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Abstract. In the last time some papers were devoted to the study of the con-
nections between binary block codes and BCK-algebras. In this paper, we try to
generalize these results to n-ary block codes, providing an algorithm which allows us
to construct a BC'K-algebra from a given n-ary block code.
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0. Introduction

Y. Imai and K. Iseki introduced BCK-algebras in 1966, through the pa-
per [Im, Is; 66], as a generalization of the concept of set-theoretic difference
and propositional calculi. This class of BCK-algebras is a proper subclass
of the class of BCI-algebras and has many applications to various domains of
mathematics.

One of the recent applications of BC' K-algebras was given in the Coding
Theory. In the paper [Ju,So; 11], the authors constructed a finite binary block-
codes associated to a finite BC' K-algebra. In [F1; 15], the author proved that, in
some circumstances, the converse of the above statement is also true and in the
paper [B,F; 15] the authors proved that binary block codes are an important
tool in providing orders with which we can build algebras with some asked
properties. For other details regarding BC K -algebras, the reader is referred to
[Is, Ta; 78].

In general, the alphabet on which are defined block codes are not binary.
It is used an alphabet with n elements, n > 2, identified usually with the set
A, ={0,1,2,...,n—1}. These codes are called n—ary block codes. In the present
paper, we will generalize this construction of binary block codes to n—ary block
codes. For this purpose, we will prove that to each n—ary block code V we
can associate a BC K-algebra X such that the n—ary block-code generated by
X, Vx, contains the code V' as a subset.
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1. Preliminaries

Definition 1.1. An algebra (X, *,0) of type (2,0) is called a BCI-algebra
if the following conditions are fulfilled:

D ((xxy)«x(x*2)x(zxy) =0, for all z,y,2z € X;

2) (zx(zxy))xy =20, forall z,y € X;

3)xxx =0, forall z € X;

4) For all z,y,z € X such that x xy = 0,y xx = 0, it results x = y.

If a BCI-algebra X satisfies the following identity:
5) Oxx =0, for all x € X, then X is called a BCK-algebra.

A BCK-algebra X is called commutative if z  (z xy) = y* (y * x), for all
x,y € X and implicative if = x (y xx) = x, for all x,y € X. A BOK-algebra
(A, *,0) is called positive implicative if and only if

(xxy)xz=(r*xz2)x(yx2z), forall z,y,2 € A.

The partial order relation ”<” on a BC'K-algebra is defined such that z <y
if and only if x xy = 6.

An equivalent definition of BC K-algebra was gave in the following proposi-
tion.

Proposition 1.2. ([Me, Ju; 94], Theorem 1.6) An algebra (X, *,0) of type
(2,0) is a BCK-algebra if and only if the following conditions are satisfied:

1) ((xxy)x(x*x2))*x(z2xy) =0, for all z,y,z € X;

2) x*x (0xy) =a,for all z,y € X;

3) For all z,y,z € X such that xxy =0,y xx =0, it results x = y.

Let (X,*,0) be a finite BCK-algebra with n elements and A be a finite
nonempty set. A map f : A — X is called ¢« BCK-function. Let A, =
{0,1,2,...,n — 1}. In the following, we will consider BCK algebra X and the
set A under the form: X = {rg,r1,....,7n—1}, A = {0, 21, ..., Tm-1},m < n. A
cut function of f is a map f,, : A = A,, r; € X, such that f, (z;) = k if
and only if r; % f (z;) = r, for all rj,ry € X, 2; € Ai,5,k € {0,1,2,...,n— 1}.
For each BCK-function f : A, — X, we can define an n—ary block-code with
codewords of length m. For this purpose, we consider to each element r € X
the cut function f. : A — A, ,r € X. To each such a function, will correspond
the codeword w,., with symbols from the set A,. We have w, = wow;...w,_1,
with w; = 7, j € A, if and only if f, (x;) = j, that means r x f (i) = r;. We



denote this code with Vx. In this way, we can associate to each BC K-algebra
an n—ary block code.

Example 1.3. We consider the following BC K-algebra (X, x, 6), with the
multiplication given in the following table (see [Ju,So; 11] , Example 4.2).
* |0 a b ¢

010 66 0 0
ala 6 606 a
b|b a 6 b
cle ¢ ¢ 6

We have X = {0,a,b,c} A= A4 ={0,1,2,3}.We consider f: A — X, f(0) =
0,f(1)=ua,f(2)=0b,f(3)=cand f,: Ay — Ay,r € X, a cut function.

To r = 6, corresponds the codeword wg = 0000. For » = a, we obtain the
codeword 1001. Indeed, f, (0) =1, sincea* f (0) =a*xf =a= f(1);f.(a) =0
since ax f(l) =axa =0 = f(0);f,(b) =0and ax f(2) =axb =10 =
JO); fale) =1, alsoaxf(3) =axc—a=(1);

We wonder if and in what circumstances the converse is also true?
In the following, we will try to find answers at this question.

2. Main results

Let A, = {1,2,...,n — 1} be a finite set and V = {wy,wa,...,wn} be
n—ary codewords, ascending ordered after lexicographic order. We consider
W; = Wit Wia...Wiq, wi; € AL, j € {1,2,...,q}, with w;; descending ordered such
that

Wi, <k, 1€{1,2,....m}, ke {l,2,...,min{n—1,¢}}

and w;; = 1 in the rest.

Definition 2.1. Let V be the n—ary codeword, defined above. To this
code we associate a matrix M = (ast); se(01,..r—1}» M € My (Ay), where r is
defined in the following.

Case 1. ¢ < n. Let r =n —14 m. We define ags = 0, agg = 5,095 = 0,
s€{0,1,2,..,r—1}. For1<s<n—1,putayg=1,ift <s, ays=0,ift>s.
For s >n—1, define oy = wy, for t € {1,2,...,q} and asq+; = 1, for ¢+j < s.
We have ag = 0, for t > s.

Case 2. ¢ > n. Let r=m+ g+ 1. We define a,s =0, asg = s,a0s = 0,5 €
{0,1,2,....7r —1}. For 1 < s < ¢, define agy = 1, if t < s, agy =0, if t > 5. For
s> ¢q, put oy = wy, for t € {1,2,...,q} and agq4; =1, for ¢+ j < s. We have
ag =0, for t > s.

The matrix M is called the matrix associated to the n—ary block code V =
{w1,wa, ..., wp } and is a lower triangular matrix. Example of such a matrix can
be found in Section 3.



Definition 2.2. With the above notations, let M € M, (4,) be the
matrix associated to the n—ary block code V = {w; ws,...,wy} defined on
Al and A, ={0,1,...,7 — 1} be a nonempty set. We define on A, the following
multiplication

i*j:ozij:wij:k.

Theorem 2.3. With the above notations, we have that (A,,*,0) is a BCK-
algebra.

Proof. Since conditions 2), 3) from Proposition 1.2 are satisfied using
Definition 2.1, we will only prove that ((i*j) * (i xk)) * (kxj) = 0, for all
i,j ke {0,1,..,r—1}.

Case 1: j =0,k # 0. We will prove that (i x (i xk)) * £k = 0. For ¢ = 0 it is
clear.

For k =0, we obtain (i * (i x0)) *x0 = (i*4) *0 = 0.

For k # 0,4 > r—m,k € {1,2,...,q},we have (i % (i xk)) = win,, < k,
therefore (i * (i % k)) x k = 0.

For k #0,i>r—m,k > q+1,i > k,we have (ix(i*xk))*k = 0, since
ixk=1,1x1<n-—-1<k.

Fori<r—m, k <q+1, wehave (i*(ixk))xk=0sinceixk=1,ix1=1
and 1xk =0.

For i <r—m, k> q+1, we have (i x (i*k)) xk = 0 since i x k = 0, we
obtain (i x0)xk=1ixk = 0.

Case 2: k = 0,j # 0. We will prove that (i * j) xi = 0. We always have that
i* j <4, therefore (i * j)*i=0.

Case 3: k # 0,j # 0. We will prove that ((i % j) % (i x k)) % (k* j) = 0. For
1 =0, it is clear. We suppose that i # 0.

Fori>r—mand j,k <r—m,j <k Wehaven—12> (ixj) > (ixk),
therefore ((i*j) * (ixk)) = 1. We also obtain k % j = 1, therefore ((i*j)
(ixk))*x(kxj)=1x1=0.

Fori>r—mand j,k <r—m,k <j. Wehave n — 1 > (ixj) < (i x k),
therefore ((i % j) % (i x k)) = 0. It results that ((i % j) * (i xk)) * (k% j) = 0.

Fort:>r—mand j,k>r—m,7 <k. Wecan have 1 *xj =1 and i x k =
1,therefore (i % j)* (i* k) = 0. We can also have i*j =1,ixk =0and kxj = 1,
since j < k. It results that ((i* j)* (i xk))* (k*j) = (1%0)*x1=1%1=0. Or,
we can have i x j = 0,7 * k = 0, therefore the asked relation is zero.

Fori>r—mand j,k >r—m,k < j. Wecan have i xj =1 and i x k =
1,therefore (i % j)* (i * k) = 0. Or, we can haveixk =1,i%j =0 and k*j =0,
therefore we obtain zero. We also can have ¢ x j = 0,7 x k = 0, therefore the
asked relation is zero.

Fori>r—mand k <r—m < j. We can have 7 *x j = 0, therefore the asked
relation is zero. We can have ¢« j = 1. It results ((i xj) * (i*k)) x (kxj) =
(I%(ixk))*x0=1%5=0,since k < j and 5 > 0.

Fori>r—mand j < r—m < k. We have ixj = 1.If ixk = 1, we obtain zero.
Ifixk =0, it results ((ixj)x(ixk))x(kxj) = (1%0)*(k*xj)=1x(kxj) =0,
since k x j > 1.



Fori<r—mand j,k <r—m,j <k. Wehaveixj=1,ixk =1, therefore
we obtain zero.

Fori <r—mand j,k <r—m,k < j. We can have ((i x j)* (i x k)« (k* j) =
(I1x1)%0=0. Or, we can have (i * j) = 0, therefore we obtain zero.

Fori <r—mand j,k <r—m,j <n—1+max{qg,m} —m < k. We have
ixj=1ixk=0and kxj =1 Ttresults ((i*j)x(ixk))*x(k*j)=(1%x0)x1=
1x1=0.

Fori<r—mand k <r—m,k <r—m < j We can have ((i % j) % (i x k)) *
(kxj)=(1%1)%0=0. Or, we can have (i x j) = 0, therefore we obtain zero.

Fori <r—mand j,k > r—m,j < k. We have (i * j) = 0, therefore we
obtain zero.

For i <r—m and j,k > r—m,j > k. We have (i x j) = 0, therefore we
obtain zero. [J

Remark 2.4.

1) BCK-algebra (A,,#,0) obtained in Theorem 2.3 is unique up to an
isomorphism.

2) From Theorem 2.3, let (A,,*,0) be the obtained BCK-algebra, with
A, ={0,1,2,..r — 1}. f X = {ap = 6,a1,a2,...,a,_1}, with multiplication
7o” given by the relation a; o a; = aj if and only if ¢ x j = k, for i,j.k €
{0,1,2,...,r — 1}, then (X, o0,0) is a BCK-algebra.

3) If we consider 4, = {0,1,2,...q—1}, themap f : A, — X, f (i) = a;, gives
us a code Vx, associated to the above BC'K-algebra (X, o,6), which contains
the code V as a subset.

Definition 2.5. Let (X, x,6) be a BCK-algebra, and I C X. We say that
I is a right-ideal for the algebra X if 0 € I and x € I,y € X imply x xy € I.
An ideal I of a BCK-algebra X is called a closed ideal if it is also a subalgebra
of X (ie. 8§ € I and if z,y € I it results that x xy € I).

Let V be an n—ary block code. From Theorem 2.3 and Remark 2.4, we can
find a BC'K-algebra X such that the obtained n—ary block-code Vx contains
the n—ary block-code V' as a subset.

Let V' be a binary block code with m codewords of length ¢. With the above
notations, let X be the associated BC K-algebra and W = {6, w1, ..., w, } the as-
sociated n—ary block code which include the code V. We consider the codewords
0, wq,wa, ..., w, lexicographically ordered, 8 >icp W1 Ziex W2 Ziex - Zlea Wr.
Let M € M, (A,) be the associated matrix with the rows 0, wy, ..., w,, in this
order. Let Ly, and Cy; be the lines and columns in the matrix M. We consider
the sub-matrix M’ of the matrix M with the rows Ly, , ..., Ly, and the columns
C C which is the matrix associated to the code C.

Wm+17 ***) Y Wm+q)

Proposition 2.6. With the above notations, we have that
{0, w1, Wy — ), Wr—mt1, -, Wy} determines a closed right ideal in the algebra X.

Proof. Let Y = {0, w1, Wr—m, Wr—mi1,...,wr . We will prove that y €
Y,x € X imply y * x € Y. From the definition of the multiplication in the
algebra X, we have that y* 2 € {0, w;}. In the same time, if z,y € Y it results
that x xy € Y, since y x x € {6, w1 }.



3. Examples

Example 3.1. Consider A7 = {0,1,2,3,4,5,6}, n = 7, ¢ = 4, m = 3,
r=9,V ={w,ws, ws}, with w; = 3211, wy = 4221, w3 = 4321. The matrix M
associated to the n—ary code V, is
0 0

Il
|| T =W N~
N ISUIIEY e B e Nen)
NN ROl o
el ) L k=l K=l K =] k=]
[l K==l ==] Nen] Nen] Ren] Nan] Nan)

NN =R O
[l Rl B K==) Hen) Hen) Nl Nean) Han)
k=] k=] k=] k=] ko] Ee] Fe] Fen]
(o] Neu) Ren] Hen] Hen) Hen] Ren] Ran] Nas)

oo

4 1

and the corresponded BC'K-algebra, (X, ,6), where
X = {ao = 9, ai,az,as,qaq,as5, a6, ay, ag},
with the following multiplication table
* 0 a1 | as | az | as
0 [0 (0 |6 |0 |0
al a1 0 0 0 0
0
0
0

w
=

)

a9 a9 aq 0 0

as as aq aq 0

a4 (47} al a1 al
as as aq aq aq aq
Qg ag as ao ajp a aq
ar ar ay ao ag ax aq aq
as as ay as ag a aq aq ay

If we consider A = {1,2,3,4}. Themap f : A = X, f(1) = a1,f(2) =
as, f (3) = as, f (4) = a4 gives us the following block code
V' = {0000, 1000, 1100, 1110, 1111, 3211, 4221, 4321}, which contains V as a
subset.

We remark that this algebra is not commutative since a7 x (a7 * ag) = a7 *
a1 = a4 and ag * (ag * a7) = ag * 0 = ag. This algebra is not implicative since
ag * (a7 *xag) = ag * a1 = ag # ag. This algebra is not positive implicative
since (z*xy) x z £ (x*2z)* (y *x 2). Indeed, (ar*ag) x a3 = a1 xaz = 0 #
(a7 *ag) * (CLG * CL3) = a2 *xa1 = aj.

DD DD DD DD 2
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Example 3.2. Let A4 = {0,1,2,3}, n=4,¢=5, m=3,r=9,V =
{w1, we, w3}, with wy = 21111, we = 32111, w3 = 33111. We obtain the matrix
M associated to the n—ary code V,



=

Il
N[O T =W N —O
(IR ) e e K=l N =)
N ===l
il e k=l =] k=] K] K]
ol Bad K=l =] =] K==] Hen] Ren}
el K==l ==] He»] Neu) Ren] Nen) Ran]

[ | | R OO OO
o K=ol Hevl Nen) Nen] Nen) Rav) Nen) Nan)
OO OO OO OO

oo
w
w
—
—
[
o

and the corresponded BC'K-algebra, (X, ,6), where
X = {ao = 9, ai,a,as,aq,as, g, ay, ag},
with the following multiplication table
* 0 aq a9 as a4
0 |6 (9 (6 |6 |06
aq aq 0 0 0 0
0
0
0

ag ag al 0 0
as as aq aq 0

g | G4 | Q1 | G1 | Q1
as | as | a1 | ay | a1 | &1
ag | G | A2 | Q1 | a1 | a1 | A1
a7 | ar |4z | az | az | a1 | a1 | 4y
ag | ag | a3 | az | a1 | a1 | a1 | a1 | &1

If we consider A = {1,2,3,4,5}. Themap f: A = X, f(1) = a1, f(2) =
as, f (3) = as, f (as) = 4, f (a5) = 5, gives us the following block code Vx =
{00000, 10000, 11000, 11100, 11110, 21111, 32211, 33111}, which contains V as
a subset.

QDQDQDQDQDQDQDQDS
%%%%%%%%%o%

Example 3.3. We consider A4 ={0,1,2,3}, n=4,¢=5 m =5, r =11,
V = {wl,wg,wg,w47w5}7 with wp = 11111,’[1}2 = 21111,’[1}3 = 31111711}4 =
32111, w5 = 33111. We obtain the matrix M associated to the n—ary code V,
0 {0010 0 0({0]0

DN k| | e [ R ]| — ]| OO
| = = =] OO O OO
el L Rl R K=l R =] R ==] R en) Hen] Rean]

Wl W N =[] —R~—~=O

= OO0 || UY x| W N~
Pt | e [ ek | e | e [ =] = O OO
R e N N el Hen] Hen) Hen] Ren] Nan)
ol Bl e Nenl Hen) Hen) Nen) Hen) Hen) Ren) Nan}
[l Bl o=l Hen) Nen) Ren] ool Nl Hen] Nan)
e k=l E=] k=] Fo] K] Fo] Fo] Fen) Ken)
OO OO OO OO

0

and the corresponded BC K-algebra, (X, *,6), where
X ={ao = 0,a1,a2,a3,a4, a5, a6, ar, as,ag,aio},
with the following multiplication table

w
w
—
—
o




* 0 ai an as Q4 as Qg ay as ag aio
0 0 o |6 (6 |6 |66 |66 |6 (60 |6 |0
ar |a |6 |6 |0 |6 |6 |66 |6 |6 |6 |0
ax |az a1 |0 |0 |0 |0 |0 |6 [0 |6 |0
as as aq ay 0 0 0 0 0 0 0 0
a4 a4 al a1 al 0 0 0 0 0 0 0
as as aq aq aq aq 0 0 0 0 0 0
Qg Qg ap a ap ap a 0 0 0 0 0
ar ar ag ag ai ai ag aq 0 0 0 0
as as as a ajp ap a ay aq 0 0 0
ag ag as ao ai ap ax aq aq aq 0 0
alp |ao |az |az |a; |ar|a; |a1 |a |a|a |0

If we consider A = {1,2,3,4,5}. Themap f: A = X, f(1) = a1, f(2)
as, f (3) = as, f (ag) = 4, f (a5) = 5, gives us the following block code V' =
{00000, 10000, 11000, 11100, 11110,11111,21111,31111, 32111, 33111}, which
contains V' as a subset.

Conclusions. In this paper, we proved that to each n—ary block code
V' we can associate a BC K-algebra X such that the n—ary block-code gener-
ated by X, Vx, contains the code V as a subset. This algebra is unique up to
an isomorphism and X is not commutative, not implicative and not positive
implicative BC' K-algebra.

As a further research will be very interesting to study properties of the above
constructed codes and how these codes in connections with their associated
BC K-algebras.
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