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Abstract

In 2011, tense 6-valued Lukasiewicz—Moisil algebras (or tense L My-algebras) were introduced by Chirita as an algebraic
counterpart of the tense 6-valued Moisil propositional logic. In this paper we develop a topological duality for these algebras.
In order to achieve this we extend the topological duality given in Figallo et al. (J Mult Valued Logic Soft Comput 16(3—
5):303-322, 2010), for #-valued Lukasiewicz—Moisil algebras. This new topological duality enables us to describe the tense
L Mg-congruences and the tense 6 L My-congruences on a tense L Mp-algebra and also to determine some properties of these

algebras.
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1 Introduction

In 1940, the first system of many-valued logic was introduced
by J.Lukasiewicz, and his motivation was of philosophical
nature as he was looking for an interpretation of the concepts
of possibility and necessity. Since then, plenty of research has
been developed in this area. In 1968, when Gr.C. Moisil came
across Zadeh’s fuzzy set theory, he found the motivation he
had been looking for in order to legitimate the introduction
and study of infinitely valued Lukasiewicz algebras, so he
defined #-valued Lukasiewicz algebras (without negation)
or L My-algebras, for short, where 6 is the order type of a
chain. These structures were thought by Moisil as models of
a logic with infinity nuances.

Propositional logics usually do not incorporate the dimen-
sion of time; consequently, in order to obtain a tense logic, a
propositional logic is enriched by the addition of new unary
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operators (or connectives) which are usually denoted by
G, H, F and P. Tense algebras (or tense Boolean algebras)
are algebraic structures corresponding to the propositional
tense logic (see Burges 1984; Kowalski 1998).

An algebra (A, v, A, —, G, H, 0, 1) is a tense algebra if
(A, vV, A,—,0, 1) is a Boolean algebra and G, H are unary
operators on A which satisfy the following axioms for all
X, y€A:

G(Hh)=1,H() =1,
GxAy)=Gx)ANGY), Hx Ay)=H((x) AN H(y),
x<GPx),x < HF (x),

where P(x) = —H(—x) and F (x) = =G (—x).

Taking into account that tense algebras constitute the
algebraic basis for the bivalent tense logic, Diaconescu and
Georgescu (2007) introduced in the tense M V -algebras and
the tense Lukasiewicz—Moisil algebras (or tense n-valued
Lukasiewicz—Moisil algebras) as algebraic structures for
some many-valued tense logics. In recent years, these two
classes of algebras have become very interesting for sev-
eral authors (see Botur et al. 2011; Chajda and Paseka
2015; Chirita 2010, 2011, 2012a; Figallo and Pelaitay 2011,
2015a,b). In particular, Chiritd (2010, 2011) introduced
tense 6-valued Lukasiewicz—Moisil algebras and proved an
important representation theorem which made it possible to
show the completeness of the tense 6-valued Moisil logic
(see Chirita 2010). In Diaconescu and Georgescu (2007), the
authors formulated an open problem about representation of
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tense M V-algebras, and this problem was solved in Botur
and Paseka (2015), Paseka (2013) for semisimple tense MV -
algebras. Also, in Botur et al. (2011), tense basic algebras
which are an interesting generalization of tense M V -algebras
were studied.

The main purpose of this paper is to give a topological
duality for tense 0-valued Lukasiewicz—Moisil algebras. In
order to achieve this we will extend the topological duality
given in Figallo et al. (2010), for #-valued Lukasiewicz—
Moisil algebras.

The paper is organized as follows: In Sect. 2, we briefly
summarize the main definitions and results needed through-
out this article. In Sect. 3, we develop a topological duality
for tense 6-valued Lukasiewicz—Moisil algebras, extend-
ing the one obtained in Figallo et al. (2010) for #-valued
Lukasiewicz—Moisil algebras. In Sect. 4, the results of Sect. 3
are applied. We characterize congruences and 6-congruences
on tense 6-valued Lukasiewicz—Moisil algebras by certain
closed subsets of the space associated with them. Also,
we determine some properties of these algebras. Finally,
in Sect. 5, we will obtain another characterization of tense
6-congruences on a tense 0-valued Lukasiewicz—Moisil alge-
bra.

2 Preliminares

The notions and results announced here will be used through-
out the paper.

2.1 H-valued ukasiewicz-Moisil algebras

The following assumption will be needed throughout the
paper.

Let & > 2 be the order type of a totally ordered set J with
least element 0, being J = {0} + I (ordinal sum) and (I, <)
with first and last element.

Definition 1 (Boicescu et al. 1991) An algebra (A, Vv, A,
{@itier, {@itier, 0, 1) of type (2, 2, {1}ier, {1}ier, 0,0) isan
0-valued Lukasiewicz—Moisil algebra without negation (or
L My-algebra), if

i) (A, Vv, A,0,1)is abounded distributive lattice,
(i1) ¢;, @;, i € I, are unary operations on A which satisfy
the following conditions forany i, j € I and x,y € A:

(L1) ¢; is an endomorphism of bounded distributive lat-
tices,

L2) pix Voix =1, gix ANpix =0,

(L3) pigjx = ¢jx,

(L4) i < jimplies g;jx < ¢;x,

(LS) ¢ix =¢;yforalli € I imply x = y.
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An LMg-algebra (A, v, A, {¢;}ier, {@;}ier, 0, 1) will be
denoted in the rest of this paper by A or by (A, {piticr s
{ai}iel)‘

Axiom (LS5) in Definition 1 can be replaced by :
(L5%) gix < ¢;y foralli € I imply x < y.

Note, however, that we will use the same symbol 0 (symbol
1) for the least (greatest) elements of J and of the algebra A
under investigation.

If (A, {@i}icr - {@i},.,) is an L Mg-algebra, then

(L6) foranyi, j € I,9i¢; = 9;9; =¢; and 9,;0; = ¢;.
If the set I has least element 0 and greatest element 1,
then

(L7) poa <a < ¢raforanya € A.

It is well known that there are L My-congruences (or con-

gruences) on L My-algebras such that the quotient algebra
does not satisfy the determination principle (L5). That is the
reason why a new notion was defined as follows:
“A 6 L Mg-congruence (or §-congruence) on an L My-algebra
is a bounded distributive lattice congruence ¥ such that
(x,y) € v if and only if (p;x,¢;y) € O foralli € I”.
([3, 12]).

The following characterizations of the Boolean elements
of an L My-algebra will be useful for the study of these alge-
bras:

(L8) Let A be an L Mpy-algebra and let 5(A) be the set of
all Boolean elements of A. Then, for each x € A, the
following conditions are equivalent:

(i) x € B(A),
(i1) there are y € A andi € [ such that x = ¢;y (x =
?iy),
(iii) thereis iy € I such that x = @;,x (x = @-Ox),
@v) foralli e I, x = gjx (x = @;x).

2.2 Atopological duality for LMg-algebras

In Figallo et al. (2010), extended Priestley duality to L Mp-
algebras considering 6-valued Lukasiewicz—Moisil spaces
(or L My-spaces) and L My-functions. More precisely, these
authors introduced the following notions:

Definition2 A 6-valued Lukasiewicz—Moisil space (or
L Mg-space) is a pair (X, {f,-},-el) provided the following
conditions are satisfied foralli, j € I and forall x, y € X:

(IP1) X is a Priestley space (Priestley 1970),
(IP2) f; : X — X is a continuous function,
(IP3) x <y implies f;(x) = fi(y),
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(IP4) i < j implies f;(x) < fj(x),

aP5) fio fj = fi,

(IP6) U;c; fi(X) is dense in X (ie. ;e fi(X) = X,
where Z denotes the closure of Z for all Z C X).

Definition3 An L Mjy-function from an L My-space (X,
{fi}ier) into another (X', { f/}._,) is an increasing and con-
tinuous function f from X into X’ satisfying f/o f = fo f;
foralli e I.

It is worth mentioning that condition (IP6) is equivalent
to the following one:

(IP7) If U and V are increasing!, closed and open subsets of
Xand f;'(U) = 7' (V) foralli € I, then U = V
(Figallo et al. 2010).

Besides, if (X, {fi}ics) is an L Mg-space, then for all x €
X, the following properties are satisfied (Figallo et al. 2010):

(P8) x < fi(x)or fi(x) <xforalli € I.
If 1 has least element 0 and greatest element 1, then
(IP9) fo(x) < x and fy(x) is the unique minimal element
in X that precedes

(IP10) x < fi1(x) and fi(x) is the unique maximal element
in X that follows x.

Furthermore, the above properties allowed them to assert that

(IP11) X is the cardinal sum of the sets 1t {fi(x)}iesU |
{fi(x)}ier forx € X,where | z={x € X : x <z}
andtz={xeX:z<x}forallz e X.

If I has least element 0 and greatest element 1, then

(IP12) X is the cardinal sum of the sets [ fo(x), f1(x)] for
x € X,where [y,z]={x e X: y <x <z}forall
v,z € X.

Although in Figallo et al. (2010) the authors developed a

topological duality for L Mg-algebras, next we will describe
some results of it with the aim of fixing the notation we are
about to use in this paper.
(AD) If (X, {fi}ies) is an LMy-space and D(X) is the lat-
tice of all increasing, closed and open subsets of X, then
(D(X), {(piX}iel , {Eix}id) is an L My-algebra, where for all
i € I,theoperations <pl.x and@ix aredefined forallU € D(X)
by means of the formulas:

! Recall that W is an increasing subset of X iff x € W and x < y imply
yeW.

X)) = £ (WU) and X (U) = X\ £ (). (1)

(A2 If (A, {piticr > {g?i }iel) isan L My-algebraand X (A) is
the set of all prime filters of A, ordered by inclusion relation
and with the topology having as a sub-basis the sets

oa(a) ={S € X(A): ae S} foreacha € A, 2)
and
X(A)\oa(a) foreach a € A.

Then, (X (A), { f# }iel) is the L My-space associated with
A, where for all i € I, the function fl.A : X(A) — X(A)
is defined for all S € X (A) by the prescription:

29 =7 1(9). )

(A3) Let (A, {pilier, {Ei}id) be an L My-algebra and o4 :
A —> D(X(A)) be the function defined as in (2), then o4
is an L Mg-isomorphism.

(A4) Let (X, {fi}ies) be an LMp-space and ex : X —>
X (D(X)) be the function defined by

ex(x) ={U e D(X): x € U}, forall x € X, (@)

then ey is an isomorphism of L My-spaces.

(AS) Let h @ (A, {ilics - {ai}iel) — (A, {(p;}iel’
{¥;},.,) be an LMy-homomorphism. Then, the map @ (k) :
X(A") — X(A) is an L My-function, where

@ (h)(S) = h~1(S), forall S e X(A). (3)

(A6) Let f : (X, {filies) — (X {f{},.,;) be an LMj-
function. Then, the map ¥ (f) : D(X’) — D(X) is an
L Mg-homomorphism, where

w(f)U) = f~'(U), forall U e D(X'). (6)

Then, using the usual procedures they proved that the cat-
egory lpP of LMg-spaces and L Mp-functions is naturally
equivalent to the dual category of the category lg.A of L M-
algebras and their corresponding homomorphisms, where the
isomorphisms o4 and ex are the corresponding natural equiv-
alences.

In addition, this duality allowed them to characterize the
congruences and 6-congruences on these algebras for which
they introduced these notions:

Definition 4 Let (X, {f,-},-el) be an L Mg-space and let Y be
a subset of X.

(i) Y is semimodal if (J;,; fi(Y) C Y, or equivalently
Y S Urer /7).

@ Springer
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(i) ¥ is modal if ¥ = U, ;' (¥).
(i) Y isa@-subsetif U;c; fi(Y) S Y C Ui fi(Y).

Then, the authors proved the lattice of all semimodal and
closed subsets and the lattice of all closed #-subsets of the
L Mg-space associated with an L Mpy-algebra play a funda-
mental role in the characterization of L Mg-congruences and
6 L My-congruences on these algebras, respectively, as we
shall indicate next.

Theorem 1 (Figallo et al. 2010, Theorem 2.1.1) Ler (A,

{oitier s {@i}iel) bean LMy-algebraandtg(A) = (X(A),

{ fiA}i c 1) be the L My-space associated with A. Then, the
lattice Cs(X9(A)) of all semimodal and closed subsets of
Lo (A) is anti-isomorphic to the lattice Conyy,(A) of all
LMy-congruences on A, and the anti-isomorphism is the
function Og defined by the prescription:

Os(Y) ={(a,b) e Ax A:os@NY =o4(b)NY}
forall Y € Cs(X(A)). (7

Theorem 2 (Figallo et al. 2010, Theorem 2.1.2) Let (A,
{oi}icr > {Ei}id) be an LMy-algebra and let Yy(A) =
(X(A), {fiA}iel) be the LMjy-space associated with A.
Then, the lattice Co(Ly (A)) of all closed 0-subsets of Ly (A)
is anti-isomorphic to the lattice Congrp, (A) of all 0 LMp-
congruences on A, and the anti-isomorphism is the function
Oy defined as in Theorem 1.

2.3 Tense B-valued ukasiewicz-Moisil algebras

In Chiritd (2011), made the first step in solving the prob-
lem to develop a tense logic based on the 8-valued Moisil
logic. In order to do this, the author introduced the tense 6-
valued Lukasiewicz—Moisil algebras by extending the tense
Boolean algebras and the tense n-valued Lukasiewicz—Moisil
algebras. The notion of tense 6-valued Lukasiewicz—Moisil
is obtained by endowing 6-valued Lukasiewicz—Moisil alge-
bra with two unary operations G and H similar to the tense
operators on a Boolean algebra and the tense operators on
an n-valued Lukasiewicz—Moisil algebra. Next we will indi-
cate the basic definition, properties and examples of these
algebras.

Definition 5 An algebra (A, vV, A, {¢i}ics » {@-}ie[ ,G,H,
0, 1) is a tense O-valued Lukasiewicz—Moisil algebra (or
tense L Mp-algebra) if (A, Vv, A, {¢i}icr > {@i}iel ,0,1), is
an LMpy-algebra and G, H are two unary operators on A
which satisfy the following properties for all x, y € A and
foralli € I:

(T1) G(1)=1and H(1) = 1,
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(MT2) GxAy) =Gx)ANG(H)and Hx Ay) = H(x) A
H(y),

(T3) G(gix) = ¢;iG(x) and H (p;x) = ¢; H(x),

(T4) Gx)vy=1iffxv H(y) = 1.

A tense L My-algebra (A, V, A A@ilicr - {@i},, . G. H
0, 1) will be denoted in the rest of this paper by (A, G, H
or by (A, {gilicr {Ei}iel , G, H).

Proposition 1 (Chiritd 2011, Proposition 3.1) Ler (A,
{oi}icr s {@}ie] ,G, H) be atense LMy-algebra and B(A)
= {gi(x) : x € A}c;. Then, (B(A), G |B(a). H |B(a)) is a
tense Boolean algebra.

)

Definition 6 Let (A, {goi}iel,{@}iel,G,H) be a tense
LMy-algebra and let P, F : B(A) —> B(A) be the opera-
tors defined for all x € A and i € I by the prescriptions:

1) Plgpix) :==9; H(¢;x) = ~H(—g¢ix),
(i) F(gix) :=9; G (@;x) = ~G(—gix),
where —y is the complement of y for all y € B(A).

From Definition 6 it follows that F and P are the opera-
tions on the tense Boolean algebra (B(A), G |y, H |5(A)).

Definition 7 Let (A, {¢i}ic; {@i}iel ,G,H) be a tense
LMpy-algebra and for eachi € I,let P;, F; : A — A
be the operators defined for all x € A by the prescriptions:

(i) Pi(x):= Plpix) =9; H(@;x) = ~H(@;x),
(i) Fi(x) := F(gix) =9; G (g;x) = =G (@;x).

Remark 1 From Definition 7 it follows that for all i € I,
F; |Bay= F and P; |gay= P, where F and P are the
operations defined on B(A) in Definition 6.

Lemma 1 Let (A, G, H) be a tense LMy-algebra. Then, the
following properties hold for alli, j € I, x € Aand S €
X(A):

(i) Fi(x), Pi(x) € B(A),
(ii) 7 < j implies that F;(x) < Fj(x) and P;(x) < Pj(x),
(i) i < j implies that F;'(S) € F;'(S) and P7'(S) <
P7L(S),
i) ¢! (Fl._l(S)) = F7'(S) and ¢ (Pi_l(S)) _
P(S).

Proof (i): If follows immediately from Definition 6 and
Remark 1.

(ii): Leti, j € I,i < j, then by property (L4) of LMp-
algebras we have that ¢;(x) < ¢;(x) for any x € A.
From this last assertion and the fact that the operators
F and P defined on the tense Boolean algebra 3(A) are
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monotonous, we infer that F(¢;(x)) < F(g;(x)) and
P(pi(x)) < P(gj(x)) for any x € A, and therefore,
Fi(x) < Fj(x) and P;(x) < P;j(x) forany x € A.

(iii): Leti, j € I,i < j, and suppose that F;(x) € S. Since
by (ii), F;(x) < F;(x) and § is a filter of A it follows
that Fj(x) € S and so Fl._l(S) C Fj_l(S). The proof
of the other inclusion is similar.

(iv): Itis a consequence of the fact that each of the following
statements is equivalent to the next one in the respective
sequences, in which are taken into account Definition
7 and property (L3) of L My-algebras:

Fi(pj(a)) € S; F (¢i (pja)) € S

F((pja) €S:Fj(a)eSs.

Pi(pj(a)) € S; P (i (pja)) € S; P (pja) € S;
Pj(a) €S.

O

Proposition 2 (Chiritd 2011, Proposition 3.4) Ler (A,
{piticr > {@i}iel , G, H) be an LMy-algebra and let G, H
be two unary operations on A that satisfy conditions (T1),
(T2) and (T3). Then the condition (T4) is equivalent to the
following one:

(T4) @ix < G(P(p;ix)) and p;x < H(F(¢;x)) forall x €
Aandforalli € I,
or equivalently to the next one:

(T4"y @ix < G(P;(x)) and g;x < H(F;(x)) forallx € A
and foralli € I.

Corollary 1 Let (A, {gilicr {@}ie[ , G, H) be a tense
LMpg-algebra. Then for all x € A and for all i € I the
following property holds:

(T4*) x < G(P;(x)) and x < H(F;(x)).

Proof From property (T4'), we have that (1) g;x < G(P (¢;
x)) for all i € I and for all x € A. Since P(pix) =
P;(x) € B(A), then from the characterizations (L8) of the
Boolean elements of an L Mg-algebra we obtain that P; (x) =
@i (P;(x)). Therefore, (2) G(P(¢;ix)) = G(p;(P(x))).
Besides, from property (T3) we get that (3) G(P(x)) =
¢iG(P;(x)). Then, from (1), (2) and (3) it follows that
pix < @iG(Pi(x)) for all i € [ and for all x € A.
From this last statement and property (L5*) we conclude
that x < G(P;(x)) forall x € A. In a similar way it can be
proved that x < H(F;(x)). ]

In the following proposition, there are properties of tense
L Mp-algebras that are useful in what follows.

Proposition 3 (Chiritd 2012b, Proposition 2.2.4) Let (A,
{piticr > {Ei}iel , G, H) be a tense L My-algebra. Then, the
following properties hold for all x, y € A and foralli € I:

(T5) x < y implies that G(x) < G(y) and H(x) <
H{(y),

(T6) x < y implies that F;(x) < F;(y) and P;(x) <
Pi(y),

(T7) F;(0) = 0and P;(0) =0,

(T8) Fi(x vy) = Fi(x)V Fi(y) and Pi(x vV y) =
Pi(x) Vv P(y),

(T9) Pi(G(x)) < gix and F;(H(x)) < ¢;x,

(T10)  G(Pix)AF;(y) < Fi(Pi(x)Ay) and H (F; (x))A
Pi(y) < Pi(Fi(x) A Y),

(T11)  G(pix)AF;(y) < Fi(xAy)and H(pix)AP;(y) <
Pi(x N y),

(T12)  G(pi(x vV y)) < G(pix) Vv Fi(y) and H(g;(x V
y)) < H(pix) v Pi(y),

(T13)  Fi(x) = Fi(gi(x)) and P;(x) = Pi(gi(x)).

Corollary 2 Let (A, {gilicr {@i}iel , G, H) be a tense
LMoy-algebra. Then, the following properties hold for all
x,ye€Aandforalli, jel:

(T9*)  Pi(G(x)) <xand F;(H(x)) < x,

(T11*)  G(x) A F;j(y) < Fi(x Ay) and H(x) A Pi(y) <
Pi(x A y),

(T12*) Gxvy) <Gx)VF,()and H(xVy) < H(x)V
P;(y),

(T14)  @;j(Fi(x) = Fi(x) = Fi(¢;(x)) and ¢;(P;(x)) =

Pi(x) = Pi(pi(x)).

Proof (T9*): From property (T9), we have that P;G(x)
< @ix and F;(H(x)) < ¢;x for all i € I and for all
x € A. From Lemma 1 and property (L8) of Boolean
elements of an L My-algebra, we obtain that P; (G (x)) =
¢i Pi(G(x)) and F;(H(x)) = ¢; F;(H(x)). Then, from
the above assertion we infer that ¢; P;(G(x)) < ¢;x and
@i Fi(H(x)) < @;x foralli € I and for all x € A, from
which we conclude by property (L5*) that P; (G (x)) < x
and F;(H(x)) < x foralli € I and for all x € A.

(T11*): From property (T11), we have that G(p;x) A
Fi(y) < Fi(x Ay) and H(pix) A Pi(y) < Pi(x Ay)
for all i € I and for all x € A. Taking into account this
last assertion, property (T3), Lemma 1, property (L2)
and the characterizations (L8) of the Boolean elements
of an L My-algebra, we infer that ¢; (G(x) A Fi(y)) <
@i (Fi(x Ay)) and @i (H(x) A Pi(y)) < @i(Pi(x Ay))
for all i € I and for all x € A, and so from property
(L5*) we can assert that G(x) A F;(y) < Fi(x A y) and
Hx)APi(y) < Pi(xAy)foralli € I andforall x € A.

(T12*): From property (T12) we have that G(¢; (x V y)) <
G(pix) Vv Fi(y) and H(p;(x vV y)) < H(pix) VvV P;i(y)

@ Springer



A.V.Figallo et al.

for all i € [ and for all x, y € A. Then, from
this last statement, Lemma 1 and properties (T3) and
(L1) and the characterizations (LL8) of the Boolean ele-
ments of an L My-algebra, we infer that ¢;G(x VvV y) <
0iG(x) Vi Fi(y) = ¢i(G(x)VFi(y))andg; H(xVy) <
YiH(x) V @i Pi(y) = ¢i(H(x) vV Pi(y)) foralli € I
and for all x, y € A, and therefore, from property
(L5*), we conclude that G(x Vv y) < G(x) Vv F;(y) and
H(x Vvy) < H(x)V Pi(y) forall i € I and for all
X, y€A.

(T14): Tt is a direct consequence of (i) in Lemma 1, the
characterizations (LL8) of Boolean elements of an L My-
algebra and property (T13). O

3 A topological duality for tense
LMg-algebras

In this section, we develop a topological duality for tense
L My-algebras, taking into account the results established by
Figallo et al. (2010). In order to determine this duality, we
introduce a topological category whose objects and their cor-
responding morphisms are described below.

Definition 8 A system (X, {filier s R) isatense L Mp-space
if the following conditions are satisfied:

(@) (X, {fi}ics) is a LMg-space (Definition 2),
(ii) R is a binary relation on X and R~ is the converse of
R such that:

(tS1) foreachx € X, R(x) and R~!(x) are closed subsets
of X,

(tS2) for each x € X, R(x) =} Rx)N 1 R(x),
R'x) =) RNt R (),

(tS3) (x,y) € R implies (f;j(x), fi(y)) € Rforanyi € I,

(tS4) (fi(x),y) € R,i € I,implies that there exists z € X
such that (x,z) € R and fi(z) <y,

(tS5) (y, fi(x)) € R,i € I, implies that there exists z € X
such that (z, x) € R and f;(z) <y,

(tS6) for each U € D(X), Gr(U), Hr-1(U) € D(X),
where G g and Hy-1 are operators on P(X), which
are defined for all Y € P(X) by the prescriptions:

GrY)={xeX:lzNRx)NY /
= (for allz € R(x)}, ®)

Hp1(Y):={xeX:\zNnR'x)nY /
= ffor allz € R~ (x)}, 9)

where | z={x € X: x <z}forallz € X.
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Definition9 A tense L Mpy-function f from a tense LMpy-
space (X1, {f{'}ier,

R1) into another L My-space (Xz, {fiz}ieh Rz) is a function
f : X1 — X3 such that:

(i) f: X1 —> Xy is an L Mp-function (Definition 3),
(i) f : X1 —> X» satisfies the following conditions, for
all x € X1

(tf1) f(R1(x)) SRa(f(x))and f(R; ' (x) SR, (f(x)),
(t2) Rao(f(x)) St f(R1(x)),
(tf3) Ra~I(f(x)) St f(R1~1(x)).

The category that has tense L Mpy-spaces as objects and
tense L Mpy-functions as morphisms will be denoted by
tLMyS, and the category of tense L My-algebras and tense
L Mp-homomorphisms will be denoted by t LMpA.

Our next task will be to determine that the category t LMy S
is naturally equivalent to the dual category of # L Mg A. Firstly,
we will determine some properties of tense L Myg-spaces and
tense L Mp-functions, which will be quite useful in order
to developed this duality and characterize the lattice of all
congruences and the lattice of all #-congruences of these
algebras.

Proposition4 Let (X, {f;};c; . R) be a tense LMpy-space.
Forall Y € P(X) such that Y is increasing,

Gr(Y)={xeX| R(x) Y}, (10)
Hp1(Y)={xeX| R 'x)cvr) (11)

Proof Let Y C X be increasing. It immediately follows that
{xeX| R(x) CY}C Ggr(Y). Conversely, let y € Gr(Y)
and z € R(y). Then, from prescription (8) we infer that
there exists w € Y N R(y) such that w < z. Since Y
is increasing, we obtain that z € Y and so, R(y) C Y.
Therefore, Gr(Y) ={x € X | R(x) C Y}. The proof that
Hp-1(Y) ={x € X | R™'(x) C Y} is similar. o

Corollary 3 Let (X, {fi}ic . R) be a tense LMg-space. For
any U € D(X),

Gr(U) ={x e X | R(x) C U}, (12)
Hrei(U)={xe X | R '(x) CU}. (13)

Proof 1t is a direct consequence of Proposition 4 and the fact
that U is an increasing subset of X for all U € D(X). O

Definition 10 Let (X {fitier > R) be a tense L Mpy-space,
B(D(X)) be the Boolean algebra of all complemented ele-
ments of D(X) and let Fg, Pr-1 be the functions from
B(D(X)) into B(D(X)), defined for all U € D(X) and for
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all i € I by the prescriptions:

Fr(f7 @) = [x e X RUi@) 0 £ @) 29)
(14)
Proi (f71(U)) = {x eX:RVH@)NFW) £ (zi}.
(15)

Proposition 5 Let (X, {fiticr - R) be a tense LMpy-space.
Then, for alli € I and for all U € D(X),

Fr(f7' @) =lxex:ren @y #0), a6
Peo (7)) =[x e X RT @ 0 7 @) # 0.
a7

Proof Let x ¢ Fg ( fl._l(U)>. Then, by Definition 10, we

have that (1) R(fi(x)) ﬂfi_l (U) = @, from which it follows
that (2) R(x)N fi_1 (U) = (. Indeed, suppose that there is z €
R(x) such that f;(z) € U. Then, from properties (tS3) and
(IP5) we obtain the f;(z) € R(fi(x))and f;(fi(z)) € U, and
consequently R(f;(x)) N fi_l(U ) # ¥, which contradicts
(1). Therefore, assertion (2) holds, which allows us to assert
that {x eX:RMNFU) £ VJ} C Fp (fl._l(U)). On
the other hand, suppose that there exists x € X such that (3)
R(x) N fi_l(U) = @ and (4) R(fi(x)) N fi_l(U) #* 0.
Then, there exists y € R(fi(x)) such that fi(y) € U,
from which it follows by property (tS4) that there exists
(5) z € R(x) such that fi(z) < y. From this last asser-
tion and property (IP5), we get that f;(y) = f;(z) and so
(6) fi(z) € U. By virtue of statements (5) and (6) we can
assert that R(x)N fi_l (U) # ¥, which contradicts (3). There-
fore, assertion (4) is not true, from which we conclude that
Fr (f;‘(U)) - {x eX:RW)N W) # @}.Inasim-

ilar way we can proved (17). O

Definition 11 Let (X, {fiticr > R) be a tense L My-space and
let foreachi € I, Flle : X — X and P;e—' : X — X be
the functions defined for all U € P(X) by the prescriptions:

Fi(U) = Fg (f,.—l(U)) , (18)

P U) = Prt (1)), (19)

Lemma?2 Let (X, {filier» R) be a tense L My-space. Then,
foralli € I and for all U € D(X),

) Fr(efW) = Fe(f7'0) = 7FGr

(@ (£ W))) =¥ (Gr @ W))),

(1S8)  Ppot (¢F(U) = Poor (7)) = (Ho
(@ (7' W) = (Hpr @ W))),

19 Fw) = 7 (6 (7 (7)) = @
(Gr (7F@W))).

(tS10) Pl (U) = I(HRfl (@,-X (fl._l(U))» —

7 (Hp-1 (@ ()))-

Proof Ttimmediately follows taking into account Proposition
4, Definitions 10 and 11, the definitions of goiX and Eix ,iel,
given in prescription (1), and property (L6) of L My-algebras.

]

Lemma3 Let (X, {fi}ier s R) be a tense L My-space. Then,
foralli, j € I and forall U € D(X),

(i) Fp(U), Py, (U) € B(D(X)),

i) f7 (FRW)) = FoU), 7 (Phoa(U)) = Py (U).
Proof (i): From statement (Al) and the characterizations
(L8) of the Boolean elements of an L Mpy-algebra it
follows that B(D(X)) = {¢X(U): U € D(X)},_, =
[e¥wWw): Ue D(X)},_, » and consequently this last
assertion and properties (tS6) (Definition 8), (tS9) and
(tS10) (Lemma 2) of L My-spaces allow us to complete
the proof.
(ii): It is a direct consequence of (i), the characterizations
(L8) of the Boolean elements of an L My-algebra and
the definition of (p;(, j e€l,givenin (1). O

Lemma4 Let (X, {fitier > R) be a tense L My-space. Then,
forall x, y € X, the following conditions are equivalent:

1) (fix), fi(y)) € R for somei € I,
1) (fi(x), fi(y)) € Rforalli € I.

Proof 1t is a direct consequence of properties (IP5) and (tS3)
of tense L Mp-spaces. O

Now, we will show a characterization of tense L Mpy-
functions which will be useful later.

Lemma5 Let (X1, {f!}ics, R1) and (X2, {f?}ic1. R2) be
two tense LMg-spaces and let f : X1 —> X3 be a tense
L My-function. Then, f satisfies the following conditions for
anyx € X:

(tf4) 1 f(Ri(x)) =1 Ra(f (x)),
(tf5) 1 f(Ri~'(0)) =1 R~ (f (x)).

Proof 1t can be proved using a similar technique to that used
in the proof of Lemma 3.4 in Figallo et al. (2018). O
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Lemma6 Let (X1, {f!'}ics. R1) and (X2, {f*}ier, R2) be
two tense LMy-spaces, and let f : X1 —> X5 be an LMy-
function such that for all U € D(X>3):

(tf6) [~ (Gr,(U)) = Gg, (f7'(U)),
(tf7) £ (HREI(U)) = Hy (£ ).

Then, f satisfies the following conditions for all U € D(X3)
and foralli € I:

t18) 7 (Fiy @) = Fy, (/71 @)),

(tf9) ! (P;Z_I(U)> =P (1))

—1
Ry

Proof (tf8): Let U € D(X3). Then taking into account that
f : X1 —> Xy is an L Mpy-function, prescription (1) and
properties (tS9) and (tf6) it follows that for all i € I,

T (Fla@) = 17 (2 (6. (2 (77 @))))

5 (on o (1 (')

= Fi, (/7).

So, (tf8) holds.
(tf9): It can be proved in a similar way, taking into account
properties (tS10) and (tf7). O

Lemma7 Let (X, {fi}ier R) be a tense LMy-space. Then
forall x, y € X such that (x,y) ¢ R, the following condi-
tions are satisfied:

(i) There is U € D(X) such thaty ¢ U and x € Gr(U),
orthereis V € D(X) suchthaty € V and x ¢ Fg(V),
(1) thereis W € D(X) suchthaty ¢ W andx € Hi-1(W),
orthereis V € D(X) suchthaty € V andx ¢ Pg,l(V).

Proof (i):Letx, y € X suchthaty ¢ R(x). Then, from prop-
erty (tS2) we have that y ¢1 R(x) or y ¢} R(x). Suppose
thaty ¢4 R(x).Then,z £ yforallz € R(x). Since, by prop-
erty (tS1), R(x) is compact, then from the last assertion, we
infer that there is U € D(X) suchthaty ¢ U and R(x) C U.
Therefore, x € Gg(U). Suppose now that y ¢ R(x). Then
y % z for all z € R(x). From the last statement and the
fact that R(x) is compact, we infer that there is V € D(X)
such that y € V and (1) R(x) NV = @, which implies by
property (IP9) that (2) R(x) N fo_l (V) = 0. Indeed, if there
is z € R(x) such that fy(z) € V, then from (1IP9) we deduce
that z € V and so z € R(x) NV, which contradicts (1).
Therefore, from (2) we conclude that x ¢ Fg(V).

(ii): It can be proved in a similar way to (i). O
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Proposition 6 Let (X1, {f'}ier, Ri) and (X2, { fP}ier., R2)
be two tense L Myg-spaces. Then, the following conditions are
equivalent:

(i) f: X1 —> Xy isatense L My-function,
) f : X1 — X is an LMy-function such that for all
U e D(X»):

(tfe) f~' (Gr,(U)) = Gg, (f~'(W)),
(tf7) [~ (Hyo1 (U) = Hp-t (£71(0)).

Proof The proof is similar in spirit to Lemma 3.6 of Figallo
et al. (2018). O

Proposition 7 and Corollary 4 can be proved in a similar
way to Lemma 3.8 and Corollary 3.9 of Figallo et al. (2018).

Proposition 7 Let (X, {fi}ic; . R) be a tense LMg-space.
Then, the following conditions are satisfied forany x,y, € X
andi € I:

(S1D) R(fi(x) € Uyer(fion T fi0),
(tS12) R (fi(0)) € Uyer-1(ficy T Fi0)
(tS13) 1 fi(R(x)) =1 R(f;(x)),

(tS14) 1 fi(R™'(x)) =t R™'(fi(x)),
(S15) £ (GrW)) = Gr (7' W),

(1S16) [ (Hg-1 (1)) = Her (7)),

@S17) £ (FLW)) = Fi ( f;‘(U)),

(1S18) £ (P;,I(U)) — P, (f;l(U)).

Corollary 4 Let (X,{fi}ic; . R) be a tense LMpy-space.

Then, the conditions (tS3), (tS4) and (tS5) can be replaced
by the following conditions:

(1S15) £ (Gr(U)) = G (f;l(U))foranyU e D(X),

(1S16) [ (Hg-1 (1)) = Hg-1 (7' @) for any U e
D(X).

Proposition 8 Let (X {fitier s R) be a tense LMy-space
and D(X) be the lattice of all increasing, closed and open
subsets of X. Then,

X = (D(X)’ {(pix]iel ’ [aix}iel - Gr, HR*I)

is a tense LMy-algebra, where for all U € D(X) and all
i€l oX(U), g¥U), Gr(U) and Hp-1(U) are defined as
in (1), (10) and (11), respectively.

Proof From statement (Al) we have that (D(X), U, N,
{gol.x},-el, {Eix}iel, ?, X) is an L My-algebra. From the def-
inition (10) and (11), we obtain that properties (T1) and (T2)
hold. Let us prove that the remaining axioms are satisfied.
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(T3): Since any U € D(X) satisfies properties (tS18) and
(tS19) in Proposition 7, then we can assert that property (T3)
holds.

(T4): Let U € D(X), i € I. Suppose that x € ¢ (U)
and y € R(x). Since x € f'(U), it follows that x €
R~ '(y) N fi_l(U ). This last assertion and Proposition 5
imply that y € Pg (fi_l(U)) and consequently y € PI"?(U).
Therefore, R(x) < PI’IQ(U ), from which we obtain that
9 (U) € Gg (P(U)). In a similar way, we can prove that
9 (U) € Hg-1 (FL(U)). And so property (T4') holds too.
From the above statements, we conclude that ¥ (X) is a tense
L My-algebra. O

Lemma8 Let f : (X1, {f}ier) — (X2.{fP}ic1) be a
morphism of tense LMy-spaces. Then, the map ¥ (f) :
D(X) —> D(X1) defined by ¥ (f)(U) = f~'(U) for
all U € D(X»), is a tense L My-homomorphism.

Proof 1t follows from statement (A6) and Proposition 6. O

Proposition 8 and Lemma 8 show that ¥ is a contravariant
functor from t LMy S to t LMyA.

To achieve our goal we need to define a contravariant func-
tor from tLMgA to t LMy S.

Lemma9 Let (A, G, H) be a tense L My-algebra. Then, the
following conditions are equivalent for all S, T € X(A):

) G ST S Fy (s,
(i) H-(T) € S C Py ().

Proof (i)=(ii): Let S, T be two prime filters of A such
that (1) G~'(S) < T C FO_I(S), and let us suppose
that H(x) € T. Then, from (1) it follows that H(x) €
FO_I(S) and hence Fo(H(x)) € S. From this last asser-
tion and the definition of the operator Fy (Definition 7) we
obtain that (2) F(po(H (x))) € S. Taking into account that
F(po(H(x))) € B(A) (Lemma 3) and the characterizations
(L8) of the Boolean elements of an L My-algebra, we infer
that (3) @o(F(po(H(x))) = F(po(H(x))). Besides, from
property (T9), we have that (4) F(po(H(x)) < ¢@o(x).
Then, from (2), (3), (4) and property (L7) of L My-algebras
we get that x € §. Therefore, H~'(T) C S. On the other
hand, suppose that z € S. From property (T4*), we get that
(5) G(Py(z)) € S and so Py(z) € G~1(S). From this last
statement and (1) we deduce that Py(z) € T, and hence
z7 € Po_l(T). Therefore, S C Py l(T). The converse impli-
cation is similar. O

Lemma 10 Ler (A, G, H) be a tense LMgy-algebra and let
R be the relation defined on X (A) by the prescription:

(S, T)e R <= G7'(S) c T C F, (5. (20)

Then, forall S, T € X(A),
(5,T) e R* < H~'(T) € s P, 1 (T). 1)

Proof It is a direct consequence of Lemma 9. O

Remark2 Lemma 10 means that we have two ways to define
the relation R*, either by using G and Fy, or by using H and
Py.

Corollary 5 Let (A, G, H) be a tense LMy-algebra and let
R be the relation defined on X (A) by prescription (20) or
equivalently by prescription (21). Then,

(S, T)e R <= G (S) ST C F N (S) foralli €1,
(22)

or equivalently,

(S, T) e R <= H'(T) S S P NT) foralli € I.
(23)

Proof From Lemma 1 it follows that forall S, T € X(A) and
foralli € I, Fy '(S) € F'(S) and Py '(T) € P7(T)
and so from Lemma 10 the proof is complete. O

Lemma 11 Let (A, G, H) be a tense LMy-algebra and let
RA be the relation defined on X (A) asin (20), or equivalently
as in (21), then for all S € X(A),

(i) RA(S) =4 RA(S)N 1 RAS),

Giy (RY) ™' =4 (RY) ' s)nt (RY) 7 (s),
(iii) RA(S) is closed in X (A),
(v) (RA)™'(8) is closed in X (A).

Proof We will only prove (i) and (iii). Similarly we can prove
(ii) and (iv).

(i): Since for all S € X(A), RA(S) €| RA(S) and
RA(S) €1 RA(S), we have that RA(S) € | RA(S)N 1
RA(S). On the other hand, let T €4 RA(S) N | RA(S).
Then, there are Sy, S» € X(A) such that § C §y, S RAT,
SRAS, and S D T. Hence, G™1(S) € GI(S)) € T
and T C S, C F,(S) for any i € I. Hence, from (T13)
we deduce that (pfl (T) < Ffl (S) for all i € I. Therefore,
T € RA(S).

(iii): Let us suppose that (1) T ¢ RA(S). Then, by prescrip-
tion (20) there is x € G~1(S) such that x ¢ T, or there is
y € T suchthat y ¢ Fo_l(S). In the first case, we have that
(@) T ¢ oa(x) and (3) G~1(S) € o4 (x). Then, taking into
account that o4 (x) is an increasing subset of X (A), asser-
tion (3) and prescription (20) we infer that RA(S) C oy (x).
From this assertion and (2) we deduce that (4) T € o4 ( x)¢
and o4 (x)¢ C RA(S)¢. In the second case, T € a4 (y) and
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F(;I(S) € aa(y)€. Since o4(y)¢ is a decreasing set, then
from the last statement and prescription (20) we infer that
RA(S) C o4(y)¢. So, we obtain that (5) T € o4(y) and
oa(y) C RA(S)¢. Therefore, assertions (1), (4) and (5) allow
us to assert that R4(S)¢ is an open subset of X(A), which
implies that R4 (S) is a closed subset of X (A). O

Lemma 12 Let (A, G, H) be a tense LMg-algebra and let
S e X(A)anda € A. Then,

(1) G(a) ¢ S ifand only if there exists T € X (A) such that
(S, TYe R anda ¢ T,

(1) H(a) ¢ S ifand only if there exists T € X(A) such that
(8, 7) ¢ (RA)_1 anda ¢ T.

Proof (i): Suppose that (1) G(a) ¢ S. Let us consider the
ideal ({a} U (A\F; ' ($)], and we will prove that

G71(S) N ({a} U (A\F; 1 ($)] = 0. 24)

Suppose the opposite. Then there exists (2) b € G~!(S)
and there exists (3) ¢ € (A\FO_I(S)) such that b < a v c,
Then, from properties (T5) and (T12) we have that G(b) <
G(a v ¢) < G(a) Vv Fy(c). From this last assertion, (1)
and (2), we deduce that Fy(c) € S, which contradicts (3).
Thus, (24) holds. Therefore, from Birkhoff-Stone Theo-
rem there is a prime filter 7 such that G I(S) € T and
({a}) U (A\Fy '($)IN T = @. Consequently a ¢ T and
T C F, '(S). Therefore, G™'(S) € T C F, '(S) and so
from Lemma 10 we conclude that (S, T) € RA. The other
implication is easy.

(ii): It can be proved in a similar way as in (i). O

Proposition9 Let (A, {¢i}ic;.{¢:}. G, H) be an LMy-
algebra and let (X(A), {fiA},-e]) be the LMy-space asso-
ciated with A. Then, ®(A) = (X(A), {f }icr. R?Y) isa
tense L Mg-space, where R is the relation defined on X (A)
as in (20) or (21). Besides, o4 : A —> D(X(A)), defined
by prescription (2), is a tense L Mg-isomorphism.

Proof From statement (A2) it follows that (X (A), { f}ies)
is an L Mjy-space and o4 is an L Mg-isomorphism. Also for
alla € A, Gra(oa(a)) = 0a(G(a)) and HRA—I(O'A(CI)) =
oa(H(a)). Indeed, let us take a prime filter S such that
G(a) ¢ S. Then, by Lemma 12, we infer that there exists
T € X(A) such that (S,7) € R4 and a ¢ T, which
implies that RA(S) {CZ oa(a). Hence S ¢ Gra(oa(a)), and
therefore, Gra(ca(a)) € oa(G(a)). On the other hand,
let S, T € X(A) such that G(a) € S and T € RA(S).
Then a € G~(S) and G~!(S) € T, from which it fol-
lows that T € o4(a). Therefore, RA(S) C oa(a), which
allows us to assert that S € Gpr(oa(a)). And so, we get
that 04(G(a)) = Gra(oa(a)). Similarly we can prove that
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HRA—I (oa(a)) = o4(H(a)) and consequently by Propo-
sition 6, o4 is a tense L Mpy-isomorphism. Besides, from
Lemma 11 we have that properties (tS1) and (tS2) hold.
Also, from Corollary 4 we obtain that conditions (tS4),
(tS5) and (tS6) are satisfied. Therefore, we conclude that
(X(A), {fiA}iel, RA) is a tense L My-space. O

Lemma 13 Let (A1, G1, Hy) and (As, Gy, H») be two tense
LMy-algebras and let h : Ay —> A, be a tense LMy-
homomorphism. Then, the function ®(h) : X(Ay) —>
X (A1), defined by @ (h)(S) = h='(S) forall S € X(A»), is
a tense L My-function.

Proof 1tis adirect consequence of statement (AS5) and Propo-
sition 6. O

Proposition 9 and Lemma 13 show that @ is a contravari-
ant functor from tLMyA to t LMy S.

The following characterizations of isomorphisms in the
category t LMy S will be used to determine the duality that
we set out to prove.

Lemma 14 Let (X1, {f'}ier. R1) and (X2, {f*}ier, R2) be
two tense LMg-spaces. Then, the following conditions are
equivalent, for every function

f: X7 — Xo:

(1) f is an isomorphism in the category t LMy S,
(i) f is a bijective function such that f and =" are tense
L My-functions.

Proof 1t is routine. O

Proposition 10 Let (X1, {f'}ies, Ri) and (X2, {f*}ier. R2)
be two tense L Myg-spaces. Then, the following conditions are
equivalent, for every function

f: X7 — Xo:

(1) f is an isomorphism in the category t LMy S,
(i) f is a bijective function such that f and f~' are LMjy-
Sfunctions and for all x, y € X;:

@itf) (x,y) € R <= (f(x), f(¥)) € Ra.

Proof (i) = (ii): It follows immediately from the hypothesis
(i), Lemma 14 and property (tf1) of tense L My-functions.
(ii)) = (i): From the hypothesis (ii) and Lemma 14 it follows
that f is a bijective function and f and f~! are LMg-
functions. Besides, f satisfies conditions (tf1), (tf2) and (tf3)
as we will show next.

(tf1): From property (itf) and the fact that f is a bijective
function it follows that for all x € Xy, (1) f(R1(x)) =

Ra (f) and ) f (R () = Ry (£,
(tf2): From (1), we obtain that R> (f(x)) = f (R;(x)) €1
f (R1(x)) forall x € Xj.



A topological duality for tense 6-valued...

(tf3): From (2), we obtain that Ry (f(x)) = f (R;l(x)) -

M (Rfl(x)) forall x € X;.

The proof that the function f —1 satisfies conditions (tf1),
(tf2) and (tf3) is similar. Therefore, f and f~' are tense
bijective L Mp-functions and so from Lemma 14 we conclude
the proof. O

The following proposition allows us to assert that ey :
X — X(D(X)), defined as in (4), is an isomorphism in the
category t LMy S, which is fundamental in the duality we are
looking for.

Proposition 11 Let (X, { fi}ics, R) be a tense LMy-space,
ex be the map from X onto X (D (X)) defined by prescription
(4) and let RPX) be the relation defined on X (D (X)) by
means of the operators G, Fg, Hp-1 and Pg_] as follows:

(ex(x), ex(y) € RPP & Gl (ex(x))
Cex(y) S FY (ex(x)). (25)

or equivalently

(ex(x), ex(») € RPX & H L (ex (1))
C ex(x) € PY 1 (ex (). (26)

Then, the following property holds:
(t819) (x,y) € R <> (ex(x), ex(y) € RPX).

Proof From Lemma 10 and statements (A1) and (A4) it fol-
lows that prescription (25) is equivalent to prescription (26).

Let x, y € X such that (1) (ex (x), ex (y)) ¢ RPX) | them
from the prescription (25) we infer that G, ! (ex(x)) ,@ ex(y)

orex(y) ¢ FR(@)fl (ex(x)). From the last statements it follows
that there exists U € D(X) suchthatx € Ggr(U) andy ¢ U
or there exists V € D(X) suchthat y € V and x ¢ Fg(V).
Consequently from Lemma 7 we obtain that (x, y) ¢ R.

Besides, assertion (1), prescription (26) and Lemma 7
allow us to assert that (x, y) ¢ R.

Conversely, let x, y € X such that (x, y) ¢ R, then from
Lemma 7 we have that the following conditions hold:

(3) Thereis U € D(X) suchthatx € Ggr(U) and y ¢ U,
or thereis V € D(X) suchthaty € V and x ¢ Fg(V),
(4) thereis W € D(X) suchthaty € Hp-1(W)andx ¢ W,
orthereis V € D(X) suchthatx € Vandy ¢ Pg_,(V).

Suppose that (3) holds. Then Gl_el(ex(x)) g ex(y) or

ex(y) ¢ Fgl (ex(x)), and therefore, from prescription (25)
we infer that (ex (x), ex(y)) ¢ RPX,

If (4) holds, then H '\ (ex(y) ¢ ex(x) or ex(x) ¢
Pl‘e’:ll (¢ex(y)) and so from prescription (26) we obtain that
(ex(x), ex(y)) ¢ RO O

Corollary 6 Let (X, {fi}icr, R) be atense LMy-space, ex be
the map from X onto X (D(X)) defined by prescription (4)
and let RPX) pe the relation defined on X (D (X)) by means
of the operators G and Fg as follows:

(ex(x), ex(») € RPX®) & Gl (ex(x))
Cex(y) C Fly (ex(x)) foralli €1, 27)

or equivalently

(ex (), ex(») € RPX & HL (ex ()
C ex(x) € Pl \(ex(y) foralli € I. (28)

Then, the following property holds:
(t519) (x,y) € R <> (ex(x), ex(y)) € RPY.

Proof From Lemma 1 it follows that for all x, y € X and
) -1 —1 -1
i €I, F) (ex(x)) © Fi (ex(x)) and P, (ex(y)) C

P;:l (ex(y)). From these last assertions and Proposition 10
the proof is complete. O

Corollary 7 Let (X, {fitier > R) be a tense LMjy-space.
Then, the function ex : X —> X(D(X)), defined by pre-
scription (4), is an isomorphism in the category t LMy S.

Proof 1t follows from the results established in Figallo et al.
(2010) and Propositions 10 and 11. O

Themapey : X — X(D(X)), defined as in (4), leads us
to formulate another characterization of tense L My-spaces
as we will describe below:

Proposition 12 Let (X {filier» R) be a tense LMgy-space
and let ex be the function from X onto X (D (X)) defined by
prescription (4). If RPX) is the relation defined on X (D (X))
by prescription (25) or (26), condition (tS2) in Definition 8
can be replaced by condition (tS19).

Proof (tS2) = (tS19): It follows from Proposition 11, which
is a consequence of Lemma 7, and consequently it is a con-
sequence of the fact that (X, {f;};¢;) is an L Mp-space and
the relation R satisfies properties (tS1) and (tS2).

(tS19) = (tS2): We have to prove | R(x)N 1 R(x) C
R(x); the other inclusion always holds. Suppose that y €
J R(x)N 4 R(x). Then there exists z1,z> € X such that
y <2z1, (x, z1) € R, z2 < yand (x, z2) € R. Hence, from
the fact that ey is an order isomorphism and property (tS19),
we infer that ex(y) € ex(z1), (ex(x), ex(z1)) € RPX),
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ex(z2) € ex(y) and (ex(x), £x(z2)) € RPXM . Thus, from

the last statements and prescription (25), we obtain that
_ -1

Gy (ex(x)) C ex(22) S ex(y) S ex(z1) S FR (ex(x)).

Therefore, (ex(x), ex(y)) € RPX), and so from property

(tS19) we conclude that (x, y) € R. O

Then, from the above results and using the usual proce-
dures we can prove that the functors @ o ¥ and ¥ o @ are
naturally equivalent to the identity functors on 1L My S and
tLMgA, respectively, where the isomorphisms o4 and ey
are the corresponding natural equivalences, from which we
conclude:

Theorem 3 The category t LMyS is naturally equivalent to
the dual category of the category t LMy A.

4 Congruences on tense LMg-algebras

In this section, our objective is the characterization of the
congruence lattice and the 6-congruence lattice on a tense
L My-algebra by means of certain closed subsets of its asso-
ciated tense L My-space. With this purpose, we will start by
introducing the following notion.

Definition 12 Let (X, {fiticr R) be a tense L My-space. A
subset Y of X is a tense subset if it satisfies the following
conditions:

(tsl) Y € Gr(Y), where Gr(Y) is defined by prescription
(8), 1., forall y € Y and for all z € R(y), | z N
RO)NY #40,

(ts2) Y € Hp-1(Y), where Hr-1(Y) is defined by pre-
scription (9), i.e. for all y € Y and for all z € R(y),
LzNRYy)NY #£40.

The notion of tense subset of a tense L Mp-space has the
following equivalent formulation, which will be useful later:

Lemma 15 Let (X, {f;}ici, R) be atense L My-space. If Y is
a subset of X, then the following conditions are equivalent:

(1) Y is a tense subset,
(i) Y =Gr(Y)NY N Hp-1(Y).

Proof 1t is immediate. O

In Figallo et al. (2012) the following characterizations of
a modal subset of an L My-space were obtained.

Proposition 13 (Figallo et al. 2012, Proposition 4.4, Corol-
lary 4.1) Let (X, {ﬁ}iel) be an LMg-space and let Y be a
nonempty subset of X. Then, the following conditions are
equivalent:
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(1) Y is modal,
(i1) Y is decreasing and increasing,
(iii) Y is the cardinal sum of sets [ fo(y), f1i(¥)], y € ¥,
where[x,z] ={w e X: x <w < z}forallx, z € X.

Corollary 8 Let (X, {fi}icr) be an LMg-space. If {Yi}icy isa
family of modal subsets of X, then ();¢; Yi is a modal subset
of X

Proof 1t is a direct consequence of Proposition 13. O

Proposition 14 Let (X, {filier s R) be a tense L My-space.
If Y is a tense semimodal subset of X, then for alli € I and
forall y € ffl (Y), the following conditions are satisfied:

(ts5) R(y) € £ 1(¥),
(ts6) R~'(») € £ ().

Proof (ts5): Leti € I, (1) y € fi_l(Y) and (2) z € R(Y).
Then, from (2) and property (tS3) we obtain that f;(z) €
R(fi(y)). From (1), (2), the last assertion and the fact that Y
is a tense subset of X, we infer that there is (3) w € Y such
that w € R(fi(y)) and (4) w < fi(z). Then, from (4) and
property (1P3) it follows that (5) fi(w) = f;i(z). Besides,
from (3) and the fact that Y is semimodal, we obtain that
fi(w) € Y and so from (5), we conclude that f;(z) € Y,
which allows us to assert that R(y) C fi_1 (Y).

(ts6): It can be proved in a similar way. O

Corollary 9 Let (X, {filicr > R) be a tense LMy-space. If Y
is a tense and semimodal subset of X, then for all i € I,
fiil (Y) is a tense and modal subset of X.

Proof From property (IP5) it follows that fi_l (Y) is amodal
subset of X for all i € [. Then, from Proposition 13,
we have that fi_l(Y ) is increasing for all i € [I. From
this last assertion and Proposition 4, we infer that for all
i€ I GR(f7'() = {x € X : R) < f7'(¥)
and Hg(f7'(Y) = (x € X : R7') € £ ()
and so from Proposition 14, we conclude that fl._l(Y) -
Gr(f7'(Y)) and £7'(¥) € Hpa(f;7'(Y)) foralli € 1.
Therefore, the proof is complete. O

Corollary 10 Let (X, {fiticr s R) be a tense LMy-space. If
Y is a modal subset of X, then the following conditions are
equivalent:

(1) Y is a tense subset,
(i) foralli € I and forall y € Y, the following conditions
are satisfied:

(ts7) R(y) €Y,
(ts8) R7'(y) Y,

(i) Y =GrY)NY N Hi-1(Y).
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Proof 1t is a direct consequence of Lemma 15 and Proposi-
tions 13 and 14. O

Proposition 15 Let (X, {f};c; . R) be a tense LMg-space.
If Y is a modal subset of X, then Gr(Y) and Hg-1(Y) are
also modal.

Proof Let Y be a modal subset of X. From property (IP12)
it follows immediately that (1) Gr(Y) < UzeGR(Y)[fO(Z)’
J1(@)] Let (2) z € Gg(Y) and let (3) w € [fo(2), f1(2)],
then from (3) and properties (IP3) and (IP5), we obtain that
4) fi(w) = fi(z)foralli € I.Let(5)t € R(w), thenby (4),
(5) and property (tS3), we infer that fo(#) € R(fp(z)), and
therefore, from properties (tS4), (IP3) and (IP5), we can assert
that there exists y € X suchthat(5) y € R(z) and (6) f; (y) =
fi(¢) foralli € I. From (2) and (5) we get that y € Y. Since
Y is modal, then from this last assertion and (6) it results that
fi(t) € Y foralli € I. Then, since Y is modal, we have that
t € Y, from which we deduce by (5) that R(w) C Y, which
allows to assert that w € G g(Y). Therefore, from (3) we can
set that UZGGR(Y)[fo(z), f1(2)]1 € Gg(Y). Then, from (1) it
follows that Gr(Y) = U, ¢, r)[f0(2), f1(2)], and so from
Proposition 13, we conclude that G g (Y') is modal. The proof
that Hp-1(Y) is modal is similar. O

The characterization of tense subsets of a tense LMy-
space, given in Lemma 15, prompts us to introduce the
following definition:

Definition 13 Let (X, {(filicr R) be a tense L My-space and
letdy : P(X) — P(X) defined by:

dx(Z) = Gr(Z)N Z N Hi-1(Z), forall Z € P(X).
(29)

Foreachn € w,letdy : P(X) — P(X), defined by:

d%(2) =z, dyt(2) = dx(dy(2)), forall Z € P(X).
(30)

By using the above functions dy, d}, n € w, we obtain
another equivalent formulation of the notion of tense subset
of a tense L My-space.

Lemma 16 Let (X, {fi}ier R) be a tense LMy-space. If Y
is a modal subset of X, then the following conditions are
equivalent:

(i) Y is a tense subset,
(i) Y =d5%Y), foralln € o,
(i) ¥V = (,ee dx(¥).

Proof 1t is a consequence of Corollary 10 and Definition 13.
O

Proposition 16 Let (X, {f;}icr, R) be a tense LMy-space
and let the structure (D(X), Gr, Hp-1) be the tense L Mp-
algebra associatedwith X. Then, foralln € w, forallU,V €
D(X)andforalli € I, the following conditions are satisfied:

(d0) d%(U) € D(X),

dl) dy(X) = X and d (9) = 9,

(d2) dit' () < dy ),

d3) dy(UNV)=dyU)Nds V),

(d4) U C V implies d%(U) C d%(V),

ds) dy(U) C U,

d6) ayt'(w) <
(dy(U)),

(d7) d;’((fi_l(U)) = fl._l(d;’((U))foranyn ewandi €1,

(d8) if U is modal, then d'y (U) is modal,

(d9) Mew % (fl._l (U)) is a closed, modal and tense subset
of X.

Gr(dy(U)) and dyT'(U) € Hp

Proof In a similar way to (Figallo et al. 2018, Proposition
4.11). O

As consequences of Proposition 16 and the above duality
for tense L Mjy-algebras (Proposition 9) we obtain the fol-
lowing corollaries.

Corollary 11 (Chirita 2011, Proposition5.1) Let (A, {piticr >
{ai}iel , G, H) be a tense LMy-algebra, d : A —> A be
the function defined by d(a) = G(a)AaNH (a) foralla € A,
and foreachn € w, letd" : A —> A be the function defined
by d°(a) = a and d"t (a) = d(d"(a)) for alla € A. Then,
foralln € wand for all a, b € A, the following conditions
are satisfied:

(dl) d*(1) = 1 and d"(0) = 0,

(d2) d""(a) < d"(a),

(d3) d"(a A b) =d"(a) Ad"(b),

(d4) a < b implies d"(a) < d"(b),

(d5) d"(a) < a,

(d6) d""(a) < G(d"(a)) and d"'(a) < H(d"(a)),
(d7) foralli € I andn € w, d"(p;(a)) = ¢;(d"(a)).

Corollary 12 Let (A, G, H) be a tense LMy-algebra and
(X(A), {fiA}ie/, RA) be the tense LMy-space associated
with A. If o4 : A —> D(X(A)) is the map defined by pre-
scription (2), then o4 (d" (a)) = d?f(A) (ca(a)) foralla € A
andn € w.

Proof 1t is a direct consequence of Proposition 9. O

It is worth mentioning that the operator d defined in Corol-
lary 11 was previously defined in Kowalski (1998) for tense
algebras, in Diaconescu and Georgescu (2007) for tense MV -
algebras, in Figallo and Pelaitay (2014), Figallo et al. (2017)
for I Kt-algebras and in Chiritda (2010), Chiritd (2011) for
tense 0-valued Lukasiewicz—Moisil algebras, respectively.
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Lemma 17 Let (A, G, H) be a tense L My-algebra. If )\
aj exists, then the following conditions hold.:

jedJ

(1) /\jEJ G(aj) exists and /\jej G(aj) = G(/\jEJ aj),
(i1) /\jej H(aj) exists and/\jej H(aj) = H(/\jej aj),
(iii) /\jeJ d(aj) exists and /\jeJ d*(a;) = d"(/\jej aj;)

foralln € w.

Proof (i): Assume that a; € A for all j € J and
ey aj exists. Since /\ ;c; a; < aj, we have by (T5)

that G(/\jejaj) < G(a;) for each j € J. Thus,
G(/\je] aj)isalowerboundoftheset{G(aj) cjeld}.
Assume now that b is a lower bound of the set {G(a DE
J € J}. From properties (T6) and (T9*) we have that
Py(b) < PyG(aj) < aj foreach j € J. So, Py(b) <
/\jes a;j- Besides, the pair (G, Pp) is a Galois connec-
tion, this means that x < G(y) <= Py(x) < y, for
all x,y € A. So, we can infer that b < G(/\jej aj>.

This proves that /\/eJ G(a;) exists and /\jel G(aj) =

G ( /\ jel 4j )
(i1): The proof for the operator H is analogous to the proof
for G.
(iii): It is a direct consequence of (i) and (ii). O

For invariance properties we have:

Lemma 18 Let (X, {fitier s R) be a tense L My-space and
(D(X), Grg, HR—I) be the tense LMy-algebra associated
with X. Then, for all U, V, W, Z € D(X) such that U =
dx(U), V = dx(V), dx (fio_l(W)) — f71(W) for some

io € I, and dx (X\fl.l*l(Z)) = X\ﬁ?l(Z)forsomeil el,
the following properties are satisfied:

) UNV =dx(UNV),

() UUV =dx(UUYV),

(i) dx(f; (W) = ;7 1(W) foralli € I,

(iv) dx(X\f'(2) = X\ (Z) foralli € I.

Proof (i): It immediately follows from the definition of the
function dy and property (T2) of tense L My-algebras.
(i1): Taking into account that U = dx(U) and V = dx (V)
and the fact that the operations Gg and Hgi-1 are
increasing, we infer that U UV € Ggr(U U V) and
UUV C Hgr-1(U U V), which imply that U UV =
dx(UUYV).

(iii): If W € D(X) and dx (f;,' (W) = f;~' (W) for some
ip € I, then from (d7) it follows that fio_l(dX(W)) =
fio_l (W). From the last assertion and property (IP5) we
infer that f;~'(dx(W)) = f, (W) forall i € I, and
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so from (d7), we get that dx (' (W)) = £, (W) for
alli e ]. O

(iv): It is proved in a similar way to (iii).

Corollary 13 Let (A, {oiticr s {Ei}iel , G, H) be a tense
LMoy-algebra. Then, for all a,b,c,d € A, such that a =
d(a), b = d(b), ¢iy(c) = d(giy(c)) for some iy € I and
9;,(d) = d(;, (d)) for some iy € I, the following proper-
ties are satisfied:

(i) d(a Ab) =a N Db,

(i) d(av b) =a Vv b,
(iii) ¢i(c) =d(gi(c)) foralli € I,
@1v) 9;(d) =d(g;(d)) foralli e I.

Proof 1t is a direct consequence of Proposition 9 and Lemma
18. O

Lemma 19 Ler (A, G, H) be atense L My-algebra. Then, for
all a € A, the following conditions are equivalent:

(i) a =d(a),
(i) a =d"(a) foralln € w.

Proof 1t immediately follows from Corollary 11. O

Lemma 20 Let (A, G, H) be a complete tense L My-algebra
or afinite tense L Mg-algebra. Then, the following conditions
are equivalent for any a € A:

(i) a =d(a),
(i) a =d"(a) foralln € w,
(i) a = A\, e, d"(a),
(iv) a = N\, e, d" (b) for some b € A.

Proof Taking into accoun that A,.,d"(a) € A for any
a € A and Lemma 17, it follows that d(/\new d" (a)) =

Nnew d" (a) for any a € A. This last assertion and Lemma
17 allows us to complete the proof. O

Proposition 17 (Chiritd 2011, Proposition 5.2) Let (A,
{oitier, {®;}ier, G, H) be a tense LMg-algebra and let
C(A):={a € A: d(a) = a}. Then,

(CA VA A@idier ABi} e 00 1)
is an LMy-algebra.

Proof From Corollary 13 and property (d1) in Corollary
11, we have that (C(A), v, A, 0, 1) is a bounded distribu-
tive lattice. Taking into account that a = d(a) for all
a € C(A), and the properties (iii) and (iv) in Corollary 13
it follows that ¢; (@) = ¢;(d(a)) = d(¢;(a)) and @;(a) =
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@,;(d(a)) =d(p;(a)) foralla € C(A) and i € I. Therefore,
wi(a), p;(a) € C(A) foralla € C(A) andi € I, from which
we conclude that (C(A), Vv, A, {(pi}ieh {ai}iel ,0,1) is an
L Mp-algebra. O

Corollary 14 Let (A, G, H) be a tense LMy-algebra. Then,
(B(C(A)), G, H) isatense Boolean algebra, where B(C(A))
is the Boolean algebra of all complemented elements of C(A).

Proof Tt is a direct consequence of the fact that a € B(C(A))
iff a € C(A) and a = ¢;(a) for all i € I (see (L8), Proposi-
tion 17 and property (iii) in Corollary 13). O

Let us recall that a tense L Mpg-congruence of an LMy-
algebra A is a lattice congruence p on A, which satisfied the
following properties for all x, y € A:

(1) if (x, y) € p, then (¢;ix, ¢;y) € pforalli € I (i.e. p is
an L My-congruence on A),

(i) if (x, y) € p, then (G(x), G(y)) € p and (H (x), H(y))
€ p.

The tense, semimodal and closed subsets of the tense
L Mg-space associated with a tense L Mjy-algebra perform
a fundamental role in the characterization of the tense L My-
congruences.

Theorem 4 Let (A, {gilicr {Ei}iel .G, H) be a tense
LMy-algebra, and (X(A), {fiA}ie], RA) be the tense L My-
space associated with A. Then, the lattice Cst(X(A)) of
all tense, semimodal and closed subsets of X(A) is anti-
isomorphic to the lattice Conpm,(A) of all tense LMg-
congruences on A, and the anti-isomorphism is the function
OgT defined by the same prescription as in (7).

Proof Since Cs7(X(A)) C Cs(X(A)), then from Theo-
rem 1 it follows that for any ¥ € Csr(X(A)), Osr(Y)
is an LMpy-congruence on A. Let us prove that @gr(Y)
preserves G and H. Let (1) (a,b) € Ogr(Y) and (2)
S € 04(G(a)) NY. Since o4 is a tense L My-isomorphism
it follows that S € Gga(oa(a)) NY. Hence, from the fact
that o4 (a) € D(X(A)) and Corollary 3 we obtain that (3)
RA(S) C o4(a). Suppose that T e RA(S). Since Y is a
tense subset of X(A) and S € Y, then from property (tsl)
of these subsets we can assert that there is (4) W € Y,
such that W € T and W € RA(S). This last assertion
and (3) allow us to infer that W € o4(a), from which we
get by (4) that W € o4(a) N'Y, and so by (1) we con-
clude that W € o4(b) NY. Since W C T, we have that
T € o4(b). Therefore, R4(S) € o4(b) and so, by virtue
that o4 (b) € D(X(A)), Corollary 3 and (2), we infer that
S € Gra(oa(b))NY.Then,04(G(a))NY C oa(G(h))NY.
The other inclusion is proved in a similar way. Analogously,
Os7(Y) preserves H. Therefore, @sr(Y) € Consppm,(A)
forall Y € Cs7(X(A)).

Conversely, let ¢ € Consppm,(A) andleth : A — A/D
be the natural epimorphism. Since ¢ € Conpy,(A), then
from Theorem 1 it follows that % = ®g(Y), where ¥ =
(@(h)(S) : S € X(A/9)) = (h™1(S) : S € X(A/D))}
and Y € Cg(X(A)). Besides, Y is a tense subset of X(A).
Indeed, let T € Y and (1) Q € RA(T). Since there exists
S € X(A/9) such that (2) ®(h)(S) = h=1(S) = T, we
obtain that Q € RA (@ (h)(S)). From Lemma 13, & (h)
is a tense LMpy-function, then from the last assertion and
property (tf2) of tense L My-functions, we infer that Q €1
@ (h) (RA/7(S)). Therefore, there exists M € X(A/?) such
that (3) M € RA/%(S) and ®(h)(M) C Q, and conse-
quently @ (h)(M) €| Q. Also, itis verified that @ (h)(M) =
h='(M) € Y. Besides, from (3) and property (tf1) of tense
L My-functions, we obtain that & (h)(M) € RA(®(h)(S))
and thus from (2), we get that @ (h)(M) € R(T). There-
fore, @ (h)(M) €} Q NRA(T) NY,from which we conclude
by (1) thatforall T € Y, | QN RA(T)NY # @ for all
Q € RA(T), which means that Y € G ga(Y) and so, (ts1)
holds. In a similar way it can be proved that property (ts2)
holds. Finally, we conclude that Y is a tense, semimodal and
closed subset of X(A) and so ¥ = Og7(Y). O

The tense and closed 8-subsets of the tense L Mjy-space
associated with a tense L My-algebra enable us to charac-
terize the tense 6L Mpy-congruences on these algebras as
Theorem 5 shows.

Theorem 5 Let (A, {pi}icr > {@}iel , G, H) be a tense
LMoy-algebra, and let (X(A), {fiA}ie[, RA) be the tense
L Mg-space associated with A. Then, the lattice Cor (X (A))
of closed and tense 0-subsets of X (A) is anti-isomorphic to
the lattice Consorm, (A) of tense 6 L My-congruences on A,
and the anti-isomorphism is the function Oyt defined by the
same prescription as in (7).

Proof 1t is a consequence of Theorems 2 and 4 and the
fact that Consgrm, (A) € Congrm,(A), Conorm, (A) <
Conypm, (A), Cor(X(A)) S Co(X(A)) and Cor(X(A)) <
CsT(X(A)). o

5 Other characterization of tense
OLMgy-congruences

In this section we will obtain another characterization of tense
6 L My-congruences on a tense L My-algebra. First, we will
determine the filters such that the lattice of congruence asso-
ciated with each of them is a tense L My-congruence. For
this, we will remember the notion of tense filter of a tense
L Mg-algebra and the notion of 6-filter of an L My-algebra.

Definition 14 Let (A, {¢i}c; . {@i}iel .G, H) be a tense
L Mg-algebra. A filter S of A is a tense filter iff
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(tf) d(a) € S forall a € S or equivalently d" (a) € S for all
a€ Sandn € w.

Definition 15 Let (A, {¢i}ic; {ai}iel ,
algebra. A filter S of A is a 0-filter iff

G, H) be an L My-

(sf) @i(a) € S foralla € S andi € I, or equivalently
po(a) € Sforalla € S.

Lemma 21 Let(A, {¢i}ics . {9i},., - G. H) beatense LMy-
algebra. If S is a filter of A, then the following conditions are
equivalent:

(i) S is a tense filter of A,
(i) G(a) € Sand H(a) € S foralla € S.

Proof (i) = (ii): Let S be a tense filter of A and a € S. Since
d(a) € S,d(a) < G(a) and d(a) < H(a), we infer that
G(a) € Sand H(a) € S.

(i1) = (i): Let a € S. Then, from the hypothesis (ii) and the
fact that § is a filter we obtain that d(a) € §, and therefore,
S is a tense filter of A. O

Lemma 22 Let (A, {¢i}ic1, {@;}ici, G, H) be a tense LMjy-
algebra. If S is a 0-filter of A, then the following conditions
are equivalent:

(1) S is a tense filter of A,
(ii) d"(gi(a)) € Sforalla e S,n e wandi € I.

Proof (i) = (ii): Leta € S,n € wandi € I. Since S
is a O-filter of A, we have that ¢;(a) € S. From this last
assertion and the fact that § is a tense filter we conclude that
d"(¢i(a)) € S.

(i) = (i): From the hypothesis (ii) we obtain that for all
a € Sandn € w, d" (po(a)) € S. From the last assertion,
properties (L7) and (d4) and the fact that S is a filter of A we
infer that d" (a) € S for alla € S and n € w, and therefore,
S is a tense filter of A. O

Definition 16 Let (A, {¢i};cs . {@i},.,. G. H) be a tense
L Mg-algebra. A filter S of A is a tense 6-filter iff S is a
tense filter and a 6-filter of A.

We will denote by Frg(A) the lattice of all tense 6-filters
of a tense L My-algebra (A, G, H).

Remark 3 Let us recall that under the Priestley duality, the
lattice of all filters of a bounded distributive lattice is anti-
isomorphic to the lattice of all increasing closed subsets of
the dual space. Under that anti-isomorphism, any filter S of a
bounded distributive lattice A corresponds to the increasing
closed set

oala) €1y

Y5={TeX(A):T§S}=ﬂaeS
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and O¢c(Ys) = O(S), where O¢(Yy) is defined as in (7)
and @(S) is the lattice congruence associated with § (i.e.
OS)={(a,b)e AxA:ans=>bnsforsomes e S}).

Conversely any increasing closed subset ¥ of X(A) cor-
responds to the filter

Sy={aeA:YgoA(a)}=ﬂ T, (32)

Tey
and @ (Sy) = O¢(Y), where O¢ (Y) is defined as in (7), and
©®(Sy) is the lattice congruence associated with Sy.

Lemma 23 Let (X, {fi}ic1, R) be a tense L My-space. Then
for every subset Y of X, the following conditions are equiv-
alent:

(1) Y is increasing and semimodal,
(i1) Y is modal.

Proof (i) = (ii): Since Y is a semimodal subset of X, then
(HY C fl._l(Y) for all i € I. On the other hand, let (2)
x € fofl(Y). Taking into account (2), property (1IP9) and
the fact that Y is increasing, we infer that x € Y, and so by
(1) we obtain that Y = f(;1 (Y). From this last assertion and
property (IP5), we infer that Y = flfl(Y) foralli € I, which
means that Y is modal.

(i) = (ii): It follows from Definition 4 and Proposition 13. O

Theorem 6 Let (A, {¢}ics . {g?i}iel ,G,H) be a tense
LMoy-algebra. If S is a filter of A, then the following con-
ditions are equivalent:

() ©(S) € Conrpmy (A),
(ii) S € Fr,(A).

Proof (i) = (ii): Let S be a filter of A such that @(S) €
Con;m,(A). Then, from Theorem 4 and Remark 3 it follows
that ©(S) = Ogr(Ys), where @ (S) is the lattice congru-
ence associated with S and (1) Ys = {x € X(A) : § C
x} =\ es o4(a) is a tense, semimodal and closed subset of
the tense L Mp-space X (A) associated with A. Since, Y is
semimodal and also by Priestley duality, Y is increasing, we
have by Lemma 23 that Y is modal. Besides, o4 is an L My-
isomorphism, then taking into account the prescription (1)

we obtain that Yy = flfrl (Ys) = fl.Afl(ﬂaeS oA(a)) =

MNocs fiA_](oA(a)) = Mucsoa(gi(a)), for any i € I.
From the last assertion, and taking into account that Yg
is a tense subset of X(A), Corollaries 11 and 12 and
Lemma 16, we infer that Ys = dx(a) (ﬂaeS oa(pi (a))) -
Nues dxa) ©@a@i(@)) = Nuesoad(@i(@)) S Nyes
oas(pi(a)) = Ys, for any i € [. Hence, (2) Ys =
(Mues 0a(d(gi(a)) for any i € I, from which we get that
d(pi(a)) € Sforanya € S andi € I. Indeed, assume
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that a € S, then by the assertion (1), a € x for all
x € Yg, from which it follows by the assertion (2) that
X € ﬂaes oa(d(gi(a)) forany i € I, and thus d(g;(a)) € x
for all x € Y5 and i € I. Therefore, d(¢;(a)) € mxest
for any i € I, and taking into account that by Remark 3,
S = ﬂxeys x, we deduce that d(¢;(a)) € S foranyi € I,
from which we conclude by Lemma 21 that § € F7,(A).

(il) = (i): From Priestley duality and (31), we have that
Mues0ala) = Ys = {x € X(A) : S C x} is an increas-
ing and closed subset of X(A) and ®(S) = O¢(Ys). By
Theorem 4, it remains to show that Yg is a semimodal and
tense subset of X (A). From the hypothesis (ii), we infer that
foralla € S,i € I and x € Yg, d(¢;(a)) € x, and con-
sequently from Corollary 13, we obtain that ¢;(d(a)) € x
for all i € I and all x € Yg, from which it follows
that (1) Ys € (,c50a(gi(d(a))) for all i € I. And so,
by property (d2) in Corollary 11, Ys € (),c50a(gi(a))
for all i € [I. From this assertion we have that Yg C
Mues oa(@i(@)) S (Nsesoala) = Y. Since o4 is an
L M,-isomorphism, then by the prescription (1) we get
that 2) ¥ = Naes 0a@1@) = Naes £ (0a@) =
FA (Nyesoa@) = fA (¥s). Therefore, from the last
statement and property (IP5) we conclude that Yy = fiA (Ys)
for all i € I and so, Yy is modal. In addition, from (1), (2)
and Corollary 11 we infer that Y5 € (,c50a(d(¢1(a)) S
Nacs o4 (@1(a)) = Yy and hence, Ys = ()5 0a(d(@1(a)).
Then, taking into account that (),cgdx(a)(0a(¢1(a))) =

dX(A)(maes oa(p (a))) and Corollary 12, we obtain that
Ys = dx)(Ys), and thus, from Lemma 16 and the fact
that Y is modal, we infer that Yy is a tense subset of X (A).
Finally, since Yy is a tense, modal and closed subset of X (A)
and Oy 1 (Ys) = Oc(Ys) = ©(S), we conclude, from The-
orem 4, that @ (S) € Con;ppm, (A). O

The tense, modal and closed subsets of the tense L Mpy-
space associated with a tense LMjy-algebra play a key role
in the characterization of the tense L My-congruences asso-
ciated with tense 6-filers of this algebras, as we will prove
next.

Theorem7 Let (A, G, H) be a tense LMy-algebra, and
(X(A), {fiA}iGI, RA) be the tense LMy-space associated
with A. Then, the lattice Cyyr (X (A)) of tense, modal and
closed subsets of X(A) is anti-isomorphic to the lattice
CO”tLMefm(A) (A) of tense L My-congruences on A associ-
ated with some tense 0-filter of A, and the anti-isomorphism
is the function ® y 1 defined by the same prescription as in

.

Proof Let Y € Cyr(X(A)). Thus, from Lemma 23, Y €
Cst(X(A)) and Y is increasing. Then, from Theorem 4 we
obtain that @g7(Y) € Con;rm,(A), and from Remark 3,
we get that Ogr(Y) = @ (Sy), where Sy is a filter of A

defined as in (31). From this last assertion and Theorem 6,
we infer that Sy € Frg(A), from which we conclude that
Ost leyrxay (Y) € ContLMefm(A) (A). Conversely, let
v € Con,LMgfm(A) (A). Then there is S € Frg(A) such
that = @(S). Since ContLMgfm(A)(A) C Conspm,(A),
then from Theorem 4 and Remark 3, we infer that that
O (S) = Og7(Ys), where Yy is defined as in (32). The fact
that Y is increasing and Lemma 23 allow us to assert that
YS S CMT(X(A)) and ¥ = @ST |CMT(X(A)) (Y) Therefore,
therestriction @s7 |c,,, (x(4)) is afunction from Cp7 (X (A))
onto ConfLMHfm(A) (A). If Oy = Og7 |CMT(X(A))’ then
from the last statement and Theorem 4, we conclude the
proof. O

Our next objective is to prove that the O-filters of a
tense L My-algebra allow us to characterize the tense 6 L M-
congruences on this algebra. For this purpose, we consider
the following notion:

Definition 17 Let (A, {¢i}ics . {#i},, - G. H) be a tense
LMpy-algebra and ¢+ € Con;py,(A), the tense 6L Mpy-
congruence on A generated by ¢ is the smallest tense
6 L Mg-congruence on A, in the sense of the inclusion rela-
tion, containing ¢ and it will be denoted by Dy .

In order to achieve the characterization that we have pro-
posed we will take into account Theorems 5 and 7. First,
we will obtain the greatest tense and closed 9-subset con-
tained in an arbitrary tense, modal and closed subset of a
tense L Mp-space.

In Figallo et al. (2010), the following characterizations of
closed 6-subsets of an L My-space were obtained.

Proposition 18 (Figallo et al. 2010, Proposition 2.1.5) Let
(X, {fi}ie,) be an LMy-space and let Y be a subset of X.
Then the following conditions are equivalent:

(1) Yis a closed 6-subset,
(ii) there is a subset Z of X such that Y = Uie, fi(2),

(i) Y = U, fi(Y).

Proposition 19 Let (X, {fiticr > R) be a tense LMy-space
and let Y be a tense, modal and closed subset of X. Then
Uiel fi(Y) is a tense and closed 6-subset.

Proof By condition (ii) in Proposition 18 we have that
Uies fi(Y) is a closed O-subset of X. Now assume that
(Hye Uie[ fi(Y). From (1), the fact that the subset Y is
tense and modal and Corollary 10, it follows that R(y) C Y.
Since, by Proposition 13, we have that Y is a decreasing sub-
set of X, we obtain that (2) | R(y) € Y. From property
(IP9), we deduce that for all z € R(y), fo(z) €l R(y).
Besides, from (2) we get that fy(z) € Y and so from
property (IP5) we obtain that fy(z) € fo(Y). Therefore,
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fo(2) € Uje; fi(¥)N | R(y), from which we conclude by

(D that | R(y) N ;e fi(Y) #@forally € J;e; fi(Y),
which allows us to assert that Uie] fi(Y) is tense. O

Proposition 20 Ler (X, {fi};c;, R) be a tense LMg-space
associated and let Y be a tense, modal and closed subset of
X. Then|J;¢; fi(Y) is the largest tense and closed 6-subset,
in the sense of the inclusion relation, contained in Y.

Proof (i) From Proposition 19, we have that | J;; fi(Y) isa

tense and closed 6-subset.

(ii) Since Y is closed and modal, then Uiel fi(Y)ycy.

(iii) Let Z be a tense and closed 6-subset of X such that

(1) Z C Y. Then, from Proposition 18 we have that (2) Z =

Uies fi(Z). Besides, from (1) we obtain that f;(Z) C fi(Y)

forall i € I, and consequently, | J;.; fi(Z) S U;c; fi(Y),

from which we conclude by (2) that Z C J;; fi(Y).
Finally, from (i), (ii) and (iii) the proof is complete.

]

Corollary 15 Let (A, G, H) be a tense LMy-algebra and
(X(A), {fiA}ieL RA) be the tense LMy-space associated
with A. Then, for every tense, modal and closed subset Y
of X(A), Osr(V)g = @gr(uiey f,.A(Y)), where Os and
Ot are the anti-isomorphisms defined in Theorems 4 and
5, respectively.

Proof 1t is a direct consequence of Theorems 4 and 5 and
Proposition 20. O

Corollary 16 Let (A, G, H) be a tense LMjy-algebra and
(X(A), {f,.A}iGI, RA) be the tense LMy-space associated

with A. Then for every S € Fro(A), @/(\S)g = @ms)e =
Oor (Uie[ fiA (YS)>, where Y is defined as in (32), Oyt
and Ogr are the anti-isomorphisms defined in Theorems 7
and 5, respectively.

Proof 1t is a direct consequence of Remark 3, Theorems 6
and 7, Lemma 23 and Corollary 15. O

Theorem 8 Let (A, G, H) be a tense LMy-algebra. Then,
the lattice Fro(A) of all tense 0-filters of A is isomorphic
to the lattice Congrm, (A) of tense 6 LMy-congruences of
A, and the isomorphism is the function ¥ from Frg(A)
onto Congym, (A), defined for all S € Fro(A) by ¥(S) =
@/(\S)g, where @ (S) is the L Mg-congruence associated with
S.

Proof It is immediate that ¥ (S) = (;(\S)g € Conygrm, (A)
forall § € Frg(A).Ontheotherhand,let? € Consorm, (A)
and let (X(A), {fiA},-el, RA) be the tense L My-space asso-
ciated with A, then from Theorem 5 it follows that there
is Y € Cor(X(A)) such that (1) & = Oyr(Y). Since,
Y = U, [A(Y), then Z = flAfl(Y) is a modal and closed
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subset of X (A) and (2) ¥ = {J;¢; fiA (Z). Also, taking into
account that Y is tense and semimodal and Corollary 9, we
infer that Z is tense. Therefore, from Theorem 7 it follows
that 3) Osr(Z) = O(Sz) and Sz € ]-'Tg(A))_B\esides,
from (1), (2) and Corollary 15, we obtain that Og7(Z)s =
@9T<Uiey fiA(Z)) = @9T<Uiey fiA(Y)> =
which we get by (3) that ¥(S) = @(Sz) = . In addi-
tion, let Sy, So € Frg(A) such that S; C S, then Y5, C
Ys, and thus, ;¢; f2(Ys)), Uies [ (Ys) € Cor(X(A))
and J;¢, fl.A(YSZ) € Uies fl.A(Yg]). Consequently from
Theorem 5 we have that O (Uie | fiA(Ysl)) C Or

¥, from

(U il fiA 0% 52)>. Hence, from the last statement and Corol-

lary 16, we deduce that @/(\51)9 - @/(\Sz)e, and so we can
assert that ¥ (S1) € ¥ (S,). Conversely, let us assume that
M € }'&_(A) and ¥ (S1) € ¥ (S;), which means that
O(S1)g € O(S2)g. Then, from Corollary 16 we infer that

Oor (Uiey fl.A(Ysl)) C Ogr (Uiey fl.A(Y52)>,and s0 from
Theorem 5, we obtain that |,y £ (Ys,) € U;ey £ (¥s)).
Thus, Ys, C Yg,, which allows us to conclude that S| € S5.

Therefore, ¥ : Fro(A) —> Congrm, (A) is a lattice iso-
morphism. o

6 Conclusion and future works

Priestley spaces arise more naturally in relation with log-
ics, as Priestley spaces incorporate the now widely used
Kripke semantics in them. As a result, Priestley’s duality
became rather popular among logicians, and most dualities
for distributive lattices with operators have been performed
in terms of Priestley spaces. In particular, in this paper we
have determined a topological duality for tense 6-valued
Lukasiewicz—Moisil algebras, extending the one obtained
for 0-valued Lukasiewicz—Moisil algebras in Figallo et al.
(2010). By means of the above duality we have obtained
properties of these algebras and also we have characterized
the congruences and the #-congruences on these algebras. In
a future work we will use the previous characterizations to
describe the simple and the subdirectly irreducible tense 6-
valued Lukasiewicz—Moisil algebras and the simple and the
subdirectly irreducible tense 6-valued Lukasiewicz—Moisil
algebras by 6-congruences. Furthermore, by means of the
aforementioned duality, we will prove a representation the-
orem for tense L My-algebras, which was formulated and
proved by a different method by Chiritd (2011). The proof
of this theorem could be of interest for people working
in duality theory. We expect that our method can be eas-
ily applied to weak-tense operators or tense operators on
0-valued Luaksiewicz—Moisil algebras with negation (see,
Chiritd (2012b), Chapter 6).
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