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Abstract— This research provides a novel intelligent control structure for 4D nonlinear
hyperchaotic systems. This is a hybrid design containing a new interval type-2 fuzzy fourfold
function-link brain emotional controller and a smooth robust controller. It comprises a fuzzy
inference system and three subnetworks. The subnetworks are a new fourfold function-link
network, a type-2 fuzzy amygdala network and a type-2 fuzzy prefrontal cortex network that
decrease the synchronization errors efficiently, follow the reference signal well and achieve good
performance. Two Lyapunov stability functions are utilized to get the adaptive laws, and they are
applied to online tune the parameters of the system. The proposed design is used to synchronize
two 4D nonlinear hyperchaotic systems and the simulation results are given to demonstrate its
superiority and effectiveness.

Keywords— Interval type-2 fuzzy system, fourfold function-link network, fuzzy brain emotional

controller, 4D nonlinear hyperchaotic system

1. Introduction

Over the years, chaos studies had a strong influence on the development of global science and
technology, in which chaotic synchronization is one of the interesting topics that attract many scholars
(Hsu et al. 2009; Sothmann et al. 2012; Sun et al. 2013; Vaidyanathan and Rasappan 2014; Wang et al.
2019a; Wu et al. 2017). Synchronization of chaotic systems is described as the phenom that happens
when a master system controls a slave system by tuning a given characteristic of their motion (Lin and
Huynh ; Wang et al. 2019b). Nowadays, various chaotic and hyperchaotic systems have been investigated
in many fields (Chen et al. 2018; Panahi et al. 2019; Pham et al. 2017). Particularly, the 4D hyperchaotic

systems comprising complex shapes of equilibrium points are studied in recent years (Rakheja et al.
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2019; Sambas et al. 2018; Vaidyanathan et al. 2018). The first Lyapunov exponent is generally used to
define the disorders of chaotic systems. Moreover, the studies of chaos with hidden attractions are
significant since they can create undesirable and harmful problems with minor changes in dynamics such
as engine system (Marzbanrad and Babalooei 2016), airplane system (Andrievsky et al. 2018),
transportation system (Adeli and Jiang 2008), electro-mechanical system (Xue et al. 2019), radar system
(Beal etal. 2016), and bridge system (Ni et al. 2019). Recently, many control systems have been proposed
for nonlinear chaotic systems to achieve good control performance such as an adaptive fuzzy control
(Sambas et al. 2020), a passive control (Sambas et al. 2019a), an active backstepping control (Sambas et
al. 2021), an adaptive control (Sambas et al. 2019b), an integral sliding mode control (Vaidyanathan et
al. 2019), a double function-link brain emotional control (Huynh et al. 2020c), a modified grey wolf-
based multilayer type-2 asymmetric fuzzy control (Le et al. 2020b), a self-organizing interval type-2
fuzzy asymmetric cerebellar model articulation control (Le et al. 2020a), a wavelet interval type-2 fuzzy
brain emotional control (Huynh et al. 2020a), and a brain-imitated neural network control (Lin et al.
2021).

A function-link network (FLN) is a kind of feed-forward network model that is efficiently applied
for function approximation with quick convergence speed and less computational load (Patra and Pal
1995). In the past year, many scholars have used the FLN in their researches to achieve better results
(Huynh et al. 2019; Lin and Huynh ; Zhou et al. 2018). A single FLN was used to adjust the weights for
two independent networks in a brain emotional learning network (BELN) that are the amygdala and
orbitofrontal cortex networks. However, it is necessary to attain the BELN's weights precisely and their
values separately. Recently, a dual FLN was proposed to improve this drawback (Huynh and Lin 2019;
Lin et al. 2021). In this research, a new fourfold FLN is designed for the proposed type-2 fuzzy BELN's
structure.

LeDoux proposed a brain emotional learning network (BELN), which is a computational
simulation system describing the data processing scheme of the mammal brain (LeDoux 1991). A BELN
connects a stimulus to the equivalent emotional reaction appearing in an amygdala of a brain. The brain
has an amygdala and an orbitofrontal cortex so that an output of the BELN is associated among the two
networks, which influence each other. For that reason, BELN still works well with system uncertainty
with fast learning speeds and good approximation capabilities, and it can reduce tracking errors
effectively. Over the years, some remarkable studies have applied BELN in different fields (Dashti et al.
2017; Hsu et al. 2016; Kong et al. 2019; Le et al. 2018).

So far, intelligent controllers based on type 1 (T1) and type 2 (T2) platforms have been developed
for different applications in different fields (Boubellouta et al. 2019; Lin and Huynh 2019; Mendel et al.



2019; Zhao and Lin 2019). Since T1-fuzzy logic systems (FLSs) is required to have membership
functions that are well defined, it cannot thoroughly handle the large uncertainty of inputs and parameters
of nonlinear systems well. To overcome this drawback, T2-FLS and interval T2-FLS are typically used
as they have general expanded features than TI1-FLS, more freely generated for better control
performance and improved response to uncertain input of membership functions (Le 2019; Rong et al.
2018). In order to design effective networks, many researches have come up with solutions that combine
different efficient techniques (Lin et al. 2018; Wang et al. 2017), additional functional networks (Ding
et al. 2019; Huynh et al. 2020b; Huynh et al. 2019) and extra algorithms (Huynh et al. 2018; Rahmani et
al. 2018; Ravi et al. 2017) to build networks automatically.

This study develops a new more efficient interval type-2 fuzzy fourfold function-link brain
emotional controller (IT2FFFLBC) for 4D nonlinear hyperchaotic systems. The proposed IT2FFFLBC
control system includes a IT2FFFLBC and a smooth robust controller. The IT2FFFLBC is used as the
main controller and a smooth robust controller is used to eliminate the approximate error term and to
warrant the system stability. The main contributions of this research are summarized as follows: 1) The
proposed IT2FFFLBC comprises a set of fuzzy inference rules and three subnetworks that are the
fourfold function-link network, the type-2 fuzzy prefrontal cortex network, and the type-2 fuzzy
amygdala network to efficiently reduce the synchronization error and achieve good performance. (2) A
new fourfold FLN is designed to tune the particular weights for the type-2 fuzzy structures of the
orbitofrontal cortex and amygdala of the proposed IT2ZFFFLBC. (3) Effective adaptive learning laws for
updating the system parameters effectively are obtained from two Lyapunov functions, and they are also
used to prove the stability of the system. (4) Finally, the simulation results and some comparisons in root
mean square error with former studies for a 4D hyperchaotic Lorenz—Lu system and a 4D hyperchaotic
Rikitake two-wing dynamo system have shown the effectiveness and advantage of the proposed control
system.

2. Theoretical Problems
The master system (MS) for a nth order 4D nonlinear hyperchaotic system is defined as:

X318 (1) = frs (X5 (D) (1)

The slave system (SS) is given as:

Vs (1) = fos (Fss (1) + g (1) + mgg (1)) )

where

X5 (1) @ Xy, (1), Xy, (DK, x5, (1) | € R” is  the  output  for  the  MS.

Yss () @ 35, (1), ¥, (DK, ygg, () [ eR™ s the output  for  the SS.
X (1) @[ x5 (1), &5 (0K, xpp " (t)]T e R™ is the state for the MS.



Vo (1) @[ Vs (0, X (). K, yi " (t)]T eR™ is the state for the SS.
JusXys (@) €R”, fo (¥ () €R™  are  the  unknown  bounded  nonlinear  functions.
e (1) @[ugg, (1), gy, (1)K L1, ()] €R™ is  the  control  input  for  the  SS.

ng (1) =[ng, (1), ng, (1).K , ng, (t)]T € R" is the unknown bounded external noise for the SS, where m

is the number of outputs and inputs of the system, and the subscript letters SS and MS indicate the slave
system and master system, respectively.
The synchronization error state is defined as follows:

€5, (1) @y (1) — X, (1) @[e,(1),6,(1).K ,e,, (] eR" (3)
The error vector is then defined as:

—_ n— T mn

eSS (t) @':e%'nc’ %nc’K ’ e;yncl)T:' € SR (4)

If the unknown bounded nonlinear functions f,,s (X, (1)), fg (¥ (1)), and the external noise ng(7) of
the SS are known, the ideal controller is then determined as:

e (1) = = fss Fss () + 55 (1) =g (1) + K &)
where K @[Kl,K ,, KL, K, ]T € R™" is the gain matrix with real values.

Inserting (5) into (2), attain the following error dynamic condition

€5 + K& =0 (6)

If K is suitably determined to satisfy the Hurwitz stability criterion to produce the roots on the left side

of the complex plane, i.e. }imf?ss (t) > 0. Due to f,,(X,,s(), fos(¥s(2)) and ny(¢) are unknown,

ujDC (t) in (5) is unattainable. As a result, an IT2FFFLBC is used to imitate ujDC (1).
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This study proposes a new fourfold FLN (FFLN) to expand the processing ability of the
IT2FFFLBC. The main FFLN duty is to enhance accuracy for lower and upper weights of the type-2
fuzzy orbitofrontal cortex and amygdala networks of the proposed structure. The FFLN structure is
displayed in Fig. 1, where the FFLN operates on input variables by producing a linearly independent set.
The proposed FFLN uses the cosine and sine functions because of their simple and clear functions and
rapidly computed. Define I @ [I 1, K I, ]T e R" | the inputs are then allocated in the extended space
as follows: ® = [CI)1 o, K o, ]T eRY , where M and N are respectively the number of the outputs
and the total number of input signals. Particularly, if the input is I =[] 1,12]T , then

(I):( L1,,cos(zx1),sin(zx1),1,, cos(zxl,),sin(xx1,), I xI, ) . Next, the FFLN outputs are

determined as:

W, = 9P, +K +4,P,+K +¢q,,® zqu = Qk (7
m=1

}ﬁk =4, 9, +K +¢,9, +K +¢,, D zqu = qk 3

N T

Y = Elkq)l +K + Emkq) +K + pMk mek = I_’kq) 9)

= —= —= =T

Ve =p® +K+p,P, +K +p, D zpmk =p,® (10)

m=l1

form=12K ,M, k=1,2,K,L,
where @, is the m-th function expansion output, ¥,,w,,¥,,andw, are the output of FFLN,

Poi> Qo> Poi» @0d @, are the connective weight among v,, w,.¥,.%, and @, and connective weight

m

vectors are defined as

ﬁk:[ﬁlk’K’ﬁmkaK’ﬁMk]emMa (11)
2 =[PuK puK . py e R (12)
4 :[qlk""’_mk""’c_le]EmM (13)

gk=[£1]k,...,£1mk,...,gm]eﬂ%M (14)
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Fig. 2. Structure of IT2FFFLBC
The structure of IT2FFFLBC is shown in Fig. 2, which is composed of five layers: input layer, fuzzy
membership function layer, output weight layer using FFLN, amygdala- orbitofrontal layer and output

layer. The signal propagation in each layer is described below:

Layer 1: Input layer
I=[1,L,I.LI,]eR", fori=1,2, .., N (15)
where I, is the i-th input.

Layer 2: Fuzzy membership function layer



—. —m,)*
c_lik :5ik :exp ( —I:llk) ’ for k :1,25-‘-5L (16)
| 20, i
__(Ii_mik)z_
a, =0, =exp > ,for k=1,2,...,L (17)
L 205

where a,, o, and g, , o, are the upper and lower values for the type-2 Gaussian membership function.

—ik> =k

o, is the variance, m, is the mean, and L is the number of layers.

N

a :Haik (18)
i=1
N

0y :Haik (19)
i=1
N

a.=[]a, (20)
i=1
N

o =]]e 21

The proposed structure utilizes the following fuzzy inference rules:

" :{If I is a,,1,isa,.L , and I, is a,,, then v, = p'®, fori=1,2,L ,N o)
If1, is o,,1, iso,,L , and I, is o,,, then W, =q/®, fork =1,2,L. ,L
Layer 3: Output weight layer using FFLN
w=[w, K, K, W, " eR (23)
w=[w.K,w K, ] eR* (24)
v=[9,K,9.K,7] eR” (25)
v=[.K,v.K,v,] eR* (26)

where w, w and v, v are respectively the weights of orbitofrontal and amygdala; and they are defined

as:

W] (@ L gul g @
M| | MOMO M || M
w =W =g L quL qu| P, |=¢P (27)
M| |MOMO M| M
W, | _QILL 4 L G __(DM_




WJ _6_111 L q_ml L

M | MO M O

w = ‘%)k =g, L G L
M MOMO

_V%LJ _5_11LL g, L
%] [pn L pu L

M MOM O
v=|5 |=|puL Py L
M MOM O
—EAL— _I_?ILL BmL L

Y _1311 L p.,L

Ml MO M O

V= ‘%k =\ puL D L
M MO M O

\%,_ _ﬁlLL Pt L

where ® =[®,,L ,®,.L @, ], p" =[p.K.p..K ,ﬁL]T -

P =[pK.pK.p] =

¢ =[a.K.q.K.q] -

C_IMl__CD1
M M
G || P =q'®
M M
D | P |
Pui _(D1_
M M
pMk (Dm = T(I)
M M
1_9ML__(DM_
P || @
M M
l_?Mk CI)m :_Tq)
M M
ﬁML__(DM_
_ﬁ]]L l_)ml L ﬁMl ]
MOMO M
Pl P L Py |5
MOMO M
2L P Lo Py |
1_711L P L P _6_111]-‘ 9 L G ]
MOMO M MOMO M
_ _ _ R _ _
Pul P L Doy |5 qT:[ql,K,qk,K,qL] =\ quL g L g
MOMO M MOMO M
_l_leL l_?mL L BML_ _qlLL qu L qML_

4L g, L qy
MOMO M
4l 44 L gy
MOMO M

_glLL gmL L QML_

Layer 4: Amygdala- orbitofrontal layer

(28)

(29)

(30)

, and



I _ = _ k=
a, =7 =T 7 G
I
2.4 a
=1 =1
L L
r r T
Zakrk Zakl_’kq)
r_ kel _ k=
= il = el
r
Zak Zak
=1 =1
L L
| =T
Zokvk Zoqu (I)
I _ = =
A = )
I
Zok Zok
=1 =1
L L
¥ r T
2.0 204 P
r_ k=l =
0 =" = (34)
2.0 ’
Oy Oy
=1 =1

where a, , a], o, and o] are calculated by the KM algorithm (Mendel 2011), and R, and L, are the right

and left switch points

. (a. k<L,

al = (35)
a,, k>Lp
a, k<R

a=1_ ’ (36)
a,, k>RP
o, k<L

of =4 (37)
o, k>Lp
o,, k<R

o =1 ’ (38)
9, k>R,
1 r

ak:—a";a" (39)
1 r

0, =A% (40)

A =anzy 41)

where z; is the kth output weight of amygdala and A, is the kth amygdala output.

O, =0.% (42)
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where z; is the kth output weight of orbitofrontal cortex and O, is the kth orbitofrontal output.

Layer 5: Output layer
The proposed IT2FFFLBC is shown in Fig. 2, which is determined as:

Wiy pprpee = A—0 =az" —oz’ (43)

where Uy mee = [ K K u, |, 2=[7 K. zK.,z ]| . ad 2z'=[z/K,zK,z | ,

T T
A :[alz]“,K , 4,7, K, aLzZ} and O :[olzl",K , 0,7, K, oLzZ] .

4. Online Learning Laws and Convergence Analysis

Online learning algorithm

| » Adaptive laws .q— |
| 7 . A |

4D master i = A

" P ) L) ( 2 ( 2 z z O- O-
hyperchaotic system | & P * ]) k 1 k 1 2k |
(n) X([ - “3(’ Sli(lillg uITzFFFLBC Total u |
s =L O surface || TTZFFFLBC (———control > |

ki S .~ +| effort
»() \ = AT S N ‘4_ |
s A, A Smooth robust |
[ #
| compensator u
| st |
| Parameter u |
1 es timation la\\fs X’A ? E'A |
4D slave 11\ 1)61 chaotic sy stem

YO = [ (T () +u(t) + @) [

Fig. 3. Block diagram of synchronization for 4D nonlinear hyperchaotic systems using the proposed
IT2FFFLBC
The ideal controller in (5) theoretically makes the system stable. However, the nonlinear functions
Srs (X35 (), fos (¥ (1)) and the external noise ny () are unobtainable accurately in general. As a result,
(5) is unobtainable, so the proposed IT2FFFLBC is used for 4D nonlinear hyperchaotic systems as

presented in Fig. 3. The total control effort is defined as:

U = Uppopprpe T Uspe (44)

where U, ,m e 1S the main controller that imitates %, . Ugpc 1s a smooth robust compensator which

spurns the dissimilarity between ujDC and the proposed IT2FFFLBC. Suppose that we obtain an optimal
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* . . . * .
controller, Wyrppp e > that mimics an ideal controller %, in (5), then

*

i gk ko ok
Upe =Umpppc TE=A T —07 +& (45)

. . . * *® . .
where ¢ is the minimum error between U, and U gmpe - and assume it is bounded;

E E * . . *
a ,0',z* andz” are respectively optimal parameters of a,0,z“ and z°. However, Urrprpe Cannot be

obtained, thus an online estimation of IT2FFFLBC, ﬁlTZFFFLBC ,1s applied to estimate U ppr e - Using

(43), the control law (44) becomes

n __ A~pha ADO
U = Uppyppppe T Uspe A8 —02 +Ugpc (46)
where 4,0,z and Z° are respectively estimations of the optimal parameters a ,0 ,z* andz” . The
estimation error, i, is then calculated by subtracting (46) from (45):

foe=u, —u=2a + 890 2" 86+ £ —uy, (47)

where #e=a” -4, %6 =z —2°, =0 —0 and 28 =z° —Z° . The expansion of &and & in the

Taylor series is attained as (Slotine and Li 1991):
T T T T T T T
= aml%+a&o%+agé70+aﬁﬁg +aﬂj_7g +aqﬁ’% +aﬂ§§)+Ha

48
b= o, 1fb+0, 600, 8o 0;, 1 +0, Py +0; 40+, G+ H, “5)

Oa, Oa, Oa, Oa, Oa, O0a,
om’ 06 0o’ dp, Ip, 0q,°

where H, and H, € R™ are vectors with high-order terms, and

oa, 0o, 0o, 0o, 0o, 0o, Oo, 0o,
nd are determined as:

oq,’ om’ 06 0o dp,  dp,’ 0q, ) g,

_%_T _(MZAQS aak Oa, 0% O_ )
| om (e 1y amlk oy, 8

ZL& o b %0 (50)
Ziq 2 4 aa; - aa; 0% 0 (s51)
] ladr Lo -



L -
oa, oa, oa,
Y | Z L, L0k 0 (53)
_al_’k | Qf{?fgé aplk apMk (LJ./;)
o0 | | 8 da, |
a, a,
da, | _ L% 040 (54)
_aqk | Qf%f%a%k aq/v/k (LJ.;;)
(oa, | 5 5 |
a, a, oq,
L | | Qb Sy L, 0. 0 (55)
_agk | (k 1 xM aQIk ng (LL—%XM
60, | I oo oo |
k k "k
L = Qb =L . ,0 0 (56)
Lam | | (k=1)xN amlk 8me (L{::)x}v_
(60, T oo oo |
D | e L, Y% 0g 0 (57)
| OO | Qf%%@o'lk 05y, (;%XN_
[d0, | d 9o, |
0y 0y
Tl = L, ,0 O (58)
| O | beb%ao-lk ao—Nk (:% <N |
(60, | a a |
Oy Oy 00,
—E | = Qb & L, ,0E O (59)
_51_)k . | (k=1)xM lk 8}_7Mk (LJ‘%XM_
[0, | 8 a
Oy Oy Oy
D | - L, % 040 (60)
_ﬁpk ] Qf{?:%aplk pMk L%XM
(60, | a do, |
Oy Oy
do. | _ L2 0g 0 (61)
_aqk A %31?:1\%3 oq,, aCIMk (;%
[0, | 5 5 |
Oy Oy 00,
D | = L, ,0E O (62)
| g | Qf%% o aQMk (Lk%xM_
Rewriting (48) gives
# AT T T T T T T
a —a+ami%+a6$+agd_%kaﬁkﬁ§ +a, o +aqﬁ’;(0+agkﬂ7+Ha (63)
£ AT T T T T T T
0 —0+oml%+065%+0gtfo+oﬁj§ +o,, B +oqﬁf+ogk§§+Ho (64)

Inserting (48), (63) and (64) into (47), yields
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T A ~raT T T T ~raT T T T T
b= 070+ 2 (ol ik al G 0760+ 27 (af o +al, i +al e+l ) -

(65)
8- oL 0L 6) 5 0 07 B oL 4oL ) T, 0t

where the approximation error,
(. T T T T T T T T
I, (t)=2 (aml%+aao%+aocfo+apk1‘37§ +a, po +aqj:‘j +aqk§fg)+za H, +

T T T T T T T T o*T
26 (omr%+oag)+oacfo+opkﬁ,@ +o, bk +0ch"}7’;‘3 +oqk§§)+z H, +¢,

is supposedly bounded by ‘H (1 )‘ <A", where A" is a positive constant.

This research uses the high-order sliding mode for improving the control system. Define the sliding
surface as:

st)@Ke,, +Ke! +K+K e " +Kel?+el" (66)

Sync Sync Sync Sync Sync

Then, taking the derivative of (66), gives
f)=Keg, +Kei) +K+K, e ?+Keg " +eg

Sync Sync Sync Sync

_ (67)
= e +K'eg

Sync
Equation (67) is represented by using (45) and (47) as:
&)= e, +K'eg =uy,. —u (68)

Theorem 1: Consider the nth order 4D master-slave nonlinear hyperchaotic systems respectively

given in (1) and (2). The proposed IT2FFFLBC control system is given in (44), in which U ppppe 18

determined in (44). The online learning laws are specified as (69)-(77) and the smooth robust
compensation controller is given in (78). Then, the proposed IT2FFFLBC control system attains the

robust stability.

=250 (a i —ogsz”) (69)
b= 2,5, (a, 2 ~0, 2") (70)
§=2,50(a, 2" ~0,2") (71)
flgf =5, (t)(a,ikﬁ“ —oqkz”’) (72)
£=2.s"(va (73)

F=—7.s" (06 (74)
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= 4,s" (0] a,2" ~0,7" | (75)

& 28" (1) [agz”‘ —ogz”’] (76)

& lEST(t)[a&£“ —0&£”J (77)
Asen(s), if |s|>w  (a)

e = {2 Tl (78)
As, if |s <y (b)

where 2? A - ﬂq, ﬂq , /11“ ”17,0 A s ﬂa,/ig are the positive learning rates and A is the estimated value of A”.

é is an independent control parameter and y is a positive constant, which divides the linear region
between the rate of attenuation and the rate of convergence. If i is small, the control effort is easily
affected by the phenomenon of chatter. Conversely, if y is increased to avoid chatter, the convergence
speed will occur very slowly.

Proof: In case |s| >, the first Lyapunov function is selected as:

1 tr(9) + !

tr(96" ) +
24, 21

O B L B Lo
V()= 7 ()s(t) + 7 r(F P+ 27 tr( P8 o+ 7 (o + 7 tr (b o +

o

11 1, R
—— 1 o+ —— &% 8o+ — & Gor
21 21 27, 2,

(79)
Taking the derivative of (79), then using (65) and (68), gives

V(1) = sT(t)s%z)+ﬂitr(%%+%w(1}?@+%n(ﬁ’f@"$+%tr@$@+
Vs

%ﬂtr(%T%) + %tr(%T%) + i;%ﬂﬁ+ i & &, i &6 S+ -

z z A
=57 (t)[%Td +2" () o+ aL60+ a6 + £ (a;kﬁi +a, fo +a; +a;§7g) -
027 o ool 802 (0 B 401 B 1 410+ T )t ]
S B By @ B @ e R e R (50)
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Remark 2

L
(g ) = g 8
> T T - ’\() ’\() k:l
270! o= il a2 "ol o= 10,
raTl T ) Ao Ao
t"aldo=&a 2" "ol &= 50,2

raT T&/_ (97T sa ~roT T — L

" a,80=8a,z 2" 0,80=600 7" W(%II’%:Z%;’%
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L

T T% % nt 5T Tﬂ;@ [Zgrapk A ”’(i_%;ﬁ:Z%ﬁ
k=1

tal §o—ffa, i |27al = §a, :
~raT q;g;( L sa ~oT (;kg;( ) aqk% tr(gg'qgs - Z%q-‘gkl

z aﬂkéi’g - ﬁaﬂkz z aﬂkg? - éfé‘aﬂkza kL:1
(@5 = G

k=1

(g )= B

Then, (80) becomes
&
p

=

k=1

i L & L
MU Y Y
k=1 Az k=1 B A
7 (81)
i%{s%ﬂd—?} + i? [s(t)o—Hﬂ%{ a 2'=0,2 ]_ﬁ:|+
) &
& sT(z)[aaéa_oaﬁu]_% +¢§7o{ (t)[a 2 ~0,2 ] %:IJFS O[T, (1) - uSRB]-i-%(%
Via the adaptive laws in (69)-(77) and the robust controller in (78a), (81) is then rewritten as:
Vi
V(1) = 5" (1) [T, (1) —thgpy | + = =5 (z)[ I, (t)- Asgn[s(t)ﬂ
ﬂ’A A
o (82)
= " (OIT,, (1)~ Als ()| + ==
0
If the error bound is updated as:
? &
_ & (83)
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where A is the positive learning-rate constant, then (82) is rewritten as:
0 =5 (OTT,,.(0) - Als)|~(3-2 s
=(s" (O, (1) - Als()]) < ([T, ()] |s(1)] - A]s (1)) (84)
=—(A-|IZ,.(0)])|s()] <0
Since V‘%‘(r) is negative semi-definite,‘ﬂi‘(t) SV‘S‘(O) , it points out that s(#) and £ are bounded. Define
') @(Z—|HAE(t)|)s(t)S(Z—|HAE(I)|)|s(t)|S—‘§‘(t) , then taking the integral I'(r) with respect to
time, gives
I;F(r)dr <&(0) - 1¥&(1) (85)

Since v§§(0) is bounded, and fo(t) does not increase and bound, then obtain

t

Iim | I'(7)dr < (86)

t—0

Furthermore, l&t) is bounded, then limI'(¢) — 0. It means s — 0 when 7 —> oo (Slotine and Li 1991).

Consequently, the IT2FFFLBC control system is asymptotically stable for the case |s| >y .

The robust compensator in (78a) employs a sign(.) function to warrant the system stability. However,
the robust compensation controller is normally intermittent across s. It implies that the control input will
occur the chattering phenomenon. To prove the stability for the case |s| <y, the second Lyapunov

function is selected as:

1 1

V()= %ST(t)s(t) +itr(ﬁ% +itr([_§@j_ﬁ +itr(¢7@% +itr(§§@ toa ) 1r (8 58) + 2 1r(56°98) +
@

L e g ge, | &6 &o+ &

24, 24, 24, 22,

87)
where 4, is the positive learning-rate constant.
In theory, there is an optimal constant A" that satisfies the robust stability for (78b) as follows:
A'ls| >[I, 1) (88)

Taking the derivative of (87) and using (69)-(77) and (78b), gives
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V%(t) =s" [HAE(I)_uSRB]+%;f@: s’ [HAE(t)—és}F%ifﬁ

i (89)
=s"IT,. (1) - As"s + %ng

A

The parameter estimation law is selected as
S (90)
Thus (89) becomes
Wity ="M, () - As"s - (A" - A)s"s
=(s"H, (0= A's"s) < (I, 0)ls]- A”)sll]) o1
=—(&[s|- |12, 0 Is| <0

Therefore, the IT2FFFLBC control system is asymptotically stable for the case |s| <y . As aresult of

two cases, the proof is complete.

5. Simulation Results
This study uses two 4D nonlinear chaotic systems, a 4D hyperchaotic Lorenz—Lu system and a
4D hyperchaotic Rikitake dynamo system, to demonstrate the effectiveness and superiority of the
proposed structure.

1) Chaos Synchronization for 4D Hyperchaotic Lorenz—Lu System (Chen et al. 2006; Chen et al.
2011)

The MS for the 4D hyperchaotic Lorenz’s system is given as:

&1 (1) = @y % (stz(t) _st1(t))
852 (1) = By X Xy (1) F Xy, (1) = X6, () X155 (1) = X5, (1)

(92)
853 (1) = X451 (1) X5, (1) = € X Xy55(F)
8p5a (1) = d g X Xy, (1) X5 (1)
The SS of the 4D hyperchaotic Lu’s system is given as:
¥, (1) = agg X(yssz(t)_ ys31(t))+ Vs (0) +utgg, (1) + ngg, (7)
oo (1) = Dgg X Y5 (1) = Y51 (1) Y55 (1) + g, () + 1, (1) (93)

B3 (1) = Vg1 (1) Y50 (1) = Cgg X Vg3 (1) + 1t () + g5 (F)
B (1) = dgg X Yoy (1) + Vg (1) Y53 () + g, () + 1, (2)

where x5, (1), X365 (1), X353 (), X354 ()5 Vg1 (1), Y50 (1), Y55 (2) and y g, (¢) are respectively the states of MS
and SS. The parameters of the MS and SS are set as a,,=10,b,, =28,¢,, =8/3,d,,, =0.1,

ag =36,by =20,c =3,d, =1, respectively. In this example, the external noises (see Fig. 4) are
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assumed as ng (1) =[ng, (1), N, (), N4g; (1), 16, ()] = [0.2xcos(r ), 0.1xsin(#), 0.3xsin(2¢), 0.1xcos(#)],
the initial position states for the MS x,, (0) =-1.0, x4, (O) =-1.0, x5, (0) =1.0, x4 (0) =1.0 and the
SS v, (0) =5.0, Yy, (O) =2.0, yg; (0) =-5.0, Y, (0) =-2.0 are used. The initial parameters for
learning rates are selected as Ay = /111 =0.2, ﬂq = /Ig =0.1, lzl, =/1Z,, =05, 4, =0.1,4, =4, =0.05,

and 4, =0.5, and K, =3.81,,, K, =0.81, , . The simulation results for this example are displayed in

Figs. 5-17. Particularly, the 3D trajectory phase portraits of the 4D synchronization are manifested in
Figs. 5-8. The 2D state trajectories are plotted in Figs. 9-15. In addition, the synchronization errors are
displayed in Fig. 16, which points out that the tracking errors are quickly driven to zero. Finally, the
control efforts are presented in Fig. 17. The simulation results of synchronization for the 4D hyperchaotic
Lorenz—Lu system attain good performance and rapid response regardless of the influence of external
noises and uncertainty parameters of the system. Moreover, the total RMSE is measured to demonstrate
that the proposed IT2FFFLBC control system synchronizes the master-slave systems well with smaller
tracking errors than other control systems (see Table 1). The results for the proposed IT2FFFLBC control
system are also compared with some former methods such as adaptive PID (Chen et al. 2011), radial
basis function neural network (RBFNN) (Chen et al. 2011), neuro-wavelet control (NWC) using integral
(D-type training method (Chen et al. 2011), NWC using (proportional—integral) PI-type training method
(Chen et al. 2011). From that, we can see the IT2FFFLBC control system is qualified to handle well the
noises and uncertainties than the other control systems. Table 1 points out that the proposed IT2FFFLBC
control system has a smaller root mean square error (RMSE) and attains better in synchronizing the 4D
hyperchaotic Lorenz—Lu system with smaller tracking errors than other methods. Our findings indicate
that the IT2FFFLBC control system can work well with the impact of external noises and uncertainties

of system parameters.
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Fig. 4. External noises using for synchronization of the 4D hyperchaotic Lorenz—Lu system
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Table 1 The comparison of RMSE between IT2FFFBC control system and the former methods

RMSE1 | RMSE2 | RMSE3 | RMSE4 | Average RMSE
Adaptive PID 8.2922 | 5.8457 | 1.9369 |9.7788 6.4634
RBFNN 2.6765 | 1.9455 |1.0070 | 3.1995 2.2071
NWC with I-type training method | 1.5102 | 1.0407 | 0.6064 | 1.6916 1.2122
NWC with PI-type training method | 0.3828 | 0.2693 | 0.1324 | 0.4483 0.3082
IT2FFFLBC control system 0.1219 |0.0924 | 0.0671 | 0.1842 0.1164

2)Chaos Synchronization for 4D Hyperchaotic Rikitake Two-Wing Dynamo System (Vaidyanathan
etal 2018)
The MS is given as:

“‘56151(1) =0y X xMSl(t) + stz(t)stz(t) _XMS4(t)
J‘%sz(f) =0y xstz(t)+(stz(t) _IBMS )xM51(t)_st4(t) (94)
Ks (1) = 1= x5, (1) X5, (1)
B4 (1) = Vs X Xysa (1)
and, the SS is given as:
52§s1(t) =0 X ys51(t)+ yssz(t)ysss(t) - yss4(t) +u551(t) +n351(t)
B (1) = =g X g, (1) +(yss3(t) _ﬁss)ysm(t) = Vssa () Ftge, (1) + g, (7) (95)
K3 (1) = 1=y, (1) Yo (1) + g (1) + Mg, (1)
BKesa (1) = Vs X Y50 (1) + 155, () + 11, (1)

where X6, (1), X5, (1), X505 ()5 X054 (), V1 (), Vg0 (£), Ygs5(2) and y,(¢) are the states of the MS and SS.
The parameters of the MS and SS are set as a,,; = ay =1.0, B,;s = B =1.0, 7, =7 =0.7. In this
example, the external noises (see Fig. 18) are given as ngy(t) =[ng, (t), ng, (1), ng, ), ng,()]=
[0.2xcos(zxt), 0.1xcos(¢), 0.3xcos(2xt),0.1xcos(?)], the initial position states of the MS
Xys1 (0)=0.4, x,5,(0)=0.4, x,,,(0)=04, x,,,,(0)=0.4 and the SS
Yss1(0) ==1.0, 55, (0) ==1.0, ys5(0) =—1.0, yg, (0)=—-1.0 are utilized. The initial parameters of the

IT2FFFLBC control system are /1? = ﬂp = O.S,Aq = /1q =0.1, /Izu = lz(, =02, 4,=05, 4, = /Ig =0.1,

and A4, =0.5 . The simulation results using the proposed IT2FFFLBC control system for the 4D

hyperchaotic Rikitake two-wing dynamo system are plotted in Figs. 19-31. Specifically, the 3D results
are plotted in Figs. 19-22. The 2D results of state trajectories are illustrated in Figs. 23-29, respectively.
Subsequent, the synchronization errors are shown in Fig. 30, which indicate that they are rapidly
converged to zero. Then, the control efforts are shown in Fig. 31. At the initial, the control efforts are
increased to suitable values, then they are reduced to nearly zero after achieving the synchronization.
According to the simulation results, our findings point out that the synchronization of the 4D

hyperchaotic Rikitake two-wing dynamo system attains good performance and quick response even with
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the impact of external noises and uncertain parameters. The results in RMSE of some recent controllers
such as a recurrent cerebellar model articulation controller (RCMAC) (Huynh et al. 2020), a fuzzy brain
emotional learning controller (Lin and Chung 2015), a brain-imitated neural network controller (Lin et
al. 2021), and the proposed IT2FFFLBC control system are compared and shown in Table 2. The
proposed IT2FFFLBC control system synchronizes well the master-slave systems with smaller tracking
errors than other controllers. In summary, from the simulation results of two examples, our findings show
that the IT2FFFLBC control system can work well for 4D nonlinear hyperchaotic systems with the

impact of external noises.
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Fig. 18. External noises using for synchronization of the 4D hyperchaotic Rikitake Dynamo System
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Table 2 RMSE for the proposed control system

RMSE1 | RMSE2 | RMSE3 | RMSE4 | Average RMSE
RCMAC 0.0228 |0.0195 |0.0227 |0.0179 0.0207
FBELC 0.0163 | 0.0141 |0.0160 | 0.0132 0.0149
Brain-imitated neural network | 0.0088 | 0.0078 | 0.0085 | 0.0074 0.0081
IT2FFFLBC control system 0.0040 | 0.0042 |0.0034 |0.0044 0.0040

6. Conclusion

In this research, we design the interval type-2 fuzzy fourfold function-link brain emotional

controller for 4D nonlinear hyperchaotic systems. The principal novelty of this research is the successful

design of the new fourfold function-link for the IT2FFFLBC that can adjust efficiently the lower and

upper weights for orbitofrontal cortex and amygdala networks. A smooth robust compensator is used to

eliminate undesired approximate errors and to avoid the chattering phenomenon. Two Lyapunov

functions are utilized to determine the online learning laws for tuning network parameters and to prove

the stability of the system. Subsequently, simulation results of two 4D hyperchaotic Lorenz—Lu and 4D

hyperchaotic Rikitake two-wing dynamo systems show that the IT2FFFLBC control system efficiently
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achieves good synchronization. In summary, the proposed controller can deal with system uncertainty
and external noise with small tracking errors. However, the major limitation of the proposed scheme is
that the learning rates of the adaptive laws are selected by trial-and-error to improve the control
performance. The learning rates are very important and they will change the control performance
significantly. Our future work will apply some optimization algorithms to select the optimal learning
rates of the proposed control system. The other future study is to apply the proposed control system to

some practical nonlinear systems.
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External noises using for synchronization of the 4D hyperchaotic Lorenz—Lu system
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3D trajectory phase portrait of master (X1, X2, X3) and slave (Y1,Y2,Y3)
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3D trajectory phase portrait of master (X1, X2, X4) and slave (Y1, Y2, Y4)
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3D trajectory phase portrait of master (X1, X3, X4) and slave (Y1, Y3, Y4)
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3D trajectory phase portrait of master (X2, X3, X4) and slave (Y2, Y3, Y4)
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The state trajectory for master (X1, X2) and slave (Y1, Y2)



[y
vl T T T T T T T T

Master
= = = Slave
a0 - #*  Initial position of Master
O Initial position of Slave
4“ -
m -
[
>
2
m -
10 +
0r -
RS
_1“ [ | 1 [ | | [ |
-2 -0 -1 -10 -3 0 3 10 15
X1.¥Y1
Figure 10

The state trajectory for master (X1, X3) and slave (Y1, Y3)
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The state trajectory for master (X1, X4) and slave (Y1, Y4)
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The state trajectory for master (X2, X3) and slave (Y2, Y3)
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The state trajectory for master (X2, X4) and slave (Y2, Y4)
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The state trajectory for master (X3, X4) and slave (Y3, Y4)
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Errors for synchronization of the 4D hyperchaotic Lorenz—Lu system
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Control efforts for synchronization of the 4D hyperchaotic Lorenz—Lu system
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External noises using for synchronization of the 4D hyperchaotic Rikitake Dynamo System
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3D trajectory phase portrait of master (X1, X2, X3) and slave (Y1,Y2,Y3)
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3D trajectory phase portrait of master (X1, X2, X4) and slave (Y1, Y2, Y4)
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3D trajectory phase portrait of master (X1, X3, X4) and slave (Y1, Y3, Y4)
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3D trajectory phase portrait of master (X2, X3, X4) and slave (Y2, Y3, Y4)
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The state trajectory of master (X1, X2) and slave (Y1, Y2)
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The state trajectory of master (X1, X3) and slave (Y1, Y3)
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The state trajectory of master (X1, X4) and slave (Y1, Y4)
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The state trajectory of master (X2, X3) and slave (Y2, Y3)
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The state trajectory of master (X2, X4) and slave (Y2, Y4)
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The state trajectory of master (X3, X4) and slave (Y3, Y4)
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The errors of synchronization for the 4D hyperchaotic Rikitake Dynamo System



. Control aEurt L1
5. 88 8. 8¢

Control effort U2

Control aEnrt U3
-

Control effort U4
5 28

Figure 31

The control efforts of synchronization for the 4D hyperchaotic Rikitake Dynamo System
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