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Optimization Problems in Contracted Tensor Networks

Mike Espig * Wolfgang Hackbusch * Stefan Handschuh * Reinhold Schneider '

October 17, 2011

Abstract

We discuss the calculus of variations in tensor representations with a special focus on tensor networks
and apply it to functionals of practical interest. The survey provides all necessary ingredients for applying
minimization methods in a general setting. The important cases of target functionals which are linear
and quadratic with respect to the tensor product are discussed, and combinations of these functionals are
presented in detail. As an example, we consider the representation rank compression in tensor networks.
For the numerical treatment, we use the nonlinear block Gauss-Seidel method. We demonstrate the rate of
convergence in numerical tests.

Keywords: tensor format, tensor representation, tensor network, variational calculus in tensor networks.

1 Introduction

V,, equipped with the induced inner product and

d
=1

Let (V,, (, >Vu) be a real pre-Hilbert spaces and V :=

o
norm.

Notation 1.1. Let X be a vector space, Y a subspace of X and f : Y — R. We will use the short notation
M(f,Y) for the set of minimizers of the induced minimization problem, i.e.

M(f,Y):={yeY: f(y) =inf f(Y)}. (1)

Problem 1.2. Given a functional F' : V — R and a set M C V, we are searching for a minimizer of the
constrained optimization problem where the original set M is confined to tensors which we can represent in a
parametrised way, i.e. we are searching for

ueMEF,MNU), 2)

where U C V is the image of a multilinear map U : P — V. The map U is a tensor format from a parameter
space P into the tensor product space, see Definition 2.3 for an explicit description.

We will see that a contracted tensor network is a special tensor representation, see Definition 2.6 for more
details. Let us mention a few basic examples which are important in several practical applications in high
dimensions.
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(i) The approximation of v € V in a specific tensor representation, i.e. F'(u) = |ju — v||%, u € U.

(ii) The solution of equations Au = b or g(u) = 0 where A, g : V — V'. Here we have F(u) = ||Au—bl|},
resp. [lg(u) v

(iii) If A : ¥V — V' is bounded, symmetric and coercive with respect to .||y and b € V' given, we may
instead of the first functional in (ii) focus on F'(u) := £ (Au, u) — (b, u).

(iv) Computation of the lowest eigenvalue of a symmetric operator A : V — )’ by minimizing the Rayleigh
quotient: F'(u) := (Au,u)/(u,u) over M = V\{0}. This problem is equivalent to the minimization
problem

findu € M(F, {u el : |[ul| =1}).

In the first three examples we have M N U = U, while in the last example we have an additional constraint,
namely M = {W e V: (W, W) =1}.
The case of interest for our work is summarized in the following abstractly formulated Problem 1.3.

Problem 1.3. For a given function I : V — R and a tensor format U : P — V we consider the following
problem:
findae M(J, M), J:=FoU:P—YV —Rand M C P. 3)

We call the function J : P — R objective function.

2 Mathematical description of tensor formats and tensor networks

A tensor format is described by the parameter space and a multilinear map into the tensor space of higher order.
The parameter space consist of two different types of parameters: the parameters of vector space meaning and
interior parameters. We will describe this in more details below. Let in the following V = ®ﬁ:1 V,, be the
tensor product of vector spaces Vi,..., Vy.

>

Notation 2.1. Let A € {R, Vi,...,V3}, £ € No := NU {0}, and N := X IN (1 < £). The set of maps with

v=1

finite support from ¢ into A is defined by

A =0

0 R ) =Y,
Mo(IN', A) '_{ {u:IN* — A|#supp(u) € N}, £>1.

“4)
The natural number ( is called the degree of u € Mo(IN¢, A).

Let us start with an example for pointing out our further intentions.

Example 2.2. A tensor network is described by its tensor network graph G = (N, E). An example of a tensor
network graph is plotted in Figure 1. The set of nodes N contains two different types of nodes, i.e. we have
N = {vi,v2} U{w}. The set for vertices of vector space meaning {v1,v2} and the set of nodes for the

coefficients {w}, where in Figure I the symbol T stands for nodes of vector space meaning and the symbol ®



J1 Jo

Figure 1: The tensor network graph of the tensor network from Example 2.2.

denotes vertices for the coefficients. We have two edges E = {{vi,w}, {w,va}} in our example. The tensor
network format introduced by the tensor network graph is the following multilinear map:

Us : My (IN2 R) x Mo(IN, V1) x Mo(N, Va) — V1 ® Vs
w, vy, v9) — Ug(w, vy, v = ,J2)v R
( 1,02) el 1,02) Zl Zl (J1, J2) v1(j1) @ va(j2),
I J2 cR %1 Vs

where for a better understanding the edges are identified by there corresponding summation indices, i.e. j1 ™~
{v1,w} and jo ~ {w,ve}. For given so called representation ranks r = (r1,72) € IN?, the tensor network
representation Ug, , introduced by the tensor network format Ug is the restriction of Ug onto My(IN<,, X
INSTQ, R) X MO(INgma Vl) X M0<IN§7~27 VQ), ie

Ug,r(w,v1,v2) Z Z w(j1, J2)v1(j1) ® v2(j2),
=1j2=1

Notice that the representation rank 1 refers to the support of the representation system (w, vy, v2) and not to
the represented tensor.

Definition 2.3 (Parameter Space, Tensor Format). Let d, L € g and furthermore (1, . . ., g, El, .. ,[L € INp.
The vector space S of parameters of vector space meaning for V is defined by

d
= X Mo(N, V,). (5)

p=1

In a similar way we define the space C for the interior parameter

L N
= X Mo(N",R). 6)
v=1
We call the cartesian product
Pjp=8xC (7

a parameter space of order (d, L). A tensor format of order (d, L) in V is a multilinear map
U:Pyr —V (8)

from the parameter space into the tensor space.

We will see in the following that a tensor network is a special tensor format, where the definition of a tensor
network is based on the tensor network graph.



Definition 2.4 (Tensor Network Graph, Tensor Network Tree, Degree Map). Let

N, = UMOW )l <p<d
leNg

be a set of nodes of vector space meaning with # N = d and

Ne=qw, e |J Mo(INR):1<v <L
eNg

be a finite subset of nodes of interior parameters with ##N. = L. Further let N := Ny U N, and E C
{{n1,n2} : n1,n2 € N,n1 # na} C P(N) a set of edges. We call the finite graph G := (N, E) a tensor
network graph in V of order (d, L). The degree map of G is defined as g : N — IN,n — #{e € E : n € e},
such that g assigns each element of N the number of edges, it is connected to.

In graph theory there are different ways to describe a graph. For our work, the most useful is the incidence
map.

Definition 2.5 (Incidence Map). Let G = (N, E) be a tensor network graph of order (d, L). Since we have
chosen all tensor network graphs to be finite, we can select an edge enumeration, i.e. there is a bijective map
e: N<,, — E, where m := #E. We call the map

7 : Nx Q N— [ ©)
=1 =1
(n,J1s -5 Jm) = Z(n,j):=(Ge:1<L<m,nece(l)). (10)

the incidence map of G, where the order of the jy is being preserved.

We will not distinguish between N and IN<, ;, such that we identify both sets with each other, i.e. there is a
bijective map ¢ : N<4y1, — N such that we can uniquely identify u € N<g44 1 with n = ¢(u). If it is clear
from context we simply write p with the meaning of ¢(u), (1 =~ ¢(u)). Further, if 1 < p < d then n € Nj
and n € N, otherwise.

Definition 2.6 (Tensor Network Format, Tensor Network Representation). Let G = (N, E) be a tensor net-
work graph of order (d, L) and m := #E. Furthermore, let T be the incidence map and g the degree map of
G. We define the following tensor format Ug as a tensor network format in V.

d L
Ug: X Mo(IN9W V) X Mo(IN9H) Ry — V) (11
pn=1 v=1

d
(V1, ..., Vg, W1, ..., WL Z Z (Hwy (d+v,j) >®Uu

The tensor network representation U, with representation rank r = (rq,...,7ry,) € IN" is defined as
d L
Ugr: X Mo(IN®, V) 5 X Mo(IN9UHY) R) — v (12)
p=1 v=1

d
(U1, Vg, W,y ooy W Z Z(Hwy (d+v,j) >®

Jji=1 Jm=1
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We say u = Ug,(vi,...,v4,wi,...,wr) € RangeUg, C V is represented in the tensor network format
with representation rank r € IN™. Furthermore, we call the tuple of parameters (vy,...,v4,W1,...,WL) a
representation system of u with representation rank r.

Note that due to the multilinearity of Ug , a representation system is not uniquely determined. We want to
illustrate the abstract definition of the tensor network on further examples. The most recent tensor represen-
tations are tensor networks, e.g. hierarchical tensor format [8, Hackbusch and Kiihn, 2009], [6, Grasedyck,
2010], the tree Tucker format (TT) [18, 14, Oseledets and Tyrtyshnikov, 2009], where the TT tensor format
is also called tensor train format. The Tucker decomposition is also a tensor network format, see Figure 2 for
illustration. The canonical polyadic decomposition (CP) for tensor ranks greater than one and d > 2 is not
a tensor network. But, it is easy to illustrate that the canonical polyadic tensor representation for d = 2 is a
tensor network for any rank.

i U1 U1
J
w1
J2 J3
T (%] T U3 (%) V3
(a) Elementary Tensor (CP with (b) Tucker

r=1)
Figure 2: The tensor network graph of the canonical polyadic (rank is one) and the Tucker format for d = 3.

Example 2.7. Our first example of a tensor network is the hierarchical tensor format for d = 4. Where the
tensor network graph of order (4, 3) is shown in Figure 3. The map Iy : N x X?_| IN — U?zl IN! is defined

w1

Figure 3: The tensor network graph of the hierarchical tensor format for d = 4.



by

(jl)? n=1;

(j2)’ n =2

(j3)7 n=3;

Tur(n, (j1,---,J6)) == (Ja), n=4;
(J5, J6), n=>5;

(J1,J2,J5), n=6;

( (J3,J4,J6), n=T.

Furthermore, the multilinear map for the hierarchical tensor format is

Un(v1,- .- ws) = > wifs, jo)wa(ir, o, j5)ws (s, ja, o) v1(i1) ® va(ja) ® v3(js) @ valja).  (13)
JENS

U1 V2 U3 V4

T J T Je T Js T

Figure 4: The tensor network graph of the tensor train format for d = 4.

Next, we want to consider the tensor train format for d = 4. The tensor network graph of order (4,0) is
illustrated in Figure 4. We see that the degree of the nodes vi and v is equal to 1. Furthermore, the degree of
the nodes va, v3 is 2 and the number of edges in the graph is 3. For this example, the map I : N X X ?:1 N—
Ui, N is defined by

(1), n=1;

L i1,72), N =2;

Irr(n, (41,42, J3)) = 8; jzi n—3
(jg), n = 4.

Finally, for the tensor network representation with representation rank r = (ry,r2,73) € IN we have

T1 T2 T3
Urr,r(v1, - 00) = Y > 0i(1) @ vaG, j2) © v3(j2, j3) @ valja)-

J1=1j2=1j3=1

Another example of a tensor network is the tensor chain (see [11]). The network graph of the tensor chain

U1
J1 J2

U3 U2
J3

Figure 5: The tensor network graph of the tensor chain for d = 3.



is presented in Figure 5 for d = 3 and the tensor network representation Urc, , with representation rank
r = (r1,r2,r3) € IN% is defined by

1 72 3

Urc,r(vi,. .., v3) = > > > 01(j1, j2) ® va(j2, j3) @ v3(j1, ja)- (14)

J1=1j2=1js=1

The so called projected entangled-pair states (PEPS) offers an efficient tensor network of certain many-body
states of a lattice system, see e.g. [17], [16]. For d = 6, the tensor network graph of the PEPS tensor network
is shown in Figure 6.

Y1 J1 V2 J2 U3
/.
Je J7 J3
(N Js Us Ja Vg

/.

Figure 6: The tensor network graph of the PEPS for d = 6.

The multilinear map of the PEPS with equal representation ranks v € IN is given by

Upgpss(vi,. .. v6) = Y _ (j) ®(j), (15)
JENT,
where
@(l) /Ul(jlajﬁ)®1)2(j17j27j7)®v3(j27j3)7
0(j) = va(ds,J6) ® vs5(Ja, Js. J7) @ v6(43, Ja)-

3 Closedness of tensor network formats

The following section is of interest for optimization problems in tensor networks. The main statements of
Theorem 3.2 and Proposition 3.4 can be summarized as follows. Assume, we have a sequence (ug)ren in V
with lim uj = u and every uy, is presented in a tensor network Ug : Py, — V with representation rank r,

k—oo
i.e. there is 4y, € Py, with uy = Ug () (see Definition 2.6). The crucial question is whether we represent

win Ug,y, i.e. is there & € Py 1, such that u = Ug . (@).
In the following let G := (N, E) be a tensor network graph of order (d, L), m := #E,and Ug : Py, — V
the tensor network introduced by the network graph G, as described in Definition 2.6.

Definition 3.1 (Closed). A tensor network format Ug : Py, — V is called closed, if for every representation
rank v € IN™ the image of the corresponding tensor network representation Ug  : Py, — V is a closed set

in (V, || - ).

In order to prove the statement of Theorem 3.2 one needs further assumption on the norm of (V|| - ||). The
norm of (V, || - ||) is supposed to be not weaker then the induced injective norm || - ||, where the injective



norm on V is defined by

* *
x|y := sup |(v1<§i...®vd)(x)| 0Av, eV, 1<u<dy, (16)
OFvLEV HEN<y [T llvullv
see [5].
Therorem 3.2. Let the norm of (V, || - ||) be not weaker than || - ||y and G = (N, E) a tensor network graph.

Further, assume that the tensor network graph G is a tree. Then every tensor network Ug introduced by the
tree G is a closed tensor format.

The proof of Theorem 3.2 is deeply influenced by the ideas of Hackbusch published in [7, Chapter 6].

Proof. (Induction over the cardinality of E, m := #F) In order to make notations not more difficult than

necessary, we assume that r = r; = --- = r,. Initial Step: Follows direct from [7, Chapter 6]. Inductive

Step: Let G = (N, E) be a tensor network tree with m + 1 = #E and klim Uc(i*) = u € V. Choose an
— 00

edge e € E. Since G is a tree, the edge e subdivides GG into two tensor network sub trees G; = (N1, F) and
G2 = (Na, E) with incidence maps Z;, Zo. Where N = N, U Ny, and Ny = Ny, U Ny are parameter
spaces of order (di, L1) and (d2, L2) respectively, see Definition 2.3 and Definition 2.4. We introduce the
following index sets:

F={veN:wfeN ), [={veN:vteN,}, I$={veN:wec Ny}, I5={veN:ovkeNy,]}.

We can assume without loss of generality that the edge e and the enumeration of the notes are chosen such that
e = {vq,,vq}. Furthermore, we have for Ug (i¥)

uF = Ug(@b) = Y Us, (85 (je) ® U, (85 i),
je=1

with

Ua @) = 3 ([ ws@d) ] & oi@uu. ) ® v (i), ) € Yy and (17)

JENTL \velf peli\{di}

Us(i5()) = Y | [[wb@@.) ] @ vilZaln, ) ®vi(Za(p, ), )) € Ve, (18)

JENZ2 \rels pel3\{d}
where V) := ® V.®My(N<,, Vg, ) and Vy 1= ® Ve Mo(N<,, Vy).
pel{\{d1} pelz\{d}

The tensor space V is isomorphic to Vi @ Vs, where Vi = @) pers Veyand Vo = Q pels V.. According to [7,
Chapter 6], there exist a decomposition of v = lim u¥ in V; ® Vs such that

k—oo
,r/
w=>Y u(i) Qup(i), (' <r) (19)
i=1
with smallest sets Uy := {u1(i) € V1 :1<i<¢'} and Uy := {ua(i) € Vo:1<i <7’} linearly inde-

pendent. It remains to show that there are parameters @1 (-) and da(-) such that ui(-) = Ug, (41(+)) and
uz () = Ug, (a2(-))-



LetUj = {uj(i) e Vi :1<i<7r}and U = {uh(i) e V):1<i< r’} be the dual basis of U; and Us. In
[7, Chapter 6] it is shown that (idy, ® u4(i))(u¥) o up (i) and (u} (i) ® idy,)(u*) = ug(7) for all
—00

1 <1 < r’. After short calculation (using tensor contractions) we have that

(idy, @ up()(Ua(@®) = S | J[Jwi@@))| Q) viZi(w4) @85, (Za(w 5),)),(20)

jeNmt \velg pel;\{d1}

(W () @idy,)(Ua(@®)) = Y | [Twb@.0)) | @ vi@a(m ) ®%((Z2(n, ), ), 21)

JENT?Z \VEI] pelz\{d}

where we define 75 ((Z1(p, 7)) = 225 3 ub(-)(Ugs, (u5 ()0l (Z1 (1, 5), Je)) € Mo(N<y, Vg,) and
T(Za(, 1)) = 205, 21 uh () (U, (wf (5e))) i (Za(p: 1), Je)) € Mo(N<r, V). Comparing the equations
(17) and (18) with (20) and (21), we see that there are parameters @ (-) and @5 (-) such that

(idy, @ uy()(Ua(a") = Us, (@1(-)
(w4 () @ idy,)(Ug(@")) = Ug,(5(")).
Note that this is only possible if the network graph G is a tree. Since G; and G are tensor network trees in Vi

and Vy, the induction hypothesis shows that there are parameters i1 (-) and 12 (-) such that u; () = Ug, (t1(-))
and ua(-) = Ug, (u2(+)). With Eq. (19) we finally have

,r,/ /

u = Z Ul(]e) ® u2 ]e Z UGI (0} (]6>) ® UGz (UQ(]C)) - Ug(ﬂ),
Je=1 Je=1

where @ := (4, U2) € Py and 1’ <.

|
If the tensor network graph G is not a tree (it contains cycles), then the induced tensor network Ug is in general
not closed, see [12, Landsberg et al., 2011]. We want to mention that in the interesting case if dim(VH) <
3 (calculations in the second quantization of quantum mechanics), the analysis in [12] make no statement

about the closedness of tensor network formats. If the tensor representation would be stable, we can ensure
closedness.

Definition 3.3 (Stable). Let U : P — V be a tensor network in ¥V and r € IN™ a representation rank, where
G = (N, E) is a tensor network graph and m = #FE.

(a) For 1 € P we define

Tm L+d d
Xug (@, 7) ‘U o Z > (H |, (Z(v, §)) |> T oz, g
Gle Jji=1 Jm=1 u=1

(b) Foru € Range (Ug) we set

Xvg (u, r) == inf {xu,(4,7) :u=Ug(a)}.



(c) The sequence (u¥)yen C Range (Ug,) is called stable in Range (U ), if

xve (WP rew, 7) = sup Xue (U, 1) < oo
c

otherwise, the sequence is called instable.

Proposition 3.4. Let V = ®Z:1 Vy. and suppose that dimV,, € IN. Furthermore, let G = (N, E) be a
tensor network graph and Ug , : P — V a tensor representation with representation rank r. If a sequence
(uF)pew C Range (Ug ) is stable and convergent, then limy,_., u* € Range (Ug).

Proof. Let (uF)gew C Range (Ug,) with limy o u* and set ¢ := 2xpy, ((u*)kew, 7). After choosing a
subsequence, limy,_, oo u* k k ook

= wu holds with a representation system @* := (wf,... wh of, ... U’j)t € P such
that
Tm L+d
3 5% (I b ) L1 12001 < .

]1 1 ]'m*l

The components of the parameter space wt(Z(v,j)) and v#(I (1,7)) can be scaled equally so that all
{wh(Z(v,5)) € R: k € N} and {v}(Z(p, j)) € V,, : k € N} are uniformly bounded. Choosing furthermore
a subsequence, limits @, (Z(v, §)) = limj_.co wE(Z(v,j)) and T,(Z(p, ) = limp_oo UZ(I(“’Z)) exists
and with the continuity of Ug it follows that limy,_,. u* = Ug, (@), where @ := (1, ..., W, 01, . ..,0q4)" €
P. |

4 Computation of derivatives in tensor representations

We would like to find a local minimizer by means of differential calculus in an arbitrary tensor format. Let
d+L

P := X P, aparameter space of order (d, L) and U : P — V a tensor format. Before we can start with the
v=1

computation of the derivatives, we need to introduce the following useful notation.

Notation 4.1. Let D :=d+ L, v € N<p and p := (p1,...,pp) € P. We define the following substitution

U,(p): P, =V, ur—U,(p)(u) =U(p1,...,Pv—1,UDut+1,---,PD)- (22)

The Fréchet derivative U'(p) of U at p € P is a linear mapping from P to V. Due to the multilinearity
of U, it may be expressed by the partial derivatives of U in direction p, € P, which we will denote by
U(p)/dp, € L(P,V) :={f: P —V : fisahomomorphism}. The mapping dU (p)/dp, maps u € P,, to

WH) oy iy VD) + 1) = U () )
dpyl h—0 h

= Uy, () (u).

Corollary 4.2. Let U be a tensor network as defined in Definition 2.6. For the partial derivatives we have

dU (6, 0) > & Py .
— W) = Yy w() | @ uT ) | @u@m )@ | Q) ulZ(n ) | 23)
Yu Ji=l Gl p=1 p=p1+1
WO9) ) - > 3 T(d+v, ) ()T, ), 24)
i j1=1 jm=1v=1 1/751/1

where w(j) := TTE, w,(Z(d + v,§)) and v(j) := ®i 1ou(Z(ps §))-

10



Corollary 4.3. By the chain rule, the Fréchet derivative of the functional J == F oU : P — R from (3) at
point i € P is given by
J'(i) = F'(U(a)) o U'(4). (25)

S Tensor product subspaces and best approximation in tensor networks

Let G = (N, E) be a tensor network graph of order (d,L) in V and m := #EFE, where V is the tensor
product of pre-Hilbert spaces <V§), {,) u)' Furthermore, we define the two tensor network representations

Ug: Pp — Vand U, : P, — V introduced by G with representation ranks R = (Ry, ..., Rm)t € IN™ and
r=(r1,...,rm)" € IN" respectively, where we have

r < Ry, (26)
forall 1 <1 < m. Moreover, let a € V be represented in Ug, i.e. there is pr = (vR1,...,wr,1) € Pr with
d
a = Ur(pr) Z Z (H wry(Z(d + v, z))) &) v (Z(1:0)). 27)
11=1 im= pn=1

In this section we are analyzing the following minimization problem.

Problem 5.1 (Representation Rank Minimization). Find p}: € P, such that
|Ur(pr) — Ur(pr)llv = pirelfp |Ur(pr) — Ur(pr)|lv- (28)

For a convenient description of our results we need an edge enumeration of the tensor network graph G =
(N, E), i.e. abijective map e : E — N<,, from the set of edges E to the set IN<,,.

Therorem 5.2. Let p} = (U:,p e w; 1) € Py be a solution of the representation rank minimization problem
(28) and g the degree map of G as defined in Definition 2.4. Then we have for all i € N<q and all j €

X1<i<g(p) ]NSTem

v:u(l) € U, := span {URM( yeViiie X IN<Re(l)} . (29)
1<I<g(p)

Proof. Assume there is a u* € N<gandaj € Xy<j<g(u) N<r, ) with o), (%) & Uy. Let N, : V,, — Uy, be

d d
the orthonormal projection from V), onto U,,. Then it is straightforward to show that V' : Q V, — @ U, is
pn=1 pn=1
d d
the orthonormal projection from ) V), onto & U,,. After a short calculation, we have
pn=1 pn=1
2 NP 2
IUr(pr) = Ur®P)ly = IUr(PR) = NU(pDI + U (p7) = NU (PP

*\ (|2
< Ur(pr) = NU:(p:)lly
and because of vy, ,(j*) ¢ Uy, we can conclude ||U,(p;) — NU,(p;)ll,, > 0. Furthermore, we have

d
W) = 35 35 (L atztaee ) @iy rts)

J1=1 -
Ur,p'=

= Ur(ﬁr*)7

11



where " := (071, .., 07 w1, ., wy ) € Pr. Consequently |Ur(pr) — Ur(7)lly, < [|Ur(PR) — Ur(p7)]l1»
but this contradicts the fact that |Ur(pr) — U, (p})||v = infy.ep, |[Ur(pr) — Ur(pr)]v- [

Under the notations and premises of Theorem 5.2, let {z;, € U, : | € IN<;, } be an orthonormal basis of U,
where we set t,, := dim U,,. If we are looking for a solution of the Problem 5.1, with the use of Theorem 5.2,
we can restrict our search to I := Q) y—=1 Up. Therefore, there are ag (1) € € R and &, ,(j) € R such that

UR,;;(D = Z(O‘Ru( ))luzl#u and Uru( ) = Z(fnu( ))luzluu-
lu=1 l,=1

These equations induce a linear mapping Z,, : R'* — U, with

UR,M(Z) = ZuaR,u(Z) and Ur,u(i) = Zuér,u(i)a

where i € X 1<j<g() N<p, o and j € Xyg<g(u) ]N<T . Furthermore, we have

d
Ur(pr) = Z Z (me d+v,i))>®vm<2<u,i))

i1=1 im pn=1
R1 R L
= Z'”Z(HMR” (d+v,1)) )®ZQR# ,1))
i1=1 im=1 \v=1
d Ry Ry L d
= Z, Y ( wr(Z(d+ v, z’))) Q) ru(T(p,1))
pn=1 i1=1 im=1 \v=1 pn=1

Ur(pr):=

and

d
Ur(pr) = Z Z (erl/ d+”]))> ®U7‘,M(I(M32))

Jj1=1 Jm=1

r1 T'm L d
(®z) (55 (H wr,y(I(dJrV,j))) & (10,1)
p=1 / =

Corollary 5.3. From the definition of Ug and U, it is obvious that U r and U, are tensor networks in S =
®Z:1 R, where the network topology is the same as for Ur and U, respectively, since the incidence map is
the same for all tensor networks. Further, we have

Ur(pr) = ZUr(pr) and U(p.) = ZU,(p,), (30)

where we set Z : S — U, Z := ®Z:1 Z,,. In addition

1Un(pr) = Unpe) I} = (Ur(or) = Ur (5,), 2 Z(Or(or) = U (6,)) . = UrGR) = Un(Br)l3- - B
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Corollary 5.4. Under the notations and premises of Theorem 5.2, we have that

1UR(pR) = Ur(pp)lly = inf, |Ur(pr) = Ur(pr)lly (32)
is equivalent to R X R A
IUr(PR) — Ur(p7)lls = Aiﬂg 1Ur(PR) — Ur(Br)lls- (33)
pr&€ly

For this reason, it is sufficient to consider the original approximation only in S. Hereby we have to assume
that in practice the computation of the orthonormal basis of U, and the coefficients a g is reasonable. This fact
reduces the original potentially infinite dimensional approximation to a finite minimization task.

6 Nonlinear block Gauss-Seidel method

So far we have developed all ingredients for applying steepest decent type algorithms. In the following section
let P = X/?:l P, be a parameter space of order (d,L), where D := d+ L,and U : P — V a tensor
representation. Further, let J := FF'oU : P — V — IR be an objective function as defined in Problem 1.3. In
the following analysis, it is not required that U is a tensor network.

The nonlinear Gauss-Seidel (NGS) method arises from iterative methods used for linear systems of equations.
Intuitively, we may think of a generalized linear method which reduces to a feasible iteration for nonlinear
systems. The direct extension of the linear Gauss-Seidel method to the nonlinear NGS method is obvious.
Suppose that the k-th iterate 2¥ = (2%, ..., 2%) and the first [ — 1 components ka, .. ,mfff of the (k+1)-
th iterate "1 have been determined. If H : Q@ € R™ — R" has components functions A1, ..., h,, then the
basic step of the the nonlinear NGS, in analogy to the linear case, is to solve the /-th equation

hl(a:]fH, ... ,xfjll,xl,mﬁrl, .. xk) =0,

rrn

for x;, and to set xf“ = x;. Thus, in order to obtain zF*! from z

one-dimensional nonlinear equations.

From a mathematical point of view, the established alternating least square (ALS) method [2, 3] and the density
matrix renormalization group (DMRG) algorithm [9, 10, 15] are nonlinear block Gauss-Seidel methods, where
the DMRG algorithm is also called modified alternating least square method (MALS). In the DMRG method
we allow an enlargement of the parameter space and the partitioning (blocking) of the parameter space is not
disjoint.

For the nonlinear block NGS method, we want to describe the situation by an explicit example in order to
motivate the abstract setting defined below. For this purpose consider a simple structured tensor network for
d = 3, e.g. the tensor train format as defined in Example 2.7. The tensor train representation is described by
the multilinear map

k we have to solve successively the n

3
Urr @ Mo(N<p, Vi) x Mo(IN2,., V2) x Mo(N<,, V3) — (X) V.
pn=1

b = (vi,v2,v3) = Urp(d Z Z v1(j1) ® v2(ji1, j2) ® v3(j2),
J1=1j2=1

i.e. in our setting we have the parameter space P = P; X P x P3, where P, = V', P, = V2 ,and Py = V3.
The ALS and the DMRG method are introduced by a partitioning of the parameter space P. The partitioning

13



{X’l, X, X’g} for the ALS method is given by

P = P x{0} x{0} + {0}xPyx{0} + {0} x{0}xPs
=:X1 =:X2 =:X3

and the partitioning { X7, X} for the DMRG method is defined by

P = P1><P2><{0} -+ {O}XPQXPg.
S— —
:;Xl :2X2

For general cases, a partition of the coordinates is defined as follows.

D
Definition 6.1 (Partition of Coordinates). Let p € N and P = X P, a parameter space of a tensor represen-
pn=1

tation. We call the set {X; C P : 1 <1 < p} a partition of coordinates of P if:
) P
(i) P=> X,
=1

D
(ii) Every Xy is of the form X; = X X ,, where X, is either equal to P, or equal to the null space {Op, }
pn=1
of P,.

We say {X; C P :1 <1< p} is a disjoint partition of coordinates if we have

Xl N Xl’ = {Op}forall 1 S l,l/ < D.

For a convenient description of the nonlinear block SOR method we introduce the function .J;. Where for a
given partition of coordinates {X; C P : 1 <[ < p}, the function J; can be viewed as the restriction of J to
the the subset X, see Notation 6.2.

Notation 6.2. Let {X; C P : 1 <1 < p} be a partition of coordinates of P and J : P — R the objective
function from Problem 1.3. Further, let X{' := P\ X be the complement of X in P. We define

J o Xi x X[ = R, (x,27) — Ji(z,27) = J(x; + xf).

Definition 6.3 (Nonlinear block Gauss-Seidel method). Let {X; C P : 1 <[ < p} be a partition of coordi-
nates of P and J : P — R the objective function. The nonlinear block Gauss-Seidel (GS) method is described
by Algorithm 1.

Similar to the lineare case one can extend the nonlinear Gauss-Seidel method to the nonlinear successive over-
relaxation method. The convergence analysis of the nonlinear GS method is already discussed in the literature,
e.g. in [13, Ortega and Rheinboldt]. Generally speaking, the convergence of the nonlinear GS method is locally
assigned by the convergence of the linear GS method applied to the Hessian J”(x*) of J at a point x* € P
with J'(x*) = 0. Let us consider a block decomposition of the Hessian J” ()

I viock(X) = Dpiock(X) — Lpjock(X) — L prock (%)

into its block diagonal, strictly block lower-, and strictly block upper-triangular parts, where the blocking is
introduced by a disjoint portioning of coordinates, and suppose that Dy (x*) is nonsingular. Furthermore,
let H(x) be defined by

H (%) := [Dyioek(X) — Litoek (%)) " Lo (%), (35)

14



Algorithm 1 Nonlinear block GS method
1: Choose initial x! € P, and define k := 1.
2: while Stop Condition do
3 forl1<I<pdo
4: Compute x; € X; such that

ordy (%1% V) = 0, (34)

where xcf(l) = (x’“(l) — Xf(l)) € X[ and x*(1) ¢ P is the current iterant.

k(l+1 ~
xl(+)::xl.

5

6: end for
7 k—k+p.
8: end while

where H(x) is simply the GS iteration matrix for the linear system J”(x)Z = b. We can establish the fol-
lowing Theorem 6.4, whose proof follows directly from the arguments used in [13, Theorem 10.3.5, p. 326].
Unfortunately, the proof of Theorem 10.3.5 does not match for nonlinear block GS methods with a non-
disjoint partition of the coordinates, since the function G defined in [13, Eq. (15), p. 326] does not fulfil
G (x**+1 x*) = 0 for all k& € INg. Therefore, we cannot apply Theorem 10.3.5 for methods with overlapping
partition of the coordinates like the DMRG method.

Therorem 6.4. Let {X; C P : 1 <[ < p} be a partition of coordinates of P, J € C*(P,R) and x* € P a
parameter for which J'(x*) = 0 and p (H(x*)) < 1, where H(x*) is defined in Eq. (35) and Dyjoci(X*) is
nonsingular. Then there exists an environment B(x*) of x* such that, for any initial guess x* € B(x*), there
is a unique sequence (xX)pew C B(x*) which satisfies the description of the nonlinear block GS method from
Algorithm 1. Furthermore, limy_,o, XX = x* is R-linear with R-convergence factor p (H(x*)).

The statement of Theorem 6.4 provides useful a priori information, even when it is not possible to ascertain in
advance that p (H (x*)) < 1. For quadratic functionals F' and the canonical tensor format Uc p, the situation
J = F o Ugp is considered in [19].

7 Numerical Experiments

In this section, we want to explicitly describe the nonlinear block Gauss-Seidel method for two different
partitions of the coordinates.

We want to consider a tensor chain ¢ € S := ®Z:1 R"™ with (ng,...,ng) € IN% and representation rank
(Ri,...,Ry) € IN? similarly to the tensor chain (TC) example in Section 2. We want to minimize
la —ull

which is equivalent to minimizing

Fu(e) = o (0. + 50.2)).

where the quotient ||a/|? has been added for numerical reasons. In terms of Eq. (14) Urc with representation
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rank (r1,...,7r4) € IN?is given as
d—1
Urc: X (Rnu)(ruﬂ"uﬂ) % (]Rnd>(7‘1ﬂ”d) — ),
pn=1
1 rq d—1
(w1, ta) = > > Qs Jurr) @ ualin, ja) =
Ji=1  ja=1p=1
so J of (3) is defined as
d-1
J X (R Temen) s (Rray(rira) R,
pn=1
(ul,. . .,Ud) = (Fa o UTC) (ul, .o .,ul)

which we want to minimize in our experiments. We define

Apips gty Jps Jur1) = <au(luvlu+1) U (Jpus 1)) I1<pu<d-1
Aalig, i, ja, 1) = ({aa(i1,ia)s ualit, ja))

B (Ju7ju+1vﬂwh+1) = (uu(ps Jp+1), UM(JLJLH)% l<p<d-1
Ba(ja: j1:da- 1) = (ualiv, ja), wa(i1, ja))

such that

T
)

J(ur, .. ug) = 7 —ZZ (@i, ip1)s U (G, Jur1)) | (@a(iv,ia), ua(d, ja))
lal icl jed \p=1

1 - L o .
520 Huwwwl (30 F 1)) | (ua(ins da), ua (it 5))

JEJ j'eJ \p=1
(36)
- w _ZZ H ZWZIH-l?]m];H-l) Ad('ldalhjd,jl)
i€l jeJ \p=1

1 S
520 H (s Gt G Fur) | Balgas g, 34, 51)

JET j'ed \p=1

whereas J := {(l1,...,lq) : [y =1,...,7, 1 <p < d}T:={(l,....,lq) : lp=1,...,R,,1 < p < d}
and ji denotes the k-th component of multi-index j.

7.1 Alternating least squares for the tensor chain format

As stated earlier, the ALS method is the nonlinear block Gauss-Seidel method with disjoint partition of the
coordinates that is defined as

Xy ={0} x...x {0} x P, x {0} x...x {0} (37)

for 1 < ¢ < d, where
P (Rre)reres)  p—1 ... . d—1,
¢ (Rnd)(hﬂ“d) {=d.
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For convenience, we will assume ¢ # d in our formulae and lemmata. In the following part, we want to
introduce some abbreviations, that will become handy later on. We define

wRe—1 Rpyo,... Ty TO—1  To425ee

A iy iey1, Jo, jeyr1) = Z Z Z Z

ote—1=1 42, ,0d=1 j1,sje—1=1 Jot2,--,Ja=1

d—1
H ApCips iyt G Jus1) | Aalia, i, Ja, j1)
u=1,u#l
and
Te—1 To4+2 Te—1 To4+2
Boindendhita) = 3. 3 S - ZZ > > - Z
j1=1 Je—1=1jpy2=1 Ja=1j]=1 Jp_1=1ip =1 Jh=1
d—1
1T BuGudusr didiusr) | Baldas dvs 3 1)
p=1,u#L

which leads to a structure of equation (36) that pays respect to the partitioning (37):

Ry, Rey1 rp Tt

Jé(ufvué) HCLHZ Z Z Z Z Af ZZ:Z€+17]€7]5+1)A[3](Z€7Z@+17]€7j€+1)

p=1ip41=17s=1jp41=1
T Te41 Ty Te+1

i) Z Z Z Z Bu(je, jers s Gov1) Bl (Ges Jev1s 3o o1

Je Ljea=1j;=15;,,=1

Now we can formulate the derivative with respect to the partitioning in a shorter notation, resulting in the
derivative with respect to Xy, with uy € X, and uj € X7

R, Reyr
0 . .
HaHZaTJl(W’U?) = Z Z ag(ie, ie+1) A iy ieg15 Jos Je1)
¢ tp=14g41=1
re  Te+1
+ Z Z we(Jps 3o1) Bl (50> oy 15 90> Je1)

-/ -/
i =1 J =1 o
e Jesdest

such that setting this derivative equal to zero as in Eq. (34) in Algorithm 1, one has to solve the equation

Ry Rey1

SN alieyierr) Ay liesiesa, deo o)
te=ligy1=1 Jejes1
T¢ Te+1
>N wil doea) Bt G dos o) :
Je=Lii =t JesJet1
which is equivalent to
(A[g] &® Idw) ay = (B[@ & Idne) u
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where

ay =
Rz,RzH
Ay = (A (ie 041, Je, Je )
[ [ 1,705 Jes1) oo oo
ue(1,1)
u =
T€7TE+1
BW] = (B[f ]é?]€+17]f7]€+1))

(j27j2+1)7(j27j2+1)

and consequently, we have to solve
! _ _
u = <B[£]l ® Idne) (Aw] &® Idnz) ay = <B[£]1A[g] ® Idn@> ay.

Remark 7.1. The existence of B[;}l is not guaranteed in all cases. If By is not regular, its matrix-rank is

smaller than ry - r¢11 and since By is a gramian matrix we can reduce the rank of By (Jes Jos1, jé, j2+1)-

To make compact statements about the complexity of the algorithm, we want to define r := max;<,<q{7.},
R := maxi<,<q{R,} and n := maxi<,<q{n,}

The question may arise, how to efficiently compute A, and By,. For one single entry of Ay, the naive
approach (compute each term separately) is in O(r?~2R%~2(d — 2)) such that the complete cost would be in
O(r®R4(d — 2)) which we want to avoid. A better approach it to treat each matrix entry as an inner product
of two tensors in the MPS/TT format which is O((d — 2)r? R?). This improves the complete complexity to be
O((d — 2)r* R*) but this still allows improvements since we have considered each entry as a separate tensor
chain inner product. If we take into account the connection between each entry, we can improve the complexity
significantly. First, we introduce the definitions

<Au(im iu+17ju7ju+1)) o € REwmxBunimurs 1 < <d—1
AM = (s )s (G150 p+1)
<A,u(idai17jdaj1)) S GRRdeXIhH ,u:d
(ia:3a),(31.51)
and
. o 2,2
<Bu(]u7]u+17]l,u]:;,+1)>(‘ e o ERW Tt 1< pu<d—1
B# = . . . . Jpsdp)s J,u+17]2u+12
(Bu(Jd,Jl,J&,Ji)) o eR p=d
(Jasdly)s(J1,31)

such that we can formulate the following lemma.

Lemma 7.2. For1 <{ <d—1and A, and B,, for 1 < ;1 < d as defined above,

- 1 4 TT A

u=0+1 pn=1

(A[z] (G0, de41, Je, je+1)>

(te41,de+1),(ie,7¢)

and
d

-1
= [I B.1IBw
)

p=0+1 p=1

(B[e] (Jos Jes1, Jo» ]e+1))
(Je+150p41):Gesdy

hold true, so A g and By can be interpreted as a product of matrices.
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Proof. Without loss of generality, £ will be set equal to 1 and we will only prove the equation for Aj;. As the
first step, let us abbreviate

Td
x((i37j3)7(2.17j1)) = Z Z Z Z HA Zualu+1a]m]u+1) Ad(ilvidajlajd)

ia=1  ig=lja=1  js=1 \p=3
y((i2, j2), (i3, 73)) = As(ia, 3, j2, J3)
which results in
(R3,r3)
Apy (i, iz, g1, J2) = y((iz, j2), (i3, j3))x((is, js), (i1, 1))
(i3,43)=(1,1)
such that we see

(Awiesiesrs e jern)) = (W00, 32), (i3, 2)))

(teq1,de+1)5(ie,7¢)

N CCRONTRY)

= A, (:c((ig,jg,), (ilajl)))

(i3»j3)7(i17j1)

(i3.43),(61,51)

Applying this procedure successively to x((i3, j3), (41, 71)) finishes the proof, since analogous arguments hold
for B[@ . |

Corollary 7.3. The computational cost of Ay is at most

O(dr®R?).

Analogously By € O(dr®).

Note that By and Ay are only after reshaping representable as a product of matrices (compare the definition
of By and Ay with Lemma 7.2).

We want to give the concrete algorithm for ALS in the TC format, which is a specialized version of Algorithm
1. First, we have to give four short definitions

Aé) 1= <<ae(u,w+1),ué)(Je7jz+1)>>, o
(teg1,de+1)(ie,50)
d
k) ._ k (k)
AW = T A%, Ad._HA
pn=0+1 pn=1
k B, . . k), .
BY = (WP Geer)ul Grdir))
(Je+1:3p41),(Ge:dp)
d
k k
B(>z) = H B,EL)’ <z -—HB
pn=0+1

forke Nand1 < /¢ <d -1, where uék) is that u, which has been computed in cycle k. Additionally, we set
(k) _ pk) (k) _ k)
AJy=Bl;=Ay" =By’ =1d.
Lemma 7.4. The computational cost of (B[Z]lA[[] ®1I dw) ay is at most
O(dr®) + O(dr*R?) + O(n(r*R? + 1))

if the matrices A, and B,, are given for 1 < . < d and if we consider reshaping of a matrix as a free operation.
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Proof. From Lemma 7.2, we can conclude that the computational cost for By is equal to the computational
cost of d — 2 matrix-matrix multiplications of 72 x 2 matrices such that

cost(Byy) € O((d — 2)7%)
and an analogous argument holds for Ay, such that
cost(Apy) € O((d - 2)r3R3)

since Ay can be calculated as a product of 7R X rR matrices. Computing B[*a1 from By, has a complexity

of O(r®). The computation of (B[;]IAM Q1 dw> ay can be done by one matrix-matrix multiplication without

having to perform ®1Id,,, by considering ay(i, i¢1 1) as columns of &, € R"™*Re-Fe+1 guch that

T
-1 ~ = -1 ~ AT p—1T
(B[ﬂ] A[@] & Idn[) ay=ay (B[g] A[@]) = aéA[Z]B[g]l

which finishes the proof by égAE‘Z}B[;]lT being in

O(n(r*R* + 1))

if we compute égA'[% first. |

In cycle k, in the /-th step of Algorithm 1, we have to compute Bg?Bikfl) and A(f 2 A(f; b, Therefore, it

is more efficient to compute and store B(>ke) and A(f 2 in a prephase. Additionally, we will store B(<k€+1) and
Agjl) in each /-step since B(fzill) = Bgﬂ)BékH) and A(fzrll) = A(fzrl)Ang) forl </¢<d-—1.

Algorithm 2 Alternating Least Squares (ALS) Method for TC

1: Choose initial u(!) = (ugl)7 .

2: while Ag > ¢ do
32 B:=1d,A:=1d

.,ug)) € XZ:l P, and parameter £ € R~. Define g := J(u")), k := 1.

4 forda—1gbzldo (B) _ 4 (6) (k)
> store By = By 1 By and Ayy = Ap s ASy
6: end for

7: f0r~1 < €~§ ddo )

8: B BBV (= B = BET

o0 A AAMY (= A= Al

A\ -1 -
10: uék’H) = <(7“eshape (Bg?B)) reshape (A@A) ® Idm> ay
11:  end for
122 g J(ukth)
132 k—k+1
14: end while

Lemma 7.5. One complete ALS cycle with prephase, as described in Algorithm 2, is at most
O(dr®) + O(dr3R?) + O(dn(r2R?* 4 1))

in terms of complexity.
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Proof. Follows from the described prephase and the proof of Lemma 7.4. |
Remark 7.6. The prephase described above needs additional storage of dr* 4 dr?R?.
Remark 7.7. Computing the initially needed B, and A,, for 2 < ;i < d in Lemma 7.4 and 7.5 is in

@ (dn(r2R2 + r4))

in terms of the complexity.

7.2 DMRG for the tensor chain format

ALS does not adjust the ranks of the edges, so now, we want to choose a slightly different approach: Instead
of fixing all nodes but one, we are fixing all nodes but two neighboured ones. So we are using the following
partition of coordinates:

{0y x oo x {0} X Py x Py x {0} x ... x {0}, 1<£<d—1,
| Px {0} x ... x {0} x Py, ¢=d.

In contrary to ALS, we do not have a disjoint partition since

XeNXppr = {0} x...x{0} x Pry; x{0} x...x{0}for1 </ <d-1
and
XqNXy = P1><{0}><...X{O}.

This partitioning gives us the opportunity to adjust the rank between nodes £ and £ + 1 for 1 < ¢ < d — 1 and
between nodes d and 1 since we do not have to fix 7,41 and 71, respectively.

From now on, 1 < ¢ < d — 2 in order to keep the readability of the upcoming notations.
Similar to the previous section, we want to define some useful abbreviations

Ry 1 Reys Te—1  Te43
Ay (igy inv2, e o) = Z > > - Z S SED SIS
i1=1 ip—1=14p43=1 ig=171=1 Je—1=1jo43=1 Ja=1
d—1
H A,u(imi,u—i-laj/uj,u-kl) Ad(iluidmjlvjd)a
p=1,pg{e,l+1}
Te—1 Te+3 To—1 T04+3

Bioy(Je, jer2, o Joya) = Z Z Z ZZ Z Z Z

Jji=1 Je—1=1je+3=1 Jd= 1]171 ]2_171.7[4_371 ]d—l
d—1
. . A . . A
H BM(]M)]M-i-lvj;u]“-kl) Bd(]la]da]lv]d)v
p=1,ug{l,(+1}

Rpyq
age41(igyier2) = Z ar(ig,ip41) @ apgr(teg1, top2) € R
ig1=1
and
Te4+1
ugep1(Je, or2) = Z we(Jes Jjos1) ® o1 (Jet1, Jogo) € RMFMH (38)
Jer1=1
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such that Eq. (36) with respect to the above written partitioning is

Ry Reyo2 71 Tog2

Jo(Ue 1, g11) = HaHQ =D >0 D Aavera(iesiey2) weeri (G, dera)) A (e ieya, o jeya)

tp=1ig42=1js=1jo42=1

T Te42 T Te4+2

+5 Z SO0 Cwnea (e dera)s weer1 (g Gos2)) Bioy Ges Jevas 00 Gigo)

]z—l Jer2=1j5;=15;, ,=1
The derivative with respect to the partition of coordinates is defined as

Ry R£+2
0 . . .
||a”26w o Tt i) = | =0 Y aner1(eyiera) Ay (e iera, do, ora)

ip=1ip 0=1

Ty Te42

+ > > weer1(i doro) B (s diyas dos deva)

4 4
Je=1Jpi0=1 o
¢ 42 Je5Je+2

and setting this derivative equal to zero results in

(A @ Idnyxnyyy) 3cet1 = (B @ Idpyxng,y) e

a€€+1 (1,1)
dpo+1 =

ag 41 Re, Rz+2)

where

Ap = (A Ze,w+2aje,]é+2)) o o
(Jerdes2)s(ierieq2)
UMH (1,1)
U4l =
Ug 041 7“12,7"5+2)
BK = (Bf .77.7 7j€7jf 2 >
1 0t Jrs2s s Jer2) Gerdesa)Gindhya)

such that we have to solve
! _ _
Wee4+1 = <B[€)1 ® Idp, ><mz+1) (A[E) ® Idy, ><ne+1) A 0+1 = <B[€)1A[€) ® Idne><”z+1) ag,e+1

in order to improve the approximation. This formula will give us all w1 but what we need are all u, and
up4+1. SO we have to separate uy ¢4 1 and the obvious way to do this is by using the singular value decomposition
(SVD). If we reorder uy ¢ such that i, with the component dimension of u; are the row index and ¢,41 with
the component dimension of w1 are the column index:

) ug(1,4)1 w1 (4, 1)1
T . .
(u (igyigss) ) SVD f:l up(1,)2 2 upy1(7, 1)2
ARG S m e (mesie),(Mmet1,ie+2) Jet1=1 ‘
wg(re,)n, Wt 1 (7, To42)ngt1

where we obtain the terms separated. Note that 7, 1 is the new rank for the edge between the optimized nodes.

Just as before it is now necessary to compute Ay and Byy) in an efficient way. That can be done similarly to
Lemma 7.2.
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Lemma 7.8. For1 < /(¢ < dand A, and B, for 1 < ;i < d as defined in Section 7.1,

Aipy(ig,io12, 70, ] = A A
( [8)( Lrm It jz+2)>(iz+2,je+2)7(iuj@) MIZ_Q “};[1 :
and d /-1
(B[f) (jf7j€+27j27jé+2)> = H BH H B,ua

N
Uer2odoga) Gedd) — Zpvn 5

hold true, so Ay and Bjyy can be interpreted as a product of matrices.

Proof. Analogous to Lemma 7.2. u

Lemma 7.9. Computing (B[Z)IA[@ ® Idnexne+1> a1 isin
O(dr®) + O(dr’R*) + O(n*(r*R* + r%)).

Proof. Analogous to the proof of Lemma 7.4. |

Similar to section 7.1, we add a prephase, which computes and stores A(fg and B(>kg) for 2 < ¢ < d — 1 before

the k-th cycle. Then one complete DMRG cycle has a complexity linear in d.

Algorithm 3 DMRG Method for TC

1: Choose initial u(!) = (ugl), e ,ug)) € Xﬁzl P, and parameter £ € R~. Define g := J(u")), k := 1.
2: while Ag > ¢ do

~1
3 ugf;rl) = <(reshape (HZ;IQ Bu)) reshape <HZ;12 Au) ® Idnde) ag
4: [ugfﬂ),ugkﬂ)] :=SVD (Teshape (ué’?”))
s B:=1IdA:=1d
o ford 10220 () _ 4 4(0)
T store By = By i B and Ay = AjnAsy
8:  end for
9: f0r~1 < €~§ d—1do )
0. B BB (= B =By
, % 54 (k1) T 4kt
11: A AA VT {= A=A
. ~ -1 ~
12: uéf}ill) = ((Teshape (B(Q)HB>) reshape (A(>kl?+lA) ® Idnzanl) ay 41
13: [uékﬂ), uglj_)l] :=SVD (reshape (uéii?))
14:  end for
15: g «— J(u(k+1))
16: k—k+1

17: end while

Lemma 7.10. One DMRG cycle with prephase is in

O(dr®) + O(dr*R3) + O(dn?(r*R% + 1)) + O(dn®R3).
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Proof. Follows directly from Lemma 7.9 and the complexity of the singular value decomposition being in
O(n3R3). [

Remark 7.11 (Initial guesses). It is especially important for algorithms that do not adjust the rank (like
ALS) to start with an approximation that is already relatively close to the solution. Let (11,...,74) be our
representation ranks just as before. To efficiently generate a starting value, we are taking the given tensor a as
the initial approximation value such that u has the same initial representation rank as a. For each summation
1 < p < dwe want to perform an adaptive cross approximation (ACA, see [1]) as follows:

il B ACA &
Z U1 (i) @ up iy, ) = Z ap—1(p) @ aplip,-) ~: Z Up—1(+5 ) @ wp(ips )
ip=1 =1 =1
After approximating edge |1, the representation rank of u is reduced to (R, ..., Ry—1,7u, Ryt1, ..., Ra).

Successively applying this scheme to all edges is resulting in u with the desired representation rank.

For the DMRG algorithm however, we do not need to compute an initial guess with non trivial ranks, we simply
use a rank 1 tensor as the init guess and let the algrithm find the ranks.

7.3 Tables

The results, that we want to present here were are in the following way. In the first step, we convert the full
tensor with the scheme that is described in [20] into a MPS/TT (with an accuracy of 10~'2) which we interpret
as a tensor chain where the last summation index is 1. The source code can be found in [4]. One iteration is
one complete cycle.

Table 1: Reduced representation ranks for AO integrals in HoO using different basis sets using ALS

€
Basis set | dim(V,) Initial r 1072 1074 1076
r #iter. r #iter. r #iter.
STO-3G 7 (7,49,7,1) | (12)* 34 (14* 61 (16)* 31
6-31G 13 (13,169,13,1) | (27)* 71 (40)* 82  (44)* 42

Table 2: Reduced representation ranks for AO integrals in NH3 using different basis sets using ALS

€
Basis set | dim(V,) Initial r 1072 1074 10-6
r #iter. r #iter. r #iter.
STO-3G 8 (8,64,8,1) | (14)* 97 (16)* 195 (18)* 90
6-31G 15 (15,225,15,1) | (33)* 29 (50)* 72 (55)* 39
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