arXiv:1502.06868v1 [math.FA] 14 Jan 2015

On Carlson’s inequality for Sugeno and Choquet

integrals

Michal Boczek! Marek Kaluszka

Institute of Mathematics, Lodz University of Technology, 90-924 Lodz, Poland

Abstract

We present a Carlson type inequality for the generalized Sugeno integral
and a much wider class of functions than the comonotone functions. We
also provide three Carlson type inequalities for the Choquet integral. Our

inequalities generalize many known results.
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1 Introduction

The pioneering concept of the fuzzy integral was introduced by Sugeno [31] as
a tool for modelling non-deterministic problems. Theoretical investigations of the
integral and its generalizations have been pursued by many researchers. Wang and
Klir [34] presented an excellent general overview on fuzzy integration theory. On
the other hand, fuzzy integrals have also been successfully applied to various fields
(see, e.g., [14, 22]).

The study of inequalities for Sugeno integral was initiated by Romén-Flores et

al. [27]. Since then, the fuzzy integral counterparts of several classical inequalities,
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including Chebyshev’s, Jensen’s, Minkowski’s and Holder’s inequalities, are given
by Flores-Franuli¢ and Romén-Flores [9], Agahi et al. [2], L. Wu et al. [35]
and others. Furthermore many researchers started to study inequalities for the
seminormed Sugeno integral [1, [16, 17, 24].

The Carlson inequality for the Lebesgue integral is of the form

7 e < vi( 7 Po ) % ( 7 ' (a) da i 1)

where f is any non-negative, measurable function such that the integrals on the

for

right-hand side converge. The equality in () is attained iff f(z) = 3 f;ﬁ
some constants a > 0, > 0. The modified versions of the Carlson inequality can
be found in [3] and [20].

The purpose of this paper is to study the Carlson inequality for the generalized
Sugeno as well the Choquet integrals. In Section 2, we provide inequalities for the
generalized Sugeno integral. The results are obtained for a rich class of functions,
including the comonotone functions as a special case. In Section 3 we present the

corresponding results for the Choquet integral.

2 Carlson’s type inequalities for Sugeno integral

Let (X, F) be a measurable space and p: F — Y be a monotone measure, i.e.,
w(@) =0, u(X) > 0 and pu(A) < u(B) whenever A C B. Throughout the paper
Y =10,1] or Y = [0, 00]. Suppose o: Y XY — Y is a non-decreasing operator, i.e.
aoc>=bodfora>band c > d. An example of non-decreasing operators is a t-
seminorm, also called a semicopula [8, 24]. There are three important ¢-seminorms:
M, II and oy, where M(a,b) = a A b, II(a,b) = ab and oy(a,b) = (a+b—1) V0
usually called the Lukasiewicz t-norm [1§]. Hereafter, a Vb = max(a,b) and aAb =
min(a, b).

For a measurable function h: X — Y, we define the generalized Sugeno integral

of h on a set A € F with respect to p and a non-decreasing operator o: Y XY — Y



as

/hou:sug{aou(flﬂ{h>a})}, (2)
ac
A

where {h > a} stands for {x € X: h(z) > a}. For o = M, we get the Sugeno
integral [31]. If o = TI, then (2)) is called the Shilkret integral [28]. We denote
the Sugeno and the Shilkret integral as (.5) / fdup and (N) / f du, respectively.
Moreover, we obtain the seminormed fuzzy i?ftegml ifois a seﬁlicopula [30].

Let f,g: X — Y be measurable functions and A, B € F. The functions fj4
and g p are positively dependent with respect to u and an operator A: Y xY — Y
if for any a,b €Y

p({fazayn{gn=0}) 2u({faza}) su({an>0}), @

where h|c denotes the restriction of the function h: X — Y to aset C C X. Ob-
viously, {hc = a} ={z € C: h(z) > a} = CN{h > a}. Takinga A b= aAband
a A b= ab, we recover two important examples of positively dependent functions,
namely comonotone functions and independent random variables. Recall that f
and g are comonotone if (f(x) — f(y))(g(z) — g(y)) = 0 for all z,y € X. More
examples of positively dependent functions can be found in [16].

Suppose x,[1: Y x Y — Y are non-decreasing operators. Let {: Y xY — Y
be a non-decreasing and left-continuous operator, i.e. lim (z, oy,) = x oy for all
xn /' x and y, vy, where a, ' a means that lim a:LH:OOa and a, < a,41 for all
n. Assume A: Y XY — Y is an arbitrary operat(n);gond ffivg: X =Y 1=1,23,

are measurable functions.

We recall two inequalities for generalized Sugeno integral.

Theorem 2.1 ([I7]). For s > 1 and A € F, the Jensen type inequality

/fsw></fw)s (1)

holds if a® ob > (a0 b)® for all a,b €Y.



Remark 1. If o = A, then () is satisfied provided (S)/ fdu <1 (see [36] and
A
[16], Theorem 3.1).

Theorem 2.2 ([I6]). The Chebyshev type inequality of the form

/(flme)ow(/flou)o(/ﬁou) (5)

holds for all positively dependent functions fija, f2p and A, B € F if (a OJ b) o (c A
d) > (aoc) O (bod) for all a,b,c,d €Y.

Now we are ready to derive a Carlson-type inequality for the generalized Sugeno

integral.

Theorem 2.3. Suppose p,q > 1 andr,s > 0. Then for arbitrary pairs of positively
dependent functions fla, gp and fia, hp, the following inequality

<(A/fw>0(B/QOMDT*((A/J‘OM)O(B/hou))s (6)
< fowrenf ([ womres)

ANB ANB

1s satisfied if for all a,b,c,d €Y and s > 1,
a®ob> (aobd)’, (aOb)o(cad) > (aoc)d(bod). (7)

Proof. Observe that all integrals in (@) are elements of Y. From the Jensen in-

equality (), it follows that

1

/(ng)ou<</ (ng)pou)E, (8)

/(th)ou<</ (fljh)qo,u)%. (9)



The operator x is non-decreasing, so by () and (),

([ voaen) «( [ Gomen)

g(/ (ng)poM)’%*(/ (flﬂh)qou)? (10)

From (B]) we get

| (186)<u (/fou) (/@DOM) for = g, h. (1)
ANB B

To complete the proof, it is enough to apply (1)) to (I0). O
Theorem [23] extends all known (obtained by different methods) Carlson type
inequalities for the Sugeno integral. In order to see this, we first put A = B,
A=o=Aand 0=+ = ¢ = - in Theorem Putting further ¢ = 1, h = «x,
p=q=2,r=s=1and A =[0,1] yields the result of Caballero et al. [4]. If y is

the Lebesgue measure then

) [ 1an<v3((s) / rau) (1) / )

A

since (S)/ rdp = 0.5 and if f and g are comonotone, then fj4 and g4 are
[0,1]

positively dépendent with respect to the operator A (see Example 2.1 in [16]).
Setting r = s = 1, we obtain Theorem 3.1 of Xu and Ouyang [36]

®) [ ran< o= ( /f“’du) ( )/fqhqd;i)é,

where C' = <(S) / gdu) <(S)/ hd,u) (see Remark ). Taking » = p/(p+ ¢q) and
A A
s =1—r, we get Theorem 2.7 from [33]

1 1

®) [ rau< ( /fppdu) q((S)/fqhqdu)m,

A A



where

K= (<S>/gdu)ﬁq(<s>/hdu)p_iq.

Combining the above results with other inequalities for comonotone functions one
can also derive (similarly as in [6]) some related Carlson type inequalities for the
Sugeno integral.

From Theorem one can obtain many other Carlson type inequalities since

the conditions (1) are fulfilled by many systems of operators. Examples are:

1. A= AN and 0 = { = o, where o is any t-norm satysfying the condition
(a®ob) = (aob)® for s > 1 since aob < aAb and any t-norm is an associative

and commutative operator [18];
2. A=0=0= 0 =-onY =[0,1];
3. A=0= ¢ =-and o= A with Y =0, 1];
4. A=0=¢,0o=Aand Y = [0,1];

5. A=0 = { = o, where o is any t-norm satysfying the condition (a® o b) >
(aob)® for s > 1, e.g. the Dombi t-norm aob = ab/(a + b — ab);

6. 0 = ¢, A is any operator, aob = a for all a,b € Y and Y = [0,1] or
Y =0, 00].

Example 2.1. The following inequality for the Shilkret integral of a non-decreasing

function f is valid:

0 f 1w (o0 f ) (0 [ )’

where K = (A)-((N)/xdu)‘to see this put A= Aor A=-,9g=1,h =2z,
A
O=rx=0=o0=-p=qgq=2,r=s=1and A= B in Theorem 2.3

Example 2.2. Let (X, F, P) be a probability space. Put Y =[0,1],r=s=1,9 =
1,A=B=X, f=¢(U) and h =1 —1(U), where U has the uniform distribution
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on [0,1] and ¢, : [0,1] — [0, 1] are increasing functions. The functions f and h

are not comonotone but
P(fzah>2b) =W (1-b)—¢ '(a)r =P(f=a)o,P(h>b),

so f and h are positively dependent with respect to P and oy. The conditions ()
are satisfied for A= = ¢ = o and x = o = - (see [16], formula (40)), thus the

corresponding Carlson inequality takes the form
(N(F) op 1) - (N(F) or N(B)) < (N(f7) 7 (N((f o 2))) ",

where N(f / fdP.

3 Carlson’s type inequality for Choquet integral

In this section, u: F — [0, 00] is a monotone measure. Denote by M the set of

monotone measures on (X, F). The Choquet integral of f: X — [0,00) on A € F

/fdu / (AN{f> 1) dt,

where the integral on the right-hand side is the improper Riemann integral. A func-

is defined as

tion f is said to be integrable on a measurable set A if | fdu < oo. The impor-
tance of the Choquet integral still increases due to man}é applications in mathe-
matics and economics, see for instance [5], [7, 12, 13 [15].

First, we show that it does not exist a functional ¢: M — [0, o0] such that for

any monotone measure p and any integrable function f

/fdu (/gf d#)i(/hfgdu)i (12)

provided in}f{(g(x)h(w)) = 0. Indeed, put u(A) = 1forall A#0Q, f(x) =1forz =t
Te

and f(z) = 0 otherwise, where ¢ is any fixed point of X. Since / W dp = sup ¢(x),
reX
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from () we have 1 < ¢(u)(g(t)h(t))"*, a contradiction with in)f((g(a:)h(:c)) =0
Te
and ¢(u) < oo. Therefore, some extra conditions should be imposed on f, g, h or

L.
Now, we present the Carlson type inequality for the Choquet integral of comono-

tone functions.

Theorem 3.1. Let p,q > 1 andr,s > 0. Suppose f,g: X — [0,00) and f,h: X —

[0,00) are pairs of comonotone functions. If [ is integrable on A, then

[ran< K(M(A))d< [ ro d,u) e ( JEL dﬂ) T )
A A A

where K = (/gdu>_m(/hdu)_m andd:2—$<%+§>.
A A

Proof. Without loss of generality, we assume that 0 < p(A) < co. Put m(B) =
wW(ANB)/u(A) for B € F. For a given ¢ > 1, the following Jensen type inequality

(Jrsn) < from

is satisfied [I1], 19, [38]. Hereafter, we write / f dm instead of / fdm. From
A
(1)), we have

(i (v < (fron) ( fron). o

Since f, g are comonotone functions, the following Chebyshev inequality

/fgdm>/fdm/gdm

holds (see [10]). The functions f, h are also comonotone, so from (I3 we get

(/fdm)r+s(/gdm)7"</hdm)5< </fpgpdm>%</f%qdm)§_

Combining this with the equality / odm = (,LL(A))_1 / ¢ dp, completes the
A
proof. O



Putting g = 1 and r = s in Theorem B.I], we have

(o) < (f o)’ ([ )’

since / 1dp = p(A). This result was obtained by Ouyang for p,q > 1 as a con-

sequence of Holder’s inequality for the Choquet integral of comonotone functions
f, h and Chebyshev’s inequality [25], [37].

The inequality (I3)) is sharp. In fact, if u(B) = 1 for B # (), then / odu = s(9),
A
where s(¢) denotes the supremum of ¢ on A, so the inequality ([3)) takes the form

s(f) < slg) ™= s(h) 7 (s(£9)) 7 (s(FR)) 7. (16)

Since s(¢y)) = s(¢)s(y) for comonotone functions ¢, ¥ (see [21]), the equality in

(I6) is attained.
Now, we provide the Carlson type inequality for the Choquet integral with

respect to a submodular monotone measure p. Recall that p is submodular if
WA B) + u(AU B) < u(A) + u(B)

for A, B € F. The Choquet integral is subadditive for all measurable functions
f, g iff u is submodular (see [26], Theorem 7.7). Define

Hy(a,b) = (ab)» (/ mdﬂ)%. (17)

Theorem 3.2. If u is submodular, f: X — [0,00) and A € F, then
[ ran< 21/”Hpq( [orrau [br du), (18)
A A A

where p > 1 and 1/p+ 1/q = 1. The equality in (I8) is attained if (g/hfp dp +

q
h/gfp du) fP =~ for some v = 0 provided p is modular or gf? and hf? are

comonotone functions.



Proof. Since p is submodular, the following Holder inequality

A/mz)dm (A/Wdu);(A/wqdﬂ); (19)

is valid, where ¢,% > 0 (see [32], Theorem 3.5). The equality in (I9) holds if
ag? = py? for a, 5 > 0, a+ f > 0 [23]. By ([[9) and the subadditivity and
positively homogeneity of the Choquet integral, we get

_ /p 1
[ ran= g+ any e,
A A

<(fos )" (f )’
< (bA/gfpdquaA/hfpdu);<A/mdu)a. (20)

Putting a = / gfPdpand b = / hf? du, we obtain ([I8]). Note that if x is modular
A A
then from Theorem 7.7 of [26] it follows that

A/ (bgf* + ahf?) dp = A/ bg f7 A + A/ ahf? dp. O

If i is the Lebesgue measure, g(z) = 1, h(z) = 2%, p = ¢ =2 and A = [0, o0],
we obtain the classical Carlson inequality ().
Next, we present the Carlson type inequality for the Choquet integral with

respect to a subadditive monotone measure .

Theorem 3.3. Suppose f: X — [0,00), A C [0,00] and p € M such that (AU
B) < u(A) + u(B) for A,B € F. Then

A/ Jdu< 41/1’(% t %)H( A/ of” d, A/ hp du),

where Hy,(a,b) is given by (7)), p>1 and 1/p+1/q¢ = 1.

10



Proof. The proof is similar to that of Theorem B.2] but we use the following in-

equalities (see [29])

1 1

s (8 ([ (f o).

A

/(f+g)du<2</fdu+/gdﬂ).

instead of those in (20). Since (1/v/p+1/1/q)* < 2, the bounds obtained are better

than the bounds of [5]. O
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