∧Σ . . . ∧Σ 3Pn ≤ 3P

expresses that for each x ∈ Subcl(Σ),

(P1 ∨ x) ∧Σ . . . ∧Σ (Pn ∨ x) = (P1 ∧Σ . . . ∧Σ Pn) ∨ x
≤ P ∨ x

or equivalently P1 ∧Σ . . . ∧Σ Pn ≤ P in Subcl(Σ).
Thus, by Theorem 4.2, a global 3-valuation v̂ describes a situation in

which, if v̂(P ) = 0 and v̂(P1) = . . . = v̂(Pn) = 1, then P can not be a logical
consequence in Subcl(Σ) of P1∧Σ . . .∧Σ Pn. An equivalent way of saying the
same thing is the following:

Let Fv̂−1(1) be the filter in Subcl(Σ) generated by {P : v̂(P ) = 1} i.e. the
intuitionistic theory axiomatized by {P : v̂(P ) = 1}. Then, Theorem 4.2
says that: v̂(P ) = 0 iff P 6∈ Fv̂−1(1). In other words, the elements P ∈ L(H)
such that v̂(P ) = 0 are not intuitionistic logical consequences of the theory
Fv̂−1(1).

By Eq.(6) we also note that, under the hypothesis v̂(P ) = 0 and v̂(P1) =
. . . = v̂(Pn) = 1, it could occur that P1 ∧ . . . ∧ Pn ≤ P in L(H). In other
words, P could be a logical consequence of P1, . . . , Pn in the sense of the
standard quantum logic L(H) but not an intuitionistic logical consequence
of P1, . . . , Pn in the sense of Subcl(Σ).

Thus, global 3-valuations are kinds of global valuations in the stan-
dard quantum logic L(H) providing information concerning the logical con-
sequences of propositions about the system encoded in the intuitionistic
structure Subcl(Σ).

6 Conclusions

In this paper we have introduced global 3-valuations and studied the fea-
tures it implies regarding the logical properties about a quantum system
when its phase space is endowed with an intuitionistic structure.
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