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Abstract

In this paper, a multiple criteria decision making (MCDM) method based on weighted Archimedean power partitioned
Bonferroni aggregation operators of generalised orthopair membership grades (GOMGs) is proposed. Bonferroni mean
operator, geometric Bonferroni mean operator, power average operator, partitioned average operator, and Archimedean 7-
norm and 7-conorm operations are introduced into generalised orthopair fuzzy sets to develop the Bonferroni aggregation
operators. Their formal definitions are provided, and generalised and specific expressions are constructed. On the basis of
the specific operators, a method for solving the MCDM problems based on GOMGs is designed. The working process,
characteristics, and feasibility of the method are, respectively, demonstrated via a numerical example, a qualitative
comparison at the aspect of characteristics, and a quantitative comparison using the example as benchmark. The
demonstration results show that the proposed method is feasible that has desirable generality and flexibility in the
aggregation of criterion values and concurrently has the capabilities to deal with the heterogeneous interrelationships of
criteria, reduce the negative influence of biased criterion values, and capture the risk attitudes of decision makers.

Keywords Multiple criteria decision making - Aggregation operator - Generalised orthopair fuzzy set - Bonferroni mean -

Geometric Bonferroni mean - Archimedean 7T-norm and 7-conorm

1 Introduction

Multiple criteria decision making (MCDM), or multiple
criteria decision analysis, is a process of finding optimal
alternatives in complex scenarios via evaluating the values
of multiple criteria of all alternatives synthetically (Greco
et al. 2016). In this process, the first important task is to
express criterion values accurately and effectively. For
such expression, there are various kinds of available tools
(Abualigah and Hanandeh 2015; Abualigah and Khader
2017; Abualigah et al. 2018a, b, c; Abualigah 2019), where
fuzzy sets are one of the most representative kinds (Yager
1981). So far, over twenty different types of fuzzy sets
have been presented within academia (Bustince et al.
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2016). Among them, Zadeh’s fuzzy set (FS) (Zadeh 1965)
is a well-known type of fuzzy set that uses a degree of
membership ¢ (0 < p < 1) to quantify the degree of sat-
isfaction. In some real applications, FS is enough for the
representation of fuzzy information. However, it cannot be
used to describe complex fuzzy information, such as the
degree of dissatisfaction and the degree of hesitancy. To
make up for this deficiency, Atanassov (1986) presented
the theory of intuitionistic fuzzy set (IFS). Compared with
a FS, an IFS has a degree of membership u and a degree of
non-membership v O <u<1, 0<v<1l, 0<u+v
< 1), which can, respectively, express the degree of sat-
isfaction and the degree of dissatisfaction, and thus, the
degree of hesitancy can be obtained by 1 — p — v. Due to
such characteristic, IFSs have been widely used to describe
the values of criteria in MCDM during the past three
decades. A number of research topics about IFSs in
MCDM, such as operational rules of intuitionistic mem-
bership grades (IMGs) (De et al. 2000; Wang and Liu
2012; Jamkhaneh and Garg 2018), aggregation operators of
IMGs (Xu and Yager 2011; Xia et al. 2012, 2013; Liu and

@ Springer


http://orcid.org/0000-0001-5936-1714
http://crossmark.crossref.org/dialog/?doi=10.1007/s00500-020-04676-3&amp;domain=pdf
https://doi.org/10.1007/s00500-020-04676-3

12330

Y. Qin et al.

Chen 2017; He et al. 2017; Liu et al. 2018a), intuitionistic
preference relations (Xu 2007; Liao and Xu 2014a; Zhang
and Pedrycz 2017), intuitionistic fuzzy calculus (Lei and
Xu 2015, 2016; Ai and Xu 2018), and MCDM methods
based on IFSs (Wei 2010; Liu and Zhang 2011; Liao and
Xu 2014b; Garg 2017), have received extensive attention in
this period.

Although IFSs have showed great potential in MCDM,
their application range is limited by their capability to
express fuzzy information. More specifically, the two
components u and v in an IFS must satisfy the condition
that 0 < w4+ v < 1. In this case, the criterion values
whose p and v do not satisfy this condition cannot be
described by IFSs. For example, IFS is not capable of
expressing a criterion value whose p=0.8 and v =0.4
because 0.8 + 0.4 > 1. To address this issue, Yager (2014)
proposed the theory of Pythagorean fuzzy set (PFS), which
relaxes the condition to 0 < uz +? < 1. For this reason,
PFSs can express more fuzzy information than IFSs. For
instance, the criterion value whose p = 0.8 and v = 0.4 can
be described by a PFS because 0.8% + 0.4% < 1. Due to the
stronger expressiveness, PFSs have also had a wide range
of applications in MCDM. For example, Yager and
Abbasov (2013) investigated the relationships between
Pythagorean membership grades (PMGs) and complex
numbers; Zhang and Xu (2014) presented an extension of
TOPSIS to MCDM with PFSs; Peng and Yang (2015)
proposed division and subtraction operations on PFSs and
developed a Pythagorean fuzzy superiority and inferiority
ranking method to address the MCDM problems with
uncertainty; Garg (2016) proposed a new generalised
weighted Einstein operator to aggregate PMGs and studied
its application in MCDM; Dick et al. (2016) developed
interpretations of complex-valued PMGs; Chen (2018)
developed novel VIKOR-based methods for MCDM
involving Pythagorean fuzzy information; Wei and Lu
(2018) presented a set of Pythagorean fuzzy weighted
power aggregation operators to resolve MCDM problems;
Liang et al. (2018) proposed a model of three-way deci-
sions and developed the corresponding decision-making
process based on PFSs; Khan et al. (2019) presented a set
of Pythagorean hesitant fuzzy Choquet integral aggregation
operators for MCDM.

To further improve the expressiveness of PFSs, Yager
(2017) presented the theory of generalised orthopair fuzzy
set (GOFS). In a GOFS, the condition of u and v is further
relaxed to 0 < pu? + v <1 (¢ =1, 2, 3, ...). Obviously,
GOFS is the generalisation of FS, IFS, and PFS because:
when ¢ = 1 and 0 < p? + v? = 1, GOFS will become FS;
when g =1and 0 < u? + v! < 1, GOFS will become IFS;
when ¢ =2 and 0 < u? + v <1, GOFS will become
PFS. It is also not difficult to find that the greater of the
value of the rung ¢, the stronger the expressiveness of a
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GOFS. This provides a mechanism to obtain certain fuzzy
information expression range via assigning an appropriate
value to g. As an example, suppose there is a criterion
value whose u = 0.9 and v = 0.5. This value cannot be
described by PFS since 0.9 + 05> > 1. However, when
q is assigned at least 3, the value can be expressed by
GOFS. From this example, it is no doubt that GOFSs have
the strongest expressiveness compared with FSs, IFSs, and
PFSs. Due to this, GOFSs have also received extensive
attention during the past 2 years. Various research topics
regarding GOFSs, which mainly include approximate rea-
soning in GOFSs (Yager and Alajlan 2017), aspects of
GOFSs (Yager et al. 2018), distance measures of GOFSs
(Du 2018), correlation and correlation coefficient of
GOFSs (Du 2019), MCDM methods based on GOFSs (Liu
et al. 2018b; Wang and Li 2018), and aggregation operators
of generalised orthopair membership grades (GOMGs)
(Liu and Wang 2018a, b; Liu and Liu 2018; Yang and Pang
2019; Liu et al. 2018c, d; Wei et al. 2018, 2019; Bai et al.
2018; Wang et al. 2019; Peng et al. 2018; Xing et al. 2019),
are gaining importance within academia.

For solving the MCDM problems, there are generally
two categories of methods. One category consists of con-
ventional methods (e.g. TOPSIS, VIKOR, PROMETHEE,
ELECTRE). The other category includes the methods
based on aggregation operators (Grabisch et al.
2009, 2011). Aggregation operators can solve the MCDM
problems more effectively because they can provide com-
prehensive values and rankings of alternatives, while
conventional methods can only generate rankings (Liu and
Wang 2018b). So far, over twenty different aggregation
operators of GOMGs have been presented, which include
the weighted averaging (WA) operator and the weighted
geometric (WG) operator (Liu and Wang 2018a), the
weighted Bonferroni mean (WBM) operator and the
weighted geometric Bonferroni mean (WGBM) operator
(Liu and Liu 2018), the weighted Archimedean Bonferroni
mean (WABM) operators (Liu and Wang 2018b), the
weighted partitioned Bonferroni mean (WPBM) operator
and the weighted partitioned geometric Bonferroni mean
(WPGBM) operator (Yang and Pang 2019), the weighted
extended Bonferroni mean (WEBM) operator (Liu et al.
2018b), the weighted Heronian mean (WHM) operator and
the weighted geometric Heronian mean (WGHM) operator
(Wei et al. 2018), the WHM* operator and the weighted
partitioned Heronian mean (WPHM) operator (Liu et al.
2018c), the weighted Maclaurin symmetric mean (WMSM)
operator and the weighted geometric Maclaurin symmetric
mean (WGMSM) operator (Wei et al. 2019), the weighted
power Maclaurin symmetric mean (WPMSM) operator
(Liu et al. 2018d), the weighted power partitioned
Maclaurin symmetric mean (WPPMSM) operator (Bai
et al. 2018), the weighted Muirthead mean (WMM)
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operator and the weighted geometric Muirhead mean
(WGMM) operator (Wang et al. 2019), the weighted
exponential (WE) operator (Peng et al. 2018), and the
weighted point (WP) operators (Xing et al. 2019). The
main characteristics of these operators are listed in Table 1.
As can be summarised from the table, among the MCDM
methods based on the operators, there is not yet a method
that has the following characteristics at the same time: (1)

aggregation of GOMGs; (2) deal with the case where the
criteria are divided into several partitions and there are
interrelationships between different criteria in each parti-
tion, whereas the criteria in different partitions are inde-
pendent of each other; (3) reduce the negative effect of the
unduly high or unduly low criterion values on the aggre-
gation results; (4) capture the risk attitudes of decision
makers.

provide desirable generality and flexibility

the

Table 1 The main characteristics of the existing aggregation operators of GOMGs

Name Reference Generality and flexibility in Interrelationships of Effect of biased Risk attitudes of
aggregation of GOMGs different criteria criterion values decision makers

WA Liu and Wang  Can provide limited Independent Cannot reduce Cannot capture
(2018a)

WG Liu and Wang  Can provide limited Independent Cannot reduce Cannot capture
(2018a)

WBM Liu and Liu Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018)

WGBM Liu and Liu Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018)

WABM Liu and Wang  Can provide desirable Between 2 criteria Cannot reduce Can capture
(2018b)

WPBM Yang and Pang Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2019)

WPGBM  Yang and Pang Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2019)

WEBM Liu et al. Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018b)

WHM Wei et al. Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018)

WGHM Wei et al. Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018)

WHM* Liu et al. Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018¢)

WPHM Liu et al. Can provide limited Between 2 criteria Cannot reduce Cannot capture
(2018c)

WMSM Wei et al. Can provide limited Among 2 + criteria Cannot reduce Cannot capture
(2019)

WGMSM  Wei et al. Can provide limited Among 2 + criteria Cannot reduce Cannot capture
(2019)

WPMSM  Liu et al. Can provide limited Among 2 + criteria Can reduce Cannot capture
(2018d)

WPPMSM Bai et al. Can provide limited Among 2 + criteria Can reduce Cannot capture
(2018)

WMM Wang et al. Can provide limited Among 2 + criteria Cannot reduce Cannot capture
(2019)

WGMM Wang et al. Can provide limited Among 2 + criteria Cannot reduce Cannot capture
(2019)

WE Peng et al. Can provide limited Independent Cannot reduce Cannot capture
(2018)

WP Xing et al. Can provide moderate Independent Cannot reduce Cannot capture
(2019)

@ Springer



12332

Y. Qin et al.

In practical MCDM problems, aggregation of values of
criteria is a complicated process, in which decision makers’
preferences could vary. A desirable aggregation operator
should be general and flexible enough to adapt to such
variation. Also, there are generally interrelationships
among the criteria considered in the problems. It is also of
necessity for an aggregation operator to model such inter-
relationships to obtain more reasonable aggregation results.
Further, criterion values are usually evaluated by domain
experts, which are always not absolutely objective. This
means that a few domain experts could provide unduly
high or unduly low criterion values. To achieve reasonable
aggregation results, it is of importance to reduce the effect
of such values in the aggregation process. Finally, MCDM
problems have certain subjectivity and the preferences of
decision makers are their important input. Among various
preferences, decision makers’ risk attitudes (e.g. pes-
simistic, neutral, and optimistic) are an important type. A
desirable aggregation operator should have the capability
to capture such risk attitudes. Based on these considera-
tions, the motivations of the present paper are explained as
follows:

(1) To develop an aggregation operator of GOMGs that
can capture the interrelationships of criteria and the
risk attitudes of decision makers, the Bonferroni
mean (BM) operator (Bonferroni 1950), geometric
BM (GBM) operator (Xia et al. 2013), and parti-
tioned average operator (Dutta and Guha 2015) are
introduced to construct partitioned Bonferroni aggre-
gation operators of GOMGs. The BM and GBM
operators can capture the interrelationships between
the aggregated arguments and were found to,
respectively, provide pessimistic and optimistic
expectations in MCDM. The partitioned average
operator can handle the situation where the aggre-
gated arguments are divided into several partitions
and the arguments in different partitions have
different interrelations.

(2) To enable the aggregation operator to reduce the
influence of extreme criterion values on the aggre-
gation results, the power average operator (Yager
2001) is combined into the partitioned Bonferroni
aggregation operators of GOMGs. The power aver-
age operator can assign weights to the aggregated
arguments. This makes it possible to reduce the
effect of unreasonable arguments values on the
aggregation results.

(3) To improve the generality and flexibility of the
combined aggregation operators of GOMGs, the
operational rules based on the Archimedean 7-norm
and T-conorm (ATT) (Klement et al. 2000; Deschri-
jver and Kerre 2002) are used to perform the
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operations in them. The ATT are important tools
that can generate versatile operational rules for
membership grades, and the aggregation operators
based on them are flexible in the aggregation of
fuzzy information.

To sum up, this paper aims to present a set of weighted
Archimedean power partitioned BM (WAPPBM) operators
and weighted Archimedean power partitioned GBM
(WAPPGBM) operators of GOMGs and a MCDM method
based on them. This aim is achieved via the combination of
the BM, GBM, power average, and partitioned average
operators with weights and the operational rules based on
ATT in the context of MCDM based on GOMGs. The
major contribution of the paper is as follows: A MCDM
method based on weighted Archimedean power partitioned
Bonferroni aggregation operators of GOMGs is proposed.
Compared to the existing MCDM methods based on
aggregation operators of GOMGs, the proposed MCDM
method simultaneously has the four characteristics above.

The remainder of the paper is organised as follows. A
brief introduction of some related basic concepts is given in
Sect. 2. Sections 3 and 4, respectively, explain the details
of the presented aggregation operators and the proposed
MCDM method. A numerical example and qualitative and
quantitative comparisons are reported to illustrate and
demonstrate the method in Sect. 5. Section 6 ends the
paper with a conclusion.

2 Preliminaries

To better understand this paper, some prerequisites in
GOFS theory, operational rules of GOMGs based on ATT,
BM operator, GBM operator, power average operator, and
partitioned average operator are briefly introduced in this
section.

2.1 GOFS theory

Yager’s GOFS (Yager 2017) is the generalisation of
Zadeh’s FS (Zadeh 1965), Atanassov’s IFS (Atanassov
1986), and Yager’s PFS (Yager 2014). Its formal definition
is as follows:

Definition 1 A qROFS S in a finite universe of discourse
X is S = {{x, us(x), vs(x)) | xeX}, where ug: X — [0, 1] is
the degree of membership of the element xeX to the set S,
and vg: X — [0, 1] is the degree of non-membership of x €
X to S, with the condition that 0 < (us(x))? + (vs(x))? < 1
(g=1,2,3, ..). The degree of hesitancy of x € X to S is
15(x) = (1 = (us(0))? — (5D,
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For convenience, a pair (us(x), vs(x)) is called as a
GOMG, which is usually denoted as G = (u, v). To com-
pare two GOMGs, their scores and accuracies are needed to
calculate. The followings are the definitions of the score
and the accuracy of a GOMG.

Definition 2 Let G = (u, v) be a GOMG. Then, the score
of G is

S(G) = = (1)

Obviously, —1 < §(G) < 1.

Definition 3 Let G = (u, v) be a GOMG. Then, the
accuracy of G is

A(G) = + 19 )

Obviously, 0 < A(G) < 1.
Based on S(G) and A(G), two GOMGs can be compared
according to the following definition:

Definition 4 Let G| = (u;, v{) and G, = (p, v») be two
arbitrary GOMGs, S(G;) and S(G») be, respectively, the
scores of G| and G, and A(G) and A(G,) be, respectively,
the accuracies of G; and G,. Then: (1) If S(G)) > S(G,),
then G| > Gy; (2) If S(Gy) = S(G,) and A(G)) > A(G,),
then G| > G,; (3) If S(Gy) = S(G,) and A(G)) = A(G,),
then G, = Go.

To compute the distance between two GOMGs, a dis-
tance measure of GOMGs is required. The following def-

inition provides the Minkowski-type distance measure of
GOMGs (Du 2018):

Definition 5 Let Gy = (u;, v1) and G, = (i, v») be any
two GOMGs. Then, the Minkowski-type distance between
G, and G, is

D(G1,Ga) = (0.5]p, — o]+ 0.5]v; — vo|*)"/* 3

where ¢ = 1, 2, ... If ¢ = 1, the Minkowski-type distance
between G| and G, will reduce to the Hamming distance
between G; and G,: D(Gy, Gy) = 0.5(u; — ol + vy
— wl); If ¢ = 2, the Minkowski-type distance between G,
and G, will reduce to the Euclidean distance between G
and G,: (0.5l — ,u2|2 + 0.5lv; — vzlz)m; If 0 = oc, the
Minkowski-type distance between G, and G, will reduce to
the Chebyshev distance between G| and G,: D(G;, G,.

) = max(lpy — ol, vy — o).
2.2 Operational rules

In mathematics, a 7-norm is a binary operation on the unit
interval [0, 1] that satisfies commutativity, associativity,

monotonicity, and boundary condition (Klement et al.
2000, 2005; Pap 1997, 2008). The dual notion of a T-norm
is its conorm. Formally, a 7-norm and its conorm can be
defined as follows:

Definition 7 A T-norm is a function 7: [0, 1]> — [0, 1]
such that for all x, y, z € [0, 1]: (1) T(x, y) = T(y, x); (2) T(x,
1(y, 2)) = T(T(x, y), 2); (3) If y < z, then T(x, y) < T(x, 2);
@ T(x, 1) = x.

Definition 8 If T is a T-norm, then its conorm 7<: [0,
17> [0, 11is T, y) =1 — T(1 — x, 1 — y).

A T-norm T is called Archimedean if every sequence x,
(where n =1, 2, ...; x; <1; and x,,, = T(x,, x,)) con-
verges to 0. The conorm of an Archimedean 7T-norm is
called as an Archimedean 7-conorm.

For an Archimedean T-norm 7 and its conorm 7<: (1) If
a function f(r) (t € R) is monotonically decreasing and
satisfies the conditions that fir): (0, 1] - R"; f~ 1(t):
RT - (0, 11; lim, ./ '(H=0; and f'(0)=1, then
S(t) can be used to generate T: T(x, y) = f~ 1(f(x) + f(y)) and
is called as an additive generator of T; (2) If a function
g(® (t € R) is monotonically increasing and satisfies the
conditions that g(r): (0, 1] - R"; g7 '(: RT - (0, 11;
limHocg_l(t) = 1; and g '(0) = 0, then g(¢) can be used to
generate TS TS(x, y) = g~ '(g(x) + g(v)) and is called as an
additive generator of 7. According to the definition of the
conorm of a T-norm, f{(¥) is actually equal to g(1 — f), that
is, ity = g(1 — 1).

During the past few decades, the studies of ATTs and
their additive generators have received a lot of attention.
Various families of ATTs have been presented in this
period. Four well-known families of ATTs and their
additive generators are as follows:

(1) If (t) = — Int, then g(¢) = — In(1 — t),fl(t) =e
and g'(f) = 1 — e™". Based on this, the algebraic 7-
norm and 7-conorm are obtained as

Ta(x,y) =xy and Tg(x,y):x—i—y—xy

) Iff(t) = In[(2 — p)/t], then g(r) = In[(1 + /(1 — 1)],
f—l(t) =2/(e'+ 1), and g ') =(e'— D/e'+ 1).
Based on this, the Einstein 7-norm and 7-conorm
are obtained as

Xy

T = d
E<x7y) 1+(1—X)(1—y) an
xX+y

3) If fiy=In{[A + (A — De)/t} (4> 0), then g(r) =
In{[A + (1 — DA — DI/ — D}, fl(t) = e+
J—1), and g '(r) = (e'= D)/(e'+ A—1). Based on
this, the Hamacher T7-norm and 7-conorm are
obtained as
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Xy
T, =
HY) = T Ay =)

c Cxty—xwy— (1 - Ay
TH(xay)_ 1—(1—))xy

4 Iffir) = — In[(e — 1)/(&— 1)] (¢ > 1), then g(t) = —
Inf(¢ — D/E'™=1)],  f'(0) = logl(e¢ — 14+e7")/
e, and g '(n=1—1logl(e — 1 +e e ]
Based on this, the Frank 7-norm and 7-conorm are
obtained as

and

Sw%—wwy—ﬂ

Tr(x,y) = log, (1 + w) and

TFC(x7y):1_10gs|:l+ 1

& —

Based on ATT, a set of general and versatile operational

rules of GOMGs can be established according to the fol-
lowing definition (Liu and Wang 2018b):

Definition 9 Suppose G = (i, v), G; = {1, vi>, and
G, = (1, v,) are three arbitrary GOMGs, and 6 and 7 are
two arbitrary real numbers and ¢, T > 0. Then, the sum and
product operations between GOMGs based on the Archi-
medean T-norm T(x, y) =f l(f(x) + f(y)) and the Archi-
medean T-conorm 7S(x, y) = g '(g(x) + g(y)) and the
multiplication and power operations of GOMGs based on
T(x, y) and Tc(x, y) can be, respectively, defined as follows:

G ®G = <TC(#1»,“2)a T(V17V2)>
= (g ' (g(m) + &(12)), 7 (F() +£(n2)))

(4)
G ® Gy = (T(uy, 1), TC(v1,12))
= () + (1)), & (gn) +8(n2)))
(5)
3G = (g~ (3g(w)), f~'(f(v))) (6)
G = (f'(o(w), g ' (re(v)) (7)

2.3 BM operator

The BM operator was presented by Bonferroni (1950). It is
capable of describing the interrelationships between dif-
ferent non-negative real numbers. The formal definition of
BM operator is as follows:

Definition 10 Let Z, (k =1, 2, ..., n) be a collection of
non-negative real numbers and a and b be two real numbers
and a, b > 0 but not at the same time a = b = 0. Then, the
aggregation function

@ Springer

(3)

is called the BM operator. In this operator, the interrela-

tionships between E; and &, are captured by a and b. The
interrelationships will only be considered when both a and
b are not 0.

2.4 GBM operator

The GBM operator was introduced by Xia et al. (2013). It
was found to obtain more optimistic expectations in
MCDM than the BM operator. The GBM operator is
actually the dual form of the BM operator. Its formal
definition is as follows:

Definition 11 Let E, (k =1, 2, ..., n) be a collection of
non-negative real numbers and a and b be two real numbers
and a, b > 0 but not at the same time a = b = (. Then, the
aggregation function

GBM“Y)(5, 5,,... 5,) =

)

is called the GBM operator. In this operator, the interre-

lationships between E; and E; are also captured by a and
b. The interrelationships will only be considered when both
a and b are not 0.

2.5 Power average operator

The power average operator, introduced by Yager (2001),
can assign weights to the aggregated arguments via cal-
culating the degrees of support between these arguments.
This makes it possible to reduce the negative effect of the
unduly high or unduly low argument values on the aggre-
gation results. The formal definition of the operator is as
follows:

Definition 12 Let (E,, E,, ..., E,) be a collection of crisp
numbers, S(E;, ) =1—-DE;, &) (,j=1,2, ..., n and
J # i; D(E;, &) is the distance between E; and Z;) be the
degree of support for E; from E; which has the following
properties: (1) 0 < S(E;, ) < I; 2) S(E;, &) = SE,, E);
(3) SE;, E) = SE,, By if I5,— & < IE,— &4, and

n

Z S(Ei’ Ej)

J=1j#

T(E;) =

Then, the aggregation function
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it (L4 T(Z0)Z:)
2 (1+T(5))

is called the power average operator.

PA(ElaE27"'7En) =

(10)

2.6 Partitioned average operator

The partitioned average operator can aggregate the argu-
ments in different partitions using the same aggregation
operator and aggregate the aggregation results of different
partitions using the arithmetic average operator (Dutta and
Guha 2015). Its formal definition is as follows:

Definition 13 Let (2, E,, ..., E,) be a collection of crisp
numbers, § = {&;, E,, ..., E,} be a set of &, &,, ..., E,,
Sy =1{E81, 5y, ..., Eisu} (k=1,2, ..., N) be N partitions of
SGie.S;USU...USy=Sand$; NS N...NSy=0),
and AO be a specific aggregation operator. Then, the
aggregation function

1 |Sk|

PA(E, Es,. .., E)) :NZ (AQ(%)) (11)
=1 \*=

is called the partitioned average operator.

3 Bonferroni aggregation operators

In this section, a WAPPBM operator and a WAPPGBM
operator of GOMGs are presented. The formal definitions
of the two operators are provided, and their generalised and
specific expressions are constructed.

3.1 WAPPBM operator

A WAPPBM operator of GOMGs is an aggregation oper-
ator of GOMGs combining the BM operator, the power
average operator, and the partitioned average operator with
weights, in which the sum, product, multiplication, and
power operations are performed using the operational rules
of GOMGs based on ATT. Its formal definition is as
follows:

Definition 14 Let G], Gz, ceey G,, (G, = <,LL,', Vl‘>, i= 1, 2,

....,m)ben GOMGs (¢ =1, 2,3, ...), (G, G5, ..., G,) be a
collection of Gy, Gy, ..., G,, S = {Gy, G, ..., G,} be an
ordered set of Gy, G, ..., G,, S = {G1, G, ..., Gsu}

(k=1,2, ..., N) be N partitions of § (i.e. S; U S, U ... U
Sy=8Sand S, NS, N...NSy=0), aand b be two real
numbers such that a, b > 0 but not at the same time a =

b=0, G ® Gjand G; ® G; (i, j=1, 2, ..., n) be,
respectively, the sum and product operations of G; and G;
based on ATT, ¢G, and Gi.’ (r,s=1,2,...,n;¢c,d > 0)be,
respectively, the multiplication operation of G, and the
power operation of G, based on ATT, S(G, Gy)-
=1- DG, Gy (r,s=1,2,...,nand s # r; D(G,, Gy) is
the distance between G, and Gy) be the degree of support
for G, from G, which satisfy 0 < S(G,, Gy < 1, S(G,,
G, = S(G,, G,), and S(G,, Gy) = S(G,, G)) if IG,— G-
<1G,— G,l, wy, wy, ..., w, be, respectively, the weights of
Gy, Gy, ..., G, such that 0 < wy, wy, ..., w, < 1 and w_
+ wy 4+ ...4+w, =1, and
n

> 86, Gy)

s=1,s#r

T(Gr) =

Then, the aggregation function
1

WAPPBM“Y)(G,,G,,...,G,) = N
e
"é\é' m ik‘;kéil (((nwi‘)Gik)a(@((nwfk)GJ )b>
e
(12)
where

n

Wy, = (Wik(l + T(Gu)»/z (Wh(l + T(Gh)))v
h=1

/Z (wa(1+T(Gr))),

h=1

Wj, = (ij(l + T(ij)))

is called the WAPPBM operator. In this operator, the
values of a and b are used to capture the interrelationships
between the aggregated GOMGs in each of the N partitions
S: (1) Ifa=0and b>0 or a >0 and b =0, then the
GOMG:s in each partition Sy, are independent of each other;
(2) If @ > 0 and b > 0, then the interrelationships between
the GOMGs in Sy are considered.

According to Egs. (4)—(7) and (12), the following the-
orem is obtained:

Theorem 1 Let Gl, Gz, cees Gn (G, = <,u,', Vi>, I = l, 2, vy

n) be n GOMGs (¢ = 1,2, 3, ...) and (G4, Gy, ..., G,) be a
collection of Gy, Gy, ..., G,. Then,
WAPPBM“?) (G, Gs, . ..,G,) = (u, v) (13)
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and it is still a GOMG, where

1 1 1 15 af (g7 ((nmi)e(wy)))

_ |t -1 -1 1 )8\

et 20 E e K Friroreey ;1 ST e (oo sty) :
JkF ik
N 15 ag(f~" ((n@;, )f (vi,)))

_ 1] Y T 1 -1 i/ Vi

V= Nk:Elf & | w8 |/ | mm W;:lf (g ( +bg (/- (nm3 ()
JkF ik

and D(Gy, G,), D(Gj, G,), and D(Gy, Gy) are, respectively, .

the Minkowski-type distances between Gy and G,, G and

G,, an

For
please

d G, and G, which can be calculated using Eq. (3).

the details regarding the proof of this theorem,
refer to “Appendix A”.

Equation (13) is a generalised expression of the
WAPPBM operator. If specific additive generators are

applie

d to f, then specific expressions can be constructed

according to this equation:

ey

@)

If fi)=—1In%, then g()=—In(l —¢9), f"
(=@M and g7 ') = (1 — e ). A weighted
Archimedean algebraic power partitioned BM
(WAAPPBM) operator of GOMGs is constructed
as follows:

WAAPPBM“Y) (G|, G,, ..., G,)

(14)

If f(r) =In[2 — D)/t], then g@) = In[(1 + %)/
-, o=+ D", ad g"
(1) = [(e'— D'+ 1)]"1. A weighted Archimedean
Einstein power partitioned BM (WAEPPBM) oper-
ator of GOMG:s is constructed as follows:

WAEPPBM“Y) (G}, Gs, .. .,G,)

N L 1/q 1/q
A3 _
(kl;ll (“”71)) : 2
(E) ) ((Te) -
k k=

4

1

where

@ Springer

3)

]

|Sk| /
I w3
W= 11 ( ; ) +3
L w—1
ik k=1
JiFix
I e
— T a+b
[si] (Isi|-1)
|Sk] ,
H W43 —1
1 w—1 ’
igyk=1
JxFix
1
L ath
I8¢ ] ([sk]-1)
v
/I — Y
v . H (v’fl) +3
i k=1
JxFix
I =
— at
[5e](Ise]-1)
o '+3
v _
H (v’fl) 1 ’
ikJfik=1
JiF ik
a b

noy, noy,
144l +3( 1-p?
, i i
W= o o
14 —| 1= 14
3 i Jk

If fiy=In{[A+ A — DHt')Vt?} (A>0), then
g0 =In{[Z+ (1 = DA =Y =), 1) =
[+ A=D1, and g~ '(1) = [(e'— DI+ 1—1)]"4.
A weighted Archimedean Hamacher power partitioned
BM (WAHPPBM) operator of GOMGs is constructed
as follows:
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WAHPPBM“?)(G, G, . . .,G,)

| 1/q

N N
H//+(/12_l)
< <k1:11( v )) -

= i )
N " N
<H (* Zﬁﬁ”)) A1

1/q

(16)

: )
(ﬁ (""tﬁ’fl”))ﬁﬂ _1

k=1

where

ST

|Sk] / 2
" u + ()‘ - 1) 22
= L S -1
1 iklikll ( oy 4

JiFix

AT e

1

1
Ise[Clse|-1)

at+bh
ik jk=1

+22 -1 / .
JiFik

where

‘u/// _ 10g6<1 + <8/‘” _ l)m/(‘c _ 1)$—1>7

1
vl/l =1— IOgL(l + (gl—v” _ 1)u+')/(£ _ 1),,

RS
(N
N———

I8l [Sk[([sel-1)
:uH =1- IOgé: 1+ (8 - 1)/ H (Sé;l,l) )
i jx=1
Jiik
R

/" 15 e—1 v
V :logs 1+(£— 1) Hl (n"‘/71> )

ik =
ki

q nw; 1/
" = (1 - logn(l + (s'_”fk - 1) k/(gf 1)”’%*‘>> !
v nwj, nw. — 1/q
vj’.k:<log8(1+(efk—1) A/(8—1) ik l))

(r+ =m0 -u)) "+ -1 (1-u)"™"

. a+b
s Isel(Isi|-1)
1 (u'wZ—l)) |
- 7 1 - )
i k=1 w1
JiF ik
! @i
S Isel(Isi-1)
Sy (22 -1)
H v —1 -
ir k=1
JxFix

b

I ((;u + (=41 - HZ{))HW"+(}L2 - 1)(1 B 'uiqk)nm,k>a
(i + (1 — )v)(l _ 'ug())mﬂ,-k_<1 — Hi)mﬂi}{

gqnw;,

noj, - a noj,
(,1+(1—;,)vfk) +(2—1p" (;,+(1—z)v;fk> +HE2 =1y K

ik

L ra— , L T—
I(1=Avf v k I (1=Apvp - Tk

(H(l—1)(1—M;Ik))"”’*—(l—ujk)"m’* ’

@) If flty = — In[(e — /(&= 1)] (y =7, ¢ > 1), then
gty=—1In[(e — D/IE'"=D1, £ (1) = {log.[(-
e— 1+e e}, and g ') = {1 — log,[(-
e — 1+e e}, A weighted Archimedean
Frank power partitioned BM (WAFPPBM) operator
of GOMGs is constructed as follows:

WAFPPBM“?) (G|, G, ..., G,)

(i)
)

3.2 WAPPGBM operator

A WAPPGBM operator of GOMGs is the dual form of the
WAPPBM operator of GOMGs. Its formal definition is as
follows:

Definition 15 On the basis of Definition 14, the aggrega-
tion function

@ Springer



12338

Y. Qin et al.

WAPPGBM ) (G, G, ...,G,)
ﬁ
N 1 ISk| nw; nw, ; _
_ G (bG u))musk\ D
kg a+b iA,;?:I((a K )
JiF ik

(18)

is called the WAPPGBM operator. In this operator, the
functions of a and b are the same as their functions in the
WAPPBM operator.

According to Eqgs. (4)—~(7) and (18), the following the-
orem is obtained:

Theorem 2 Let Gy, Gs, ..., G, (G; = {w;, vi), i =1,2, ...,

n) be n GOMGs (¢ = 1,2, 3, ...) and (G4, Gy, ..., G,) be a
collection of Gy, G, ..., G,. Then,
WAPPGBM'“?) (G, Gy, . ..,G,) = (u,v) (19)
and it is still a GOMG, where
i1 = 1 1 &

n=r N;f S et 1S (1Se] = 1) |Sk|—1 2./

— ir k=1

JiFik

| S|
cH—bf

[Se(S=1) |Sk\ 1)

]k?élk

Sl

(@)

If f(r)y=In[(2 — 9)/t], then g(¢) = In[(1 + ¢7)/
(=, flo=0/+ D", ad g "
(1) = [(e'— D'+ 1)]"1. A weighted Archimedean
Einstein power partitioned GBM (WAEPPGBM)
operator of GOMGs is constructed as follows:

WAEPPGBM“?) (G|, G, .. .,
1/q

Gn )

<
I

/\
N
[\S]
F—
T=
—~
|
=
N~
2
|
—
~_—

+
N
—=
—
Ff
._.w
=
~
=
+

N L
H 143
u—1
k=1

( <ag(f( m))))
g (f (<nw,k>f<u,k>)) ’

af (g

+bf

_‘((nwik)g(vik))))>
(T

For the details regarding the proof of this theorem,
please refer to “Appendix B”.

Equation (19) is a generalised expression of the
WAPPGBM operator. If specific additive generators are
applied to f, then specific expressions can be constructed
according to this equation:

(1) If finn=—1Int" then g)=—In(l —¢9), f"
(=@M and g~ ') = (1 — e ). A weighted
Archimedean algebraic power partitioned GBM
(WAAPPGBM) operator of GOMGs is constructed

as follows:

WAAPPGBM“")(G,,G,, . ..,G,)

@ Springer

3

e
‘f—l‘ (u’ + 3)—\su<\§k\—1> .
— ,
it Wl

JiFik

5
S| ’ e
3 .
1 (u/+ l)mum 7, /
i =1 W=

JiFik
V=

1
L 1

< +1
|| / T ISk 7 T
VA= 3 sl (s -1) VA= 3 [l (s
I | 3 I I -1 s
L (v’—l) * ) / L <v’—1) ) '
ikfik=1 ik k=1
Ik i ki

na; qnw; q'\" qnm,‘ b
- (s (2-st)" 30
= qnm na; )
2—uf)"™~ (27%) ' ;Zw’*

(R

If finn=In{[A+ A — D} (4> 0),
g =In{[Z+ (1 - H(1 — O — D}, f
(1) = [Me'+ 2—D1Y, and g ') = [(e'— Di(e'+—

—D]Y. A weighted Archimedean Hamacher
power partitioned GBM (WAHPPGBM) operator
of GOMG:s is constructed as follows:

then
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“

WAHPPGBM“?) (G, G,, . ..,G,)
1/q

ALy )
(@)
ese)) )

(22)
where
L
15| W+ (2=1) () 2
N” _ H (/7> + 27 =1
ik k=1 w1
JxFix
s
/ ﬁ (‘u/+(221))m 1
irjr=1 'u, -1
Jiik
e
s I
i k=1 V-l
Jiix

1
a+b

‘ﬁ‘ V(R DRI
R ’
ik k=1
Jiix

;G = )" G = 1™
(A4 (1= A" —p™

iy

nw,

()»-F (1 _ /L)'ujqk> lk+(/12 _ I)MZMM
<}~+ (1 . 2)/171) ik 7”;1:1071‘;(

I (ENEE Y SIS dal
() + (1 - )u)(l — vg())mv"k_(l _ Vq)f’llﬂ,k

i

n, ni\ b

(;.+(1fz)(1fvj‘fk)> +(/1271)<17v;’k)

e ™
()Hr(l—/l)(lftj’k)) - <17v1"k)

If f(r) = — In[(¢ — D/(&— 1)] (y =17, ¢ > 1), then
g = —Inle — /' DL () = {log,[(-
e— l+e e}, and g7 ') = {1 — log,I(-
e — 1+e e}, A weighted Archimedean
Frank power partitioned GBM (WAFPPGBM) oper-
ator of GOMG:s is constructed as follows:

WAFPPGBM“?)(G,, G,, . . .,G,)

where

sy 1
H/// —1— IOga(l 4 (Slfl,’/ _ 1>n+h/(8 . l)ﬁ—b—])’

" Py 1
Y= 10g1;<1 4 (SV _ l)u+b/(8 _ ])u+b ])7

ISk| —r—
_ e—1 ) IScl(Si[-1)
:uH - 10g1; 1+ (8 - 1)/ H (;‘,71) HIE )

ixjx=1

JxFix

Sk [ S
v =1—log, 1+(s—1)/ 11 <—a.5‘7‘71)"”<‘“"” 7

ik =1
Jkik

w=1-log,

(1 + ((81% ) (e 1>b)/(8 ~ 1)a+b—1)7

i () )
= (g, (14 (¢ = 1) Jie—1ymet) e

T
= (tog, (14 (24— )™ Jte—1ym) e

v, = (1 —logs<1 + (,g'*‘i?’k _ 1)"’”"k/(8_ l)mjkﬂ))l/q

4 MCDM method

Relatively, the GBM operator can generate more optimistic
results for MCDM, while the BM operator can provide
more pessimistic expectations (Xia et al. 2013). To con-
sider the risk attitudes of decision makers in MCDM, the
two operators can be combined to resolve a MCDM
problem. In this section, a risk attitude factor is introduced
to linearly combine the scores and accuracies of the
aggregation results of the presented WAPPBM and
WAPPGBM operators, and a MCDM method based on
such combination is proposed to solve the MCDM prob-
lems based on GOMGs.

Generally, a MCDM problem based on GOMGs can be
formalised using a set of alternatives A = {Aj, A, ..., A,,},
a set of criteria C = {Cy, C, ..., C,} such that C is divided
into N partitions Ck= {C], Cz, ceey CICkI} (k= 1, 2, ey
N) and there are interrelationships between the criteria in
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A fuzzy decision A set of criteria

altgniﬁ\fs A g T g Candits arll;zfngfisxfe
[Gijlmxn partitions Cy
D .  Normalise < Judge type Eq. (25)
rule in Eq. (24) getp 4
Normalised Compute
matrix M = > power
[Gijlmxn weights

Fig. 1 General procedure of the proposed MCDM method

each partition, whereas there are no interrelationships
between the criteria in different partitions, a vector of
weights of criteria w = [wy, wy, ..., w,] such that 0 < wy,
Wa, oy W, <1, wi +wy 4+ ... +w, =1, and each ele-
ment, respectively, stands for the relative importance of Cj,
Cy, ..., C,, and a generalised orthopair fuzzy decision
matrix M = [G;jlux, (=1, 2,..., m; j=1, 2,..., n) such
that G;; = (p;, v;j) is a GOMG that stands for the value of
C; with respect to A;. On the basis of these components, the
MCDM problem can be described as: determining the best
alternative according to a ranking of all alternatives in
A based on C, M, and w. Based on the presented WAPPBM
and WAPPGBM operators, the problem is solved accord-
ing to the following steps:

(1) Normalise the generalised orthopair fuzzy decision
matrix M. In general, a MCDM problem may have
two types of criteria, i.e. benefit and cost criteria.
They, respectively, have positive and negative
effects on decision-making results. To remove the
effects of different types of criteria, the decision

matrix M is normalised as
N

MY = [G;]

[(wijsvigy] ., if Cis a benefit criterion

[<Vi.17 Hij

mxn

if C; is a cost criterion

(24)

mxn’

@

Compute the power weights of G;;. The power
weights of G;; are calculated via

@ Springer
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Compute the
combined scores
and accuracies

A ranking of

. <— Rank =«
alternatives

A
WAPPBM and
WAPPGBM Eg&s ((22;3))
(Eq.s (26) and (27))
Compute
» collective ~ —
values

w,-J-: <Wj<1+ i (1 —D(GiJ', G,»)))/i
r=1,r#j =1

e 5 1)
s=1,s#t

where D(G;;, G;,) and D(G;,, G; ) are, respectively,
the Minkowski-type distances between G;; and G;,
and G;, and G;,, which can be calculated using
Eq. (3).

Compute the collective values of G;;. Let S; = {G; 1,
Gi», ..., G;,} be an ordered set of G; 1, G;», ..., G;,
and Si,k = {Gi,la G,’yz, N Gi,ISkI} be Npartitions of S
corresponding to C;. Then, the collective values of
E,j are computed via

Z = (4, vi) = WAPPBM“Y(G;,Gia, ..., Gi,)
(26)

(25)

2 = (u;, vi) = WAPPGBM“Y (G, Gi, . . ., Giyy)

(27)

where WAPPBM is a specific WAPPBM operator,
such as the WAAPPBM operator in Eq. (14), the
WAEPPBM operator in Eq. (15), the WAHPPBM
operator in Eq. (16), and the WAFPPBM operator in
Eq. (17), and WAPPGBM is the dual operator of the
specific operator in WAPPBM, such as the
WAAPPGBM operator in Eq. (20), the WAEPPGBM
operator in Eq. (21), the WAHPPGBM operator in
Eq. (22), and the WAFPPGBM operator in Eq. (23).
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(4) Compute the combined scores and accuracies of G;.
According to Egs. (1) and (2), the scores and
accuracies of G; of WAPPBM and WAPPGBM
are, respectively, calculated. Let Spm(G;) and Agm(-
G;), respectively, be the score and accuracy of G;
Computed by WAPPBM, SGBM(Gi) and AGBM(Gi)a
respectively, be the score and accuracy of G
computed by WAPPGBM, and 0 < o < 1 be a risk
attitude factor that denotes the degree of risk attitude
of a decision maker (there are five different degrees
of risk attitude in the method: pessimistic, moder-
ately pessimistic, neutral, moderately optimistic, and
optimistic, which are represented by o = 1, o = 0.75,
o =0.5,a=0.25 and a = 0, respectively). Then, the
combined scores and accuracies of G; are calculated

via:
S(G,) = O(SBM(G,') + (1 — O()SGBM(G,‘) (28)
A(G,) = CXABM(G,‘) + (1 — OC)AGBM(G,') (29)

(5) Generate a ranking of A;. On the basis of the
combined scores and accuracies of G;, a ranking of A;
is generated according to the comparison rules in
Definition 4.

(6) Determine the best alternative. The alternative that
ranks first is determined as the best alternative.

According to the abovementioned steps, the general
procedure of the proposed MCDM method is depicted in
Fig. 1.

5 Example and comparisons

In this section, a numerical example is firstly leveraged to
demonstrate the proposed MCDM method. Then, qualita-
tive and quantitative comparisons to the existing methods
are made to illustrate its characteristics and verify its
feasibility.

5.1 Example

A numerical example regarding the determination of the
best investment area from five possible areas (cited from
Yang and Pang 2019) is used to illustrate the proposed
MCDM method. In this example, the five possible areas are
gold (A,), tourism (A,), real estate (A3), energy industry
(A4), and artificial intelligence (As). There are five criteria
for decision-making, which are the market potential (C,),
the amount of interests received (C,), the growth potential
(C3), the risk of capital loss (Cy), and the inflation (Cs). The
relative importance of these criteria is measured by
w = [0.10, 0.15, 0.25, 0.30, 0.20]. The five criteria are
divided into two partitions C, = {C;, C,, Cz} and
C, = {C4, Cs}, and there are interrelationships between the
three criteria in C, so do the two criteria in C,, and there is
no interrelationship between C; and C,. The evaluation
results of the five criteria of the five possible areas are
listed in the following matrix:

M
<0.6,03> <06,08> <09,02> <06,03> <0.7,05>
<0.7,02 > <0.7,05> <05,06> <03,07> <0.5,04>
= | <05,07> <06,02> <07,03> <03,05> <0.2,07>
<0.6,03> <038,0.1> <0.7,04> <04,03> <04,0.7>
<04,08 > <06,04> <0.6,02> <03,07> <0.2,0.6>

On the basis of the known conditions above, the deter-
mination of the best investment area can be carried out
using the proposed MCDM method. This process consists
of the following six steps:

(1) Normalise the generalised orthopair fuzzy decision
matrix M. Among the five criteria, the market
potential (C;), the amount of interests received
(Cy), and the growth potential (C;) are benefit
criteria, and the risk of capital loss (C4) and the
inflation (Cs) are cost criteria. Based on this, the
matrix M is normalised according to Eq. (24) and a
normalised matrix is obtained as:

<0.6,03> <0.6,08> <09,02> <03,06> <0.5,0.7>
<0.7,0.2 > <0.7,05> <05,06> <0.7,03> <04,0.5>
MY = [GiJ]SXS: <0.5,0.7> <0.6,02> <07,03> <05,03> <0.7,02>
<0.6,03> <08,0.1> <0.7,04> <03,04> <0.7,04>
<04,08> <0.6,04> <0.6,02> <0.7,03> <0.6,0.2>
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Table 2 The results of the qualitative comparison

MCDM method

Generality and

Deal with heterogeneous

Reduce negative

Capture risk

flexibility interrelationships influence attitudes
WA and WG (Liu and Wang 2018a) Limited No No No
WBM and WGBM (Liu and Liu Limited No No No
2018)
WABM (Liu and Wang 2018b) Satisfying No No Yes
WPBM and WPGBM (Yang and Limited Yes No No
Pang 2019)
WEBM (Liu et al. 2018b) Limited Yes No No
WHM and WGHM (Wei et al. 2018) Limited No No No
WHM?* and WPHM (Liu et al. 2018c) Limited Yes No No
WMSM and WGMSM (Wei et al. Limited No No No
2019)
WPMSM (Liu et al. 2018d) Limited No Yes No
WPPMSM (Bai et al. 2018) Limited Yes Yes No
WMM and WGMM (Wang et al. Limited No No No
2019)
WE (Peng et al. 2018) Limited No No No
WP (Xing et al. 2019) Moderate No No No
The proposed MCDM method Satisfying Yes Yes Yes

(@)

3)

Compute the power weights of G;;. According to
Eq. (25) (when calculating the Minkowski-type
distances, o = 3), the power weights of G;; are
calculated and the calculated results are listed in the
following matrix:

0.1018
0.0973
0.0841
0.1067
0.0788

0.1529
0.1513
0.1537
0.1430
0.1531

0.2236
0.2488
0.2567
0.2658
0.2556

0.3064
0.3056
0.3029
0.2718
0.3080

0.2153
0.1970
0.2026
0.2127
0.2045

[wfzf}sxsz

Compute the collective values of G;;. According to
the partitions C; = {Cy, C,, C3} and C, = {Cy, Cs},
the matrix M™ is divided into S;; = {G;, G2, G;3)
and S;> = {G,;4, G;s}. Taking them and the power
weight matrix [w; ;]5.s as input, the collective values
of G;; can be calculated using Egs. (26) and (27).
Without loss of generality, the WAHPPBM operator
in Eq. (16) and the WAHPPGBM operator in
Eq. (22) (when adapting the two operators, g = 2,
A =73, and (a, b) = (1, 2)) are, respectively, used in
Egs. (26) and (27) to complete the calculation. The
calculated results are, respectively, listed as follows:

G = (0.4509, 0.8967), G, = (0.4114, 0.8889),
G = (0.4357,0.8243), Gy = (0.4441, 0.8479),
Gs = (0.4362, 0.8267)

G; = (0.8131,03872), G, = (0.8042, 0.3134),
G = (0.8207,02163), Gy = (0.8166, 0.2454),
Gs = (0.8206, 0.2283)
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Compute the combined scores and accuracies of G;.

Using Egs. (28) and (29) (when adapting the two

equations, o = 0.5), the combined scores and accu-

racies of G; are calculated and the calculated results
are listed as follows:

S(G) = —0.0448,
S(G3) = 0.0686,
S(Gs) = 0.0640

A(Gy) =0.9092,
A(G3) = 0.79438,
A(Gs) =0.7997

S(G,) = —0.0362,
S(G4) = 0.0424,

A(G,) = 0.8521,
A(Gy) = 0.8216,

Generate a ranking of A;. According to the computed
S(G;) and A(G,) and the comparison rules in Defini-
tion 4, a ranking of A; is generated as:
A3>A5>A4>A2>A1.

Determine the best alternative. According to the
generated ranking, the best alternative is determined
as As. That is, the best investment area is real estate.

5.2 Comparisons

More than twenty different MCDM methods based on the
aggregation operators of GOMGs have been presented so far.
Representative examples are the methods based on WA and
WG (Liu and Wang 2018a), WBM and WGBM (Liu and Liu
2018), WABM (Liu and Wang 2018b), WPBM and
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Table 3 The details of the quantitative comparison

MCDM method

Assigned argument values

Generated ranking

Best investment area

WA (Liu and Wang 2018a)
WG (Liu and Wang 2018a)
WBM (Liu and Liu 2018)

q=2
q=2
g =2and (a, b) = (1, 2)

Ay = Az = As = A = Ay
Az = As > Ay = Ay = Ay
Az = As > Ay = Ay = Ay

Energy industry (Ay4)
Real estate (A3)
Real estate (A3)

WGBM (Liu and Liu 2018)
WABM (Liu and Wang 2018b)
WPBM (Yang and Pang 2019)
WPGBM (Yang and Pang 2019)

g=2and (a, b)=(1,2)

g=2and (a, b)=(1,2)
g=2and (a, b)=(1,2)

g=2,7=3,and (a b) = (1, 2)

Az = As = Ay = Ay = Ay
As = Az = Ay - A = Ay
Ay > As = Ay > Ay = Ay
Ag = Az = As = Ar = Ay

Real estate (A3)

Artificial intelligence (As)
Real estate (A3)

Energy industry (A4)

WHM (Wei et al. 2018)

WGHM (Wei et al. 2018)
WHM?* (Liu et al. 2018c¢)
WPHM (Liu et al. 2018¢)
WMSM (Wei et al. 2019)

g=2and (a, b)=(1,2)
g=2and (a, b)=(1,2)
g =2and (a, b) = (1, 2)
g=2and (a, b) = (1, 2)
g=2and k=2

As = Az = Ay = A = Ay
Az = As > Ay = Ay = Ay
As = Az > Ay - A = Ay
As = Az = Ay = Ay = A
Ay = Az = As = Ay = Ay

Artificial intelligence (As)
Real estate (A3)

Artificial intelligence (As)
Artificial intelligence (As)
Energy industry (A4)

WGMSM (Wei et al. 2019)
WPMSM (Liu et al. 2018d)
WPPMSM (Bai et al. 2018)
WMM (Wang et al. 2019)
WGMM (Wang et al. 2019)
The proposed MCDM method

g=2and k=2
g=2,0=3,and k=2
qg=2,0=3,and k=2

q =2 and (6y, 62, 93, 44, 95) = (1, 2,0, 0, 0)
g =2 and (64, 6, 93, 4, 05) = (1, 2,0, 0, 0)
g=2,0=A=3,(ab)=(1,2),and x =05 A3 > As > Ay > A, = A4

Az = Ay = As = Ay = A
Ay = Az = As = Ay - Ay
Az = Ay = As = Ar = Ay
Ag = Az = As = Ar = Ay
Ay = Az = As = Ay = A

Real estate (A3)
Energy industry (A4)
Real estate (A3)
Energy industry (Ay)
Energy industry (A4)
Real estate (A3)

For easy comparison, all methods used the score function in Eq. (1) and accuracy function in Eq. (2) and used the Minkowski-type distance
measure in Eq. (3) (if required); The most generalised weighted Archimedean Hamacher BM operator was selected when comparing the method
based on WABM; the most generalised WAHPPBM operator was selected when comparing the proposed method

WPGBM (Yang and Pang 2019), WEBM (Liu et al. 2018b),
WHM and WGHM (Wei et al. 2018), WHM* and WPHM
(Liu et al. 2018c), WMSM and WGMSM (Wei et al. 2019),
WPMSM (Liu et al. 2018d), WPPMSM (Bai et al. 2018),
WMM and WGMM (Wang et al. 2019), WE (Peng et al.
2018), and WP (Xing et al. 2019). In this subsection, quali-
tative and quantitative comparisons between these methods
and the proposed MCDM method are made to illustrate its
characteristics and verify its feasibility.

5.2.1 Qualitative comparison

Generally, a qualitative comparison among different
MCDM methods can be made via comparing their char-
acteristics. For the above MCDM methods and the pro-
posed MCDM method, the generality and flexibility in the
aggregation of GOMGs, the capability to deal with the
heterogeneous interrelationships of criteria,’ the capability
to reduce the negative effect of the biased criterion values,
and the capability to capture the risk attitudes of decision
makers are selected as the comparison characteristics. The
results of the comparison are listed in Table 2, which can
be explained from the following aspects:

! Heterogeneous interrelationships of criteria refer to the situation
where the criteria are divided into several partitions, and the criteria in
each partition have interrelationships, whereas the criteria in different
partitions have no interrelationship.

ey

(@)

3)

Generality and flexibility. The method based on WP
provides twenty aggregation operators which are
suitable for different application scenarios for
MCDM. The generality and flexibility of this method
can be regarded as moderate. The generality and
flexibility of both the method based on WABM and
the proposed method are desirable, because the
aggregations in them can be carried out using the
operations of any family of ATTs, which are
important tools that can generate general and flexible
operational rules for membership grades. The
remaining methods perform the aggregations by the
operation of Algebraic T-norm and 7-conorm. They
have relatively limited generality and flexibility.
Capability to deal with heterogeneous interrelation-
ships. The partitioned average operator combined
into the methods based on WPBM and WPGBM,
WEBM, WPHM, and WPPMSM and the proposed
method can aggregate the GOMGs in different
partitions using the same aggregation operator and
aggregate the aggregation results of different parti-
tions using the arithmetic average operator. Because
of this, these methods have the capability to deal
with heterogeneous interrelationships.

Capability to reduce negative effect. The power weights
used in the methods based on WPMSM and WPPMSM
and the proposed method are obtained via calculating the

@ Springer
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WGBM
WPPMSM WABM —o— Al
—a— A2
A3
—x— A4
WPBM —*— A5
WPGBM

WHM*

Fig. 2 The results of the quantitative comparison. Note The scale of the grid represents the score

support degrees between the aggregated GOMGs. This
enables these methods possible to reduce the negative
effect of the unduly high or unduly low values of
GOMG:s on the aggregation results.

(4) Capability to capture risk attitudes. The method based on
WABM captures the risk attitudes of decision makers via
the argument A when the weighted Archimedean
Hamacher BM operator is used. It was found in the
method that the greater the value of A is, the more
optimistic attitude the decision makers have. The
proposed method can not only leverage this argument
to describe risk attitudes, but also introduce a risk attitude
factor o.. Through assigning different values (e.g. 1, 0.75,
0.5, 0.25, 0) to a, different degrees of risk attitudes (e.g.
pessimistic, moderately pessimistic, neutral, moderately
optimistic, and optimistic) can be captured. Thus, the
proposed method can capture the risk attitudes of
decision makers more comprehensively than the method
based on WABM.

@ Springer

5.2.2 Quantitative comparison

Generally, a quantitative comparison among different
MCDM methods can be made using the same numerical
example. Here, the numerical example in subsection 5.1 is
used to carry out a quantitative comparison between the
MCDM methods based on WA, WG, WBM, WGBM,
WABM, WPBM, WPGBM, WHM, WGHM, WHM?%,
WPHM, WMSM, WGMSM, WPMSM, WPPMSM,
WMM, and WGMM? and the proposed MCDM method.
The details and results of the comparison are shown in
Table 3 and Fig. 2.

From Table 3 and Fig. 2, it can be seen that the rankings
generated by the methods based on WG, WBM, WGBM,

2 The MCDM methods based on WEBM, WE, and WP were not
included in the quantitative comparison since they are, respectively,
presented to deal with the situation in which the weights of criteria are
unknown, to handle the case in which the values of criteria are
described by a membership grade and the values of weights are
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WPBM, WGHM, WGMSM, and WPPMSM have no sig-
nificant difference with that of the proposed method. In
addition, the best investment area determined by these
methods is exactly the same as that of the proposed method.
These demonstrate the feasibility of the proposed method. It
can be known from Table 2 that the method based on
WPPMSM and the proposed method are the most similar in
nature. The rankings of these two methods are, respectively,
Az = Ay = As = Ay = Ap and Az = As = Ay = Ay = Ay,
which just have difference at the second and third places. This
also verifies that the proposed method is feasible. As can also
be seen from Table 3, the best investment areas of the
methods based on WA, WPGBM, WMSM, WPMSM,
WMM, and WGMM are all energy industry (A4), while those
of the methods based on WABM, WHM, WHM?*, and
WPHM are all artificial intelligence (As). Such results are
completely different from the result of the proposed method.
The reason can be analysed from two aspects. On the one
hand, the specific aggregation operators on which most of
these methods (except the methods based on WPBM and
WABM) are based are different from that of the proposed
method. On the other hand, these methods and the proposed
methods have their respective characteristics. Even though the
quantitative comparison has tried to ensure the same input,
the inputs of some methods are not exactly the same as that of
the proposed method, since these methods have their special
arguments and the proposed method does not have such
arguments.

Finally, it is of necessity to point out that the purpose of the
comparison is not to find out the best method, but to verify the
feasibility of the proposed method. In general, it is difficult to
conclude that one MCDM method is better than the others,
since different methods have their specific features, which
determine their specific application environments. What
decision makers need to do is choose a suitable method based
on the specific application environment.

6 Conclusion

In this paper, a WAPPBM operator and a WAPPGBM
operator of GOMGs have been presented to solve the
MCDM problems based on GOMGs. The formal defini-
tions and generalised expressions of the two operators have
been provided and the specific expressions of them have
been constructed using the operational rules of GOMGs
based on the Algebraic, Einstein, Hamacher, and Frank
families of ATTs and their additive generators. On the

Footnote 2 continued

described by GOMGs, and to control the uncertainty of the evaluation
values of criteria, and the proposed MCDM method does not consider
these characteristics.

basis of the specific operators, a method for solving the
GOMGs-based MCDM problems has been proposed. The
paper has also introduced a numerical example to explain
the working process of the proposed method and reported
qualitative and quantitative comparisons to illustrate its
characteristics and demonstrate its feasibility. The main
contribution of the paper is the development of a MCDM
method based on weighted Archimedean power partitioned
Bonferroni aggregation operators of GOMGs. Compared to
the existing MCDM methods based on aggregation oper-
ators of GOMGs, the developed method is general and
flexible in the aggregation of criterion values and simul-
taneously has the capabilities to deal with the heteroge-
neous interrelationships of criteria, reduce the negative
influence of the distortion of criterion values, and capture
the risk attitudes of decision makers. One major limitation
of the method is that it cannot work properly under
incomplete criterion information. Future work will focus
especially on addressing this limitation. In addition, the
application of the method in resolving the practical MCDM
problems in manufacturing domain will also be studied.
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Appendix A: Proof of Theorem 1

Proof
(1) To prove WAPPBM“? (G, G, ...
need to prove

. Gp) = (1, v), we
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N [Sk]
S\ Isddsd =1 |sk| -1 ,ffl
: i
nw,k(l +T(G Gik ® n"ij(1+T(ij)) G,
h Wh 1+ T Gh /El (Wh(] + T<Gh)>>
,ua V

The proof process is as follows:
Let

i (Wh(l + T(Gh))> and

h=1

wj, = (Wik(l + T(Gik)>>

n

/Z (wa(1+T(Gr)))

h=1

Wj, = (ij (1 + T(ij)))

Then, the equation above can be simplified as

1 N 1 \ b
5|2 (m r ()G e (nm)G,) )) = ()

According to the operational rule in Eq. (6), we have
:uzk))a fﬁl ((nwik)f(vik))>
'ujk))7 f71 ((nwjk)f(vjk))>

According to the operational rule in Eq. (7), we can
obtain

nw,k i — <g ( nw,k

(n@;,)G;, <g (nwjk

1
atb

[Sk| p b
R <((nwik)Gik) ®((nm;,)G,) )
irjrk=1
ik
[k |
| w2 0 @ (st )+ (e
ik k=

JiFix

[Sk |
Pl =2 I e
o | meE 2

Jiik

According to the operational rule in Eq. (5), we have

(n3,)Gi,) @ ((n3)Gy) "= (" (af (g7 ((nmi )2 (k)
+bf (g7 ((nmj)g(w;,)))
(ag(f vlk))) + bg(f_] ((nwlk)f(vlk))))>

According to the operational rule in Eq. (4), we can
obtain

(nw;,)f

ISk

& ()60 (0,)6,)")
Sk
( Zl e Haf (¢ ((nwi)e(w,))) + bf (g7 ((nmfk)g(u,-k))))))y
JiF ik

JxFik
ISk
> f(e
i jr=1
JxFik

According to the operational rule in Eq. (6), we have

(g~ ((rmi ) () )+ (7~ ((ne )ﬂwk)))))) >

ISk| a b
SISTD W (((”wik)cik) ®((nm;,)G;,) )
i
I3]
=\ | w2 0 @ (mst))) (e (0ms))) |
.ki;,;ik
I3
| w2 e ol )y )
ik Jk=
;k;ik

According to the operational rule in Eq. (7), we can
obtain

= ((”wjk )g(”.fk )))))

S (e (o5 () Y st (i 00)))) >

((n®@;,)G; )= (f~ 1(af(g ((nw;,)g
(ag(f (3, )f (vi)))))
(("% Gy.)'= (/7 (bf (57" ((nmy)s

g (bg(F ((nmi )f (vi))))

(1))
(1))
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According to the operational rule in Eq. (4), we have
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1
a+b
N . ISk ] a b
| sarsn ih]@?:l (((”Wik)Gu) ®((nm;,)Gj,) )
JkFix
N Ik|
S\ e e 2 s @ e (st <4 (s ((on)sw)))
pen
N ||
P | A e, 32 e el ) o (o)
AIkJ;élk
Finally, the following equation is obtained according to
the operational rule in Eq. (6)
N [k a b .
& (m 2, (o6 ((rm,)6) >)
JxFix
x ) af (g~ ((nmi)8(1,)))
<g' (N‘Z;g(fl (mf (gl (Sk(Skl) ikJZk::l g(fl ( +bf (g7 (3 )8(15,))) ’
JkF i
v 15| ag(f~" ((nmi,)f (vi,)))
. (*;f (*' (_' (" (s‘u.‘vk_l) Ry f<" ( o ()
JkF i
a,b) . .
2) To prove WAPPBM' (G, G2, ..., Gy) is still a Because f(t) is monotonically decreasing and g(7) is
GOMG, we need to prove 0 < u <1, 0<v <1, . . .
monotonically increasing, we have
and 0 < p? 4+ v? < 1. We firstly prove 0 < pp < 1
and 0 < v < 1. The proof process is as follows: af (g7 ((n)8(0))) > af (¢~ (i) g (1)) = af (87" ((nmi)g(1)))
, ) . bf (7" (n;)2(0))) = bf (87 ((ns)g(wy,))) = bf (¢~ (nw,k 1)
According to the definition of a GOMG (Definition 1), ag(f—l((nwi Y (0))) <ag(F~ (nm)f (1)) < ag(F~ ((nmy)f (1))
wehave 0 = fio py < 1and 0 < vig, v < 1. Because () (-1 (uy )1(0))) < bl (nm () < bl (nm (1)
is monotonically increasing and f(f) is monotonically '
decreasing, we further have and thus
(n@;,)g(0) < (nw;, )8 () < (nw;,)g(1); af (7' (nw;,)g(0))) + bf (7' ((nw;,)2(0)))
(nw;,)8(0) < (nwj, )¢ (;,) < (nw;,)g(1) >af (g7 ((n@)g(w,))) +bf (87" ((nw;)g (1))
(nm;, )f (0) = (n@;,)f (vi,) = (na;, )f (1); >af (g _l((nw,-k)g(l))) + bf (g7 ((nw;)g(1)))
(n@;, )f (0) = (n@;, )f (v;,) = (na;, )f (1) ag(f (n@;, )f(0))) + bg(f~ Y((nw )f( 0)))

Since g~ '(f) is monotonically increasing and f~'(1) is  <ag(f ' ((nw;)f (v,))) + bg(f " ((nw; )f (v;)))

monotonically decreasing, we can obtain <ag (f—l (@, )f (1 )) + bg(f ( nw;, )f (1 )))

g ((mi)g(0)) <7 (i) (1)) < g~ (nmi ) (1)); Since f~'(¢) is monotonically decreasing and g~ '(¢) is
g ((nw;,)g(0)) < g ((nw;)g(w;,)) < ((nwjk)g( ) monotonically increasing, we can obtain

F (@i )f (0)) <f (i )f (vi) <f~ (("wzk) (1));

FH (i )f (0) < (e )f (vi) <7 ((ne )f (1))
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+bf (g7 ((nw;,)2(0)) \skl )
< ( ! ((n ) m ) ( af(g'«nw,-k)g(l)))) (f 1( “'k ))
<f <f Sk ‘Sk‘ - 1 +hf ’"UJA “Jk
b (g ((nwug ) b1 (g7 ((ny )g(1))) ';g;,k
g]( ag(f ((nw@;,)f(0) ))) - < ag(f ' ((nw;, )f u)))) <f" nw“ )+bf(g l( g( ))))
+bg(f~! ((nm;)f(0))) 7 () () g ag(f (i )f +bg(f ' (ne f ( )))
L as( () (1) )
=¢ <+bg(f (nm (1)) . §L (oo i)
: | Isddsd =) \Sk\ —1) £\ el (tmron))
Because g(f) is monotonically increasing and f(t) is ",{;,A
monotonically decreasing we have < g (ag(f " ((nm )F (1)) + be(F~ ((nw; ) (1))

g(f ( ( nwlk )erf ((nwjk) (O))))>
S N 'Sk ( ( Y(nmi,)g (1)) ) >
[Sel( |sk| ) o, 41 (1 0,)))
Tk
Sg(f“(af(g"((nwik)g(l)))+bf(g ((nwjk)g(l)))))
f (g (ag(f " ((nm; )F(0))) + bg(f " ((nw; )£ (0)))))
15¢] ag(f ' ((n@; )f (vi,)))
>mm§3_1f<g ( b+ (n3 ) () ))
JiF ik

Since g~ '(r) is monotonically increasing and f~ L) is
monotonically decreasing, we can obtain

Because f(f) is monotonically decreasing and g(¢) is
monotonically increasing, we have
1 (af(g™" ((nm;)g(0))+
atb bf (7' ((n;,)8(0)) )
1 . 1 |Sk|
Zavy (g (|sk|<|sk—1> 2
]A#A >>))
-1 ag(f ! ((nm;, )f (1))
= a+b +bg (! ((nmy )f (1))
Since f~'(r) is monotonically decreasing and g () is
monotonically increasing, we can obtain

H((nwi )8 (1))
((”E'Jk )g("/k>))

af (g~

+bf (g

e

"(nw

jem
1 if (g~ i)8(1)))
Za+b< 7 (5 ((no3)2(1)) )
1 [ag(f~ (( nm;, )f (0))
atb 0

)+
bg )

- 1
g(f (|sk|<|sk =P

(n
((nmj, )
f
7, (0)
ag(f~

+bg (£ ((n

(i )f (vi))
Wfk)f(‘h)))

3

nw;)g(w,)) +bf (87" ((nm)g (1))

f_l (a _}_ b (af(g_l((nwik)g(O))) + bf(g_l ((”%)8(0)))))
| 1 : 1 || : |
S Pl B ey PO G
pen
<1 (o5 @ (o)1) + (e (m)e(1)))

5 (ag ('

(nw;,)f

o

0))) +bg(f! ((nwjk)f(o))))>

S|
1
<g! -
=& a—l—bg - |S I( |Sk\ ,kglf ag(f
Tk

<g

(5 (ag (" (o)1

0) +bg( (nm ) (1)) )

(i) +bg(f " ((nw; )f (vi,)))))

(nwy )f
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Because g(f) is monotonically increasing and f(¢) is Finally, because g_l(t) is monotonically increasing and
monotonically decreasing, we have £~'(#) is monotonically decreasing, we can obtain

g (f“ ( Jlr - (af (87 ((n)8(0))) + bf (g7 ((nwjk)g(o))))»

N ISk
<yoe| | mik;lg(f"(af(g"((nwu) 8(u)) + b (g7 ((nm3)g(0s,)))
JkFix

<g(f" (a i > (af (g7 ((no)g(1))) + bf (g ((nwjk)g(l))))»
77 (5 (el (o7 0) + b5 (00 >f<o>>))))

1o -1 1 - 1 4 1 —1
Zﬁg.f e P WJZ Fle (ag(F~ ((noi)f (vio))) + bg (' (1 )f (1))
JkFix

> (5" (255 (gl (i ) (1)) + b ((ne (1)) ) )

Since
N_ IS |S1] IS5 S|
ZZ("WH)"<ZW"'+Z@’+ +Zw >nl
=1 =l

N_ IS IS |2 S| 1
Z mD, n(Zw]-i-Zw, +ij>—n;—

we can obtain

G I ., 1 S af (e ((nmi)e(w,)))
sO=y2 8|/ | # [Sil(IS¢[ — 1) 2 g<f 1( b7 (571 ((no (k)

ik jk=1

JkF ik
<g(1)
N IS4] ag(f ! ((nw; )f (v,
HUES PV (81 (aibg (fl (suslkw ik;élf<gl ( ﬁ({g(f('((<nw/k>)f<\(,k>)))))))) ) )) 2/ (1)
Ik i
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1 1 1 1Si| af (g7 ((nm;,)g(wy,)))
—1 —1 -1 —1 k
LS 250 i el B Iy Zg<f < ar (s (st <l
JkFik
_ N _ _ 1S4 ag(f ' ((nw;,)f (vi,)))
N A P E e A Ea e i%lf(g ( b7 () )) =1

Jiix

They are 0 < u < 1 and 0 < v < 1, respectively.

We then prove 0 < u? + v? < 1. The proof process is
as follows:

Since0<u<land 0<v<1, wehave 0 < u? <1
and 0 <v? < 1, and thus, 0 < u? + v < 2.

According to the definition of a GOMG (Definition 1),
we have ph +vi <1 and ph + v} <1, and thus,
wh <1 — v¥ and ,u]k <1- v . Since g(#) is monotoni-
cally increasing, we further have
< (nm;,)g(1 —vl);

(n@; )g(1 —vi)

(nwik)g(.“?k)
(nw;,)g(uf) <

Because g(1 — 1) = f(t), we have
(n@,)g(u) < (nwi)f (v));  (ne;,)g(u) < (nwj )f (v))
Since g~ '() is monotonically increasing, we can obtain
g ((nmi)e(ud)) <g ' ((nmi)f (v]));
! ()8 <& ()
Because gil(t) =1 —fl(t) we have
g~ ((nmi)g(uf)) <1~ ((nwi ) (v]));
¢ (e <1 =17 () 0)
Since f(t) is monotonically decreasing, we further have

af (7" ((n@y)g(u))) = af (1 — £~ ((n@; )f (V) );
of (57" ()il ) ) 2 b (1 =17 ((nei ) ()

Because f(1 — 1) = g(¢), we can obtain

of (&7 (v ) (1)) = ag (" ((ns ) (4));
of (57 (o )g () ) = g (17! (n () ))

and

af (¢~ ((nm, )g (1))
+ b (¢! ()8 () ) = ag(F ((ne )1 ()
+be (! ((nm)r (1)) )
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Since f~'(7) is monotonically decreasing, we have
£ (af (¢ (g () + b (g7 ((n)e(1) ) )
< (ag(r (o) 1)) + b (' (e ) 0) )

Because /~'(f) = 1 — g~ '(#), we further have
7 (af (e *1(<nwik>g<nz>>) +bf( H(mon)g)) ) <
—g” (ag(f ( (nw;,)f )) +bg( ( nw;, )f VZ )

Since g(f) is monotonically increasing, we can obtain

)

1 ‘Skl

|S/<|(|Sk‘ - 1) ik gie=1
JiFik

g(fl (ar (s~ ((rm)(u)) + bf<g71 <(”w“) (ﬂ“)))»

1 ‘Sk‘
D —
ISk (ISk| — 1)

i jr=1
JkF ik

g(1- 87" (aglr " (o )r () + b5 (! (v () ) ) )

Because g(1 — r) = f(t), we can obtain

1 S|

m Z g(f71 (af(gil (("Wik)g(ﬂflk))) + bf(é’il (("mj;)é'(ll]i)))))

=1
/#

< s z f( ag(r~ () 0)) + be (! (o r (1)) )))

Since g~ '(r) is monotonically increasing, we have
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|Sk|

| 2, o0 (e mstip) (s (0m)e0)))
JiF ik

<g (Sk = % f( (“g(f (i ) ( )))“’g(f ((m"k>f(v’i)>))>
]k?’élk

Because g~ '(r) = 1 — f~'(#), we further have

|Sk|

s S5 e mana e (ompnon)
JkFik
<1f1<sksk ‘% f( ~ (ag (" (o) 04))) + s 7 <(”w’k)f(quk))))>)
/k#u

Since f(t) is monotonically decreasing, we can obtain

a—ibf g m iil g(f’1 (af(g’l((nwik)g(ui))) +bf<g’1 ((Hij)g(uﬁ)))))
JiF ik

>0L,f<1fl(sk<s‘kn>[:§k1f( (o (020 02)) + b7 (<"wf‘k>f<vf’i>))))))

Jiik

Because f(1 — 1) = g(¢), we can obtain

|Sk|

| e 2 #l (o (me) + o (¢ ((am ) )))

ik k=1
Jiik

(f ( b 8 o o o) < <<nwj»f<v;:>>>>>))

/k?élk
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Since f~'(r) is monotonically decreasing, we have

Because f'(f) = 1 — g~ (1), we can obtain

i =1
Jiix

((f( 35 (s (as(r (o)) + (- (nm 1 01)) ) )

7&

! (ajrbf (g' (Sk(Slk -y i% g(f"(af(g“((nwik)g(u?k))) +bf(g'((nwjk)g(u}i))))))

Since g(f) is monotonically increasing, we have

1< —1 1 —1
N;é’ f mf 8

T
e
G
:
=

B
A
A

E\

S

A

=

SN—"

_|_

Y
~—
—

S

\8

\_/

oQ

—

S
=
N—
SN—
N—

\_/
\_/
\_—/
\_/
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Since g~ '(r) is monotonically increasing, we have

1 & 1 1 1 ISk| |
=D & —f¢ |areaT g\
I I P B I )
JkFik
1 & 1 -1 X
<g N];lf & a8l /f ISk\(ISk\ i) Z fle
]k?élk

af (g7 ((nw;)g(u)))

+of (g*‘ ((nwfk )a(k )) )

[ a8l ((n@)f ()

+bg (f*' ((rzm oL )) )

Finally, because g_l(t) =1- fl(t), we can obtain

1 1 > 1 1 1 ‘Sk‘ 1
g | gl e | e o g\
N; a+b ISk](|Sk| — 1) wzk::l

JiFik
1 1 N 1 1 1 ‘Skl
<1-f" N]glf g b8 f ISdUSd=1) |sk| ) Z fleg
]k?élk

af(g_l ((nwik)g(ﬂ?k)))

+bf (g*' (nw/-k>g(u,'»’k)))
ag(f~" ((no)f (v))))

(ffl(w,w

When g = 1, according to the above inequality, we have
i < 1 — v. Therefore, we can obtain u + v < 1. Now we
need to prove the inequality also holds when g = 2, 3, ...
Let m=2, 3, We need to prove p”" + v" < 1.
According to it + v < 1 and the binomial theorem, we can
obtain

m

,LL+V Z m —k k
k=0
m—1
— 'um NERTL Z (Cl/;'um—kvk) <1
k=1

Because u > 0 and v > 0, we have

—

. (Ck mkk)ZO
1

~
Il

Therefore, we can obtain y™ + v < 1. Now it can be
concluded that u? + v/ < 1forg=1,2,3, ...

Since we have proved 0 < p? 4+ v? <2 and u? + v*
< 1, we can obtain 0 < u? +17 < 1. O

Appendix B: Proof of Theorem 2

Proof

This theorem can be proved by swapping the positions
of i and v in the proof of Theorem 1 since WAPPGBM“”
(G, G, ..., G,) is the dual form of WAPPBM“? (G, G»,
ees Gp). O

The implementation code of the proposed method and
all methods in the quantitative comparison is being
released at https://github.com/YuchuChingQin/AOsOf
GOMGs, which is expected to foster further research in the
development of new MCDM methods based on GOMGs.
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